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ABSTRACT

Let Q be an irreducible bounded symmetric domain of rank r in C%. Let K
be the maximal compact subgroup of the identity component G of the bi-
holomorphic automorphism group of the domain Q. The group K consist-
ing of linear transformations acts naturally on any d-tuple T = (T1,...,Ty)
of commuting bounded linear operators. If the orbit of this action modulo
unitary equivalence is a singleton, then we say that T' is K-homogeneous.
In this paper, we obtain a model for a certain class of K-homogeneous
d-tuple T as the operators of multiplication by the coordinate functions
Z1,...,2q on a reproducing kernel Hilbert space of holomorphic functions
defined on 2. Using this model we obtain a criterion for (i) boundedness,
(ii) membership in the Cowen—Douglas class, (iii) unitary equivalence and
similarity of these d-tuples. In particular, we show that the adjoint of
the d-tuple of multiplication by the coordinate functions on the weighted
Bergman spaces are in the Cowen—Douglas class B1(£2). For an irreducible
bounded symmetric domain 2 of rank 2, an explicit description of the op-
erator Z‘iizl T;T; is given. In general, based on this formula, we make a
conjecture giving the form of this operator.

1. Introduction

The theory of circular operators on a Hilbert space is well studied by several
authors [27],[15], [4]. Tt was noted in [27, Corollary 2] that the weighted shift
operators are circular. In [8], Chavan and Yakubovich generalized this notion
to a spherical tuple of operators. A d-tuple T = (T1,...,Ty) of commuting
operators is said to be spherical if U - T is unitarily equivalent to T for all
unitary matrix U in the group U(d) of d x d unitary matrices. Here U - T is the
natural action of U(d) on the d-tuple T. Chavan and Yakubovich proved that
under some mild hypothesis, every spherical d-tuple is unitarily equivalent to
the d-tuple M = (M, ..., M) of multiplication operators by the coordinate
function z1,. .., z4 on a reproducing kernel Hilbert space determined by a U(d)-

invariant kernel function
o0
g a;{z, w)’
=0

defined on the open Euclidean unit ball B¢ in C?. One of our main objectives in
this paper is to explore a notion analogous to that of spherical operator tuples
in the context of a bounded symmetric domain.
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Bounded symmetric domains are the natural generalization of an open unit
disc in one complex variable and an open Euclidean unit ball in several complex
variables. A bounded domain 2 C C? is said to be symmetric if for every
z € (1, there exists a biholomorphic automorphism of 2 of period two, having z
as isolated fixed point. The domain €2 is said to be irreducible if it is not
biholomorphically equivalent to a product of two non-trivial domains. We refer
to [20], [1] for the definition and basic properties of bounded symmetric domains.

Let Q be an irreducible bounded symmetric domain in C? and let Aut(2)
denote the group of biholomorphic automorphisms of €2, equipped with the
topology of uniform convergence on compact subsets of ). Let G denote the
connected component of identity in Aut(€2). It is known that G acts transitively
on 2. Let K be the subgroup of linear automorphisms in G. By Cartan’s
theorem [25, Proposition 2, p. 67],

K ={¢€G:¢(0) =0}

is a maximal compact subgroup of G and € is ismorphic to G/K. Note that
U(d) is the subgroup of linear biholomorphic automorphisms of Aut(B<). There-
fore, it is natural to replace U(d) with the subgroup K of linear biholomorphic
automorphisms of an irreducible bounded symmetric domain 2 and study all
commuting d-tuples T" such that k- T is unitarily equivalent to T for all k£ € K.
The action of the group K on the d-tuples is defined below. The group K acts
on €2 by the rule

k-z:=(ki(z),...,ki(z)), ke€KandzcecQ.

Note that k1(z),...,kq(2) are linear polynomials. Thus k € K acts on any
commuting d-tuple of bounded linear operators T' = (T1,...,T}), defined on a
complex separable Hilbert space H, naturally, via the map

k-T .= (kl(Tl,...,Td),...,kd(Tl,...,Td)).

Definition 1.1: A d-tuple T' = (T1,...,Ty) of commuting bounded linear oper-
ators on H is said to be K-homogeneous if for all £ in K the operators T
and k- T are unitarily equivalent, that is, for all k£ in K there exists a unitary
operator T'(k) on H such that

(1.1) T,T(k) = T(k)k;(Th, ..., Ty), j=1,2,....d.

)

For brevity, we will write

TT (k) = T(k)(k - T).
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While a d-tuple of a K-homogeneous operator is clearly modeled after that of
a spherical tuple, it is a much more intricate notion, in general. For instance,
spherical tuples in the class B;(B?), introduced by Cowen and Douglas in the
very influential paper [9], are necessarily joint weighted shifts. On the other
hand, the structure of K-homogeneous operator tuples in By (2), where Q is a
bounded symmetric domain of rank > 1, is much more complex. In particular,
they are not joint weighted shifts. Also, recall that the commuting operator
tuples T' = (T1,...,Ty) such that T and g(T') are unitarily equivalent for all g
in GG, called homogeneous tuples, have been studied extensively over the past
few years, see [22], [23], [18]. In the case of an open unit disc I, all homo-
geneous operators in By (D) were classified by Misra in [21]. As a corollary of
his abstract classification theorem, Wilkins provided an explicit model for all
homogeneous operators in B2(ID); see [31]. Later in 2011, using techniques from
complex geometry and representation theory, a complete classification of homo-
geneous operators in the Cowen—Douglas class B, (D) was obtained by Misra
and Kordnyi in [17]. Homogeneous operators on an irreducible bounded sym-
metric domain of type I, discussed below, were studied by Misra and Bagchi
in [6]. Later in [2], their results were generalized for an arbitrary irreducible
bounded symmetric domain by Arazy and Zhang. A comparison of the class of
d-tuples of homogeneous operators with K-homogeneous operator tuples might
reveal interesting connections with the inducing construction, which we intend
to study in future.

Every irreducible bounded symmetric domain €2 of rank r can be realized as
an open unit ball of a Cartan factor Z = C%. For a fixed frame e1,...,e, of
pairwise orthogonal minimal tripotents, let

Z= > Zj

0<i<j<r

be the joint Peirce decomposition of Z (see [29, p. 57]). Note that Zyo = {0}
and Z;; = Ce; for all : = 1,...,r. Moreover,

a:=dimZ;;, 1<i<j<r
is independent of 7, j and

b::dimZoj, 1§j§7"
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is independent of j. The parameters a,b are known to be the characterstic
multiplicities of Z and the numerical invariants (r,a,b) determine the do-
main ) uniquely up to biholomorphic equivalence (see [1]). The dimension d is
related to the numerical invariants (r,a,b) as follows:

d:r—i—;r(r—l)—i—rb.

According to the classification due to E. Cartan [7], there are six types of
irreducible bounded symmetric domains up to biholomorphic equivalence (see
also [20]). The first four types of these domains are called the classical Cartan
domains, while the other two types are known as the exceptional domains. In
what follows, we consider only the classical domains, that is, an irreducible
bounded symmetric domain of one of the following four types:

(i) Type I n x m (m > n) complex matrices z with ||z|| < 1. These
domains are determined by the numerical invariants (n,2, m — n).

(ii) Type II: symmetric complex matrices z of order n with ||z|| < 1. In
this case, the numerical invariants (n, 1,0) are complete biholomorphic
invariant.

(iii) Type III: anti-symmetric complex matrices z of order n with || z|| < 1.

Here r = [}], a =4 and b = 0 if n is even and b = 2 if n is odd.

(iv) Type IV (the Lie ball): all z € C? (d > 5) such that 1+|}2'2z|? > 2’z
and z'z < 2, where z? is the complex conjugate of the transpose z*. The
numerical invariants (2,d — 2,0) are complete biholomorphic invariant
for these domains.

Throughout the paper, let Ny denote the set of all non-negative integers. Let P
be the space of all analytic polynomials on Z, and let P,,, n € Ny, denote the
subspace of P consisting of all homogeneous polynomials of degree n. Clearly,
as a vector space, P can be written as the direct sum ZZOZO P,. The group K
acts on the space P by composition, that is,

(k-p)(z)=p(k~'2), keK,peP.

Below we describe the irreducible components of this action. An r-tuple
s=1(81,...,8.) is called a signature if s; > --- > s, > 0. Let ﬁg denote the
set of all signatures. For all s € ﬁg, we associate the conical polynomial Ag,
see [29, p. 128] for the definition, where

Ag(z) = AT (z) - AT TV (2) A (=)
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and the polynomial space P; is the linear span of {A; ok : k € K}. It is known

that the polynomial spaces {fPS}S cTr are precisely the K-invariant, irreducible
0

subspaces of P which are mutually K-inequivalent, and

P = Z P,

seﬁg
The Fischer—Fock inner product on P, defined by
1 a2
aei= [ p@ae)e  an),
Y cd

is K-invariant. The reproducing kernel of the space Ps with respect to the
Fischer-Fock inner product is denoted by K,(z,w). Note that K is K-invariant
and

Z Ky(z,w) =e*".
seﬁg

Further, any K-invariant Hilbert space J of analytic functions on ) has the

H = EB P,

seﬁg
This decomposition is called Peter—Weyl decomposition [28].

decomposition

Let T = (T1,...,T4) be a commuting d-tuple of bounded linear operators
acting on a complex separable Hilbert space H. Also, let

Dr-H—-Hp - -dH

be the operator
Drh = (Tlh,...,Tdh), h e X.

We note that
d

ker D = ﬂ ker T
i=1

is the joint kernel and
0p(T) = {w € C?: ker Dp_op1 # 0}

is the joint point spectrum of the d-tuple T = (T4, ...,T,;). Throughout this
paper we will study a class of K-homogeneous d-tuples, which is defined below.
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Definition 1.2: A commuting d-tuple of K-homogeneous operators T' possessing
the following properties
(i) dimker Dp- =1,
(ii) any non-zero vector e in ker D~ is cyclic for T,
(iii) Q C o,(T7),
is said to be in the class AK(Q).

In this paper, we provide a concrete model for all the commuting d-tuples T'
(which are necessarily K-homogeneous) in the class AK(Q2) as multiplication
by the coordinate functions z1, ..., z4 on a reproducing kernel Hilbert space of
holomorphic functions Hy defined on 2. We describe the kernel K in terms of
the K-invariant kernels K of the spaces Ps.

Having described the model, we obtain a criterion for boundedness of these
operators. Using this criterion, we determine which d-tuple of multiplication
operators on the weighted Bergman spaces are bounded. The boundedness
criterion for the multiplication operators on the weighted Bergman spaces has
appeared before in [6] and [2].

We also obtain a criterion for the adjoint of the d-tuple of operators in AK((2)
to be in the Cowen-Douglas class B;(£)g) for some neighbourhood Q¢ C 2
of 0 € Q. In case of weighted Bergman spaces H*), we prove that the adjoint
of the d-tuple of multiplication operators by the coordinate functions are in the
Cowen—Douglas class B1(€2).

For any T in the class AK(S2), we point out that the operators Zle TrT;
and 2?21 T,T; restricted to the subspace Py are scalar times the identity. In
particular, for the weighted Bergman spaces H(*), [2, Proposition 4.4] provides
an explicit form for the operator Z'ii:l T;T;. We extend this formula for any T
in the class AK(Q2). Moreover, for the Hardy space of the Shilov boundary S
of Q, we show that Zle M M; is the rank times identity, see also [5]. Also,
for any T in AK(2), we have computed the operator Z?Zl T*T; on certain sub-
spaces of H, and as a consequence, it is shown that the commutators [M}, M,],
i=1,...,d, on the weighted Bergman spaces are compact if and only if r = 1.
For any domain €2 of rank 2, we obtained an explicit description of the opera-
tor Zle T;T; and conjectured the form of this operator for a domain of any
rank r > 2. This conjecture was proved by Upmeier; see [30].

Finally, we study the question of unitary equivalence and similarity of d-tuples
of operators in the class AK(€2).
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2. Model for operators in AK(2)

We begin this section by providing a well known family of examples, namely, the
d-tuple of multiplication by the coordinate functions on the weighted Bergman
spaces, which belongs to the class AK(£2).

For v € {0,..., 5(r—1)}U(5(r—1),00), the so-called Wallach set of  (see
[14]), consider the weighted Bergman kernel

K" (z,w) = Z(V)SKs(z,w), z,w € (),

S

where (v), is the generalized Pochhammer symbol

(Z/)S::ﬁ( 2]—1) HH(V* ]—1)+l71)

j=1 j=11=1

Let H®) denote the weighted Bergman space of holomorphic functions on €
determined by the reproducing kernel K. If v = “and v = g(r—1)+ ¢
then the weighted Bergman spaces H*) coincide with the Hardy space H?(S)
over the Shilov boundary S of 2 and the classical Bergman space A2(£2)
respectively. For v > (r — 1), the multiplication d-tuple

MY = MY, M)

on H™ is bounded and homogeneous (cf. [6], [2]). One can also verify that M ®)
is in AK(f2). Replacing (v)s; by any arbitrary positive number a; with some
boundedness condition, we get a large class of operator tuples in AK(f2) and
we prove that upto unitary equivalence every operator tuple in AK(Q) is of this
form.

To facilitate the study of K-homogeneous operators, we recall the following
result from [1] describing all the K-invariant kernels on €.

PROPOSITION 2.1 (Proposition 3.4, [1]): For any K-invariant semi-inner prod-
uct (-,-) on the the space of polynomials P, the following statements hold:

(i) Py is orthogonal to Py whenever s # s'.

(ii) There exists a constant bs > 0 associated to each s € ﬁa such that

(p,q) =bs(p,q)5, forallp,qeP,.

(iii) bs > 0 for all s € ﬁg if and only if (-, -) is an inner product.
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(iv) If the evaluation map at each point of Q) is continuous on (P, (-, -)), then
the completion H of (P, (-,-)) is a reproducing kernel Hilbert space.
Moreover, the kernel K (z,w) is of the form

K(z,w) = Z b Ky (z,w),
seﬁg

where convergence is both uniformly on compact subsets of {2 x Q and

in norm.

The following result is a generalization of [8, Lemma 2.10] which is necessary
for the proof of Theorem 2.3 giving a model for commuting a d-tuple of operators
in the class AK(Q).

LEMMA 2.2: Let T = (T4, ...,Ty4) be a K-homogeneous d-tuple of commuting
operators on H. Suppose that ker D~ is one-dimensional and is spanned by a
vector e € J{ which is cyclic for T. Then there exists a sequence {as}seﬁ)6 of
non-negative real numbers such that for any polynomial p € P,

degp
2
(22) IP(T)ellze = > D aslpsl3,
k=0 |s|=k
where deg p is the degree of p and
degp
p=> > ps
k=0 |s|=k

is the Peter—Weyl decomposition.

Proof. Since T is K-homogeneous, for each k € K there exists a unitary opera-
tor I'(k) on H such that

T;I'(k) =T(k)k;(T), j=1,...,d
Hence
TiT(k) = T(k)k;j(T)*, j=1,...,d.
Since k;(T) is a linear combination of T7,...,T; and e € ker Dp~, it follows

that I'(k)e belongs to ker Dy~ for all k € K. Furthermore, since ker Dy« is
one-dimensional and spanned by e, we obtain that
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for some 7(k) such that |n(k)| = 1. We now define a semi-inner product on P

for all s € N by the formula

<p57 QS>TS = <ps(T)ea qs(T)€>}c, Ds,qs € Ps.

Now for any k € K we have

<ps(k ' Z), QS(k : Z)>

<ps, qs) P,

So (-, -}, is a K-invariant semi-inner product on P for each s. Therefore, on P,

4
pa = Z Z p57QS
k=0 |s|=k

where p and ¢ have the Peter—Weyl decomposmon

degp degq
> 2 ps and Y >
k=0 |s|=k k=0 |s|=k

respectively and ¢ = min{degp,degq}, defines a K-invariant semi-inner prod-
uct. Thus by Proposition 2.1, there exists a sequence of non-negative real
numbers a such that

14

:Z Z Qs p57QS

k=0 |s|=k
This completes the proof.
For all the classical bounded symmetric domains, it can be easily verified that
Q={weC’: wecQ}

Consequently, in the following theorem, the Hilbert space that we construct
consists of holomorphic functions on € rather than {w € C¢ : w € Q}. The
next result provides an analytic model for any d-tuple of operators T in AK(S2).
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THEOREM 2.3: If T is a d-tuple of operators in AK(QQ), then T is unitarily
equivalent to a d-tuple M = (M, ..., M) of multiplication by the coordinate
functions z1,...,zq on a reproducing kernel Hilbert space Hi of holomorphic
functions defined on Q with K(z,w) = Y. a;'Ks(z,w) for all z,w € Q, for
some choice of positive real numbers as with ag = 1.

Proof. Since Q C 0,(T"), for each w € § there exists a non-zero vector x € J,
such that Tz = w;x for all j = 1,...,d. Thus for any polynomial p € P, we
have p(T*)z = p(w)z. Let e € kerDrp+ be a cyclic vector for T of norm 1.
Then

p(w)(e, x)3c = (e, p(w)z)sc = (e, p(T")x)3c = (p(T)e, )¢,

where p(z) = p(2), z € Q. Since x # 0 and e is cyclic for T, we get (e, x)s¢ # 0
and

e, x)g¢|

Thus it follows that evaluation at w € ) is bounded and therefore, the semi-
inner product defined by the rule (p, ¢}, = (p(T)e, q(T)e)g¢ is an inner prod-
uct on each P,. This gives rise to an inner product (-, -} on the space of polyno-
mials P. The sequence {aS}seﬁg of Lemma 2.2, using Proposition 2.1(iii), is now
evidently positive. Moreover, since |e|]| = 1, it follows from (2.2) that ag = 1.
Thus, by Proposition 2.1(iv), the completion of (P, (-, -)), say Hxg, is a repro-
ducing kernel Hilbert space, where

K(z,w) = Za;le(z,w), z,w € .

Clearly, the map p — p(T')e extends to a unitary from Hg to H, which inter-
twines T with the multiplication d-tuple M = (My,..., My) on Hy.

If T is a K-homogeneous d-tuple of operators, then, in general, the map
k— T'(k) of (1.1) need not be a homomorphism. The next proposition assures
that if T is in the class AK(Q), then there exists a choice of I'(k) for which the
map k — I'(k) is a homomorphism.

PROPOSITION 2.4: If T is a d-tuple of operators in AK(QY), then there exists a
unitary representation I' : K — U(H) such that

TT (k) = T(k)(k - T).
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Proof. By Theorem 2.3, T 1is unitarily equivalent to the d-tuple
M = (M, ..., M) of multiplication operators on a reproducing kernel Hilbert
space Hg of holomorphic functions defined on Q with a kernel K(z,w) which
is K-invariant. Clearly, the map I' on Hg given by I'(k)(f) = fok™1(:) is a
unitary representation of K satisfying the intertwining condition.

Remark 2.5: Since K is a subgroup of the group U(d) of unitary linear trans-
formations on C?, every spherical d-tuple T' = (T1,...,T,) is K-homogeneous.
Conversely, a K-homogeneous d-tuple of Theorem 2.3 is spherical if and only
if ag = ay for all s,s" € N{ with [s| = |¢/|.

Remark 2.6: We also point out that, by the spectral mapping theorem, the
Taylor joint spectrum o(T') of a K-homogeneous operator T is K-invariant,
that is, if w belongs to o(T"), then k.w also belongs to o(T) for all k € K.

3. Boundedness of the multiplication tuple

Throughout the rest of the paper, let K(® : Q x Q — C denote the kernel
function given by the formula K(®)(z,w) = Yo asKy(z,w), z,w € Q, for some
choice of positive real numbers a;. The positivity of the sequence as ensures
that K is a positive definite kernel. Thus it determines a unique Hilbert
space H(®) C Hol(Q) with the reproducing property:

(K@ w) = f(w), feH weq
It follows from Proposition 2.1 that the polynomial ring P is dense in F(®)
and P, is orthogonal to Py whenever s # s’, that is, H(*) = @ ¢ Ps- In this
S 0

section, we discuss the boundedness of the d-tuple M@ := (Ml(a), o Méa))
of multiplication by the coordinate functions z1, ..., zq on H(®. We begin with
the following basic lemma, which is surely known to the experts, but we provide
a proof for the sake of completeness.

LEMMA 3.1: The operators
- (a)* 7 r(a) - (a) qr(@)*
oM M and > MM
i=1 i=1

acting on H(®) | are block diagonal with respect to the decomposition @S e Ps,
0
where each block is a non-negative scalar multiple of the identity operator.
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Proof. 1t is enough to give the proof for the operator Zle Mi(a)*Mi(a) since the
proof for the operator Z?Zl Mi(a)Mi(a) follows in exactly the same way. First,
note that

D(k)*MT (k) = M@, for k € K.

Let eq,...,eq be the standard basis vectors in C?. Note that
d
e = Dk e e My
j=1

In consequence, we have

d d
k)* (Z Mi(a)*Mi(a))I‘(k) = Z F(k)*Mi(a)*F(k)F(k)*Mi(a)F(k)

d
Z ek eq, >M(a) M(a)

p,q=1

(ke k716p>M1§a)*M(G)

I
M= L

S M M,

Here the last equality follows from the fact that the subgroup K is contained in
the group U(d) of unitary linear transformations on C%. Since {Ps} e, are K-
0

irreducible, mutually K-inequivalent subspaces of H(® and H(*) = @S eRr P
0
the conclusion follows from Schur’s lemma.

For any s in ﬁg, let 17 (s) and I~ (s) denote the sets given by
It(s)={j:1<j<r s+¢, eﬁg},
I"(s):={j:1<j<r s—¢; € N}

Further, in the remaining portion of this paper, we set

Cs(j):HSj75k+g(k*j+1)

by Sj*Sk‘i’g‘(k*j)
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and

c/(j):HSjisk+g(kiji]‘> .721 r
U e simsetsk=g) s

If j € I'*(s), then it is easy to see that cs(j) > 0. Otherwise, cs(j) = 0.
Similarly, if j € I~ (s), then ¢/(j) > 0. Otherwise, ¢,(j) =0for 1 <j<r-—1
and c,(r) > 0.

The following lemma, which describes the operator Zle Mi(a)Mi(a)*, gener-
alizes a known result [2, Proposition 4.4] for the weighted Bergman spaces.

LEMMA 3.2: For f € Py, we have

d *

Z Mi(a)Mi(a) f=7(s)f,

i=1
where

as—c;  (H)s  F(r—i)+s; N

2er-() ar (4., bigroirs, CGU) s FO,
0 if s = 0.

7(s) =

The proof of the preceding lemma is very similar to the proof of [2, Proposi-
tion 4.4] and therefore it is omitted.
For any finite set A, let |A| denote the cardinality of A.

LEMMA 3.3: For any fixed but arbitrary s € N}S, we have

j=1 j=1
Proof. Evidently, we have

T

sj—sp+o(k—j—1)
Z ZH 5 — sk + 5(k—1J)

j=1 J=1k#j
YT, Lt )
5=1 k#j s st (k=J)

T a

*ZH(P j>f<sk—;k))'

J=1k#j
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Setting s/ = %727 we sce that s} > s > -+ > s/, and
2
ks T 1
Cls(j):ZH(l_S/ 751)
Jj=1 J=1k#j
T
— 1)l
r+2. > I, -,
j=1 AC{1,....5—1,5+1,..., r} keA "7 k
A#o
S SIEILED o) |
AC{1,...,r } JEAKEA J
|Al>2 k7
Now, by [6, Corollary 2.3], it follows that
jEAkeA J' - Sk
k#j
for all A C {1,...,7} with |A| > 2. Therefore, Z;Zl c.(j) = r. The proof of

the other part follows in exactly the same way.

THEOREM 3.4: The d-tuple M(¥) = (Ml(a), cee Méa)) of multiplication opera-
tors on H(®) is bounded if and only if
d
A= sup{asfsj d(T)S 18,8 —¢j € ﬁg, j= 1,...,r}
as (r )S—Ej

is finite.

Proof. Clearly, the multiplication d-tuple M (@) on H@ is bounded if and only
if the operator ZZ 1 M(a)M(a) is bounded. Therefore, using Lemma 3.2, it is

enough to show that 7(s) is bounded for all s € N}O if and only if A is finite.
First assume that A is finite. Then

. As—eg; (i)s a(T—j)—l—Sj ey
=2, <f>s-ajb+2;<r—j>+sfs(”

+s
A J /
Zb+ T*‘] +Sjcs(j)
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for any s € ﬁg Here, the last equality follows from Lemma 3.3. To prove
the other direction, assume that 7(s) is bounded, that is, 7(s) < B for some
positive real number B and for all s € ﬁg Thus

d a .
- ) —j) +s; , R
tos W BUCDES G cre B jel (o)
Qs (T)S—E]‘ +2(7’*])+SJ
Now, note that if j € I~ (s), then
1 :H 55— s+ 5(k—1J)
() k;é.sj—w;(k—j—l)

7]:[ —sk+ 5(k—17) H sj— sk + 5(k—j)
sj—sk—i— k—j—l)k>jsj—sk+‘2‘(k—j—1)

<H — sk + 5(k—7)
5k+ k—j—l)

(3.3)
< H S — Sk —l—_ Skk J)
k>j
< H B Sk))
k>j

< (1+ ;(7“— 1))T.

sj—sk+ 5 (k—J)

Here the third inequality holds since 5j—spt® (h—j1)
2

follows that

toey (s _ B b4 Sr—i)ts RS
i (Do, S AG) Lr— i)+ s <B(1+,r=1) (+d),

This completes the proof.

<1 for k < j. Now, it

COROLLARY 3.5: The multiplication d-tuple M®™ on KW is bounded if

v > g(r—l)-
Proof. If v > §(r — 1), then
d d a
S—¢€; s - -1 1 L
(V)s—e, d(T) _r 3( )+ 85— <max{1 a+b }
(v)s (s, v—5G—1)+s—1 o(r—1)

Therefore, from Theorem 3.4, it follows that M ) is bounded.
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Having (a) determined the condition for boundedness of the operator M(®,
(b) noting that each w in Q is a joint eigenvalue for the multiplication d-
tuple M (@* and finally since the constant vector 1 is cyclic for M (“), it is
natural to investigate the question of which of these are in the Cowen-Douglas
class B1(€2); see [9], [10] for the definition of this very important class of op-
erators. As shown in [12, p. 285], the cyclicity implies that the dimension of
the joint eigenspace at each w in Q is 1. Thus to determine the membership in
the Cowen—Douglas class in a neighbourhood of the origin contained in 2, we
only need to find when ran D )+ is closed. The following theorem provides
the precise condition for this.

THEOREM 3.6: For a multiplication d-tuple M® = (Ml(a), e Méa)) on H(@),
ran D+ is closed if and only if

B:_inf{ 3 as‘ff(d()g)s :SEN}S}

a P,
GEI—(s) ° \r/STE

is non-zero positive.

Proof. It is elementary to see that ran Dy @)+ is closed if and only if

d

> MO

i=1
is bounded below on (ker Dy +)~. Also, for the d-tuple M@ on H(®) we
have ker Dy )+ = Po, the space of constant functions. Therefore, in view

of Lemma 3.2, it suffices to show that B is non-zero positive if and only
if inf{7(s):s#£0, s€ ﬁg} is non-zero positive. Suppose that B is a non-zero
positive number. Now, for any non-zero s € N, we have
d a .
As—g; ( )s 2(7”7])4»53' !
7(s) = N , . (7)
2 as (oo, b+ 5(r—4)+s; °

jeI—(s) °

Ag—¢; d s .
! > o ) ¢ (5)

Z d S
b+1jeI*(8) s (’”)S_Ej

1 As—¢; (T)s 1
Zoet 2o (@, Wy
N B

—O+n)A+ 50 —1)
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Here the third inequality follows from (3.3). Conversely, assume that
inf{r(s) : s # 0, s € Ny} is a non-zero positive number, say C. Thus for

each non-zero s € N,

As_e, d s AG(r—3g s,
(3.4) 3 o (s s =) +s; G)>C

Bt (D, b5 =)+

Hence, noting that ¢ (j) < r by Lemma 3.3 and %Y; (jT)jj)J <1, it follows that
2

Z As—g; (f)s > C

4 >
jer(s) (Domey 7
COROLLARY 3.7: The range of Dy;u)+ is closed if v > §(r —1).

Proof. Suppose v = §(r — 1) + ¢ for some € > 0. Then

Z (V)s—aj (i)s _ Z b+§(T—j)+8j

d _ 4 . _
jGI*(s) (1/)5 (,,‘)sfsj jGI*(s) 2(T j) + SJ +5 1

which is always bounded below by 1 if ¢ < b+ 1. On the other hand, for

e > b+ 1, it is bounded below by i Hence, by Theorem 3.6, ran Dy )+ is
closed.

Now, we wish to show that the adjoint M )7 of the d-tuple of multiplication
operators on H) is in the Cowen-Douglas class B () for v > 4(r — 1).

2,0
e

Recall that the left essential spectrum 75°(T) of a commuting d-tuple of
operators T is defined to be the complement of the set of all w € C? with the
property:

(1) dimker D(g ) is finite,

(2) ran D(g_q ) is closed.

If 0 ¢ 7°(T), then the d-tuple T is said to be left semi-Fredholm.

The essential ingredient of the proof of the following theorem is based on
the spectral mapping property of the left essential spectrum, which appears in
[13] and was pointed out to G. Misra by J. Eschmeier during a conversation at
University of Saarbrucken in February 2014.

THEOREM 3.8: The adjoint M®" of the multiplication d-tuple on H*) is in

the Cowen-Douglas class By (§2) whenever v > §(r — 1).
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Proof. Since the set of polynomials is dense in the Hilbert space ), it follows
that dimker Dy;0) is 1. By Corollary 3.7, we also have that ran Do)+ is
closed. Therefore, Dp;e)+ is left semi-Fredholm and hence there is a ¢ > 0
such that for w € Q with Z?Zl |lw;|?> < e, the operators D(p—wiy+ are left
semi-Fredholm. Thus M ™" is in the Cowen-Douglas class By (€2), where

d
ng{wEQ:Z|wi|2<s}.
i=1
Now, using the homogeneity of M ) and the spectral mapping property of the
left essential spectrum, we show that M ™) is actually in B1(Q).

To complete the proof, first note that if w € (2 is any fixed but arbitrary point,
then there exists a biholomorphic automorphism ¢ of  with the property:
©(0) = w. We have seen that 0 ¢ wﬁvO(M(”)*). An analytic spectral mapping
property for the left essential spectrum is ensured by [13, Corollary 2.6.9]. It
follows that

w = p(0) & p(rtO(MW)")) = 70 (p(M™)7)) = 7L (M),

Here the last equality follows from the homogeneity assumption.

4. Computation of the operator 3 M;M; on H®

In this section, we wish to compute the operator

M@ pp@ . zd:Mi(a)*Mi(a)
i=1
on the Hilbert space H(®). First, we note that the bounded symmetric domain §
sits inside a linear space of dimension d in its Harish-Chandra realization. The
type I domains are realized as the open unit ball, with respect to the operator
norm, in the linear space of n x m matrices. The situation becomes somewhat
different when we consider domains of type II. Pick one of these domains of

n(n+1) n(n+1)
2 : 2

dimension It is convenient to put variables in the form of a

symmetric matrix, where the inner product is given by tr(AB*). Now, in the
space of these symmetric matrices of size n, the matrices Ey;, ¢ = 1,...,n
Ei;+Ej;
V2
the coordinates of this domain is of the form

together with , 1 <i# j <n, form an orthonormal basis. Consequently,

211, \/22127 ceey \/2217“ 222 ... \/QZQm <oy Zn—1n—1, \/2Zn71na Znn
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see [16, p. 130]. One may pick coordinates similarly for the type III domains
consisting of the n X n anti-symmetric matrices of norm at most 1. Finally, the
type IV domains, in its Harish-Chandra realization, are described in [24, p. 76]:

1 5|7
DI }

d d ‘
i=1
The following theorem appears in [5] in a slightly different form. The differ-

{z = (zl,...,zd):2|zi|2<2and Z|’Zl|2 <1+

=1 i=1

ence arises since we take the multiplication by the coordinate functions to be
the ones described in the previous paragraph, while in the paper [5], these are
the usual coordinates. Thus it makes no difference in the case of the type I
domains, while for the other domains, the answer is different.

THEOREM 4.1: Let M) = (Ml(s), e Més)) be the d-tuple of multiplication

operators by the coordinate functions z1,...,2zq on the Hardy space H?(S).
Then
d
(4.5) S M M =1,
i=1

By Lemma 3.1, note that M @* M@ i5 a block diagonal operator with re-
spect to the decomposition € P, where each block is a non-negative scalar
multiple of the identity, that is,

M(a)*M(a)p =4(s)p, pePs

for some non-negative real number §(s). Therefore, in order to compute the
operator M@ M@ it is sufficient to obtain the constants d(s) for all s in ﬁg.
Unfortunately, we are only able to find §(s) when s € ﬁg and |[IT(s)] < 2. In
particular, we have the complete answer in case the rank r = 2.

The following lemma gives a description of the operator Ml-(a)* on K@, In
case of weighted Bergman spaces, it is described in [29, Lemma 4.12.19].

For any polynomial p and s € N{j, the Peter-Weyl component of p in P, is
denoted by (p)s.

LEMMA 4.2: Ifs € ﬁg and p is a polynomial in Py, then
a)* As_g .
Ml( ) b= Z = (87;p)578]‘7
jer-(s) °

where 0; denotes the partial derivative with respect to the variable z;.



Vol. 247, 2022 K-HOMOGENEOUS TUPLE 351

Proof. By [29, Theorem 4.11.86], we have that z;P; is contained in

B P,

JEIT(s)

Thus, for any polynomial p in Py, it follows that M p belongs to EB]EI, (5) Ps_e;-
Now for j € I7(s) and g € P,_,, we have

(M7p, q)gc@) = (D, 2i@) 3¢ = (P, (2iQ)s) 3¢

= .0

S

1
= a <P, ZiQ>IT

S

1
= <3z'p, Q>'f

S

= 1 (Op)ee, )5

S
Gs—e.
= Y <(8’L‘p)5*€jaq>ﬂ{(a)-
Qs
Here the equality
(p,ziq)5 = (9ip, @)

follows from [29, Proposition 4.11.36]. This completes the proof.

The following theorem describes the operator M @* A1) on some subspace
of H(@),

THEOREM 4.3: Let s € N}S be such that |I"(s)| < 2. Then

M@ M @p = §(s)p, p € Py,

. Ag (g)s—i-aj .
(4.6) S(s)=">_ iy Cs(d):

jert(s) ot (s
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Proof. First note that, for p € P4, we have

d d
ZMi(a)*Mi(a) ZM(a)* )= (M(a)*< 3 (zip)s+€j)>

i=1 i=1 JEI+(s) s

where the third equality follows from Lemma 4.2. Let @Q; be the linear map
on Py given by

S Oi((2ip)ste,))ss i G € I (s),

0, otherwise.

Then clearly,

(4.7) Ssp=S " Q).

a .
jeIt(s) °te

Note that, for p € P,, Q; satisfies the following:

S 0-3 3 @i =3 (o 3 en))

JEIT(s) 1=1 jel+(s) i=1 JEI+(s) s
d
2 (0iCz)

d

=dp+ Z(Ziaip)s-

i=1

Therefore, by Euler’s formula, we obtain

(4.8) Y Qilp)=(d+Ishp
JEIT(s)
Now, assume that |[IT(s)] = 1. Then s is necessarily of the form (s1,0,...,0)

and I (s) = {1}. Thus it follows easily from (4.7) and (4.8) that

o(s) = s r(f —i—sl).

Asie,q
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To complete the proof, assume that [I(s)| = 2. Then It (s) = {1, k}, where
2 < k <r. Note that by (4.7) and Theorem 4.1, we have

(7)s (7)s

(g)SJr&l (f)ersk

By solving equations (4.8) and (4.9), it is easily verified that

(4.9) Qi(p) + Qk(p) = rp.

(F=1D(¢+s1)(s1—sk+ %)

@ip) = (51— sk + 5(k—1)) P

and

B (r—k—l—l)(f —2(k—=1)+ sk)(s1 — sk)
Qulp) = (sl—si—l—g(k—l)) b

Now, the proof is completed by (4.7).

As an immediate consequence of Theorem 4.3, we obtain the following corol-
lary giving the complete form of the operator M@ M@ on 3@ when the
domain 2 is of rank 2.

COROLLARY 4.4: Let Q) be an irreducible bounded symmetric domain of rank 2.
Then, for any polynomial p in P, M(“)*M(“)p = 6(s)p, where

_ as (;i)ersj .
6(8)_ Z Cs(])'

jert(s) tete (s

As a consequence of Theorem 4.3, we also obtain the following corollary
about the essential normality of the multiplication operators by the coordinate
functions on the weighted Bergman spaces.

COROLLARY 4.5: Let v > &(r — 1) and M® = (M™,...,M\")) be the d-
tuple of multiplication operators on H*). Then the operator Mi(y) is essentially

normal, that is, the commutator
M M@ @) pp”

is compact for alli =1,...,d if and only if r = 1.

Proof. If r = 1, then by a direct computation it is easily verified that each M i(v)

is essentially normal. For the converse part, first set I to be the signature
(1,0,...,0), where [ is a positive integer. Then, by Lemma 3.2 and Theorem 4.3,
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we see that

d
Z(Mi(y) Mi(u) - Mi(u)Mi(V) )p=nl)p, peP,
i=1
where

(E+DU+Y) =1 =3) l
@0 W= i) T o) vai-1

Suppose that each M )

./ is essentially normal. Then the operator

zd:( MY MY — @

i=1
is compact. Hence n(l) must converge to 0 as | — oo. Thus, from (4.10), we
obtain that (T_i)fé_g) = 0. Finally, since f =1+ 5(r—1)+ b, we conclude
that r = 1.

We finish this section with the following conjecture on the description of
the operator M@ M@ on the Hilbert space H(® when the domain Q is of
arbitrary rank.

Conjecture 4.6: Let Q) be an irreducible bounded symmetric domain of rank r.
Then, for any polynomial p in Py, M@ *M(“)p: §(s)p on the Hilbert space J((%),
where

- Qs (g)s—i-aj .
(4.11) 5(s)= s(j).

jert(s) Yt (7)s

5. Unitary equivalence and Similarity

In this section, we study the question of unitary equivalence and similarity of
two commuting d-tuple of operators in the class AK(Q2). In particular, when K
is the unit circle T, these results were obtained by Shields in [27] and the case
when K is U(d), the similarity result was obtained in [19, Lemma 2.2].

By Theorem 2.3, any d-tuple of operators T' in AK(f?) is unitarily equiva-
lent to M consisting of multiplication operators by the coordinate functions
21,...,2q on the reproducing kernel Hilbert space H(®) with the reproducing
kernel K@ (z,w) = 3, asKs(z,w), where as > 0 with ag = 1. Thus we

assume, without loss of generality, that T' ~, M (@),
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THEOREM 5.1: Let Ty and T2 be two operator tuples in AK(S2). Suppose
that T' ~,, M and T~y M® Then the following statements are equivalent:

(i) Ty and Ty are unitarily equivalent.
(il) as = bs for all s €
(iii) K@ = K®).

Proof. Tt is easy to see that (ii) and (iii) are equivalent. It is obvious that (iii)
implies (i). Therefore it remains to verify that (i) implies (iii). Assume that the
d-tuples T1 and T'5 are unitarily equivalent. Then so are the operators M (@)
and M®). By [11, Theorem 3.7], there exists a holomorphic function g on Q
such that
K9 (z,w) = g(2) K (2, w)g(w), zw e
In particular, K(®(z,0)=g(z)K®)(z,0)g(0), z€Q. Therefore, ag=bog(z)g(0),
)=

and consequently, g(2)g(0) = 1 since ag = by = 1. Hence K@ = K©®),

Recall that two commuting d-tuples A = (Ay, ..., Aq) and B = (By, ..., By),
defined on H; and Ho respectively, are said to be similar if there exists an
invertible operator X : H; — Hy such that XA; = B;X foralli =1,...,d.
For a non-negative integer n, as before, P,, denotes the space of homogeneous
polynomials of degree n in d variables. For two non-negative definite kernels K
and K, we write K < K if K — K is a non-negative definite kernel.

THEOREM 5.2: Let @ C C? be any bounded domain (not necessarily symmet-
ric), and let Hy and Hay be two reproducing kernel Hilbert spaces determined
by the positive definite kernels K1 and Ko respectively. Suppose that

(i) the space of polynomials P is dense in both H; and Ho,
(ii) P, is orthogonal to P, if m # n in both H; and Ho,
(iii) for each i = 1,2, the d-tuple MW = (M{" ..., M"Y} of multiplication
operators by the coordinate functions z1,...,zq on H; is bounded.
Then the following statements are equivalent:
(i) MY and M@ are similar.
(ii) There exist constants «, 8 > 0 such that
(5.12) allpllse, < llplloc, < Blpllsc,, pe?.
(if) H; = Ho.
(iv) There exist constants o, 8 > 0 such that

oKy 2 Ky 2 BK;.
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Proof. The equivalence of (iii) and (iv) follows from the standard theory of
reproducing kernel Hilbert spaces (cf. [3], [26]). Since the polynomials are dense
in both 3 and Hy, by (5.12), it is clear that (ii) implies (iii). If H; = Hy, then
the identity operator from H; to I, is a bounded invertible operator which
intertwines the multiplication d-tuples M) and M@, and consequently, (iii)
implies (i). Now, to complete the proof, it remains to show that (i) implies (ii).

Suppose that M M and M@ are similar. Then there exists an invertible
operator X : H; — Hs such that

1 2 .
(5.13) xMV=MPx, j=1,....4d

Since the subspaces P,, n > 0, are mutually orthogonal , it suffices to show
that (5.12) is satisfied for all p € P,, and for some «, § > 0 (which is independent
of n). Fix a polynomial p in P,. Clearly, it follows from (5.13) that

1) _ 2
(5.14) XM =MPX,

where Méi) is the operator of multiplication by the polynomial p on H; for i=1, 2.
Let (X, s)r%—o be the matrix representation of X with respect to D, Pn,
that is,

X’!‘7S = P:PTX‘(PS.
Similarly, let
M) = (M)1.5) %0

be the matrix representation of Mlgi), i = 1,2. Since Mzgi) maps P into Pgyn,
i =1,2, it clear that

(Mpgi))‘(ps, ifr=s+n,

(5.15) (M), =
P 0, otherwise.

Therefore it follows from (5.14) that

(2) e
(5.16) X wtn(MID)gn s = Moo A7 =0 20
0, otherwise.

Choosing r = n and s = 0, we see that

(5.17) (M)n0Xo0,0 = Xnon (M) 0.
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Therefore
(5.18) (M) 00 n X (M )0 = X5,0(MEP)5 o (M) .0 Xo0.0-
Since || Xpnn|l < || X]], we have
X0 X < || X1
Hence from (5.18) we obtain
(5.19) X6.0(MP) 5 oM )n0X0,0 < IX NP o (M 0.

Note that X ¢ is a linear map from Py to P and dim Py = 1. Hence Xp 0l =75l
for some n € C. Also, taking p to be the polynomial z;, 1 < j <d, and r =0
in (5.16) we see that

X075+1(M(}))S+175 = 0, for all s Z 0.

2

Since this is true for all j = 1,...,d, it follows that Xy 441 = 0 for all s > 0.
Moreover, since X is invertible we must have X o # 0. Otherwise, Xo s = 0
for all s > 0, implying that Pg is orthogonal to the range of X, which is a
contradiction. Hence Xy ¢ # 0, and consequently n # 0. Therefore, from
(5.19), we obtain

(M$)n0X0.01, (MP)n.0X0,01) < [IX[P((MD)n01, (M) 01).
Consequently,

(5.20) 2 lpll3e, < IXIP(Ipl3, -
To finish the proof, note that (5.13) implies
1372 _ (1) -1 .
XM =MPxt =14

Hence repeating the arguments used to establish (5.20) we obtain that
S lpl3e, < IX MR,
where (X 1)g 0l = (1, ¢ # 0. This completes the proof.

Remark 5.3: In the proof given above, we have shown that Xy ; = 0 for all s > 1.
But using (5.16), it can be easily verified that X, s = 0 for all s > r, that is, X
is lower triangular with respect to the decomposition @, , P,. Consequently,
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THEOREM 5.4: Let T'; and T2 be two operator tuples in AK({2). Suppose that
T ~y M@ and Ty ~, M® . Then the following statements are equivalent.
(i) Ty and Ty are similar.
(ii) There exist constants «, 3 > 0 such that

(5.21) allpllac < lIpllgcer < Blpllacrs p € P
(iil) FH(@ = 3®),
(iv) There exist constants «, 3 > 0 such that
aK@ < g® < ﬂK(“).
(v) There exist constants «, 3 > 0 such that
aas < bs < PBas, sE€ ng

Proof. The equivalence of (i), (ii), (iii) and (iv) follows easily from Theorem 5.2.
Assume that (ii) holds. Then (v) is easily verified by choosing any polynomial
p in P4 and using

e e
Pl =707 and plfn = 0
a’S S

in (5.12). Also, it is trivial to see that (v) implies (iv).

COROLLARY 5.5: Let v1,v0 > §(r — 1). Then the d-tuple of multiplication

operators M) on HW) and M¥2) on H2) are similar if and only if vy = vs.

Proof. Suppose that M) and M%) are similar. Then, by Theorem 5.4, there
exist constants a, 8 > 0 such that a(v1)s < (12)s < B(v1)s for all s € ﬁg Take
s = (s1,0,...,0), s1 € Ng. By the properties of the Gamma function we have

W)s _ st v
(n)s  (w)s, =

Hence v; = v5. The other implication is trivial.
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