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Annexure A 

Select list of probability distance measures

With reference to three random variables U, V, and W [with marginal pdfs  
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, respectively], an ideal distance measure is required to satisfy four requirements, namely, 
I. Identity 
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II. Positivity: 
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III. Symmetry:
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, and 
IV. The triangular inequality: 
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Not all measures satisfy conditions II-IV, and Table A.1 lists a few measures with details of compliance of these requirements by the listed measures. The distance measure 
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 introduced in Eq. (1) can be based on any of the measures listed in Table A.1.
Table A.1; Examples of probability distance measures; columns 3-4 indicate if the two conditions of symmetry (III), and triangular inequality (IV), are satisfied or not. All the measures satisfy the conditions of identity and positivity. 

	Distance measure
	Definition
	III
	IV

	Hellinger
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	Yes
	Yes

	Kullback-Leibler
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	Symmetrized 

Kullback-Leibler
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	Kantrovich
	
[image: image11.wmf](

)

(

)

(

)

(

)

1

11

0

(,)

WUVUV

dUVPxPxdxPtPtdt

¥

--

-¥

=-=-

òò


	Yes
	Yes

	Bhattacharyya
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Annexure B: Example-1: Exactly solvable problem involving   IID input random variables 
We consider the function,
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with 
[image: image14.wmf][

]

[

]

18

125102050100500

aa

=

L

and 
[image: image15.wmf];1,2,,8

i

i

Q

=

L

 being a set of IID random variables uniformly distributed in 
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. Here, the first order and total effects based on Sobol’s analysis are exactly determinable. This problem has been studied earlier by Sudret [B.1]. Here we obtain the importance measures using the following alternative strategies:

1. Results from the present study for three different choices for the reference set A and using three different distance measures (viz., KS statistic, Bhattacharyya distance, and Kantorovich distance, respectively designated as Cases I, II, and III).

2. Exact analytical solutions on the first order total sensitivity indices obtained using Sobol’s analysis. These results have been reported by Sudret [B.1].

3. Approximate results on the first order and total indices using polynomial chaos expansion as reported by Sudret [B.1].

4. Morris sensitivity indices based on the procedure discussed by Campolongo and Saltelli [B.2] and computed as a part of this study.
In order to apply the factor mapping method discussed in this paper, we consider three alternative reference sets given by
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Here 
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 are the mean and standard deviation of the response 
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. In the numerical work, we use 
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. Fig. B.1 shows the estimated CDF along with the details of the above reference sets. The results on the importance measures obtained for the above-mentioned four approaches are summarized in Table B.1 and also shown in Fig. B.2. The notations 
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 in Morris’ method, represent, respectively, the absolute mean and standard deviation of the elementary effects for the ith input variable [B.2].  The following observations emerge from these results:

1. The results from alternative methods show broad agreement insofar as the rank ordering of the input variables is concerned. It is to be noted that the results from factor mapping method and the Morris’ method are not normalized, and therefore, their performance needs to be assessed only in terms of relative ranking of different input variables. 

2. The rank ordering of the input variables, as per the factor mapping method (using three alternative distance measures), matches closely with the exact Sobol’s indices except for the case when 
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. Here, the results from the factor mapping method (using three distance measures) corresponding to the lowly-ranked variables 
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deviate from the ordering observed in Sobol’s analysis. 
3. The results of Table B.1 have been displayed Fig. B.2 (a-c). The sensitivity indices obtained using Factor mapping method based on KS statistic, Bhattacharyya’s distance, Kantorovich’s distances (for the three different choices of reference sets 
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 and 
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, respectively) and Morris’ method are plotted against the exact analytical values of the Sobol’s total sensitivity indices. It can be observed that the input variables with larger Sobol’s total sensitivity index also have larger values as per all other sensitivity measures. This clearly points towards the consistency in identifying the relative importance of the input variables as per different methods. 
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Fig. B.1. CDF of the response 
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, along with the details of the three reference sets considered.
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Fig.B.2 (a) Plot of different sensitivity measures against Sobol’s total sensitivity index for reference set
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Fig.B.2 (b) Plot of different sensitivity measures against Sobol’s total sensitivity index for reference set
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Fig.B.2 (c) Plot of different sensitivity measures against Sobol’s total sensitivity index for reference set
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Table B.1 on Global sensitivity measures obtained using alternative procedures. Numbers in the parentheses indicate the rank order of the relevant variable. 
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	Sobol’s indices: exact analytical solutions
	Sobol’s indices: 

(using 2nd order PCE approximation)

Sudret [B.1]
	Morris’ sensitivity indices

	
	Case I
	Case II
	Case III
	Case I
	Case II
	Case III
	Case I
	Case II
	Case III
	I order sensitivity indices
	Total sensitivity indices
	I order sensitivity indices
	Total sensitivity indices
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Annexure C: Example-2: Exactly solvable problem involving   correlated input random variables 
Here we consider 
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are a set of correlated Gaussian random variables with mean 
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The exact expressions for the first order and total indices obtained by Kucherenko et al., [C.1], for this case are given by
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        (C.1)
The factor mapping method here is implemented with 
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. Tables C.1, C.2, and C.3 summarize the results based on Eq. (C.1) and from the factor mapping method. Here we notice that the rank ordering based on total indices, as per the analysis by Kucherenko et al., [C.1] and factor mapping methods (Cases I, II, and III), show identical rank ordering of input variables. The nomenclature of cases I, II, and III is as in the previous example (Example-1). It was found that for two other choices of reference sets, namely,  
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, the values of the distance measures varied, but the rank ordering remained largely the same. Thus, for the case of reference set 
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 while, the rank ordering based on Bhattacharyya’s distance, continues to agree with the exact analytical results Fig. C.1 shows the estimate of the cumulative distribution function (CDF) of 
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Fig. C.1. CDF of the response 
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 , along with the details of the three reference sets considered.

Table C.1. Example-2: GRSIs for three alternative probability model distance measures with respect to the reference set 
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; numbers noted in the parentheses indicate the rank of the respective input random variable. 
	Variables
	Sobols’ first-order sensitivity indices
	Sobol’s total sensitivity indices
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Table C.2. Example-2: GRSIs for three alternative probability model distance measures with respect to the reference set 
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; numbers noted in the parentheses indicate the rank of the respective input random variable. 
	Variables
	Sobols’ first-order sensitivity indices
	Sobol’s total sensitivity indices
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Table C.3. Example-2: GRSIs for three alternative probability model distance measures with respect to the reference set 
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	Variables
	Sobols’ first-order sensitivity indices
	Sobol’s total sensitivity indices
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Annexure D: Example-3: Exactly solvable problem involving groups of random variables
Here we consider 
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with respect to the four groups of random variables. The study by Jacques et al., [D.1] provides the following exact Sobol’s total indices for this problem as
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          (8)
Table D.1 summarizes the results based on the Sobol analysis and the factor mapping method based on Bhattacharyya’s distance for three alternative choices for set A. As per Sobol’s analysis, the groups ordered as per the total sensitivity index are 
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being precisely equal. The same ordering is also depicted by the results of the factor mapping method, with the indices corresponding to 
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Table D.1; GRSIs with respect to groups of variables for Example-3; numbers in parenthesis indicate the rank of the associated group of variables.
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Annexure E: Details of plastic hinge model parameters used in section 6.0
Table E.1 shows the details of the mean values of the IMK backbone parameters for the four wide-flange I-beam sections of the frame structure considered in Section 6.
Table E.1; Mean values of Modified IMK backbone curve parameters [E.1]; nominal yield stress, 
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Furthermore, the matrix of correlation coefficients for the above mentioned 8 hinge parameters, for all the hinges, is taken to be given by
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Annexure F Details of ground motions used in the study reported in Section 6.0
Table F.1 provides details of 44 far-field ground motions used in arriving at the median IDA curves shown in Fig. 3 (a)-(b). The details of ground motion are available at the PEER Strong Ground Motion Databases  (https://peer.berkeley.edu/peer-strong-ground-motion-databases) 
[ F.1]. The choice of ground motions here is based on guidelines available in reference [F.2].

Table F.1. The list of recorded ground motion records used to obtain the median IDA curve for the three global damage measures reported in section 6.0.
	Ground motion
	Earthquake name
	Year
	Station
	PEER NGA File Names- Horizontal records

	
	
	
	
	Component 1
	Component 2

	1
	Northridge
	1994
	Beverly Hills - Mulhol
	NORTHR/MUL009
	NORTHR/MUL279

	2
	Northridge
	1994
	Canyon Country - WLC
	NORTHR/LOS000
	NORTHR/LOS270

	3
	Duzce, Turkey
	1999
	Bolu
	DUZCE/BOL000
	DUZCE/BOL090

	4
	Hector Mine
	1999
	MHectorine
	HECTOR/HEC000
	HECTOR/HEC090

	5
	Imperial Valley
	1979
	Delta
	IMPVALL/H-DLT262
	IMPVALL/H-DLT352

	6
	Imperial Valley
	1979
	El Centro array # 11
	IMPVALL/H-E11140
	IMPVALL/H-E11230

	7
	Kobe, Japan
	1995
	Nishi-Akashi
	KOBE/NIS000
	KOBE/NIS090

	8
	Kobe, Japan
	1995
	Shin-Osaka
	KOBE/SHI000
	KOBE/SHI090

	9
	Kocaeli, Turkey
	1999
	Duzce
	KOCAELI/DZC180
	KOCAELI/DZC270

	10
	Kocaeli, Turkey
	1999
	Arcelik
	KOCAELI/ARC000
	KOCAELI/ARC090

	11
	Landers
	1992
	Yermo Fire Station
	LANDERS/YER270
	LANDERS/YER360

	12
	Landers
	1992
	Coolwater
	LANDERS/CLW-LN
	LANDERS/CLW-TR

	13
	Loma Prieta 
	1989
	Capitola
	LOMAP/CAP000
	LOMAP/CAP090

	14
	Loma Prieta 
	1989
	Gilroy array # 3
	LOMAP/G03000
	LOMAP/G03090

	15
	Manjil, Iran
	1990
	Abbar
	MANJIL/ABBAR--L
	MANJIL/ABBAR--T

	16
	Superstition Hills
	1987
	El Centro Imp. Co.
	SUPERST/B-ICC000
	SUPERST/B-ICC090

	17
	Superstition Hills
	1987
	Poe Road (temp)
	SUPERST/B-POE270
	SUPERST/B-POE360

	18
	Cape Mendocino
	1992
	Fortuna Blvd
	CAPEMEND/FOR000
	CAPEMEND/FOR090

	19
	Chi-Chi, Taiwan
	1999
	CHY101
	CHICHI/CHY101-E
	CHICHI/CHY101-N

	20
	Chi-Chi, Taiwan
	1999
	TCU045
	CHICHI/TCU045-E
	CHICHI/TCU045-N

	21
	San Fernando
	1971
	LA - Hollywood Stor
	SFERN/PEL090
	SFERN/PEL180

	22
	Friuli, Italy
	1976
	Tolmezzo
	FRIULI/A-TMZ000
	FRIULI/A-TMZ270
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