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Abstract— Multiple antennas can be used for increasing the
amount of diversity (diversity gain) or increasing the data rate
(the number of degrees of freedom or spatial multiplexing gain)
in wireless communication. As quantified by Zheng and Tse [1],
given a Multiple Input Multiple Output (MIMO) channel, both
gains can, in fact, be simultaneously obtained, but there is a
fundamental tradeoff (called the diversity-multiplexing tradeoff)
between how much of each type of gain any coding scheme
can extract. It is well known that Space-Time Trellis Codes
(STTC) can be used to achieve full-diversity and better cod-
ing gain than Space-Time Block Codes (STBC). There have
many STBC constructions [2]–[4], which achieve the diversity-
multiplexing tradeoff, but to the best of our knowledge no such
construction is proposed for the case of STTC. Delay diversity
scheme used to construct STTC introduced in [5] is known to
achieve full-diversity, for any number of transmit antennas. In
this paper, we show that the delay diversity scheme can achieve
the optimal diversity-multiplexing tradeoff, only for one receive
antenna. Then we propose a generalized construction of a high-
rate generalized coded delay diversity scheme (HRGCDD). We
show that HRGCDD scheme meets both the extreme points
(corresponding to zero diversity gain and zero multiplexing
gain) of the optimal diversity-multiplexing tradeoff curve for
any number of transmit and receive antennas. Also by using
HRGCDD scheme we construct STTC for 2 transmit antennas.
Furthermore we also show that the new proposed STTC achieves
the optimal diversity-multiplexing tradeoff for 2 transmit and 2
receive antennas by simulation.

I. INTRODUCTION

Space-Time Trellis Codes (STTC) have been introduced in
[5] to provide improved error performance for wireless systems
using multiple transmit antennas. It has been shown [5] that
such codes constructed by delay diversity scheme can provide,
full diversity gain as well as additional signal-to-noise ratio
(SNR) advantage, i.e. coding gain, but with some restrictions
on the number of the states of the trellis. A general method to
construct STTCs for any number of states, which ensures full-
diversity and good coding gain is given by [6], where coding
in conjunction with delay diversity is used.

It is well known, that at high SNRs the capacity of Rayleigh
fading channel with nt transmit and nr receive antennas is

C(nt, nr,SNR) = min {nt, nr} log SNR + O(1)
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where O(1) is a constant. The above expression shows
that the achievable data rate increases with SNR as
min {nt, nr} log SNR. This advantage due to multiple antennas
is called the spatial multiplexing gain.

Though most of the research in designing good STTCs
has been in obtaining full-diversity codes and maximizing the
coding gain, no effort seems to have been made to construct
STTCs with maximum spatial multiplexing.

The contributions of this paper are:
• We show that the existing delay diversity schemes do not

achieve the optimal diversity-multiplexing tradeoff curve
for more than one receive antenna.

• We propose a high-rate generalized coded delay diversity
(HRGCDD) scheme to construct STTCs, which cannot be
viewed as generalized coded delay diversity scheme [6].

• The HRGCDD scheme achieves both the extreme points
of the optimal diversity-multiplexing tradeoff curve for
any number of transmit and receive antennas.

• We show by simulation, that STTC constructed for 2
transmit antennas from HRGCDD scheme achieves the
optimal diversity-multiplexing tradeoff for both 1 and 2
receive antennas.

The rest of the paper is organized as follows. Section II
presents the system model. In Section III, we discuss the
existing schemes to construct STTCs and study their diversity-
multiplexing tradeoffs. We introduce the HRGCDD scheme
which achieve both the extreme points on the diversity-
multiplexing tradeoff and construct STTC for 2 transmit anten-
nas from the HRGCDD scheme in Section IV. For 2 transmit
antennas, we compare the performance of the existing schemes
viz a viz our new proposed HRGCDD scheme by simulation in
Section V with 1 and 2 receive antennas. Section VI contains
the concluding remarks.

II. SYSTEM MODEL AND DESIGN CRITERIA

The system model we consider is a MIMO wireless com-
munication system with nt transmit antennas and nr receive
antennas. A Space-Time Trellis Code (STTC) for such a chan-
nel model is a finite set C of nt×L matrices (called codewords)
where L is an integer, such that the channel coefficients do not
change for L symbol intervals. At each time t, depending on
the state of the encoder and the input bits, a transition branch is
chosen. If the label of this branch is xt = (x1

t , x
2
t , . . . , x

nt
t )T ,
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then transmit antenna i is used to transmit constellation symbol
xi

t and all these transmissions are simultaneous. An element
X ∈ C, is of the form X = (x1,x2, . . . ,xt, . . . ,xL).

If X ∈ C is the transmitted codeword and under the
assumption that E [tr(XX∗)] = ntL and the average signal-
to-noise (SNR) at each receive antenna is SNR, the received
signal is

Y =
√

SNR

nt
HX + W (1)

where Y ∈ Cnr×L, H ∈ Cnr×nt is the channel matrix and
W ∈ Cnr×L is the additive noise, both with entries inde-
pendent complex Gaussian with zero mean and unit variance.
At high SNRs, the probability that the received matrix Y is
decoded to a codeword matrix X′ �= X is P (X → X′) =
(
∏Λ

i=1 λ2
i )

−nrSNR−nrΛ where λ1, λ2, . . . , λΛ are the Λ non-
zero singular values of ∆ = X − X′. The gain due to spatial
diversity provided by nt transmit and nr receive antennas is
called the diversity gain of the code and is equal to the negative
of the exponent of SNR in the above expression. So, if nt and
nr are the number of transmit and receive antennas, then the
diversity gain can be at most equal to ntnr. Thus, in order
to minimize the error probability, we should design a code C
such that the difference matrix of any two codewords have full
rank (= nt). Any STTC with such property is called a full-
rank STTC. However, this design criteria is derived under the
assumption that the data rate is fixed for all SNRs.

A. Diversity-Multiplexing Tradeoff

We will first give some necessary definitions and then briefly
discuss the optimal tradeoff curve achievable for any scheme,
whereby a scheme is a family of codes, one for each SNR
level [1]. Let C(SNR) be the code corresponding to the SNR
level SNR and the data rate in bits per channel use achieved
by C(SNR) be R(SNR).

Definition 1 ( [1]): A scheme {C(SNR)} is said to achieve
a spatial multiplexing gain r and diversity gain d if

lim
SNR→∞

R(SNR)
log SNR

= r and lim
SNR→∞

log Pe

log SNR
= −d

where Pe is the average error probability.
Following the notation of [1], we use

.= for exponential
equality. Thus, 2R(SNR) .= SNRr and Pe

.= SNR−d. Similarly,
we use

.≥,
.≤ for exponential inequalities.

Though a scheme means a family of codes, one for each
SNR level, a simple way of describing a scheme is to give a
design (defined below) and a class of signal sets.

Definition 2 ( [3]): A rate-k/L, nt × L design over a
subfield K of the complex field C, is a nt × L ma-
trix M(x1, x2, . . . , xk) with entries that are K-linear com-
binations of k variables and their complex conjugates. We
call M a full-rank design over a field F ⊂ C if every
M(x1, x2, . . . , xk)|xi ∈ F, i = 1, 2, . . . , k, is full-rank.

Zheng and Tse in [1] have obtained lower and upper bound
on the optimal diversity-multiplexing tradeoff curve. For the
case L ≥ nt + nr − 1, the optimal diversity-multiplexing
tradeoff is given by d(r) = dout(r) = (nt − r)(nr − r).

If a scheme is described by a full-rank design over a field
F and a class of signal sets which are subsets of F , then
the maximum diversity gain achieved by such a scheme is the
diversity gain of any code in the scheme. Thus, a scheme which
is a family of full-rank codes achieves the point (0, ntnr) of
the optimal diversity-multiplexing tradeoff. Schemes like V-
BLAST [7] achieve the point (min{nt, nr}, 0) of the optimal
tradeoff curve.

B. Capacity of Designs

Let X be a rate-k/L, nt × L design with a1, a2, . . . , ak as
the variables. If X is a design used to describe a STTC, then
the received matrix is Y as in (1). Suppose, we can rewrite (1)
as

ỹ =
√

SNR

nt
Ĥã + w̃ (2)

where ã is a k × 1 vector containing either ai or a∗
i but not

both ai and a∗
i . Then from [8], we define the capacity of the

design X as the capacity of the equivalent channel Ĥ given
by

CX(nt, nr,SNR,H) = 1
L log2(det(InrL + SNR

nt
ĤĤ

†
))

Clearly, CX(nt, nr,SNR) = EH[CX(nt, nr,SNR,H)] ≤
C(nt, nr,SNR). From [8], for a design to achieve capacity, it
is necessary but not sufficient that k ≥ L×min{nt, nr}. Also
the design X, can achieve the point (min{nt, nr}, 0) of the
diversity-multiplexing tradeoff curve, only if the rank(Ĥ) ≥
L × min{nt, nr}.

III. EXISTING FULL-RANK STTCS

In [6], a general technique to construct full-rank STTC (un-
der some conditions) by using coding in conjunction with the
delay diversity scheme is presented to get better performance
in terms of coding gain. Fig. 1 shows the coded delay diversity
scheme for nt transmit antennas which achieves diversity nt.
For every channel use, k bits enter the rate k/n block encoder.
The n output bits of the block encoder are mapped by the
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Fig. 1. Coded Delay Diversity Scheme for nt transmit antennas

constellation mapper. The size of the signal constellation S is
2n. The constellation mapper, outputs one of the 2n symbols
from S for every k bit input. The output of the constellation
mapper is transmitted from the first transmit antenna. For the
ith transmit antenna, the output of the constellation mapper is
transmitted after i − 1 channel uses for i > 1. If k = n, then
we get the delay diversity scheme of [5].

Fig. 2 is an example of full-rank STTC for 2 transmit
antennas constructed by delay diversity scheme introduced in
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Fig. 2. 2 Tx, 4-PSK, 2bps/Hz, 4 state STTC

[5]. We see in this example that the symbol transmitted by
the first transmit antenna is again transmitted by the second
transmit antenna in the next channel use (with one symbol
delay).

The delay diversity scheme for nt transmit antennas, when
viewed as a design looks like


x1 x2 x3 · · · xL−nt
0 · · · 0

0 x1 x2 · · · xL−nt−1 xL−nt
· · · 0

...
...

. . .
...

...
...

. . .
...

0 0 0 · · · xL−2nt+1 xL−2nt+2 0 xL−nt




(3)
where x1, x2 . . . , xL−nt

belong to a signal set S.

A. Diversity-Multiplexing tradeoff of existing STTCs schemes

Diversity-Multiplexing tradeoff of STBCs has been studied
extensively. There are many different STBC constructions [2],
[4] which achieve the diversity-multiplexing tradeoff curve for
various antenna configurations. But to best of our knowledge
no such study has been carried out for the case of STTCs. In
this subsection, we attempt to study the diversity-multiplexing
tradeoff of the existing schemes to construct STTCs.

For the delay diversity scheme (3) to construct STTCs for
nt transmit antennas, the number of variables in the design
is equal to L − nt. For a design to achieve capacity for nt

transmit and nr receive antennas, the necessary condition [8],
is that the number of variables in design should be at least
min{nt, nr} × L. Therefore the existing scheme to construct
STTC can achieve capacity or the diversity-multiplexing trade-
off (neglecting the trailing zeros), only when the number of
receive antennas is 1.

IV. HIGH-RATE GENERALIZED CODED DELAY DIVERSITY

In this section, we introduce a new way of constructing
coded delay diversity scheme for STTCs. In this construction
as shown in Fig. 3, for every channel use, ntb bits enter the
constellation mapper. Each of the b bits are mapped onto a
constellation point of the signal constellation S of size 2b.
Then some linear combination of these nt signal constellation
symbols is transmitted from the first transmit antenna. Trans-
mitted signal from the first antenna is delayed by i−1 symbols
and is fed to a map σi−1 where σ is some map from S ′ �→ S ′

and transmitted from ith transmit antenna for i = 2, 3, . . . , nt,
where S ′ is such that the linear combination of the constellation
symbols belongs to S ′.

Theorem 1: Let S be the QAM signal set of the interest.
Also, let δ be a root of the irreducible polynomial xn − ωm
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Fig. 3. High-Rate Generalized Coded Delay Diversity Scheme for nt transmit
antennas

over the field F = Q(ωn, ωm), where m = lcm(n, 4) and σ be
a map from F [δ] �→ F [δ] given by σ(δ) = δωn and σ restricted
to F is identity map. Consider the design X in equation (4)
(top of next page), where a1, sj,i ∈ S,∀ i = 0, 1, . . . , nt − 1
and j = 0, 1, . . . , L − nt − 1, then rank of the matrix X is
nt. We call this scheme as high-rate generalized coded delay
diversity (HRGCDD) scheme.
Proof: From the design criteria [5], to prove that HRGCDD
scheme is full-rank, we have to show that, if c and e are two
distinct codewords of HRGCDD, then the difference matrix
c − e is full rank. Let’s say that the two codewords c and e
(where c �= e), diverge at time td for the first time, then the
corresponding codeword difference matrix for the codewords c
and e for the generalized coded delay diversity scheme is given
by equation (5) (top of next page), where ∆xj,i = cj,i − ej,i,
σi denotes composition of σ, i times and ∗ is any value from
F [δ].

From the structure of the difference matrix it is clear that,
to have the difference matrix full rank (i.e. rank n), we only
need to show that σk(

∑n−1
i=0 ∆xtd−1,iδ

i) = 0 if and only if
∆xtd−1,i = 0,∀ i = 0, 1, 2, . . . , n and k = 0, 1, 2, . . . , n. To
prove this, it is sufficient to prove that 1, δ, δ2, . . . , δn−1 form
a basis of F (δ)/F and σ is an automorphism of F (δ). Since
xn−ωm is the minimal polynomial of δ over F = Q(ωn, ωm),
1, δ, δ2, . . . , δn−1 do not satisfy any linear equation in n
variables over F . Also, clearly 1, δ, δ2, . . . , δn−1 span the field
F [δ] over F . Thus, 1, δ, δ2, . . . , δn−1 form a basis of F [δ] over
F . Since σ is a field homomorphism and kerσ �= F [δ] (which
implies kerσ = 0), σ is an automorphism. Thus, the HRGCDD
scheme is full-rank.

Example 1: Let n = nt = 2 in Theorem 1 and S be a
QAM signal set. Then we take F = Q(ω2, ω4) = Q(j) and
x2 − j is irreducible over F . The automorphism σ is given by
σ :

√
j → −√

j. Then we have a full rank STTC for 2 transmit
antennas given by Fig. 4.

Though a scheme means a family of codes one for each
SNR level, a simple way of describing a scheme is to give
a design and a class of signal sets. Therefore varying the
signal set, we get a family of codes, from which the variables
of the design take value from. For example, for 2 transmit
antennas by allowing the variables xij in design (4) to take
value from BPSK constellation, we get the code given in Fig.4.
For increasing the data rate, we can use the same design with
a bigger sized signal set and hence we get a family of codes
one for each SNR level. For example using a 16 state STTC,
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∑nt−1
i=0 x0,iδi ∑nt−1

i=0 x1,iδi · · · ∑nt−1
i=0 xL−nt−1,iδi ∑nt−1

i=0 a1δi · · · ∑nt−1
i=0 a1δi

σ

(∑nt−1
i=0 a1δi

)
σ

(∑nt−1
i=0 x0,iδi

)
· · · σ

(∑nt−1
i=0 xL−nt−2,iδi

)
σ

(∑nt−1
i=0 xL−nt−1,iδi

)
· · · σ

(∑nt−1
i=0 a1δi

)

σ2
(∑nt−1

i=0 a1δi
)

σ2
(∑nt−1

i=0 a1δi
)

· · · σ2
(∑nt−1

i=0 xL−nt−3,iδi
)

σ2
(∑nt−1

i=0 xL−nt−2,iδi
) .

.
. σ2

(∑nt−1
i=0 a1δi

)
.
.
.

.

.

.

.

.

.

.
.
.

.

.

.

.

.

.

.

.

.

σnt−1
(∑nt−1

i=0 a1δi
)

σnt−1
(∑nt−1

i=0 a1δi
)

· · · σ2
(∑nt−1

i=0 xL−2nt−2,iδi
)

σnt−1
(∑nt−1

i=0 xL−2nt−3,iδi
)

· · · σnt−1
(∑nt−1

i=0 xL−nt−1,iδi
)




(4)


0 · · · 0
∑n−1

i=0 ∆xtd−1,iδ
i ∗ ∗ · · · ∗ · · · ∗

0 · · · 0 0 σ(
∑n−1

i=0 ∆xtd−1,iδ
i) ∗ · · · ∗ · · · ∗

0 · · · 0 0 0 σ2(
∑n−1

i=0 ∆xtd−1,iδ
i) · · · ∗ · · · ∗

...
...

...
...

...
...

. . .
...

...
...

0 · · · 0 0 0 0 0 σn−1(
∑n−1

i=0 ∆xtd−1,iδ
i) · · · ∗


 (5)

and the above design with 4 QAM as signal constellation we
can get HRGCDD code for rate 4 bps/Hz.

j1+ j−1+ j−1−j1−
j1− j1− j1− j1−

j−1−
j1+

j1+ j−1+j1−
j1+ j1+ j1+

j1+ j−1+ j−1−j1−
j−1−j−1− j−1− j−1−

j1+ j−1+ j−1−j1−
j−1+ j−1+ j−1+j−1+

Fig. 4. New Code for 2 Tx, BPSK, 2bps/Hz, 4 state STTC

Theorem 2: The scheme C(SNR) obtained by HRGCDD,
achieves the point (0, ntnr) and (min{nt, nr}, 0) of the
diversity-multiplexing tradeoff curve for nr receive antennas.
Proof: Since C(SNR) is a full-rank code, the point (0, ntnr)
is achieved on the diversity-multiplexing tradeoff curve for nt

transmit and nr receive antennas. From the HRGCDD scheme
for nt transmit antennas, clearly, the entries Xp,q and Xp′,q′

of design X are statistically independent except when p′ =
p + i and q′ = q + i for some i = 1, 2, . . . , nt − 1. For q =
1, 2, . . . , nt




X1, q
X2, q+1

.

.

.
Xnt, q+nt−1




=




1 δ δ2 · · · δnt−1

1 σ(δ) σ(δ2) · · · σnt−1(δnt−1)

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

1σnt−1(δ)σnt−1(δ)· · · σnt−1(δnt−1)




︸ ︷︷ ︸
A




xq,0
xq,1

.

.

.
xq,nt−1




and let AAH = B = {bi,j , i, j = 1, 2, , . . . nt}, then bi,j =∑nt−1
k=0 σi(δk)(σj(δk))∗ =

∑nt−1
k=0 ωik

nt
ωjk

nt
=

∑nt−1
k=0 ω

(i−j)k
nt .

But,
∑nt−1

k=0 ω
(i−j)k
nt = 0 if and only if i �= j, otherwise equal

to nt. Therefore matrix B = AAH = ntInt
and thus the two

entries are statistically independent if (p, q) �= (p′, q′). Hence,
we assume that our codeword matrix is equal to ã as given in
equivalent channel model (2), and each entry of x is from a
signal set S ′ of the form {∑nt−1

i=0 xiδ
jωjk|xi ∈ S}.

We now use successive nulling and canceling detection of V-
BLAST [7] and derive an upper bound on the error probability.
With successive nulling and canceling process, the channel

model is equivalent to yi =
√

SNR
n gixi + wi where g2

i is the
i-th decorrelator SNR gain which is a chi-squared distributed

random variable with 2i degrees of freedom. From [1], the
pair-wise error probability for i-th decorrelator is

P (xi → x′
i) = P

(
g2

i < n
SNR||xi−x′

i||2
)

(6)

Since the matrix AAH is unitary, the minimum squared Eu-
clidean distance (MSED) of the set Sx of vectors x is equal to
the MSED of the SNRr/nt QAM signal set. Scaling the signal
set such that the average power per entry of the codeword
matrix X is equal to one, we have the MSED of SNRr/nt

QAM signal set equal to SNR−r/nt . Thus, (6) becomes

P (xi → x′
i)

.= P

(
g2

i <
n

SNR1−r/nt

)
.= SNR−i(1−r/nt)

(7)
Since, the number of neighbours for any QAM is at most equal
to 4, we have the error probability for i-th decorrelator as

P (i)
e

.= SNR−i(1−r/nt)

Since, P
(1)
e ≤ P ′

e(SNR) ≤ ∑
i P

(i)
e , where P ′

e is the error
probability with successive nulling and canceling detection, the
error probability Pe(SNR) with ML detection is given by

Pe(SNR) < P ′
e(SNR) .= SNR−(1−r/nt)

and thus dHRGCDD(r) ≥ 1 − r/nt. Hence the HRGCDD
scheme achieve the points (0, ntnr) and (min{nt, nr}, 0) of
the diversity-multiplexing tradeoff curve for nt transmit and
nr receive antennas. Thus the HRGCDD codes achieve the
maximal achievable spatial multiplexing gain which is nt, and
also can exploit the maximum possible diversity gain.

V. SIMULATION RESULTS:

In this section, we provide simulation results for the STTC
constructed from HRGCDD scheme for 2 transmit antennas
and compare its frame error rate performance with the existing
scheme for 1 and 2 receive antennas. For 2 transmit antennas,
Fig. 5, 6, 7 and 8 shows the frame error probability curves for
various data rates for HRGCDD scheme and the existing delay
diversity scheme for 1 and 2 receive antennas. For 1 receive
antenna case, at high SNRs the gap between two adjacent
curves for the HRGCDD scheme and the delay diversity schme,
with data rates differing by 2 bits per channel use, is converging
to 6 dB. This indicates that at d = 0, the data rate grows with
SNR as R = log SNR for both the cases. Thus, the point (1, 0)
of the trade-off curve is achieved by both the schemes for
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2 transmit and 1 receive antennas. For the 2 receive antenna
case, the gap between two adjacent curves for the HRGCDD
scheme is converging to 3 dB while for the delay diversity
case it converges to 6 dB for the data rates differing by 2 bits
per channel use. This indicates that at d = 0, the data rate
grows with SNR as R = 2 log SNR for the HRGCDD scheme
while it is R = log SNR for the delay diversity scheme. Also
from the simulation plots, it can be seen that the frame error
rate curves for 1 receive antenna converge towards the outage
probability at high SNRs for both the codes, while for 2 receive
antennas, only the curves for the HRGCDD scheme converge
towards the outage probability at high SNRs. Therefore, both
the delay diversity scheme and the HRGCDD scheme achieve
the diversity-multiplexing tradeoff for 1 receive antenna but
for 2 receive antennas only the HRGCDD scheme achieves
the optimal diversity-multiplexing tradeoff.

VI. DISCUSSION:

In this paper, we first show that the existing schemes to con-
struct STTCs do not achieve the optimal diversity-multiplexing
tradeoff, for n transmit and n receive antennas (n ≥ 2).
We then give a new scheme called the high-rate generalized
coded delay diversity (HRGCDD) scheme to construct full rank
STTCs, which achieves both the extreme points (corresponding
to zero diversity gain and zero multiplexing gain) of the optimal
diversity-multiplexing tradeoff, while the existing schemes
achieve only the point corresponding to zero multiplexing
gain. For 2 transmit antennas case, we show by simulation,
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Fig. 7. Frame error probability curves (solid) for 4, 16, 64 QAM respectively
and outage probability curves (dashed).
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Fig. 8. Frame error probability curves (solid) for BPSK, 4 and 8 QAM
respectively and outage probability curves (dashed).

that the delay diversity scheme achieves the optimal diversity-
multiplexing tradeoff only for 1 receive antenna whereas the
HRGCDD scheme achieves the optimal diversity-multiplexing
tradeoff for both 1 and 2 receive antennas.
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