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Generation of hyperentangled states and two-dimensional quantum walks using J or q plates
and polarization beam splitters
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A single photon can be made to entangle simultaneously in its different internal degrees of freedom (DoF)—
polarization, orbital angular momentum (OAM), and frequency—as well as in its external DoF—path. Such
entanglement in multiple DoF is known as hyperentanglement and provides additional advantage for quantum
information processing. We propose a passive optical setup using q plates and polarization beam splitters to
hyperentangle an incoming single photon in polarization, OAM, and path DoF. By mapping polarization DoF to
a two-dimensional coin state, and path and OAM DoF to two spatial dimensions, x and y, we present a scheme
for realization of a two-dimensional discrete-time quantum walk using only polarization beam splitters and q
plates ensuing the generation of hyperentangled states. The amount of hyperentanglement generated is quantified
by measuring the entanglement negativity between any two DoF. We further show that hyperentanglement
generation can be controlled by using an additional coin operation or by replacing the q plate with a J plate.
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I. INTRODUCTION

It is possible to entangle photons in more than one degree
of freedom (DoF) such as polarization, time energy, path,
orbital angular momentum (OAM), and so on [1–3]. Such
states are called hyperentangled states [1]. Due to extension
in the dimension of the Hilbert space of such paired pho-
tons, increase in the channel capacity has been demonstrated
[4] and as a consequence hyperentanglement is poised to
offer additional quantum advantage. Hyperentanglement in
polarization and path DoF has been exploited in the con-
text of entanglement purification protocols, which has found
applications in entanglement-based quantum key distribution
[5–8]. Single photons can also be simultaneously entangled
in polarization, path, and OAM DoF. While polarization and
OAM correspond to internal DoF [9] of the photon, path DoF
corresponds to external DoF. The amount of entanglement
between these three DoF can be, for instance, generated and
controlled using devices such as waveplates (both quarter
and half-waveplates), polarization beam splitters (PBS), and
q plates [10] or J-plates [11]. A single photon entangled in
these three DoF can also be thought of as a quantum walker in
higher dimensions. For example, in a discrete-time quantum
walk in two spatial dimensions, a coin degree of freedom
can be mapped to polarization DoF and the two spatial di-
mensions can be mapped to path and OAM DoF. Therefore,
controlled engineering of interactions between different DoF
of a single photon to generate and control hyperentanglement
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can be directly mapped to the controlled realization of higher-
dimensional quantum walks.

Quantum walks, the quantum analog of classical random
walks, are broadly classified into two categories : discrete-
time quantum walk (DTQW) and continuous-time quantum
walk (CTQW) [12]. In the former case, the quantum coin
dictates the direction in which the walker moves and the walk
evolves in the Hilbert space Hc ⊗Hp, where Hc denotes the
Hilbert space corresponding to the coin space andHp denotes
the position space in which the walker moves. In the case of
CTQW, no coin operation is necessary, and the state evolves
only in the position Hilbert space.

For a one-dimensional DTQW the Hilbert space Hc is
spanned by two-dimensional (2D) basis vectors |H〉 = [1, 0]T

and |V 〉 = [0, 1]T . It can be noted that |H〉 and |V 〉 denote
Jones vectors corresponding to horizontal and vertical polar-
ization states of photons, respectively. The Hilbert space Hp

is spanned by the position basis {|x〉}, where x ∈ Z. Each step
of DTQW can be described using a composition of quantum
coin operation Ĉσ in SU(2),

Ĉσ =
[

eiξ cos θ eiζ sin θ

−e−iζ sin θ e−iξ cos θ

]
(1)

onHc, followed by a position shift operation,

Ŝ =
∞∑

x=−∞
[|H〉〈H | ⊗ |x − 1〉〈x| + |V 〉〈V | ⊗ |x + 1〉〈x|] (2)

on the combined Hilbert space [13]. After each step of walk
operation the walker will evolve in superposition of position
space entangling the two Hilbert spaces. In an optical setting
with polarization DoF, any Ĉσ in SU(2) can be realized using
two quarter waveplates and a half waveplate [14] and Ŝx can
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be realized using PBS. In general, the one-dimensional (1D)
DTQW evolution after n steps can be given by

|�n〉 = [Ŝx(Ĉσ ⊗ 1x )]n|�in〉

=
∞∑

x=−∞

[
a(n)

x |H〉 + b(n)
x |V 〉] ⊗ |x〉, (3)

where |�in〉 is the initial state, 1x refers to identity operator in
the position space, and a(n)

x and b(n)
x are normalized complex

coefficients. The evolved state is evidently entangled in coin
and spatial DoF.

For extension of DTQW to the 2D space, the Hilbert space
will be a composition of Hc ⊗Hpx ⊗Hpy , where Hc corre-
sponds to the coin space andHpx andHpy refer to the Hilbert
spaces corresponding to the position spaces in the x and y
directions, respectively. Since the state has to simultaneously
evolve in both x and y spaces, it is natural to expect the
use of four-dimensional coin space and a corresponding coin
operation. Two well-known examples of such coin choices are
Grover coin and four-dimensional discrete-Fourier transform
coin [15]. However, it was shown that such 2D DTQW can
as well be implemented using just 2D coin operation [16–18].
For instance, the Grover walk with an initial state ( 1

2 )(|0〉 −
|1〉 − |2〉 + |3〉) ⊗ |x = 0〉 ⊗ |y = 0〉 can be implemented us-
ing a two-state alternate walk, in which a two-dimensional
coin operation is used and each step of the walk is split into
an evolution in one dimension followed by an evolution in
the other dimension. It has also been demonstrated that the
alternate walk can be implemented in the form of a Pauli walk,
where Pauli operators’ bases are used as conditions in the shift
operators and no coin operation is therefore necessary [18].

There has been a continued interest in efficient imple-
mentation of quantum walks (both in 1D and 2D spaces) in
various quantum systems. For example, in 1D, quantum walk
has been realized using physical systems such as NMR [19],
optical lattice [20], linear optical devices [21–24], ion traps
[25,26], and q plates (single photons [27] as well as bright
classical light [28,29]), to name a few. In 2D, the quantum
walk has been realized using photonic waveguide arrays [30],
liquid-crystal devices [31], etc. Various new schemes have
been proposed for the realization of 1D quantum walk which
include q plates and waveplates [32], passive optical devices
[33,34], and cross-Kerr nonlinearity [35].

Inspired by the Pauli walk where different bases are used
for evolution in different spatial dimensions, in this paper,
we propose a passive optical setup—using J plates [11] or
q plates [10] and PBS)—to generate hyperentanglement in
polarization, path, and OAM DoF of a single photon. Here,
J plates or q plates will be used to control the OAM [36]
and polarization DoF, while PBS will be used to control the
path DoF. Upon evolution, we show that the photon will be
hyperentangled in these three DoF. This setup can also effec-
tively simulate a 2D modified form of Pauli walk in OAM
and position DoF where coin operation is not required. Due
to a basis change that the J (q) plate and PBS introduce, the
effect of coin operation in the path dimension is absorbed
into the J (q) plate and the effect of coin operation in OAM
dimension is absorbed into PBS. By mapping the path and

OAM DoF to x and y dimensions we can recover the DTQW
in two-dimensional position space.

This paper is organized as follows. In Sec. II we briefly
review schemes for realizing 2D DTQW such as Pauli and
alternate walks and explain how the evolved state is hyper-
entangled in the associated Hilbert spaces. In Sec. III we
propose a passive optical setup to hyperentangle the incom-
ing single photon in the three DoF (polarization, path, and
OAM). This hyperentanglement is quantified by measuring
the entanglement negativity between any two of the three
DoF. We then present our numerical results by simulating the
two-dimensional modified Pauli walk, which does not require
an explicit coin operator. Finally, in Sec. IV we conclude with
some remarks.

II. TWO-DIMENSIONAL QUANTUM WALK

In this section we show the equivalence between the alter-
nate and Pauli walks for any arbitrary choice of coin operator
in SU(2). We also propose modified Pauli walk and discuss
its implementation in optical setting using J plates and PBS
for a particular choice of SU(2) parameters. To quantify
hyperentanglement, we use entanglement negativity, which
measures entanglement between any two of the three DoF.

Mathematical framework. Quantum walk in 2D can be
implemented using a 2D coin operator and shift operators in
x and y- directions [16–18]. We define coin operator as Ĉσ

[Eq. (1)], and shift operators can be defined as

Ŝx =
∞∑

x=−∞
[|H〉〈H | ⊗ |x − 1〉〈x| ⊗ 1y

+ |V 〉〈V | ⊗ |x + 1〉〈x| ⊗ 1y], (4)

Ŝy =
∞∑

y=−∞
[|H〉〈H | ⊗ 1x ⊗ |y − 1〉〈y|

+ |V 〉〈V | ⊗ 1x ⊗ |y + 1〉〈y|], (5)

where 1x and 1y are identity operators in x and y spaces,
respectively. If |�in〉 represents the initial state, the evolution
operator Ô corresponding to alternate walk is [18]

|�1〉 = Ŝx[Ĉσ ⊗ 1xy]Ŝy[C†
σ ⊗ 1xy]|�in〉 = Ô|�in〉, (6)

where 1xy = 1x ⊗ 1y. This alternate walk evolution operator
can also be implemented using just two shift operators, Ŝx and
Ŝσ , where

Ŝσ = [Ĉσ ⊗ 1xy]Ŝy[Ĉ†
σ ⊗ 1xy]

=
∑

y

[|u1〉〈u1| ⊗ 1x ⊗ |y − 1〉〈y|

+ |u2〉〈u2| ⊗ 1x ⊗ |y + 1〉〈y|]. (7)

The states |u1〉 and |u2〉 denote the first and second column
vectors of Ĉσ [see Eq. (1)], respectively. In any physical
system with provision to directly realize Ŝx and Ŝσ , without
explicit use of coin operation, we can realize a 2D DTQW.
When {|u1〉, |u2〉} are the eigenvectors of the Pauli matrices,

σ1 =
[

0 1
1 0

]
or σ2 =

[
0 −i
i 0

]
, (8)
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the evolution operator ŜxŜσ readily implements the Pauli walk
[18]. Therefore, the operator ŜxŜσ can be thought of as a
generalized Pauli walk and its evolution can be given by

|�1〉 = ŜxŜσ |�in〉 = Ô|�in〉. (9)

Shift operators Ŝx and Ŝy given in Eqs. (4) and (5) shift
the position vector without changing the coin state vectors.
However, we can also define a modified shift operator which
induces a flip in the coin state vector along with the shift in
position vector. For example, we can define

Ŝ′
y = [σ1 ⊗ 1xy]Ŝy =

∞∑
y=−∞

[|V 〉〈H | ⊗ 1x ⊗ |y − 1〉〈y|

+ |H〉〈V | ⊗ 1x ⊗ |y + 1〉〈y|], (10)

and Ŝ′
x defined likewise. Because of the bit-flip symmetry [37],

it can be shown that both Ô and

Ô′ ≡ Ŝx[Ĉσ ⊗ 1xy]Ŝ′
y[C†

σ ⊗ 1xy]|�in〉 (11)

lead to the equivalent evolution of the initial state |�in〉 in
Eq. (6). By equivalent evolution, we mean that both Ô and
Ô′ lead to the same position probability distribution. Thus,
we can also define modified versions of both alternate and
generalized Pauli walks as

|�1〉 = Ŝx[Ĉσ ⊗ 1xy]Ŝ′
y[Ĉ†

σ ⊗ 1xy]|�in〉, (12)

and |�1〉 = ŜxŜ′
σ |�in〉, (13)

respectively, with

Ŝ′
σ = [Ĉσ ⊗ 1xy]Ŝ′

y[Ĉ†
σ ⊗ 1xy]

=
∑

y

[|u2〉〈u1| ⊗ 1x ⊗ |y − 1〉〈y|

+ |u1〉〈u2| ⊗ 1x ⊗ |y + 1〉〈y|]. (14)

If we begin with the initial state

|�in〉 = (cos α|H〉 + eiβ sin α|V 〉) ⊗ |x = 0〉 ⊗ |y = 0〉, (15)

then, after n steps, the state will be of the form

|�n〉 = (ŜxŜ′
σ )n|�in〉

=
∑
x,y

[(
a(n)

x,y|H〉 + b(n)
x,y|V 〉) ⊗ |x〉 ⊗ |y〉], (16)

where a(n)
x,y and b(n)

x,y are normalized complex coefficients. The
recurrence relations between a(n)

x,y and b(n)
x,y are

a(n)
x,y = a(n−1)

x+1,y+1(eiζ sin θ )(e−iξ cos θ )

+ a(n−1)
x+1,y−1(eiξ cos θ )(e−iζ sin θ )

+ b(n−1)
x−1,y+1(e−iξ cos θ )(e−iξ cos θ )

+ b(n−1)
x−1,y−1(−e−iζ sin θ )(e−iζ sin θ ), (17)

and

b(n)
x,y = a(n−1)

x+1,y+1(eiζ sin θ )(−eiζ sin θ )

+ a(n−1)
x+1,y−1(eiξ cos θ )(eiξ cos θ )

+ b(n−1)
x−1,y+1(e−iξ cos θ )(−eiζ sin θ )

+ b(n−1)
x−1,y−1(−e−iζ sin θ )(eiξ cos θ ). (18)

The above described state evolution after n steps is in super-
position of the tensor products of the three Hilbert spaces,
namely, coin Hilbert space Hc, and two position Hilbert
spaces Hpx and Hpy associated with the dynamics. The inter-
winding coefficients of the state vectors after evolution clearly
indicate that Eq. (16) is hyperentangled [1].

Optical realization. It is possible to realize the shift op-
erators in Eq. (13) without an explicit coin operation using
passive optical devices PBS and J plates on polarization and
OAM DoF, respectively. Operator Ŝx (Ŝx,pos from now on, with
“pos” referring to the position DoF) can be readily realized
using the PBS, which reflect horizontal polarization and trans-
mit vertical polarization. Operator Ŝ′

σ (Ŝ′
σ,OAM) can be realized

using a J plate.
To understand the action of J plate let us consider the

light field ψ (r, φ; z) propagating in the z direction, where
r =

√
x′2 + y′2 and φ = tan−1(y′/x′) with (x′, y′) being the

coordinates in the transverse plane. The light field ψ (r, φ; z)
carrying an OAM of mh̄ per photon [36] can be written as

ψ (r, φ; z) ∝ A(r; z) exp(imφ), (19)

where A(r; z) denotes the amplitude profile and exp(imφ)
denotes the phase profile. If this light field in the polarization
state |u1〉 passes through a J plate [11] represented by a Jones
matrix

J (φ) = e−iφ|u2〉〈u1| + eiφ|u1〉〈u2|, (20)

then its polarization vector (or Jones vector) will change to
|u2〉 and its phase profile will transform as exp [i(m − 1)φ],
where |u2〉 is the Jones vector orthogonal to |u1〉. Likewise,
the phase profile of the light field ψ (r, φ; z) in the polarization
state |u2〉 will be transformed to exp [i(m + 1)φ] by the action
of the J plate, while the polarization state is changed to |u1〉.
Therefore, we find that the OAM of the light field has been
reduced by h̄ per photon in the former case, whereas it has
been increased by h̄ per photon in the latter case.

Now let us consider a single photon carrying an OAM of
mh̄ per photon in some polarization state. The J plate can
decrease (increase) the OAM of the incoming photon with
Jones vector |u1〉 (|u2〉) by h̄ per photon while simultaneously
transforming the Jones vector of the photon to |u2〉 (|u1〉).
In other words, a J plate changes the OAM of the incom-
ing single photon conditioned over the polarization states
{|u1〉, |u2〉}. Since |u1〉 and |u2〉 are themselves functions of
(ξ, ζ , θ ) [Eqs. (1) and (7)], J (φ) in Eq. (20) can also be written
as

J (φ) ≡ J (φ, ξ, ζ , θ ). (21)

Thus, the shift operator realizing this transformation will
be [cf. Eq. (14)],

Ŝ′
σ,OAM =

∑
m

[|u2〉〈u1| ⊗ 1x,pos ⊗ |m − 1〉〈m|

+ |u1〉〈u2| ⊗ 1x,pos ⊗ |m + 1〉〈m|]. (22)
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FIG. 1. Probability distribution [P(x, m)] of the 2D DTQW without explicit coin operation in position and OAM DoF, beginning with an
initial state [(|H〉 + |V 〉)/

√
2] ⊗ |x = 0〉 ⊗ |y = 0〉, after 50 steps. (a) Modified Pauli walk using q plates and PBS [see Eq. (23)]. Note that the

probability distribution is identical for the Pauli walk [see Eqs. (9) and (24)] which is realized using q- plates, PBS, and HWP. (b) Modified
Pauli walk using J plates and PBS for the choice |u1〉 = [1,−1]T /

√
2 and |u2〉 = [1, 1]T /

√
2 in Eq. (23). (c) Modified Pauli walk using J

plates and PBS for the choice |u1〉 = [1,
√

3i]T /2 and |u2〉 = [
√

3, −i]T /2 in Eq. (23).

For the special case when |u1〉 = |R〉 = [1,−i]T /
√

2 and
|u2〉 = |L〉 = [1, i]T /

√
2, or equivalently for the choice

J (φ, 0,−π/2, π/4), Ŝ′
σ,OAM is realized using a q plate [10].

With these, we find that a single photon in the initial state
|�in〉, under the action of PBS and J plates, will evolve as

|�n〉 = (Ŝx,posŜ
′
σ,OAM)n|�in〉

=
∑
x,m

[(
a(n)

x,m|H〉 + b(n)
x,m|V 〉) ⊗ |x〉 ⊗ |m〉], (23)

where the normalized complex coefficients are iteratively re-
lated as in Eqs. (17) and (18) with the position label y being
replaced by the OAM label m.

We can also realize

Ŝσ,OAM =
∑

m

[|u1〉〈u1| ⊗ 1x,pos ⊗ |m − 1〉〈m|

+ |u2〉〈u2| ⊗ 1x,pos ⊗ |m + 1〉〈m|] (24)

[see Eq. (7)] using a J plate with Jones matrix

J̃ (φ) = e−iφ |u1〉〈u1| + eiφ|u2〉〈u2|
≡ J̃ (φ, ξ, ζ , θ ). (25)

However, in order to realize Ŝσ,OAM with |u1〉 = |R〉 and
|u2〉 = |L〉 using a q plate instead of a J plate, we will require
an additional half waveplate (HWP).

The probability distribution of both Pauli and modified
Pauli walks for n = 50 steps beginning with an initial state
|�in〉 = [(|H〉 + |V 〉)/

√
2] ⊗ |x = 0〉 ⊗ |m = 0〉 [that is, by

substituting α = π/4 and β = 0 in Eq. (15)] has been shown
in Fig. 1. In Fig. 1(a) we have considered a modified Pauli
walk using q plates and PBS [see Eq. (23)]. Owing to
bit-flip symmetry [37], the probability distribution for the
Pauli walk—realized using q plates, PBS, and HWP—will
also be identical to that of Fig. 1(a) [Eqs. (9) and (24)].
In Figs. 1(b) and 1(c) we have considered a modified Pauli
walk—realized using J plates and PBS. The orthogonal state
vectors {|u1〉, |u2〉} for Figs. 1(b) and 1(c) were chosen to be

{[1,−1]T /
√

2, [1, 1]T /
√

2}, and

{[1,
√

3i]T /2, [
√

3,−i]T /2},
respectively.

III. GENERATION OF HYPERENTANGLEMENT

In this section we present an outline of the optical setup
which can hyperentangle the incoming single photon in po-
larization, path, and OAM DoF and realize 2D DTQW. The
hyperentanglement between the three DoF involved in the
dynamics is quantified using entanglement negativity between
the combination of the Hilbert spaces.

In Fig. 2 we present the schematic representation of the
setup for optical implementation of both Pauli and modified
Pauli walks. In the case of the modified Pauli walk, the shift
operator Ŝx,pos is realized using a PBS, and Ŝ′

σ,OAM is real-
ized using a J plate for any given orthogonal set of vectors
{|u1〉, |u2〉} [see Eq. (23)]. To realize the Pauli walk, we just
have to replace Ŝ′

σ,OAM in Eq. (23) with Ŝσ,OAM in Eq. (24).
Clearly, Ŝσ,OAM is also realized using a J plate with the
Jones matrix given in Eq. (25). When {|u1〉, |u2〉} = {|R〉, |L〉},
every J plate can be replaced with a q plate in the mod-
ified Pauli walk. On the other hand, every J plate has to
be replaced with a q plate and a HWP to realize the Pauli
walk.

While Ŝx,pos controls the path DoF of the single photon,
Ŝ′

σ,OAM (or Ŝσ,OAM) controls both polarization and OAM DoF
of the same. Therefore, we do not need to explicitly use a
coin operation to control the polarization DoF. This setup
requires n(n + 1)/2 PBS and n(n − 1) + 1 J plates to realize
the modified Pauli walk (or Pauli walk) for n steps. Here we
have two remarks to make. First, the number of PBS and J
plates required to implement this type of quantum walk will
scale quadratically with the number of steps. Second, when
{|u1〉, |u2〉} = {|H〉, |V 〉}, the evolved state is localized at the
center and no spread is therefore observed.

The single photon, after n steps, would have evolved in su-
perposition of position and OAM space. Upon measurement it
will collapse at any one of the detector units D0, D1, D−1, . . . ,

placed as shown in Fig. 2. Each detector unit contains a spatial
light modulator, a single mode fiber, and a single photon de-
tector (SPD). The measurement of the OAM DoF requires all
three of these components [27,32], whereas the measurement
of the path DoF requires just a SPD [34]. To realize the 2D
DTQW, we note that the Hilbert space corresponding to the
photon’s path represents one spatial dimension, x axis. Since
the photon at each position x can end up with an OAM value

012417-4



GENERATION OF HYPERENTANGLED STATES AND … PHYSICAL REVIEW A 105, 012417 (2022)

FIG. 2. Optical implementation of Pauli and modified Pauli
walks. Both Pauli and modified Pauli walks with any orthogonal
set of vectors {|u1〉, |u2〉} can be realized using J plates and PBS
[see Eqs. (9), (23), and (24)]. When {|u1〉, |u2〉} = {|R〉, |L〉}, every J
plate can be replaced with a q plate (q plate and HWP) to realize the
modified Pauli walk (Pauli walk). Di denotes a detector unit placed
at the position x = i. Each detector unit consists of a spatial light
modulator (SLM), a single mode fiber (SMF), and a single photon
detector (SPD). A single photon is sent through a q plate (or J plate)
to the PBS placed at x = 0 (shown with an arrow). Here, J plate
implements either one of the shift operators Ŝ′

σ,OAM [Eq. (22)] or
Ŝσ,OAM [Eq. (24)], and PBS implements the shift operator Ŝx,pos [see
Eq. (23)]. Evidently, no explicit 2D coin operation is necessary to
implement these type of quantum walks.

of yh̄ per photon, it represents the second spatial dimension, y
axis.

After n steps, the single photon will be entangled in po-
larization, path, and OAM DoF. To quantify the amount of
entanglement between any two DoF, we adopt a measure
known as the entanglement negativity [38]. Here, we first
partial trace out the density matrix |�n〉〈�n| with respect to
the third DoF. After partial transpose of the resulting reduced
density matrix we compute

N =
∑

i

(|λi| − λi )

2
, (26)

where λi’s are the eigenvalues of the partial transposed re-
duced density matrix. Evidently, N = 0 implies the reduced
system is unentangled.

Now we present our numerically simulated results of a
single photon passing through the optical setup schematically
outlined in Fig. 2. The probability distribution of the evolved
state after 50 steps for three different J-plate parameters
(ξ, ζ , θ ) [see (21)] has been shown in Fig. 1. Note that Ŝ′

σ,OAM
[Eq. (22)] with any (ξ, ζ , θ ) (or equivalently, {|u1〉, |u2〉}) can
be realized using a J plate. Nevertheless, Ŝ′

σ,OAM with the
choice (ξ, ζ , θ ) = (0,−π/2, π/4) can be implemented using
a q plate. In order to demonstrate that the three DoF are entan-
gled, we first trace out the polarization DoF from the density
matrix corresponding to |�n〉 [see Eq. (16)] and compute the
entanglement negativity N [see Eq. (26)] corresponding to
the partial transposed reduced density matrix. We then plot
N against the increasing number of steps n in Fig. 3.

In frame (a) of Fig. 3 we have shown N between the path
and OAM DoF as a function of the number of steps. As
we increase the number of steps, N also increases linearly.
The value N can be controlled using the J-plate parameters
(ξ, ζ , θ ). If we partial trace any one of the spatial DoF (path
or OAM DoF), N corresponding to the reduced density ma-
trix between the polarization and OAM (or polarization and
path) DoF reaches a steady value as we increase the num-
ber of steps [see frame (b) of Fig. 3] for various choices of
the J-plate parameters (ξ, ζ , θ ). For instance, for the choice
(ξ, ζ , θ ) = (0,−π/2, π/4), i.e., a q plate, N between polar-
ization and OAM (or path) DoF reaches a steady-state value
0.17927 after 25 steps, provided we begin with an initial state
[(|H〉 + |V 〉)/

√
2] ⊗ |x = 0〉 ⊗ |y = 0〉.

We now demonstrate how the J-plate parameters (ξ, ζ , θ ),
beginning with an initial state, can be used to control the
amount of entanglement between three DoF : polarization,
path, and OAM. In other words, we demonstrate numerically
how N can be controlled by tuning the J-plate parameters. In
Fig. 4 we have shown how the negativity N between any two
DoF varies with respect to the J-plate parameters (ξ, ζ , θ ).
Here, we have allowed one of the three J-plate parameters
(ξ, ζ , θ ) to vary while keeping the remaining two constant
and plotted the respective N values. Furthermore,N between
any two DoF has been computed after evolving the quantum
walk for 25 steps. In frame (a) of Fig. 4 N between path and
OAM DoF has been plotted as a function of one of the three
J-plate parameters. And in frame (b) of Fig. 4 N between
polarization and OAM (or path) DoF has been obtained as a
function of the same. By keeping ξ = ζ = π/2 and varying
θ in steps of π/180 from 0 through π/2, we obtain a black
curve as shown in Fig. 4. Likewise, keeping ζ = −π/2 and
θ = π/4 and varying ξ in steps of π/180 from 0 through π/2,
we obtain a red curve as shown in Fig. 4. The entanglement
negativity N corresponding to the q plate is encircled in both
(a) and (b).

IV. CONCLUSION

To summarize, we have proposed a passive optical setup—
using J plates or q plates, and PBS—to hyperentangle an
incoming single photon in polarization, path, and OAM DoF.
We have shown that this optical setup can be efficiently used
to simulate the 2D DTQW with variable evolution parame-
ters (modified Pauli walk) without explicitly using a quantum
coin operation. The evolved state has been numerically shown
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FIG. 3. Entanglement negativity N [see Eq. (26)] plotted against the increasing number of steps between two DoF for various J-plate
parameters (ξ, ζ , θ ) [see (21)]. Here, J (φ, 0, −π/2, π/4) represents a q plate, and the initial state is [(|H〉 + |V 〉)/

√
2] ⊗ |x = 0〉 ⊗ |y = 0〉.

(a)N between path and OAM DoF. (b)N between polarization and OAM DoF. Note thatN between polarization and path DoF is identical to
that of (b).

to be hyperentangled in polarization, path, and OAM DoF.
The amount of entanglement between any two of the three
DoF has been computed using entanglement negativity. It
was observed that the entanglement negativity increased lin-
early between the path and OAM DoF, whereas the same
between the polarization and path (or OAM) DoF remained
constant after few number of steps due to the bound on the
dimension of the coin space. The amount of entanglement
between any two of the three DoF and the hyperentangle-
ment in the system can be controlled by varying the J-plate
parameters. The ability to control and engineer the dynam-
ics of quantum walks using optical components can also
play an important role in the realization of non-Markovian

quantum channels [39] and the study of open quantum
systems.
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FIG. 4. Entanglement negativityN [see Eq. (26)] between any two of the three DoF plotted against any one of the three J-plate parameters
(ξ, ζ , θ ) [see (21)] after 25 steps. The initial state was taken to be [(|H〉 + |V 〉)/

√
2] ⊗ |x = 0〉 ⊗ |y = 0〉. In (a), N between path and OAM

DoF is considered, whereas in (b) that between polarization and OAM DoF is considered. In both (a) and (b) the black curve was obtained for
the J (φ, π/2, π/2, θ ) and PBS combination, where θ denotes that θ is varied from 0 through π/2 in steps of π/180. And the red curve was
obtained for the J (φ, ξ, −π/2, π/4) and PBS combination, where ξ denotes that ξ is varied from 0 through π/2 in steps of π/180. Note that
the choice J (φ, 0,−π/2, π/4) represents a q plate and is encircled in both (a) and (b).
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