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A B S T R A C T

Anomalous Hall effect (AHE), which arises when a current is passed through a ferromagnetic material subjected
to a perpendicular magnetic field, is proportional to the magnetization of the sample. Additional hump-like
features in AHE are often attributed to the presence of non-trivial spin textures leading to topological Hall
effect (THE). However, several recent reports have emphasized in context of ferromagnetic SrRuO3 based
heterostructures that the sample inhomogeneity can also result in THE-like features. In order to investigate
this issue in general for any ferromagnetic heterostructure, we have considered a phenomenological model to
calculate the changes in the shape of hysteresis loop due to various interfacial effects. These changes in the
magnetization have been accounted for by considering that the interdomain magnetic coupling parameter (𝛼)
varies exponentially with the distance from the interface along the growth direction of the heterostructure.
In case of symmetric interfaces on both sides of a ferromagnet, we have considered the variation of 𝛼 as a
Gaussian function. We have found that the additional AHE contribution due to the net change in magnetization
in such cases are akin to experimentally observed THE, even though we have not considered any topological
quantity explicitly in our model. Thus, we propose another situation with nonuniform magnetization profile
that may be used to explain additional features in AHE, which might not necessarily be intrinsic THE.
1. Introduction

Transition metal oxides (TMOs) are host of a plethora of collective
phenomena such as magnetism, ferroelectricity, metal–insulator transi-
tion, unconventional superconductivity, charge ordering, etc [1–4]. The
tremendous advancement in thin film growth technologies over the last
two decades have enabled the research community to grow artificial
structures of these complex oxides with unit cell precision [5–11].
Such heterostructuring [9,12–25] leads to subtle modifications in spin,
charge, orbital, and lattice sectors at the interface, resulting in a variety
of emergent magnetic behaviors such as interfacial ferromagnetism,
exchange bias, spin spiral magnetic phase, enhanced magnetic ordering
temperature, topological Hall effect (THE), etc. THE arises in materials
with non-zero scalar spin chirality [𝜒𝑖,𝑗,𝑘 = 𝑺𝒊.(𝑺𝒋 × 𝑺𝒌), 𝑺𝒊 denotes
localized moment], which results in an internal fictitious magnetic
field due to the real space Berry phase. Since the first report of the
observation of THE in MnSi [26], THE has been demonstrated in a
variety of systems having chiral spin configurations [27–31]. As the si-
multaneous presence of broken inversion symmetry and finite spin orbit
coupling (either intrinsic or Rashba-type or both) can lead to a sizeable
Dzyaloshinskii–Moriya (D–M) interaction, interfacial engineering of
TMOs has become a successful approach to achieve THE [25,32–34].
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Bulk SrRuO3 (SRO) is a metallic ferromagnet with a magnetic
transition temperature of 165 K [35]. The origin of THE-like sig-
nal in SRO-based heterostructures is under intense scrutiny in recent
years [25,36–45]. While the origin of this phenomenon has been linked
with the stabilization of nontrivial spin textures like skyrmions near
the interface [25,36–39], another set of studies have emphasized that
the sample inhomogeneity gives rise to THE-like features [40–44].
Since the shape of ferromagnetic hysteresis loop is generally affected
due to the electronic, magnetic and structural changes across the
interface [46,47], we have considered another possible scenario with
a non-uniform magnetization profile along the growth direction of
the heterostructure [48]. We have examined whether layer dependent
hysteresis loops in such systems can lead to these THE-like signature
without invoking any topological interpretation.

In this work, we have simulated the hysteresis loops using a phe-
nomenological approach for a ferromagnet having layer dependent in-
ternal molecular field (we refer one unit cell along the growth direction
as ‘layer’ throughout the paper). We have followed the mathematical
model of Jiles et al. (Ref. [49]), which was developed to calculate
the hysteresis loop for an isotropic ferromagnet. In the simplest form,
the effective magnetic field felt by an individual domain within a
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ferromagnet can be expressed as 𝑯𝒆 = 𝑯 + 𝛼𝑴 , where 𝑯 is the
actual magnetic field within the domain and 𝑴 represents the total
sample magnetization per unit volume. The interdomain coupling is
represented by a mean field parameter 𝛼. It is assumed here that
the change in the magnetization due to any interfacial effect can be
accounted phenomenologically by considering 𝛼 to be non-uniform
and strongly dependent on the distance (𝑧) from the interface. For a
ferromagnet, having an interface on one side, hysteresis curves have
been simulated considering that 𝛼 varies exponentially with 𝑧 below a
critical length scale 𝑧0 and it becomes equal to 𝛼0 (mean field parameter
of an uniformly magnetized ferromagnet) above that. To investigate
effect of symmetric interfaces on both sides of a ferromagnet, 𝛼 has
been considered to vary as a Gaussian function. We have found that the
additional AHE, which is proportional to the change in magnetization
𝛥𝑀 (defined as the change in magnitude of magnetization between
the cases with constant and layer-dependent 𝛼), appears very similar
to what have been claimed experimentally as THE signature in several
systems. [33,39,50–53].

2. Details of simulation

Under the assumption of the presence of non-trivial spin textures
like skyrmions [25,36–39], the Hall resistivity (𝜌𝐻 ) is expressed as

𝜌𝐻 = 𝜌OHE + 𝜌𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 = 𝜌0𝐻 + 𝜌𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 (1)

where 𝜌𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 = 𝜌AHE + 𝜌THE = 𝑅𝑎𝑀 + 𝜌THE with 𝜌OHE, 𝜌AHE, 𝜌THE
denoting ordinary Hall effect (OHE), AHE and THE, respectively. 𝜌0, 𝑅𝑎
are constant and 𝑀 is the magnetization.

In case of a heterostructure with nonuniform magnetization along
the growth direction, the total magnetization (𝑀) can be considered as
summation of two terms: 𝑀 ′ (magnetization of a uniform ferromagnet)
and 𝛥𝑀 (this corresponds to the change in 𝑀 ′ due to all interfacial
effects). In such system, we can also express 𝜌𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 as a combination
of two AHE contributions instead of considering any intrinsic THE

𝜌𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 = 𝑅𝑎𝑀
′ + 𝑅𝑎𝛥𝑀 (2)

We have simulated hysteresis loops for 𝑀 and 𝑀 ′ using the method
described in Ref. [49], which we briefly discuss here. The magnetiza-
tion 𝑴 is related to the 𝑯𝒆 and can be written as

𝑴 = 𝑴𝒔𝑓 (𝐻𝑒) (3)

where 𝑓 (𝐻𝑒) is an arbitrary function with the following properties:
𝑓 → 0 when 𝐻𝑒 = 0 and 𝑓 → 1 as 𝐻𝑒 → ∞. 𝑴𝒔 is the saturation
magnetization. Eq. (3) does not consider any hindrance to the change in
magnetization such as pinning of domain wall motion; therefore, repre-
sents only the anhysteretic magnetization curve (𝑴𝒂𝒏) of a ferromagnet
in reality.

Thus, one may rewrite Eq. (3) as

𝑴𝒂𝒏(𝐻𝑒) = 𝑴𝒔𝑓 (𝐻𝑒) (4)

Jiles et al. [49] further modeled 𝑴𝑎𝑛 by a modified Langevin
function [54]

𝑴𝒂𝒏(𝐻𝑒) = 𝑴𝒔[𝑐𝑜𝑡ℎ(𝐻𝑒∕𝑎) − (𝑎∕𝐻𝑒)] (5)

The shape of the anhysteretic magnetization is determined by the
parameter 𝑎, which has the same dimension as 𝐻𝑒.

In presence of an external magnetic field, the size of ferromagnetic
domains, which are oriented along the direction of the field, would
grow in size. However, pinning sites such as structural imperfections,
impurity atoms, etc. disrupt domain wall motion and result in irre-
versible changes in magnetization curves. The energy loss per unit
volume due to the pinning can be represented as (see Ref. [49] for the
derivation)

𝐸𝑝𝑖𝑛(𝑀) = 𝐾
𝑀

𝑑𝑀 ′ (6)
2

∫0
Fig. 1. Simulated hysteresis curves of a uniform ferromagnet (without any interface):
(a) for different values of 𝛼0 keeping 𝐾 = 10, (b) for different values of 𝐾 with 𝛼0 = 10.

where 𝐾 is a constant and related to the average density of pinning
sites, the average pinning energy of all sites for 180◦ oriented walls
and the magnetization density of a domain aligned along the direction
of the field.

The magnetization energy is defined as the difference between
the ideal, lossless case ∫ 𝑀𝑎𝑛(𝐻𝑒)𝑑𝐵𝑒 (𝐵𝑒 is the effective magnetic
induction) and the loss due to hysteresis 𝐾 ∫ 𝑑𝑀 i.e.

∫ 𝑀𝑑𝐵𝑒 = ∫ 𝑀𝑎𝑛(𝐻𝑒)𝑑𝐵𝑒 −𝐾 ∫
𝑑𝑀
𝑑𝐵𝑒

𝑑𝐵𝑒 (7)

The corresponding differential form of the equation is

𝑀 = 𝑀𝑎𝑛 − 𝛽𝐾 𝑑𝑀
𝑑𝐵𝑒

(8)

where 𝛽 is +1 (−1) for the positive (negative) sweep of 𝐻 as the
pinning process opposes the direction of the applied field. This is the
master equation that we have used to simulate the hysteresis curve.
Since both sides of Eq. (8) contain 𝑀 , we have evaluated first a trial
magnetization 𝑀1 as a function of external magnetic field 𝐻 by the
relation 𝑀1(𝐻) = 𝑀𝑠[𝑐𝑜𝑡ℎ(𝐻∕𝑎) − (𝑎∕𝐻)]. The effective field is treated
as 𝐻𝑒 = 𝐻 + 𝛼𝑀1. We have used Eqs. (5) and (8) sequentially to
simulate hysteresis loops. Also, we have considered 𝐻𝑒 in Gaussian
units, hence 𝐵𝑒 = 𝐻𝑒 and so 𝑑𝑀

𝑑𝐵𝑒
can be written as 𝑑𝑀

𝑑𝐻𝑒
. The derivative

of 𝑀 with respect to 𝐻𝑒 has been calculated using the method of finite
differences [55]. The parameter 𝑎 is taken as 11 through out the paper.

3. Results and discussions

We first discuss the results of hysteresis loop simulation for a
ferromagnet without any interfacial effects [see inset of Fig. 1(a)]. For
this, the material has been considered to be consisting of 𝑁 = 100
unit cells along the growth direction. The total magnetization has been
evaluated by summing the magnetization of each individual unit cell,
characterized by a same constant value of the mean field parameter
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Fig. 2. Modification of ferromagnet hysteresis loop in presence of interfacial effects. (a) The mean field parameter 𝛼 is a considered as function of the distance (𝑧) from the
interface: 𝛼 = 𝛼0𝑒(𝑧−𝑧𝑜 )∕𝑙 for 𝑧 < 𝑧0 and 𝛼 = 𝛼0 for 𝑧 > 𝑧0 (a) 𝛼 versus 𝑧∕𝐿 for several values of 𝑧0∕𝐿. 𝑙∕𝐿 is taken as 0.1. Corresponding (b) 𝑀∕𝑀𝑠 vs. 𝐻 and (c) 𝛥𝑀∕𝑀𝑠 vs. 𝐻
for 𝑧0∕𝐿 = 0.1, 0.3, 0.5 and 0.7. The dotted and solid line represents field sweep from +𝐻 to −𝐻 , and −𝐻 to +𝐻 , respectively. Inset in (c) is a magnified view of 𝑀∕𝑀𝑠 for
𝑧0∕𝐿 = 0.1.
𝛼 = 𝛼0. Fig. 1(a) summarizes the results of simulation for different
values of 𝛼0 for a fixed value of the parameter 𝐾 = 10. While the
remanent magnetization (𝑀𝑅) is independent of 𝛼0, the coercive field
(𝐻𝑐) decreases with the increase in 𝛼0. Moreover, a lower value of
𝛼0 generates the typical ‘sigmoid’ type ferromagnetic hysteresis loop,
whereas the magnetization approaches to its saturation value very near
to the zero field when larger values of 𝛼0 (e.g. 500) are considered in
our simulation. Thus, the parameter 𝛼0 can be tuned to study soft and
hard ferromagnets, having same 𝑀𝑅. Since the parameter 𝐾 represents
the energy loss due to all pinning processes, our simulations for a
fixed 𝛼0 found a decrease in both 𝐻𝑐 and 𝑀𝑅 with a lowering of the
parameter 𝐾 [ Fig. 1(b)]. We have also simulated hysteresis with a
larger range of 𝐻 for much larger values of 𝐾 and the results have
been shown in the Supplementary Materials.

3.1. Effect of interface on one side of the ferromagnet

When the ferromagnetic material is grown on a substrate or het-
erostructured with another compound, the interfacial effects are very
likely to affect the ferromagnetic response of the layers near the inter-
face. We take into account such interfacial effects on the ferromagnetic
hysteresis by considering that the parameter 𝛼 is no longer uniform
through out all unit cells along the 𝑧 directions. Since interfacial effects
very often vary exponentially with the distance from the interface [13,
56,57], it is reasonable to assume that the 𝛼 has the following exponen-
tial dependence with the distance from the interface 𝛼 = 𝛼 𝑒(𝑧−𝑧𝑜)∕𝑙 for
3

0

𝑧 < 𝑧0 and 𝛼 = 𝛼0 for 𝑧 > 𝑧0, where 𝑧0 is a critical distance from
the interface, above which interfacial effects are insignificant. 𝑙 is a
parameter with the dimension of length. The corresponding variation
of 𝛼 across the ferromagnetic material is plotted in the right panel of
Fig. 2(a) as a function of the fractional distance from the interface for
different values of 𝑧0∕𝐿 (𝑙∕𝐿 = 0.1 and 𝛼0 = 100 were used for these
plots).

The hysteresis curves for these distance dependent 𝛼 with 𝐾 = 10
have been simulated for a ferromagnetic system, consisting of 𝑁 = 100
unit cells, similar to the previously discussed case of a uniform ferro-
magnet (Fig. 1). As expected, the hysteresis loop for the 𝑧-dependent 𝛼
looks quite different compared to the case of the uniform ferromagnet
[see the right most panel of Fig. 2(b)]. As we reduce the extent of
interfacial effects by decreasing 𝑧0∕𝐿, the hysteresis loop gradually
becomes similar to the hysteresis of a uniform ferromagnet. This is
further evident in Fig. 2(c), where the difference (𝛥𝑀) between the
magnetization response of the layer dependent case and the layer
independent case have been shown for the same set of 𝑧0∕𝐿. Though
the 𝛥𝑀∕𝑀𝑠 decreases with the reduction of 𝑧0∕𝐿, the interfacial effect
is still prominent even in case of the simulation with 𝑧0∕𝐿 = 0.1
[see inset in Fig. 2(c)]. The hysteresis in 𝛥𝑀∕𝑀𝑠 (difference between
forward and backward field sweep) also increases with 𝑧0∕𝐿. Our most
surprising finding is that these 𝛥𝑀 would lead to an extra contribution
(= 𝑅𝑎𝛥𝑀 in Eq. (2)) in the Hall effect measurement, which would
resemble THE-features, reported in a variety of quantum materials in
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Fig. 3. Difference between magnetization with and without interfacial effects 𝛥𝑀∕𝑀𝑠 versus 𝐻 (a) for several values of 𝛼0 with 𝑧0∕𝐿 = 0.5, 𝑙∕𝐿 = 0.5 and 𝐾 = 100; (b) for
several values of 𝐾 with 𝑧0∕𝐿 = 0.5, 𝑙∕𝐿 = 0.1 and 𝛼0 = 100. The dotted and solid line represents field sweep from +𝐻 to −𝐻 , and −𝐻 to +𝐻 , respectively.
recent years [33,39,45,50–53]. Interestingly, the 𝛥𝑀 , obtained from
our simulations, also varies linearly near 𝐻 = 0 - akin to the linear
variation of 𝜌𝑇𝐻𝐸 observed experimentally [58].

The effect of the parameter 𝑙 has been explored with a fixed value
of 𝑧0∕𝐿 = 0.5 (results are shown in Supplementary Materials). As
expected, smaller value of 𝑙 would correspond to a stronger interfacial
effect, leading to an increase of 𝛥𝑀/𝑀𝑠.

We have already demonstrated in context of a uniform ferromagnet
(Fig. 1(a)) that we can explore both soft and hard ferromagnetic behav-
ior by changing the parameter 𝛼 = 𝛼0. In order to explore how 𝛼0 affects
the hysteresis loop in presence of interfacial effects, we have simulated
magnetization curves considering different values of 𝛼0 for 𝑧0∕𝐿 = 0.5,
𝑙∕𝐿 = 0.5, and 𝐾 = 10. Clearly, 𝛥𝑀/𝑀𝑠 is reduced with the lowering of
𝛼0 (Fig. 3(a)), signifying that the change in the magnetic hysteresis due
to interfacial effects would be lower in a hard ferromagnet. The impact
of the pinning energy scale on the interfacial effect (𝛥𝑀/𝑀𝑠) has been
examined by varying the parameter 𝐾. The outcomes of our simulations
with lowering 𝐾 have been shown in Fig. 3(b) [𝑧0∕𝐿 = 0.5, 𝑙∕𝐿 = 0.1,
and 𝛼0 = 100]. The hysteresis in 𝛥𝑀/𝑀𝑠, which is very strong for the
case of 𝐾 = 20, decreases with lowering 𝐾 and is completely absent
for the 𝐾 = 1 case. Similar behaviors have been observed in 𝜌THE vs.
𝐻 measurements at different 𝑇 for SrRuO3 [34,59].

3.2. Effect of interfaces on both sides of the ferromagnet

So far, we have investigated hysteresis of a ferromagnet with interfa-
cial effects on one side while the other side retains its bulk-like interdo-
main magnetic coupling parameter. The inversion symmetry is broken
in such a heterostructure, which can lead to finite D–M interaction.
Since the net D–M interaction would vanish in case of a ferromagnet
having interface on both sides, the possibilities of getting THE-like
features has been also examined in SrRuO3-based heterostructures with
such symmetric interfaces [58,60]. To explore the modification of hys-
teresis loop in such an artificial structure (see middle panel of Fig. 4(a)),
we have considered the variation of 𝛼 as a Gaussian function, where the
center of the ferromagnetic compound is taken as the 𝑧 = 0 reference
point. The variations of 𝛼 = 𝛼 𝑒−(𝑧−𝑧0)2∕𝑙′ for different values of 𝑙′ and
4
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𝛼0 = 100 have been shown in left panel of Fig. 4(a). The corresponding
variations of 𝛥𝑀/𝑀𝑠 are shown in Fig. 4(b). Changes in magnetiza-
tion due to interfacial effects are enhanced with the lowering of the
parameter 𝑙′. The overall behavior of 𝛥𝑀/𝑀𝑠 vs. 𝐻 is very similar to
the previously discussed ferromagnet having interfacial changes on one
side. We also consider a possible scenario where 𝛼 is enhanced towards
the interface [𝛼 = 𝛼0+𝛼0(1−𝑒−(𝑧−𝑧0)

2∕𝑙′ )]. The sign of 𝛥𝑀/𝑀𝑠 is reversed
compared to the previous case (Fig. 4(c)). Thus, our model predicts that
THE-like features can be observed in a heterostructure with symmetric
interfaces as well due to the layer dependent interdomain magnetic
coupling even though the net D–M interaction is zero.

We further note that the observed maximum magnitude of topolog-
ical Hall resistivity in experiment is around one order of magnitude
smaller compared to the maximum magnitude of anomalous Hall re-
sistivity [37,58]. Although we have not explicitly calculated resistivity
here, the relative magnitudes of the extra AHE (∝ 𝛥𝑀) and the AHE
(∝ 𝑀) component in present case can be used for the comparison. With
the ranges of parameters we have explored in this paper, we have found
that the maximum of 𝛥𝑀∕𝑀𝑠 is around one order of magnitude smaller
compared to the maximum of 𝑀∕𝑀𝑠 as well.

4. Conclusion

To summarize, motivated by several recent experimental papers on
SrRuO3 based heterostructures that claim that additional features in
AHE that are often attributed to THE may not necessarily be a result of
non trivial spin textures and may arise from an inhomogeneity in the
ferromagnetic structure [40–44], we have developed a simple model
to investigate changes in ferromagnetic hysteresis loop due to inter-
facial effects. Within the formalism of a phenomenological approach,
developed by Jiles et al. [49], we have considered that the strength of
the interdomain magnetic coupling parameter within the ferromagnetic
material as a function of the distance from the interface. The resultant
change in magnetization, obtained from our simulations, would lead
to an additional contribution in AHE, which resembles experimental
aspects of THE seen in several cases. While we do not claim that all
experimental reports of THE in oxide heterostructures can be accounted
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Fig. 4. Difference between magnetization with and without interfacial effects 𝛥𝑀∕𝑀𝑠 versus 𝐻 for 𝑙∕𝐿 = 0.1, 0.3, 0.5 and 0.7, keeping 𝑧0∕𝐿 = 0.5. Inset: 𝛼 versus 𝑧∕𝐿 for the
corresponding values of 𝑙. The dotted and solid line in (b) and (c) represents field sweep from +𝐻 to −𝐻 , and −𝐻 to +𝐻 , respectively.
by multi-channel AHE due to layer dependent hysteresis, we want to
emphasize that such possibility must be examined before assigning
these additional features in AHE to non trivial spin textures. Though we
have discussed about interfacial effects in oxide heterostructure only in
this paper, our present model is very general and can be applied for any
heterostructure consisting of elemental ferromagnets, chalcogenides,
heavy fermions etc.

See the supplementary material for simulations with larger range of
𝐻 , and the effect of the parameter 𝑙∕𝐿 in the case of simulations having
interfacial effects on one side.
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