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Stability criterion for white dwarfs in Palatini f(R) gravity
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Recent observations of several peculiar over- and underluminous type Ia supernovae infer indirect
evidence for the violation of the Chandrasekhar mass limit by suggesting the existence of super- and sub-
Chandrasekhar limiting mass white dwarfs. In an attempt to explain these phenomena in the context of

general relativistic extensions, we study these objects in Palatini f(R) gravity. We obtain the super- and
sub-Chandrasekhar limiting masses as well as the dynamical instability criteria for white dwarfs in the
given gravitational theory. We further demonstrate that the conventional positivity condition M /dp, > 0
with M being the WD’s mass with central density p, is also a valid criterion for stability in Palatini gravity.
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I. INTRODUCTION

It is well known that general relativity (GR) is by far the
most adequate theory of gravitation. It successfully fulfills
the shortcomings of Newtonian gravity to explain the
various interesting phenomena like perihelion precession
of Mercury, gravitational lensing, the physics of compact
objects, and even predicts the gravitational waves [1].
Despite its triumphs, some recent cosmological observa-
tions and corresponding theoretical arguments indicate the
need for replacing GR with a more consistent theory. Quite
recently, the study of observational cosmology provides the
evidence that the Universe has undergone two phases of
acceleration; the first one is the exponential expansion of
the early Universe, called inflation [2,3], and the second
phase occurs at a later time of its evolution [4-6]. The
ACDM model, which is derived from GR with the cold
dark matter and the cosmological constant introduced, was
then adequately able to explain these observations at a large
scale. Nevertheless, the model lacks an explanation for the
cosmological constant problem and could not explain the
small scale structures efficiently [7]. Another questionable
issue is the lack of an effective quantum theory of gravity.
The two incredible theories of modern times, GR and
quantum field theory, successfully dominates their domains
of gravitational noninertial systems and small-scale
regimes, respectively. One of the reasons for not being
able to unify these two theories is that the quantum
gravitational effects become dominant only at the Planck
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scale due to the weak interaction of gravity. Therefore,
these issues serve as a few of the motivations to go beyond
GR, towards the extended theories of gravity [8,9].

Over the years, there have been proposals for a gener-
alized and modified theory of gravity such as the scalar-
tensor theory [10,11]. A simple form of scalar-tensor theory
is the f(R) gravity [12] with R being the scalar curvature,
which is based on generalizing the Lagrangian of the
Einstein-Hilbert action. Instead of using an action linear in
R as in GR, f(R) theory considers an action in which the
Lagrangian density is an arbitrary function of R. Based on
the form of f(R) and the values of the model parameters,
this theory has been extensively used to study various
phenomena, including inflation [13—15], dark energy prob-
lem [16,17], gravitational waves [18,19], compact objects
like neutron stars [20-24], and also the recently inferred
super- and sub-Chandrasekhar limiting mass white dwarfs
(WDs) [25-28]. The so-called metric approach to f(R)
gravity, as studied in the works mentioned above, leads to
the fourth-order field equations for the metric,! which can
impose some practical difficulties to work with. Moreover,
as shown by Chiba [29], this theory might not be com-
patible with the solar system test if the scalar field is very
light. Furthermore, the metric f(R) gravity is flawed with
the scalar curvature instability, which can change the
gravitational field of a body greatly [30].

On the other hand, there is another approach to the f(R)
gravity, called Palatini formalism. In this framework, the

lHowever, when transformed to the scalar-tensor representa-
tion, one deals with the second order differential equations for the
metric, and additional equations for the Ricci scalar R, carrying
dynamical properties of this object.
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assumption on the metric dependence of the connection is
waived; therefore, one deals with the pair of independent
objects (metric g,,, connection ng) [31,32]. Such an
approach yields a second-order field equation that is not
only compatible with the solar system test [33] but also
gives the correct Newtonian limit [34]. Unlike the metric
formalism, no such instabilities, as mentioned in [30], arise
in the Palatini approach. This is because the additional
scalar degree of freedom arising due to the generalization of
the Lagrangian density is not dynamical in nature [35]. In
metric f(R) gravity, the square of the mass of scalar mode is
givenby m> = 1/3{f"(Ry)/f"(Ry) — Ry} with R, being the
background Ricci scalar [36]. Hence, m? might be negative
depending on the f(R) form and values of model parameter,
which gives rise to the ghost mode. In Palatini gravity, such a
massive dynamical scalar mode does not exist.

However, there have been some disagreements in the
past regarding the Newtonian limit of Palatini f(R) gravity.
According to Meng and Wang [37], the correct Newtonian
limit is always achieved in those models where the action
contains inverse powers of R and the weak field expansion
yields a de Sitter vacuum solution. However, it was shown
that a f(R) theory with a pole of order n in R =0 and
f"(Ry) # 0 does not give a good Newtonian limit [38].
They further proposed that those f(R) theories with a
singular f(R), satisfying the condition f”(R,) =0, are
worthwhile to study. These disagreements were settled in
[39], where it was shown that the Palatini gravity models
with negative powers of R, as well as their generalizations
those include the positive powers, give rise to correct
Newtonian limit, provided the coefficients of these powers
are sufficiently small. Since the Palatini approach is more
general and comparatively easier to work with, several
phenomena are being studied using this model recently.
Cosmological theories based on the modified gravity using
Palatini variational principle has been used to study
inflation and cosmic acceleration [31,40-47]. Similarly,
Palatani f(R) gravity has been used to study neutron stars
and the alterations in the maximum mass limit of WDs
[48-50].

Depending on the battle between self-gravity and
thermodynamics, the end state of a star can either lead
to the formation of a compact object like WD, neutron star,
black hole, or it may lead to an explosion dispersing all
matter into space and leaving behind nothing. WDs are
compact stellar remnants, supported by the electron degen-
eracy pressure [51]. The end state of a progenitor star with
mass (10 £2)My is a WD [52]. In WDs, the outward
electron degeneracy pressure balances the inward gravita-
tional force, which arises due to the Pauli exclusion
principle, and thereby it maintains a stable equilibrium
condition. However, beyond a certain mass, the electron
degeneracy pressure is no longer sufficient to stop the star
from collapsing under gravity. Taking into account rela-
tivistic effects into the degenerate electron equation of state

(EoS), Chandrasekhar made the remarkable discovery that
the mass of a nonrotating and nonmagnetized WD cannot
exceed approximately 1.44 M [53]. This is known as the
Chandrasekhar mass limit. If a WD in a binary system
slowly accretes matter from the companion such that its
mass is over this mass limit, the pressure balance no longer
sustains. In such a situation, the WD explodes releasing a
tremendous amount of energy in the form of a type Ia
supernova (SN Ia) [54]. Due to this fixed critical mass, the
peak luminosities of SNe Ia are consistent, and thus, they are
often used as a standard candle [55]. However, several
overluminous [56-59] and underluminous [60-63]
SNe Ia have been observed lately, which are proposed to
be originated from super- and sub-Chandrasekhar mass
WDs, respectively. This suggests that the Chandrasekhar
mass limit of WDs may not be unique. Over the years, it has
been extensively studied on the grounds of modified gravity
[25,26,49,64]. Earlier Mukhopadhyay and collaborators
used the metric formalism of f(R) gravity [25,26], and by
choosing suitable values of the model parameter, they were
able to obtain super- as well as sub-Chandrasekhar limiting
mass WDs. On the other hand, some of us obtained the
modified hydrostatic equilibrium equations for polytropic
WDs using Palatini f(R) gravity in the Newtonian limit [49],
both in the Einstein and Jordan frames, and studied the mass
limit of WDs for various model parameters. In addition, other
modified gravity theories like the f(R, T') gravity theory has
been used to study the equilibrium configuration as well as
the physical properties of WDs [65,66]. This model was
again able to provide an explanation to the violation of the
Chandrasekhar mass-limit in WDs.

In this paper, we consider the Newtonian limit of Palatini
f(R) gravity to study the mass—radius relation of the WDs
and their corresponding stability analysis in the case of
degenerate EoS for electrons. We also check whether the
standard stability criterion is valid for the considered model
of gravity.

This paper is organized as follows. In Sec. II and Sec. 111,
we recall the formalism of Palatini f(R) gravity in the
Einstein as well as the Jordan frames, and the hydrostatic
equilibrium equations for the WDs in the Newtonian
regime in both these frames, respectively. We also discuss
the modified equations for radial oscillations in order to
examine the stability of the WDs in this gravity model. In
Sec. IV, we present a discussion on the numerical results
concerning the mass-radius relations and stability analysis
of the modified gravity induced WDs. We conclude our
work in Sec. V while in the Appendix, we recall the
relativistic stellar equations.

II. PALATINI f(R) GRAVITY

Let us begin by briefly describing Palatini f(R) gravity
and the corresponding field equations. As already men-
tioned, this formalism considers the metric and the con-
nection to be independent of each other. Therefore, to
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obtain the field equations, the action must be varied with
respect to both variables. Even though the form of the
action resembles f(R) gravity in the metric formalism, the
Riemann and Ricci tensors no longer depend on the metric;
instead, they are constructed with the independent con-
nection. More specifically, one can denote R, = R,,,,(F),
where I” represents the connection. We now recall the main
properties of the so-called game of frames [67] and the
current interpretation, and therefore, for the reader’s con-
venience, we provide the most relevant equations in
both cases.

A. Jordan frame formulation

The generalized action in Palatini f(R) gravity is
given by

S= 30 [ VIR Sylgun) 21

where k* = —87G/c*, g = det(g,,), and S,, is the matter
action which depends on the metric g, and matter field y,
and is independent of the connection. The Ricci scalar
appearing in Eq. (2.1) is built of two structures, g,, and I',
that is, R = ¢*’R,,(T").

Varying Eq. (2.1) with respect to g, gives the following
modified field equations [68]:

1

f/(R)R;w - _f(R)g/w = KzTﬂw

: (2.2)

where f'(R) = df(R)/dR, while T, is the energy-
momentum tensor, given by
2 68
T =52,
V=969"
which is further assumed to have the perfect-fluid form.

On the other hand, the result of variation with respect to I"
can be written in the following form:

Vi(v=9f'(R)g*) =0, (2.3)
where V, is the covariant derivative ruled by I'. Defining a
new metric tensor g, = f'(R)g,, allows us to rewrite

Eq. (2.3) as

V,.(v-3g") =0,

providing that the connection I" is Levi-Civita with respect
to g,,. It results that the independent connection is an
auxiliary field which can be integrated out. Therefore, all
physical degrees of freedom are given by the metric tensor
g. It is quite evident that one may obtain the standard GR
equations by choosing the linear f(R). Then it will turn

(2.4)

out from Eq. (2.3) that I" is the Levi-Civita connection of
the metric g.

In order to present some useful interpretation of the field
equations, taking the trace of Eq. (2.2) with respect to g, we
obtain

f'(R)R-2f(R) =k*¢"*T,, = kT, (2.5)
which provides the structural equation (7" is the trace of the
energy-momentum tensor). It is worthwhile to note that,
unlike metric formalism, no kinetic term, such as (Jf'(R),
arises in Eq. (2.5). This ensures that the oscillatory mode
appearing in the metric formalism does not exist in the
Palatini approach. In the case of vacuum or pure radiation
(T = 0), the theory reduces to the Einstein vacuum solution
with the cosmological constant, independently of the f(R)
form [34].

In this paper, we will work with the simplest extension of
the GR—that is, with the Starobinsky model [69], given by

f(R) =R+ aR?, (2.6)
where aR? is the higher-order correction to the GR with a
being the model parameter. When its sign is specified, it
will provide both the regimes of mass limit in WDs.

B. Scalar-tensor representation and Einstein frame

Let us now briefly describe the Palatini gravity in the
Einstein frame. Firstly, we use the fact that the theory
possesses a scalar-tensor representation; however, the
scalar field appearing there, as already discussed, does
not carries any extra degree of freedom [70,71]. Provided
f"(R) #0,% the action in Eq. (2.1) can be rewritten in a
mathematically equivalent form, given by [72-74]

(g i) = = / =gl )R = 7) + £

2x2

+ S (G- W) (2.7)

where y is a new scalar field. Redefining it via ® = f'(y)
with the constraint y = R, one may rewrite action (2.7) into
the form of Palatini-Brans-Dicke gravity as [74]

1
ST ®) =513 [ 0/ TTOR=U(®)]+S, (5.0

(2.8)

where U(®) = y(®)® — f(y(®)). Performing now the
conformal transformation of the metric g, one writes the
action in the Einstein frame as

*The linear Lagrangian is excluded in that case.
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1

S(gﬂl/’ ¢) - 2K_2

[ xR = 0@)) + 5,0 )
(2.9)

for which the field equations are obtained by variation with
respect to g and @,

I T B
R/u/ - zg/wR = T/w - Eg/wU(q))’ (210)
0= OR — (Q2T(D))'. (2.11)

where prime denotes here the derivative with respect to ®.
Moreover, it can be shown that the following relations are
true: for the conformal metric g,, = g, P, one is equipped
withR,, =R,,,R=7"R,, =P 'R, g, R = g,,R, U(®) =
U(®)/®?, and T,, = ®~'T,,. The structural equation in
this case is given by

U (@) +T =0, (2.12)
where T = g*T,, and again it demonstrates the non-
dynamical aspect of @ [recall that ®(R(I"))]. This repre-
sentation is useful as it allows us to study particular
physical problems represented by simpler equations, whose

solutions afterwards can easily be transformed to the
physical Jordan frame [71,75].

III. STELLAR STRUCTURE EQUATIONS AND
CORRESPONDING STABILITY ANALYSIS

In this section, we will recall the hydrostatic equilibrium
equations in the Newtonian regime, given in the Einstein
and Jordan frames. The full relativistic equations used here
were obtained in [76], and for the reader’s convenience, we
recall them in the Appendix. Thereafter, we derive the
modified radial oscillation equations for the stability
analysis of the Palatini f(R) gravity induced WDs.

A. Stellar structure equations

The Newtonian limit approximation is applicable to
systems exhibiting weak gravitation and slowly varying or
static gravitational field. In order to study WDs in Newtonian
regime, one considers p(r) < p(r), 4nr’p(r) < M(r) and
2GM(r)/r < lq, where p(r) is the pressure, p(r) is the
density, and M(r) is the mass of the object at a radius r.
Therefore, in the Finstein frame, from Eqgs. (AS) and (A6),
the pressure-balance and mass-estimate equations are given
by [77]

dp  GMp
aF - o

(3.1)

and

am (32)

Let us comment that p and p are the physical quantities, while
only 7 indicates that we are dealing with the Einstein frame’s
radial coordinate (see detailed discussion in [77-79]). The p
and p in the case of our WDs model are related to each other
by the Chandrasekhar EoS for degenerate electrons, given
by [53]

4.5
p= % [xp(le% —3) /a2 1+ 3sinh—1xp} ,

_ Smuamg(mec)®

e X (3.3)

where xg = pg/me.c, pg is the Fermi momentum, m, is the
mass of electron, £ is the Planck’s constant, 4 is the mean
molecular weight per electron, and my is the mass of
hydrogen atom. For our work, we choose u, = 2 indicating
the carbon-oxygen WD. Moreover, in the Newtonian limit,
T~ —pc®. Therefore, from Eq. (2.6), ® = f'(R(T))
becomes
® =1+ 2ax’c?p. (3.4)
Thus, Egs. (3.1) and (3.2) are the hydrostatic balance
equations for WDs in the Newtonian limit in the
Einstein frame.
One can also obtain the corresponding hydrostatic
balance equations in the Jordan frame, through the con-
formal transformation, 7> = ®r2, which are given by [49]

dp GMp 1 @

_— = - 1 —FV— 3.5

dr cp%ﬂ( +2rc1>) (33)
and

dM ) 23 1 @

These are the Newtonian hydrostatic equilibrium equations
in the Jordan frame. Here, prime (‘”’) is the derivative with
respect to the coordinate r while @' can be obtained
from Eq. (3.4).

B. Modified equations for radial oscillations

In the Newtonian gravity, a nonrotating, nonmagnetized
finite temperature star, whose matter content is given by
polytrope (with the polytropic parameter y), is unstable
against adiabatic radial perturbations if y < 4/3. Later,
Chandrasekhar showed that due to the strong gravity in the
framework of GR, instability may arise at a larger value of y
[80]. Similarly, stability analysis for compact stars has been
done in the framework of modified gravity theory [81,82],
demonstrating that this critical value of y differs, and also
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depends on the model’s parameter [83] in the case of
nonrelativistic regime. In more general context, it was also
shown that in the case of a relativistic star, one deals with
the similar to GR stability condition, that is, it depends on
an EoS, but also on the f(R) model in Palatini gravity [76].

Letus now discuss in details the stability problem. A star is
stable under radial perturbations if the frequencies of normal
modes are real. However, Pretel et al. considered the same
stability equations for GR and solved them to examine the
stability of neutron stars in modified gravity [82]. Moreover,
in GR, OM/Jp. > 0 provides the necessary stability cri-
terion, where M is the mass of and p.. is the central density of
the star. In this work, we will also examine whether this
criterion is valid for Palatani f(R) gravity with the given
EoS (3.3). To do so, one needs to derive and solve the
modified equations for radial oscillations. Since we are
interested in the WDs in the Newtonian regime, we do not
take the relativistic effects into account.

When a nonrotating, spherically symmetric star in
hydrostatic and thermal equilibrium is subjected to a small
radial perturbation, it will cause oscillations in the radial
direction such that a fluid element located at r, will be
displaced to ry + 6r(t, ry) maintaining its spherical sym-
metry. Here, Jr is the Lagrangian perturbation of the WD’s
radius. In our discussion of stability analysis, the radial
oscillations are assumed to be adiabatic in nature, such that
any heat exchange mechanism is ignored [51,84]. Even
though such an adiabatic approximation significantly
simplifies the analysis and gives accurate values of ampli-
tude within the star, it does not provide any information
about the thermodynamics of the star.

The radial oscillation equations can be derived using the
Eulerian as well as the Lagrangian formalisms. The
Eulerian perturbation (Af) and the Lagrangian perturba-
tion (6f) of a variable f are related by

d
sf = af + Yo
dr

(3.7)
In general, Lagrangian formalism is convenient while
dealing with the systems bearing 1 degree of freedom.
Since we assume spherically symmetric WDs in this work,
we derive the equations for radial oscillations utilizing the
Lagrangian formalism. Considering small oscillations
about the equilibrium position, the perturbed radius
7(1,7y), density p(t, 7o), and pressure p(t,7,) are given by

H(1.Fy) =Ty i + M} : (3.8)
L o
p(t. %) = po :1 Lo <;’07°)] : (3.9)
., op(t.7)
p(t.Fy) = po _H—po ] (3.10)

where 67(t, 7o), op(t, 7o), and Sp(t, 7o) are the Lagrangian
perturbation in the radius, density, and pressure, respec-
tively. The subscript zero in the above relations denote the
quantities in the static state. Moreover, we assume the
perturbations to be small enough such that, |57/7)| <« 1,
|6p/po| < 1, and |6p/po| < 1, and hence, we can apply
the linear theory by preserving only the linear terms,
neglecting the higher-order ones. Since the adiabatic
approximation is assumed, the mechanical structure of
the star can be described by the mass-radius relation. Now,
the mass conservation and the conservation of momentum
equation are given by

oM,

and

s

dp ~ -
Py = —(Vp +pVy),

(3.12)
where 7 is the fluid velocity and y is the gravitation
potential such that, Vp = —pVy in equilibrium. Note that
the “Tilde” in the above equations denote the quantities in
the Einstein frame and d/dz is given by

Since the quantities are now functions of both r(, and time ¢,
we explicitly introduce partial derivatives. Perturbing
Eqgs. (3.11) and (3.12) and replacing 7, p, p with their
perturbed values from Egs. (3.8)—(3.10), we obtain

708(5?/70):_< 57 5_,;)

5. (3.13)

5 (5ro) _ _3_{10(5_p+4§+5¢> _poa(ép/po)
0 AN Fo @

(3.14)

where 6@ is the Lagrangian perturbation in ®. Let us
consider that the perturbations behave as a plane wave,
such that a quantity f can be written as

/(1. 70) _ 0f (7o) ios
fo fo ’

where o is the characteristic frequency. Accordingly,
Egs. (3.13) and (3.14) become

& 1/, 16p
o= ()

(3.15)

(3.16)
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and

d(6p/p) ldp (6p . &0 o*PdC

Al S /s S (e SN — , 3.17
dr pdiF \ p +ac+ () + GM ( )

where

(3.18)

o0 2k2c2ap (Sp
) or '

B p

Here, ¢ = 67(7y)/7y and T = (dlnp/dInp). We have
introduced ordinary spatial derivatives in Eqgs. (3.16) and
(3.17) because of the 7-dependent variables, and we have
also skipped the subscripts zero for simplicity as all the
quantities appearing are in their static configuration. Thus,
Egs. (3.16) and (3.17) are the two linear, first-order, time-
independent, coupled differential equations governing the
radial oscillation in Palatani f(R) = R + aR? gravity in the
Newtonian regime. It is quite evident that the above
equations reduce to the Newtonian radial oscillation equa-
tions if ® = 1.

We also obtain the corresponding modified equations for
radial oscillations in the Jordan frame by following the
conformal transformation 72 = ®r2. Since  is related to ¢
from the Jordan frame by the relation,

, 150
¢=0+5

S (3.19)

the corresponding radial oscillation equations are

nglM—_l(HIg) [3<C+l@) +15_P}

dr 2 dr r 20 2 d r'p
(3.20)
and
d(ép/p)  1dp[ép 5O R 16®
— = | —44{+3— .
dr pdr p+C+ CI)+GM +2<D
(3.21)

These two equations must be solved simultaneously with
the appropriate boundary conditions in order to determine
the frequencies of normal modes. Since we are dealing with
metric theory, that is, the independent connection is not
coupled to the matter fields in Eq. (2.1), the particles are
moving along the connection given by g; hence, the
physical variables are given in the Jordan frame only.
However, we demonstrate in the next section that the
solutions in both frames do not quantitatively differ because
of slight modifications introduced by the theory.

IV. RESULTS AND DISCUSSION

In this section, we present the results obtained by solving
the stellar structure equations together with the modified
radial oscillation equations derived in the previous section.
Our numerical solutions have a form of the mass-radius
relation of the WDs and their corresponding stability
analysis. Although the Jordan frame is the physical one,
we present our results in both frames, demonstrating similar
behavior of the curves.

A. Mass-radius relations in Palatini f(R) gravity

In order to obtain the interior solution of the WD, we
numerically solve the stellar structure equations (3.1) and
(3.2) for the Einstein frame, while Egs. (3.5) and (3.6) for the
Jordan frame along with the Chandrasekhar EoS, given by
Eq. (3.3). The boundary conditions used at the center of the
WDare M(r = 0) = Oand p(r = 0) = p. and on the surface
p(r ="R) = 0 with R being the radius of the WD. In order to
avoid any violation of the conventional physical laws, a is
chosen in such a way that it is well within the bound given by
[85] (see also [86]), thatis, |a| <5 x 10> ¢m?. Letus notice
that in the case of neutron stars (since the curvature is higher
in high density regime), the bound should be reduced to
~10'"2 cm? [87], while when electric forces taken into
account, to ~10° ¢cm? in the case of Palatini theories [88,89)].

Figure 1 illustrates the variation of R and p, with respect
to M of WDs for different values of « in the Einstein frame.
The different mass-radius curves indicate that the interior
structure of the WDs with high density gets modified due to
the influence of Palatini f(R) = R + aR? gravity. We know
that the Starobinsky model of f(R) gravity reduces to GR
on choosing a = 0. This is also evident from Fig. 1, where
the mass-radius curve corresponding to @ = 0 mimics the
Newtonian case, with a mass limit of about 1.44 M.

.......... a:71><1015 _._._..a:1><1015 ——a=0
———a= —4x10% - a=4x 109
4 T T T T T
10 E_ E
e
2 L
& L
1035_ 3
ll- E
10 h

1
0.5 1.0 L5 2.0 2.5
MMe)

FIG. 1. Upper panel: mass-radius relation, Lower panel: varia-
tion of mass with respect to p. for WDs for different values of « in
the Jordan frame in Palatini f(R) gravity. In the label, the values
of a are shown in cm? unit.
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Moreover, all the curves merge at low densities, indicating
that the effect of modified gravity is negligible in this
regime. This is because R is nearly proportional to the
density, and hence, in the low-density regime, R? or any
other higher-order corrections do not contribute signifi-
cantly. However, as p, increases beyond 10° gcm™, the
curves deviate from the Newtonian case due to the
increased contribution of the aR? term; thereby showing
the effect of modified gravity on the mass-radius relation of
WDs at the high-density regime. For the case of a < 0, the
curves follow the usual trend of increasing mass with
increasing p. and overshoot the Chandrasekhar mass-limit,
thus indicating super-Chandrasekhar WDs. As evident
from Fig. 1, the mass increases with increasing o and
can go beyond 2 M, for high a, entering already the mass
range reserved usually for neutron stars. On the other hand,
for a > 0, as p, increases, the mass increases to a maximum
value, and then the curve starts turning back, revealing the
sub-Chandrasekhar limiting mass WDs. In the next sub-
section, we show that the portion of the curve corresponds
to a decrease in the mass with increasing p. of the WDs is
unstable. Thus, in this case, the limiting mass is the
maximum mass attained before the curve starts receding.
From Fig. 1, we see that the mass limit decreases further
from the Chandrasekhar mass-limit for more positive
values of a.

The mass-radius relations, as well as the variation of
mass with p. in the Finstein frame, are plotted in Fig. 2.
Since it is evident from Eq. (3.4) that for WDs, ® x 1,
applying the conformal transformation 7 = ®r> will not it
change too much, and therefore we obtain almost similar
curves as in Fig. 1. Moreover, the mass-radius curves in
metric formalism are given by Das and Mukhopadhyay
[26]. It is evident that for f(R) = R + aR? gravity, the
results (i.e., the mass-radius curves) are similar in metric or
Palatini formalisms. This is because Palatini and metric are

---------- a=—-1x10"% -=--a=1x10% ——a=0
———a=—4x 10" - a=4x10"
T
10
CH
é -
s |
10°F 3
e 3
10

1
0.5 1.0 1.5 2.0 2.5
M(Mg)

FIG. 2. Same as Fig. 1 except here the FEinstein frame is
considered.

just two different formalisms to explain the same phenom-
ena. Hence, even if the modified stellar structure equations
look different, they eventually result in similar mass-radius
curves.

B. Stability analysis of the modified
gravity induced white dwarfs

Let us now study the stable and unstable branches of the
mass-radius curves by stability analysis of the WDs in
Palatini f(R) gravity. As mentioned in Sec. 33.2, a star in
hydrostatic equilibrium may either be stable or unstable
against small radial perturbations. According to GR, a
branch is considered to be stable if it follows OM /Jp. > 0,
which is also known as the positivity condition—a neces-
sary condition for stability [51,90]. It ensures that the stars
whose mass increases with the increase in p, are stable,
whereas the stars with decreasing mass with the increase in
p. are unstable [91]. We want to examine whether this
condition is also valid in the considered theory of gravity
with the given equation of state. In other words, whether the
WDs on the receding branch of the mass-radius curves in
Figs. 1 and 2 are unstable or not under radial perturbations.
To do so, one needs to solve the modified radial oscillation
equations derived in Sec. III B with appropriate boundary
conditions in both the Jordan and the Einstein frames and
look for the normal modes of frequencies that are real. The
sufficient condition for stability in modified gravity is
6> > 0, where ¢ is the characteristic frequency of the
normal mode [see Eq. (3.15)]. This is so because the
perturbations travel as plane waves (~e) and if 6% < 0,
i.e., o is imaginary, the amplitude of oscillations may grow
in time, making the star unstable.

We now numerically solve the modified equations for
radial oscillations (3.16) and (3.17) for the Einstein frame,
and Egs. (3.20) and (3.21) for the Jordan frame. In the case
of Einstein frame, the boundary conditions on the surface
of the WD, i.e., at ¥ = R, are given by

p 5 0D FRAD
p+—p+¢+ G 0 (4.1)

The latter condition makes sure that d(5p/p)/d7 in
Eq. (3.17) is finite everywhere. Moreover, in order to
ensure the physical regularity of the solutions, ¢ and dZ/d7
in Eq. (3.16) must be finite at the center, making the term in
the parenthesis of rhs equal to 0. Thus, the boundary
condition at the center of the star, i.e., at r = 0, is given by

-~ 16p
3 +=—=0. 4.2
C+Fp (4.2)
In the same way, we also find the appropriate boundary
conditions in the Jordan frame. At the surface, the follow-

ing conditions need to be satisfied:
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((r=R) =1,
Sp 50 ARID 150
Py 4= idindl I 4.
p+ C+3q)+ oMl £+2<D 0, (4.3)

whereas at the center, the boundary condition is given by

16d 16p
3<C+§E> +F?—O.

We now integrate the radial oscillation equations from
the surface to the center of the stars using these boundary
conditions for a range of w®. Here, @ is the square of the
dimensionless frequency, given by w? = 6°R3/GM. The
values of w® which satisfies Eqs. (4.2) and (4.4) in the
Einstein and Jordan frame, respectively, are the correct
normal mode frequencies for the radial oscillations.

(4.4)

——2x100  ----2x 108 --e- 2% 1010
- = 2x107  —==2x10% e 6 x 101
1024
1022
=R 107
I~
[Ny 1018
1016
1014_
1 1 1 1 1
-20 -10 0 10 20
UJ2

(a) a =4 x 10'% cm?

S 2 108 = 2% 1010
——— 2% 109 e 1x 10

—2x10°
- - 2x107

-10 -5 0 5 10

(b) a = —4 x 105 cm?

FIG. 3. Absolute value of lhs of Eq. (4.2) at the center of the
WD in the Einstein frame for a set of trial values of w?. The label
shows p, of the WDs in the unit of gcm™.

In Figs. 3 and 4, the normal mode frequencies correspond
to the minima in each curve. If the minima occur for
w* <0, that particular WD is unstable under radial
perturbation and usually does not exist in nature. As we
have discussed in the previous section, the WD structure is
not much different in Einstein and Jordan frames. Hence, the
normal mode frequencies are also almost the same in both
the frames. It is evident from the figures that the WDs
up to p. =2 x 10° gcm™ are all stable, mimicking the
Newtonian case. However, at high enough densities due to
the increased contribution of @R? term, modified gravity may
render extra stability to the WD or make the WD unstable
under radial perturbations. Considering the case of a =
4 x 101 cm? in Figs. 3(a) and 4(a), we see that the WDs with
pe 2 10" g cm™ are unstable as the first minimum occurs at
@* < 0. From the mass—radius curves in Figs. 1 and 2, we
notice that these range of WDs lie on the receding branch of

—2x10% --—-2x10% - 2x10%

- - 2x107

—==-2x 107 e 6 x 1010

I I I
-30 -20 -10 0 10 20 30
(a) @ =4 x 1015 cm?

- 2 % 108
=== 2100 e 1x 10"

—2x10°
- - 2x107

1
-10 -5 0 5 10

(b) @ = —4 x 1015 cm?

FIG. 4. Absolute value of lhs of Eq. (4.4) at the center of the
WD in the Jordan frame for a set of trial values of w?. The label
shows p, of the WDs in the unit of gecm™.
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the mass-radius curve, for which OM/dp. < 0. Thus, the
WDs, which are unstable in the Newtonian regime of Palatini
f(R) gravity, also violate the positivity condition. On the
other hand, for @ = —4 x 10" cm?, modified gravity brings
extra stability to the WDs with p, > 10" gcm™ as the first
minimum shifts towards more positive values of w?, which is
evident from Figs. 3(b) and 4(b). From the mass-radius curve
corresponding to positive values of &, we also notice that this
branch satisfies the positivity condition, i.e., OM/dp. > O.
Thus, in this case, the high-density modified gravity induced
WDs are more stable than the intermediate-density WDs. In
this way, we examine the stability of WDs in Palatani f(R)
gravity, thereby establishing that the positivity condition is
also a valid condition for stability analysis in Palatini f(R)
gravity in the Newtonian regime.

V. CONCLUSIONS

The recent observations of several over- and underlumi-
nous SNe Ia suggest the violation of the Chandrasekhar mass
limit for WDs. This has led to an extensive study of
super- and sub-Chandrasekhar limiting mass WDs, on the
grounds of Newtonian and relativistic modified gravity
[25,26,49,65,92]. In this work, we have focused on the
WDs in the Newtonian limit of Palatini gravity with the
quadratic Lagrangian f(R) = R + aR>.

Solving the modified stellar structure equations for the
given gravity model with the Chandrasekhar EoS, the
mass—radius relations of the WDs were obtained for
positive and negative values of the parameter a within
the physically accepted bounds. Positive values of a turn
out to provide sub-Chandrasekhar limiting mass WDs,
whereas negative values give the super-Chandrasekhar
ones. It should be noticed that there is no turn back in
the super-Chandrasekhar branch and this is the reason why
the maximum mass is only limited by the maximum
possible density. At high densities, various nuclear reac-
tions, for instance, pycnonuclear reaction and inverse /3
decay, may be triggered [93]. However, the rate of such
reactions are quite uncertain, and hence, we have hypo-
thetically extended our curves to approximately
10" gem™3. Analyzing the stellar structure equations or
the mass-radius curves, it is clear that the Palatini gravity
model reduces to the Newtonian case for a = 0 with the
conventional Chandrasekhar mass limit. It is also evident
that the deviations from the Newtonian case are profound at
high densities of the WD, i.e., about p, > 10° gcm™ due
to the significant contribution of aR? term, which even-
tually leads to a possible explanation for the violation of the
Chandrasekhar mass limit.

Regarding the stability problem, generally, modified
gravity models can induce extra stability to the high-density
WDs, or it can make them unstable. Let us notice that such
an analysis of compact stars in the framework of modified
gravity, however with respect to the GR criterion (that is,

using the same radial oscillation equations as for the GR case
without any modifications) might be confusing [82].
Because of that fact, we have examined our model with
respect to the appropriate modifications of the radial
oscillation equations provided by the Palatini gravity, and
also confirmed that the positivity condition OM/dp. > 0
still holds in this particular case.

As a concluding remark, let us comment that many
theories of gravity modify the Newtonian limit of the
hydrostatic equilibrium equations [94]; therefore, they also
alter other stellar equations, such as, for example,
Schwarzschild criterion to determine the energy transport
through a given star [95], or energy produced in its core
[96-99]. Some parts of stellar evolution, for instance,
Hayashi tracks [95], main sequence [100], and cooling
models [101] are also affected by modified gravity such
that it can also have an impact on the properties of WDs and
their formation processes. Research along these lines is
essential to understand those fascinating objects and fully
exploit the upcoming observational events. Detections of
various compact objects, including WDs, by the use of
gravitational wave detectors, such as alLIGO, Einstein
Telescope, LISA, TianQin, BBO, DECIGO [102,103] can
put constraints on these theories of gravity, or they might
shed light on features of the GR extensions [19].
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APPENDIX: RELATIVISTIC EQUATIONS FOR
STELLAR STRUCTURE IN PALATINI GRAVITY

1. Schematic way to get Tolman-Oppenheimer-Volkoff
(TOV) in modified gravity

Let us notice that field equations of many modified
theories of gravity can be written in the following form
[104,105]:

G(Wl)(G/w - W;w) = KZTMD’ (Al)
where G, = R, — g,,R/2 is the usual Einstein tensor and
W,, is an additional term including the theory modifica-
tions. They can have a geometric origin, for example, as it
happens in this work. y' represents some field while o(y)
is a coupling factor to gravity. For such a model, assuming
the following spherically symmetric metric,

ds? = —B(r)c?de* + A(r)dr* + r*d6? + r* sin 0*dg?,
(A2)
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the generalized TOV equations are given by [106]

, 4z’
my__FPEEDOT 20 (We W,
o) =TT T m te\ 2 A

(A3)
and
r o(r)
M(r)—[) 4”},/2 U(r/) dr’, (A4)

where Q, Il are the generalized energy density and
pressure, respectively. M(r) stands for the stellar mass
within a radius r. The physical interpretation of the terms
appearing in the TOV equations because of the modifica-
tions, can be found in [79,107].

2. TOV equations for Palatini f(R) gravity

Comparing Eq. (2.10) with Eq. (A1), we notice that they
have the similar form, and thus, the modified TOV
equations for Palatini f(R) gravity can be written as [49,76]

3 (atm) = (&) (D)

(A5)

and

- I ¢
M(7) = 4r5? =5 dx. Ab
(7) /0 %5 e (A6)
Here, the metric component A (A2) is given by
2GM (7
A=1- w (A7)
r

The tilde in Egs. (AS5) and (A6) denotes the quantities in the
Einstein frame, and it is related to the Jordan frame by the
conformal transformation 72 = ®r2, where ® is the scalar
field introduced in §II. Moreover, the conformally related

energy density (Q) and pressure (IT) can be written as

= P U 0

0 2Kt @2 + 22t pr @2 (A8)
_ U U I1
M=p-—=2> (A9)

22D 2D

where p and p denote the density of matter and pressure of
the fluid, respectively.
For the quadratic model, ® is given by
® = f"(R) =1+2aR = 1-2ax’T, (A10)

while from the structural equation (2.5), one obtains the
second expression in the above formula.
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