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ABSTRACT 

An accurate solution is presented of the nonlinear differential 
equations describing the pursuer motion under the PN law in the 
general case when the target is laterally maneuvering. A 
quasilinearization (QL) approach is used, followed by a perturbation 
technique to obtain analytical solutions for the trajectory parameters. 
Explicit expression for the pursuer lateral acceleration is derived and 
is shown to contain contributions due to initial heading error and 
target maneuver, with a coupling between the two effects. The 
solution is shown to be a substantial and consistent generalization of 
the classical linear solution for maneuvering targets. The generalized 
QL solution presented here provides very accurate estimates of 
pursuer lateral acceleration over a much broader range of 
engagement geometries and target maneuvers than presently 
available analytical solutions. The analytical solution is of special 
value for (i) generating accurate insight into PN behavior for 
maneuvering targets (ii) aiding rapid design calculation involving 
tradeoff studies (iii) modelling larger systems in which the PN law 
appears as a building block, and (iv) performing real-time 
computations of launch envelope, even on modest airborne 
computers on launching aircraft, to ensure successful intercept. 

INTRODUCTION 

Proportional Navigation (PN) has been widely used as guidance 
law for a wide range of tactical applications in the recent decades. 
This law is very simple to implement on board and is robust in the 
sense of ensuring intercept in a wide variety of engagement situations. 
However, the analysis of PN-based guidance systems has been 
difficult, because the equations governing motion under the PN law 
are highly nonlinear. 

General analytical solutions to the nonlinear PPN equations have 
not been available even for the simple case of engagement against 
non-maneuvering targets. The treatment of the PN problem for non- 
maneuvering targets, though having great theoretical significance, 
has relatively little practical value since the overwhelming majority of 
PN applications involve maneuvering targets. However, for 
maneuvering targets, the PN equations become highly intractable. 
Thus, while for non-maneuvering targets at least certain variants of 
the PN, such as TPN and GTPN have been solved exactly, as also a 
few special cases of PPN, no general solution to PN motion against 
maneuvering targets has been reported. Some qualitative treatment 
[3,4] has been attempted, but such treatment has been confined to 
the determination only of certain bounds on the pursuer lateral 
acceleration and has not been able to obtain actual solutions for the 
pursuer trajectory parameters. 

The only practical analytical method of analyzing PN motion has 
been hitherto based on linearization [1,2,5]. Because of the small- 
angle approximations necessary for linearization, the linearized 
solutions are valid only for near-tail-chase geometries and small 

target maneuvers. Further, the linear superposition of the individual 
contributions of lateral acceleration due to the target maneuver and 
the initial heading error does not remain valid for large heading 
errors. 

In this paper, we present a method of accurately solving the PPN 
equations in explicit form when the target motion involves significant 
lateral maneuver and the engagement geometry involves large LOS 
angles and initial heading errors. The method is based on the QL 
technique and may be considered as a substantial extension of the 
treatment used in our previous paper [6] in which similar solutions 
for non-maneuvering targets were presented. Further, the explicit QL 
solutions presented in this paper are also shown to be a 
generalization of the classical linear solution for maneuvering targets. 
T h i s  generalization results in a large improvement in the estimation 
of trajectory parameters and enlarges the validity of the solutions to a 
much broader range of engagement geometries and maneuver levels 
than is possible with the currently available classical linear solutions. 

PN EQUATIONS FOR MANEUVERING TARGETS 

Consider the geometry of Fig. 1. The target is assumed to have a 
constant forward velocity VT and a constant lateral acceleration AT. 
This implies that the target describes a circular path in a plane with a 
radius V. /AT and has an angular velocity (i.e. rate of turn) AT/VT. 

1 PURSUER REFERENCE LINE I 
I 

Figure 1. Geometry of Pure Proportional Navigation for a laterally 
maneuvering target 

194 

CH2759-918910000-0194 $1 .OO 0 1989 IEEE 



By resolving components along and perpendicular to the LOS, the 
differential equations describing the pursuer motion may be written 
as 
i =V,cos(e-Kf )-V,cos(e-,#l) 

and 

and the subscript 0 denotes the initial approximation to the solution 
and 1 denotes the solution after the first iteration. Although more 
iterations can be performed to improve the accuracy, in this work we 
stop at the first iteration in order to be able to obtain a closed form 
solution. Thus 0, will be our final solution for the variable 8. To 
simplify the notation, we replace e, by 6 and r1 by r in the following 
treatment. Thus eqs (11) and (12) can be rewritten as 

(2) r &=-V, sin@-d )+V, sin(6-4) 

where IC=AT/V- represents the normal turn rate (angular velocity) of 
the target. 

Using the definition $=Ne of PPN in eqs (1) and (2) d e  
dr 

r- =G o+Ho(B$o) 
i=VTcos(~d)-V,cos(b8-c) 

and 
(3) 

and 
d r  

Ti -=Do+Eo(H0) dr re=-V,sin(B-d)+V,sin(b8-c) (4) 

(5) where b =1-N and c +.-NOi 
For the normal range of PN parameters, the range-to-go r is a 

monotonic function of time t .  Under the assumption of 
monotonicity, eqs (3) and (4) can be rewritten with r as the 
independent variable: 

and 
dt 1 
dr VTcos(8-d )-V,cos(b 8-c ) 

Normalizing the time t as r=t / Ti where Ti =ri/ V, , we obtain 

(7) -= 

(17) 
&,Ti dr 
dr dr Equations (14) and (15) along with the definitions in eqs (9), 

(lo), (16) and (17), constitute the QL approximation to the nonlinear 
PN equations (9) and (lo), respectively. 

PERTURBATION SOLUTION OF QL EQUATIONS 

The QL equations (14) and (15) are still not directly solvable in 
closed form. A perturbation series method is adopted here to obtain 
an approximate solution. The variables 0 and r are expressed as 
truncated perturbation series: 

e(r P )=ON (r ) + k e d  (18) 

r(rJc)=rN(r)+krM(r) (19) 

and 

where subscript N denotes the zeroth order solution and M denotes 
the the second term in the first order solution. It will be shown later 
that the zeroth order solution corresponds to the non-maneuvering 
target case and the second term in the first-order solution represents 
maneuver effects. For the series expansions (18) and (19) to be 
accurate, k must be small. 

Substituting the values of 0 and r from eqs (18) and (19) 
respectively in eqs (14) and (15). we obtain 

d=nTir 
=k r 

A r. 
where k = n T i = A L .  We note that k is a dimensionless constant. 

Substituting eqs (8a) and (8b) in eqs (6) and (7). we obtain 

VT Vk, 

(9) 

QUASILINEARIZATION OF PN EQUATIONS 

The coupled equations (9) and (10) are highly nonlinear and do 
not admit closed form solution. We derive approximate equivalents of 
these equations using the QL technique. Expanding the R.H.S. of eqs 
(9) and (10) respectively in Taylor series in the function space and 
truncating after the first derivative term, 

d e1 r-=Go+Ho(B,-80) 
dr 

and 

and 

For the QL algorithm, an initial approximation to the solution is 
necessary. Since at least at the start of the engagement, Si is the true 
solution for 0, we choose the initial LOS angle approximations as 

eNO(r )*i (224 

8MOO(r)=0 (22b) 
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As an initial approximation for the normalized time r we use the 
estimate obtained from the CL solution approach, since time 
estimates obtained from CL approach are normally quite accurate 
and yet the form remains simple enough to remain tractable. Thus 

rMo=o (23b) 
We note that in (22b) and (23b) the initial approximation for the 
maneuver induced components of 8 and r are assumed zero since the 
entire contribution is assumed to come from the non-maneuvering 
component which is the dominant one at the start of engagement. 

Substituting the values of 6 and 7 from eqs (18) and (19) 
respectively in (9). (lo), (16) and (17) and using eqs (22) and (23) the 

-bV&V$+(l+b )VTVMCOS(NS, +C ) 

[ VTC0di -v, cos@ e; -c )]' 
HN O= 

Substituting the values of Go,Ho,Do. and Eo from (24). (25), (26) 
and (27) respectively in eqs (20) and (21) and using the initial 
approximations (22) and (23), we obtain 

)] 

Equating the coefficients of k in eqs (36) and (37). we get 

(36) 

(37) 

The differential equations (37)-(40) are solved subject to the 
following initial conditions at r=ri 

@M=o 

rN=O, rM=0 (i.e. r=O) 

The zeroth order equations (38) and (40) correspond to the non- 
maneuvering case and have been solved in closed form in our 
previous paper [6]. The solution is reproduced below: 

Substituting the value of ON from eq (42) in (39) 

de, 
dr 

r-----HN&M'vTTN@No(COS$, -GNosin6, ) 

Using the value of rNo=(ri-r)/ri from eq (23a) in (44) 

(45) 

where 

R =codi -GN0sidi (46) 

(47) 
GNO . 

HN 0 
s = - ~ G N o S ~ I U ? , + ( ~ + ~ ) V ~ D ~ ~ - ~ ~ ~ ( N O ~  +c) 

Equation (45) is a first order linear differential equation whose. 

(48) 

196 



Substituting the value of 6, and OM from eqs (42) and (48) 
respectively in eq (18), we obtain the complete solution for the LOS 
angle as 

(49) 

To solve for the elapsed time t ,  we substitute the values of 8, and 
0, from (42) and (48) and DMo,EMo from (33) and (35) in eq ( 4 1 )  
and obtain 

Now, 

dr dr 
d'q; d. 

=- dTN +ATTi& 
dr VT dr 

Substituting the value of dr, from eq (40) and Ti % from eq (51 )  

in eq (52), we obtain 
dr dr 

d"DNo+EN0* [ [ t] ENO-l] 
dr HN 0 

[$IEN0-') 

Equation (53) is now integrated with the initial condition t =O at r=ri 
to obtain the general solution for the elapsed time t 

(54) 

The final intercept time, t, , is obtained by putting r=O in eq (54) as 

(55) + & [ ~ N O s i ~ ; ~ ~ N & o d ,  

The pursuer lateral acceleration AM is given as 
A M = V M N x  de  

de  
dr =wM- 
dt 
dr 

- 

(56) - 

Differentiating eq (49) and substituting for CNo from eqn (28), we 
get 
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(57) 

df 1 . Denoting -=- in eq ( 5 3 ,  we obtain from eq (56) the final 

expression for the pursuer lateral acceleration as 
v, 

Equations (49), (54) and (58) are the final explicit expressions for 
the QL solution for the LOS angle, elapsed time and lateral 
acceleration for a maneuvering target at a given range-to-go during 
the engagement. The time till intercept is provided by eq (55). 

In the particular case when there is no initial heading error, i.e. 
8,=0, eqs (49), (54), (55) and (58) reduce respectively to 

(59) 

I triD&,AT [ [ 5-11 bN$idi  t*coSBi 
HN 0 

-L -1  DN$ineit-coSSi 
2 [ [ ri 1' ][ HNO-l ENo 1 

STRUCTURAL COMPARISON WITH CLASSICAL LINEAR 
SOLUTION 

In this section we show that the general solutions for the 
trajectory parameters obtained in the last section for the case of 
maneuvering targets is a true generalization of the more restrictive 
solutions available earlier. Since the formulation of this paper is 
essentially a perturbation over the QL solution for non-maneuvering 
targets , it is easy to see from eq (49),(54), (55) and (58) that forcing 
AT to zero (i.e. no maneuver) results in the second term vanishing in 
all these equations, leaving only the first term which represent the 
non-maneuvering solution. 

To compare the QL solution with the classical linear solution, e.g. 
[ l ]  we first consider the most important trajectory parameterAM and 
recast eq (58) in terms of N' and 4. using the definitions of N' 
and 0, i.e. 

and 

We obtain, 

The general solution (63) has two distinct parts, the first 
corresponding to a non-maneuvering target and the second providing 
the contribution due to target maneuver. However, unlike the 
classical linear solution [l], where the effects of initial heading error 
and target maneuver are distinct and uncoupled, here the second 
term in eq (63) also contains cross-coupling between AT and 4.. 

For a near-tail-chase situation, as assumed for the classical linear 
solution, 0, and 4. are small and eq (63) reduces to 

It is readily seen that the coupling between AT and 4. has 
disappeared in eq (64) because of the small-angle approximation. 

The small-angle QL eq (64) is identical to the classical linear 
result [ l ]  if HNO in the former is replaced by " - 1  in the latter. 
Indeed, HNo is a refinement of the classical effective navigation 
constant N' as has been established earlier in our previous paper [6]. 
The QL solution for maneuvering target derived in this paper is thus 
a consistent generalization of the classical linear treatment. 

A similar approach can be employed to show that the QL 
expressions for the LOS angle and elapsed time reduces to classical 
linear form for small LOS and heading angles and small target 
maneuvers. 

RESULTS AND DISCUSSIONS 

Figures 2 ,3  and 4 show plots of the lateral acceleration AM of the 
pursuer engaging a maneuvering target. The QL estimate of AM is 
obtained from eq (58) and (62) for pursuit with and without initial 
heading error respectively. The results derived from Classical linear 
formulation [ l ]  are shown alongside for comparison. Further, for 
ascertaining the absolute accuracy of the results, the "exact" 
estimates of AM are also plotted in the figures. The exact estimates 
are obtained by an accurate numerical solution of the original 
nonlinear equations (3)  and (4) for 8 using a 4/5th order Runge- 
Kutta-FeNberg algorithm [7] and substituting this 8 in eq (56) to 
obtain AM. 

In Figs. 2, 3 and 4 three representative values of the effective 
navigation constant N' are considered. The (a) part in each figure 
depicts results for small-angles of the geometry, representing a near- 
tail-chase pursuit, and also relatively low target maneuver. For this 
case, all the three estimates (QL, linear and "exact") ofA, are found 
to be close. This is as would have been expected, since linear 
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Figure 2. QL solution for A, against a laterally maneuvering target as a function of dri. CL solution 
and 'exact' RK estimates are also shown for comparison. N=2.1 
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Figure 3. QL solution for A, against a laterally maneuvering target as a function of r/rC CL solution 
and 'exact' RK estimates are also shown for comparison. N=3 
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AT = IS 
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Ad, =30'  
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Figure 4. QL solution for A, against a laterally maneuvering target as a function of r/rc CL solution 
and 'exact' RK estimates are also shown for comparison. N'=4 

solutions for maneuvering targets are also based on such 
assumptions. However, even for this situation, the QL result shows a 
much closer coincidence with the exact results than the linear 
treatment. 

In (b) and (c) parts of Figs. 2, 3 and 4 the angles and the target 
maneuver levels are progressively increased to high values. This 
represents a highly generalized pursuit scenario, with high target 
maneuvers and engagement geometries that are far from tail-chase 
and collision- course situations. The linear solutions currently 
available are not expected to be valid under such conditions, and they 
indeed are not, as seen from parts (b) and (c) of Figs. 2, 3 and 4. 
However, the QL technique of this paper continues to yield much 
more accurate results even under such general conditions. 

In addition to the plots for AM given in Figs. 2 to 4, the behavior 
of the LOS angle 0 and time of flight t, is depicted in Table 1 for the 
commonly used value of N ' = 3 .  The results obtained from CL 
formulation and the "exact" R.K. estimates are also tabulated 
alongside for comparison. The results for both pursuit with and 
without heading error are shown. The initial conditions correspond 
to the case of Fig. 3. It is obvious from Table 1 that the QL solution 
yields much more accurate results, even under highly generalized 
pursuit scenario, as compared to the classical linear solution for LOS 
angle and time of flight also. 

CONCLUSIONS 

In this paper, an attempt has been made to solve the difficult 
problem of obtaining the trajectory parameters of a projectile 
pursuing a maneuvering target under the pure proportional guidance 
strategy. Currently, only linear solutions of the nonlinear equations 
governing PN motion are available, the validity of which is restricted 

to low target maneuvers and to nearly tail-chase and collision-course 
pursuits. A quasilinearization approach has been followed in this 
paper to obtain closed-form solutions for the pursuer lateral 
acceleration which are found to yield accurate results for a wide 
range of engagement geometries and target maneuver levels. 

It has been shown analytically that the closed form solution for 
the maneuvering target is a generalization of quasilinear solution for 
non-maneuvering targets derived in our previous paper [6], and also 
that the solutions reduce to the classical linear form for maneuvering 
targets, under the small-angle approximations employed for the linear 
solutions. The solution presented in this paper may thus be viewed as 
the highest member of a family of solutions of increasing 
generalization in the PN context. 

The validity of the formulation, as also the fact of its 
generalization over the linear approach, is also demonstrated from 
the actual results derived from the formulation, using the exact 
numerical solution of the original PN equations as the standard. Even 
under conditions where the linear solutions are also valid, the 
generalized quasilinear solution of this paper shows a distinct 
improvement in lateral acceleration estimates; when the conditions 
become more severe and the linear solution ceases to be applicable, 
the quasilinear solution still continues to follow the true solution 
quite faithfully. 
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TABLE 1. Comparison of solutions obtained through CL and QL for 0 and tf for maneuvering target 
case. The 'exact' RK estimates are also shown for comparison. N'=3 
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