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A B S T R A C T

A new two-node spectral finite element for a sandwich panel with 13DOF/node is formulated to study the face
sheet–core disbond in a sandwich panel. The spectral element formulation results in an exact dynamic stiffness
matrix for the element. The study on wave propagation characteristics for both healthy and disbonded sandwich
panel is carried out. The numerical results obtained using this spectral element are validated by comparing
with the results obtained through simulations using commercially available finite element software. The effect
of core damping for waves propagating in both through-thickness and along the length of the panel is clearly
demonstrated. The interaction of the waves propagating between the face sheet–core disbond is studied and
using numerical examples it is shown that the amplitude change is a measure to identify the disbond whereas
the arrival times can be used to estimate the size of the disbond.
1. Introduction

Typical sandwich structures are made of two very thin face sheets
(also referred to as skins) and a thick core included between the face
sheets. Due to their desirable properties like bending stiffness with low
weight; they are particularly employed in aerospace and space indus-
tries. As an example, in the composite sandwich panel, thin carbon
fibre reinforced face sheets are bonded to thick aluminium honeycomb
core using adhesives. Defects/damage occur in sandwich panels as
‘production defects’ and ‘in-service damage’, like impact damage due to
tool drop. These defects are to be identified and rectified for efficient
operation of the structure. The defects in sandwich structures [1] are,

1. facesheet–core disbonds,
2. voids and inclusions in the core,
3. lack of bond (edge-to-edge and face-to-face) between core sheets.

The present study involves modelling of face sheet–core disbond and
identifying this defect using guided waves. High frequency ultrasonic
guided waves are employed while conducting Non-Destructive Evalu-
ation (NDE) tests for inspecting large structures with surface defects,
deeply embedded defects like delamination in composites and hidden
defect like the face-sheet core disbond. This is because the guided
waves propagate long distances and are sensitive to defects. One can
work out the wavelength/frequency of the guided waves to be excited
based on the extent of defects to be identified. Exhaustive studies
using guided waves are available in the literature to identify defects in
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metals and composites. To demonstrate the use of low frequency Lamb
waves for inspection, an experimental work is carried out to study the
interaction of Lamb waves with different types of damage in monolithic
and sandwich composite beams [2]. An imaging algorithm based on
time reversal is developed to detect debonding in sandwich composite
structures using guided ultrasonic wave signals [3]. Elastic wave propa-
gation mechanism in aluminium skin–hexagonal Nomex core sandwich
structures is investigated both numerically, through finite element (FE)
simulation and experimentally by using a surface-bonded piezoelectric
actuator/sensor system. In addition, the influence of cell geometry
parameters upon wave propagation is discussed in [4]. Numerical
simulations are conducted using commercially available finite element
package, ABAQUS, in order to explore guided wave propagation mech-
anisms due to the presence of disbond. A good agreement is observed
between the numerical and experimental results. Later, the location of
an unknown disbond, within the piezoelectric wafer transducer array
is experimentally determined by applying a probability-based damage
detection algorithm and is presented in [5]. Similarly, using ABAQUS,
a detailed finite element model for a sandwich composite panel is
modelled, in order to simulate impact-induced damage formation and
scattering of the acoustic waves in [6] where, the responses were
compared with the experimental results, showing both to be in good
agreement. The results obtained through the Finite Element Method
(FEM) are validated with the results obtained through experimental
studies.
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While the FEM finds use in many commercial applications, in order
to capture the response in high frequency loading, the size of the finite
element should be small as compared to the wavelength, resulting
in to increase in system size and high computational time for the
solutions. The Spectral Finite Element Method (SFEM) compared to
FEM has the merit of handling problems in the frequency domain
and theoretically one element is sufficient to model problems without
discontinuity. The method is well discussed for isotropic cases [7]
and composite cases [8]. Identification of structural boundaries using
the spectral finite element method can be found in [9]. Works on
sandwich beam [10] and sandwich plate [11] problems were conducted
by formulating the sandwich beam and sandwich plate in the spectral
element domain. All the above mentioned spectral finite elements
use Equivalent Single Layer (ESL) theories and do not capture the
independent motions of the face sheets.

Later, an extended Higher-order Sandwich Panel Theory (HSAPT)
is proposed in [12] and responses obtained for different static loading
cases are compared with that of the elasticity solutions. In [13], wave
propagation studies were carried out and the independent motions of
the top and bottom face sheets were captured by formulating a spectral
finite element based on HSAPT. In the HSAPT the face sheets are
modelled according to Euler–Bernoulli theory and the core is modelled
using Third order Shear Deformation Theory (TSDT). Both the top face
sheet and bottom face sheet are connected to the core using kinematic
constraints to simulate perfect bonding. Later, the HSAPT is modified
by modelling the face sheets based on First-order Shear Deformation
Theory (FSDT). Based on the modified HSAPT, studies on the onset
and propagation of disbond mechanism is carried out for static loading
case [14] and dynamic loading case [15], using the finite difference
method.

Most of the spectral finite elements in the existing literature use the
Fourier transform to solve the equations of motion. Fourier transform
assumes that the time signal is periodic in time domain and introduce
periodicity in the frequency domain to remove the integral representa-
tion of the forward transform. Signal wrap-around is observed in the
time domain responses as a consequence of using the discrete inverse
Fourier transform along with the induced periodicity in the frequency
domain. This wrap-around can be avoided by either increasing the time
window or adding sufficient damping to the response. Sometimes, a
combination of both may be required. Alternatively, Laplace transform
has been used to alleviate the wrap-around problem. Composite beam
spectral finite element based on FSDT is developed using the Laplace
transform [16] where, the numerical Laplace transform is implemented
through the fast Fourier transform, retaining the excellent frequency
domain analysis provided by the Fourier transform based spectral
elements. As to the best of the authors'knowledge, there is no literature
existing available in the public domain on a spectral finite element
formulation incorporating face sheet–core disbond and there exists very
limited theoretical studies using FEM.

Here, first a new spectral finite element is formulated based on the
modified HSAPT. The disbond is introduced as a cohesive interface,
following traction-displacement gap laws. Next, the element formula-
tion is used to study wave propagation characteristics in a sandwich
panel. Later, the developed element is validated by comparing with
the results obtained through simulations using commercially available
finite element software. Finally, the element is used to study the wave
interactions at face sheet–core disbond in a sandwich panel and the
results obtained through numerical experiments are discussed.

2. Spectral finite element formulation

The geometry of the sandwich panel is given in Fig. 1, where, 𝑓 𝑡,
𝑓 𝑏 and 2ℎ𝑐 are the top face sheet thickness, bottom face sheet thickness
and total thickness of the core respectively. The spectral finite element
is formulated based on HSAPT incorporating the sandwich panel as

three layers, the top face sheet (denoted with superscript ‘𝑡’), the core
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(denoted with superscript ‘𝑐’) and the bottom face sheet (denoted with
superscript ‘𝑏’). FSDT is used to model the face sheets and TSDT for the
core. Fig. 2 shows the interface between face sheets and core modelled
using interfacial traction-displacement gap laws, along with inertial
forces and concentrated forces.

2.1. Displacement field

The displacement functions for top and bottom face sheets are given
as,

𝑢𝑖(𝑥𝑖, 𝑧𝑖, 𝑡) = 𝑢𝑖0(𝑥
𝑖, 𝑡) − 𝑧𝑖𝜙𝑖(𝑥𝑖, 𝑡) (1a)

𝑤𝑖(𝑥𝑖, 𝑡) = 𝑤𝑖
0(𝑥

𝑖, 𝑡) (1b)

where, 𝑢𝑖0 is the longitudinal mid-plane displacement, 𝑊 𝑖
0 is the trans-

verse mid-plane displacement, 𝜙𝑖 is the mid-plane rotation, the super-
script 𝑖 = ‘𝑡’ for top face sheet and ‘𝑏’ for bottom face sheet, 𝑥𝑖 is
the horizontal coordinate and 𝑧𝑖 is the vertical coordinate measured
positive downwards from the respective mid-plane of the face sheets.

Similarly, the displacement field for the core is given as,

𝑢𝑐 (𝑥𝑐 , 𝑧𝑐 , 𝑡) = 𝑢𝑐0(𝑥
𝑐 , 𝑡) + 𝑧𝑐𝑢𝑐1(𝑥

𝑐 , 𝑡) + 𝑧𝑐
2
𝑢𝑐2(𝑥

𝑐 , 𝑡) + 𝑧𝑐
3
𝑢𝑐3(𝑥

𝑐 , 𝑡) (2a)

𝑤𝑐 (𝑥𝑐 , 𝑧𝑐 , 𝑡) = 𝑤𝑐
0(𝑥

𝑐 , 𝑡) + 𝑧𝑐𝑤𝑐
1(𝑥

𝑐 , 𝑡) + 𝑧𝑐
2
𝑤𝑐

2(𝑥
𝑐 , 𝑡) (2b)

where, 𝑢𝑐 is the in-plane displacement of the core, 𝑊 𝑐 is the transverse
displacement of the core, 𝑥𝑐 is the horizontal coordinate, 𝑧𝑐 is the
vertical coordinate measured positive downwards from the mid-plane
of the core, 𝑢𝑐0 is the mid-plane displacement of the core, 𝑊 𝑐

0 is the
mid-plane displacement of the core and 𝑢𝑐1, 𝑢𝑐2, 𝑢𝑐3, 𝑊 𝑐

1 , 𝑊 𝑐
2 are the

higher-order displacement functions of the core. For the sake of brevity,
from here the functional dependency of all functions is not explicitly
shown, as for example, 𝑢𝑐 (𝑥𝑐 , 𝑧𝑐 , 𝑡) is simply written as 𝑢𝑐 , 𝑢𝑐0(𝑥

𝑐 , 𝑡) as 𝑢𝑐0
and so on for all displacement functions.

The strains in the face sheets are given as,

{

𝜖𝑖
}

=
{

𝜖𝑖𝑥𝑥
𝛾 𝑖𝑥𝑧

}

=

⎧

⎪

⎨

⎪

⎩

𝜕𝑢𝑖

𝜕𝑥𝑖

𝜕𝑢𝑖

𝜕𝑧𝑖 +
𝜕𝑤𝑖

𝜕𝑥𝑖

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎨

⎪

⎩

𝜕𝑢𝑖0
𝜕𝑥𝑖 − 𝑧𝑖 𝜕𝜙𝑖

𝜕𝑥𝑖

𝜕𝑤𝑖
0

𝜕𝑥𝑖 − 𝜙𝑖

⎫

⎪

⎬

⎪

⎭

(3)

and the strains in the core are given as,

{𝜖𝑐} =

⎧

⎪

⎨

⎪

⎩

𝜖𝑐𝑥𝑥
𝜖𝑐𝑧𝑧
𝛾𝑐𝑥𝑧

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎨

⎪

⎩

𝜕𝑢𝑐

𝜕𝑥𝑐
𝜕𝑤𝑐

𝜕𝑥𝑐
𝜕𝑢𝑐

𝜕𝑧𝑐 + 𝜕𝑤𝑐

𝜕𝑥𝑐

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕𝑢𝑐0
𝜕𝑥𝑐 + 𝑧𝑐

𝜕𝑢𝑐1
𝜕𝑥𝑐 + 𝑧𝑐2

𝜕𝑢𝑐2
𝜕𝑥𝑐 + 𝑧𝑐3

𝜕𝑢𝑐3
𝜕𝑥𝑐

𝑤𝑐
1 + 2𝑧𝑐𝑤𝑐

2

𝑢𝑐1 + 2𝑧𝑐𝑢𝑐2 + 3𝑧𝑐2𝑢𝑐3 +
𝜕𝑤𝑐

0
𝜕𝑥𝑐 + 𝑧𝑐

𝜕𝑤𝑐
1

𝜕𝑥𝑐 + 𝑧𝑐2
𝜕𝑤𝑐

2
𝜕𝑥𝑐

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(4)

The constitutive relations for the face sheets are given as,
{

𝜎𝑖𝑥𝑥
𝜏𝑖𝑥𝑧

}

=
[

𝑄̄𝑖
11 0
0 𝑄̄𝑖

55

]{

𝜖𝑖𝑥𝑥
𝛾 𝑖𝑥𝑧

}

(5)

where, the components 𝑄̄𝑖
𝑖𝑗 are the inverse of the compliance ma-

trix [17] and the constitutive relation for the core is given as,

⎧

⎪

⎨

⎪

⎩

𝜎𝑐𝑥𝑥
𝜎𝑐𝑧𝑧
𝜏𝑐𝑥𝑧

⎫

⎪

⎬

⎪

⎭

=

⎡

⎢

⎢

⎢

⎣

𝐸𝑐

1−𝜈𝑐2
𝜈𝑐𝐸𝑐

1−𝜈𝑐2
0

𝜈𝑐𝐸𝑐

1−𝜈𝑐2
𝐸𝑐

1−𝜈𝑐2
0

0 0 𝐺𝑐

⎤

⎥

⎥

⎥

⎦

⎧

⎪

⎨

⎪

⎩

𝜖𝑐𝑥𝑥
𝜖𝑐𝑧𝑧
𝛾𝑐𝑥𝑧

⎫

⎪

⎬

⎪

⎭

(6)

where, 𝐸𝑐 , 𝐺𝑐 , 𝜈𝑐 are the Young’s modulus, the rigidity modulus and
Poisson’s ratio of the core.
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Fig. 1. Sandwich beam configuration.
Fig. 2. Traction-Displacement.
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2.2. Interfacial traction-displacement gap laws

The respective displacement gaps between the two interfaces, the
normal (separation) displacement gap and the tangential (slip) dis-
placement gap between the core to top face sheet (denoted as ‘𝑐𝑡’) and
ore to bottom face sheet (denoted as ‘𝑐𝑏’) are given as,

Core to top face sheet:
𝑐𝑡
𝑤 = 𝑤𝑐

0 − ℎ𝑐𝑤𝑐
1 + ℎ𝑐

2
𝑤𝑐

2 −𝑤𝑡
0 (7a)

𝑐𝑡
𝑢 = 𝑢𝑐0 − ℎ𝑐𝑢𝑐1 + ℎ𝑐

2
𝑢𝑐2 − ℎ𝑐

3
𝑢𝑐3 − 𝑢𝑡0 +

1
2
𝑓 𝑡𝜙𝑡 (7b)

ore to bottom face sheet:
𝑐𝑏
𝑤 = 𝑤𝑏

0 −𝑤𝑐
0 − ℎ𝑐𝑤𝑐

1 − ℎ𝑐
2
𝑤𝑐

2 (8a)

𝛥𝑐𝑏
𝑢 = 𝑢𝑏0 +

1
2
𝑓 𝑏𝜙𝑏 − 𝑢𝑐0 − ℎ𝑐𝑢𝑐1 − ℎ𝑐

2
𝑢𝑐2 − ℎ𝑐

3
𝑢𝑐3 (8b)

here, 𝛥 is the differential gap at the respective interfaces. The linear
ecoupled traction-displacement gap laws are given as,
𝑗
𝑤(𝑥, 𝑡) = 𝐾𝑗

𝑤 𝛥𝑗
𝑤(𝑥, 𝑡) (9a)

𝑗
𝑢 (𝑥, 𝑡) = 𝐾𝑗

𝑢 𝛥𝑗
𝑢(𝑥, 𝑡) (9b)

here, ‘𝑗’ = ‘𝑐𝑡’, ‘𝑐𝑏’ for the core-top face sheet, core-bottom face sheet
nterface respectively. 𝐾𝑗

𝑤 and 𝐾𝑗
𝑢 are the normal and tangential spring

tiffness. To simulate disbond the value of 𝐾𝑗
𝑤 or 𝐾𝑗

𝑢 is taken as zero.
Alternatively, to simulate a perfect bond (healthy/pristine panel) a very
high value for 𝐾𝑗

𝑤 and 𝐾𝑗
𝑢 is used to achieve the pseudo-compatibility

ondition, similar to the penalty method. In addition, these laws can
3

be introduced in the model as a non-linear model [18] reflecting the
coupled effect of the slip and separation, describing the nucleation and
evolution of the failure mechanism.

2.3. Equations of motion

The governing differential equations (GDEs) are obtained by apply-
ing the Hamilton’s principle,

𝛿 ∫

𝑡2

𝑡1

(

𝑈𝑒 + 𝑉𝑒 − 𝑇𝑒
)

𝑑𝑡 = 0, (10)

here, 𝑈𝑒 is the strain energy, 𝑉𝑒 is the potential energy due to applied
oading and 𝑇𝑒 is the kinetic energy of the sandwich beam.

The first variation of the strain energy is given as,

𝑈𝑒 = ∫𝑉 𝑡

(

𝜎𝑡𝑥𝑥𝛿𝜖
𝑡
𝑥𝑥 + 𝜏𝑡𝑥𝑧𝛿𝛾

𝑡
𝑥𝑧
)

𝑑𝑉 𝑡 + ∫𝑉 𝑏

(

𝜎𝑏𝑥𝑥𝛿𝜖
𝑏
𝑥𝑥 + 𝜏𝑏𝑥𝑧𝛿𝛾

𝑏
𝑥𝑧
)

𝑑𝑉 𝑏

+ ∫𝑉 𝑐

(

𝜎𝑐𝑥𝑥𝛿𝜖
𝑐
𝑥𝑥 + 𝜎𝑐𝑧𝑧𝛿𝜖

𝑐
𝑧𝑧 + 𝜏𝑐𝑥𝑧𝛿𝛾

𝑐
𝑥𝑧
)

𝑑𝑉 𝑐

+ ∫𝐴𝑐𝑡

(

𝑇 𝑐𝑡
𝑢 𝛿𝛥𝑐𝑡

𝑢 + 𝑇 𝑐𝑡
𝑤 𝛿𝛥𝑐𝑡

𝑤
)

𝑑𝐴𝑐𝑡 + ∫𝐴𝑐𝑏

(

𝑇 𝑐𝑏
𝑢 𝛿𝛥𝑐𝑏

𝑢 + 𝑇 𝑐𝑏
𝑤 𝛿𝛥𝑐𝑏

𝑤
)

𝑑𝐴𝑐𝑏

(11a)

where, 𝜎𝑥𝑥 and 𝜖𝑥𝑥 are the longitudinal normal stresses and strains
respectively, 𝜏𝑥𝑧 and 𝛾𝑥𝑧 are the transverse shear stress and shear strains
respectively, 𝜎𝑧𝑧 and 𝜖𝑧𝑧 are the vertical normal stresses and strains
respectively, 𝑑𝑉 𝑖 = 𝑏 𝑑𝑥 𝑑𝑧 is the infinitesimal volume segment, 𝑏 is
the width of the panel, 𝑑𝐴𝑗 = 𝑏 𝑑𝑥 is the infinitesimal area segment of
each face-core interface (𝑗 = ‘𝑐𝑡’, represents core-top face sheet interface
and ‘𝑐𝑏’, represents core-bottom face sheet interface), 𝑇 and 𝑇 are the
𝑢 𝑤
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tangential and normal interfacial traction respectively, at the face-core
interface, 𝛥𝑢 and 𝛥𝑤 are the tangential (sliding) and normal (opening)
gaps respectively and superscripts ‘𝑡’, ‘𝑏’ & ‘𝑐’ representing the top face
heet, the bottom face sheet and the core respectively.

The first variation of the external loads is given as,

𝑉𝑒 = − ∫

𝐿

0

(

𝑛𝑡𝛿𝑢𝑡0 + 𝑞𝑡𝛿𝑤𝑡
0
)

𝑑𝑥

−
𝑁𝐶
∑

𝑘=1
∫

𝐿

0

(

𝑃 𝑡
𝑘𝛿𝑤

𝑡 +𝑁 𝑡
𝑘𝛿𝑢

𝑡
0 +𝑀 𝑡

𝑘𝛿𝜙
𝑡) 𝛿𝐷(𝑥 − 𝑥𝑘) 𝑑𝑥

(11b)

where ‘𝑛’ represents distributed in-plane force, ‘𝑞’ the distributed trans-
verse force, ‘𝑁𝑘’ the concentrated axial force, ‘𝑃𝑘’ the concentrated
shear force, ‘𝑀𝑘’ the concentrated end moments at 𝑥 = 𝑥𝑘, 𝛿𝐷 is
the Dirac delta function, ‘𝑁𝐶 ’ is the number of concentrated loads and
moments.

The first variation of the kinetic energy is given as,

𝛿𝑇𝑒 = ∫

𝑉 𝑡

0
𝜌𝑡(𝑢̇𝑡𝛿𝑢̇𝑡 + 𝑤̇𝑡𝛿𝑤̇𝑡) 𝑑𝑉 𝑡 + ∫

𝑉 𝑐

0
𝜌𝑐 (𝑢̇𝑐𝛿𝑢̇𝑐 + 𝑤̇𝑐𝛿𝑤̇𝑐 ) 𝑑𝑉 𝑐

+ ∫

𝑉 𝑏

0
𝜌𝑏(𝑢̇𝑏𝛿𝑢̇𝑏 + 𝑤̇𝑏𝛿𝑤̇𝑏) 𝑑𝑉 𝑏

(11c)

where, (.) represents time derivative and ‘𝜌’ denotes the density.
Expressing the stress resultants in the face sheets as,

𝑁 𝑖
𝑥𝑥 = ∫𝐴𝑖

𝜎𝑖𝑥𝑥 𝑑𝐴𝑖 = 𝑏 𝐴𝑖
11

𝜕𝑢𝑖0
𝜕𝑥

(12a)

𝑖
𝑥𝑥 = ∫𝐴𝑖

𝜎𝑖𝑥𝑥 𝑧𝑖 𝑑𝐴𝑖 = −𝑏 𝐷𝑖
11

𝜕𝜙𝑖

𝜕𝑥
(12b)

𝑉 𝑖
𝑥𝑧 = ∫𝐴𝑖

𝜏 𝑖𝑥𝑧 𝑑𝐴
𝑖 = 𝑏 𝐴𝑖

55

(

𝜕𝑤𝑖

𝜕𝑥
− 𝜙𝑖

)

(12c)

here, 𝑁 𝑖
𝑥𝑥, 𝑀 𝑖

𝑥𝑥 and 𝑉 𝑖
𝑥𝑧 (for 𝑖 = 𝑡 representing top face sheet, 𝑏

epresenting bottom face sheet) are the in-plane, bending moment and
hear stress resultants. 𝐴𝑖

11, 𝐷
𝑖
11 and 𝐴𝑖

55 are the extensional, bending
and shear stiffness respectively. Expressing the inertia terms as,

𝑚𝑡 = 𝜌𝑡𝑏𝑓 𝑡, 𝐼 𝑡𝑚 = 1
12

𝜌𝑡𝑏𝑓 𝑡3 , m𝑏 = 𝜌𝑏𝑏𝑓 𝑏, 𝐼𝑏𝑚 = 1
12

𝜌𝑏𝑏𝑓 𝑏3 ,

𝑚𝑐 = 2𝜌𝑐𝑏ℎ𝑐 , 𝐼𝑐𝑚 = 2
3
𝜌𝑐𝑏ℎ𝑐

3
, 𝐽 𝑐

𝑚 = 2
5
𝜌𝑐𝑏ℎ𝑐

5
, 𝐾𝑐

𝑚 = 2
7
𝜌𝑐𝑏ℎ𝑐

7
,

(13)

he thirteen governing differential equations (GDEs) of motion ob-
ained are expressed with inertia terms and stress resultants as,

𝛿𝑢𝑡0 ∶ − 𝑚𝑡 𝑢0
𝑡 + 𝑏 𝑇 𝑐𝑡

𝑢 + 𝑁 𝑡
𝑥𝑥,𝑥 + 𝑛𝑡 = 0 (14a)

𝑤𝑡
0 ∶ − 𝑚𝑡 𝑤̈0

𝑡 + 𝑏 𝑇 𝑐𝑡
𝑤 + 𝑉 𝑡

𝑥𝑧,𝑥 + 𝑞𝑡 = 0 (14b)

𝛿𝜙𝑡 ∶ 𝐼 𝑡𝑚 𝜙̈𝑡 + 1
2
𝑏 𝑓 𝑡 𝑇 𝑐𝑡

𝑢 + 𝑀 𝑡
𝑥𝑥,𝑥 − 𝑉 𝑡

𝑥𝑧,𝑥 = 0 (14c)

𝛿𝑢𝑏0 ∶ − 𝑚𝑏 𝑢0
𝑏 − 𝑏 𝑇 𝑐𝑏

𝑢 + 𝑁𝑏
𝑥𝑥,𝑥 = 0 (14d)

𝛿𝑤𝑏
0 ∶ − 𝑚𝑏 𝑤̈0

𝑏 + 𝑏 𝑇 𝑐𝑏
𝑤 + 𝑉 𝑏

𝑥𝑧,𝑥 = 0 (14e)

𝛿𝜙𝑏 ∶ 𝐼𝑏𝑚 𝜙̈𝑏 + 1
2
𝑏 𝑓 𝑏 𝑇 𝑐𝑏

𝑢 + 𝑀𝑏
𝑥𝑥,𝑥 − 𝑉 𝑏

𝑥𝑧,𝑥 = 0 (14f)

𝛿𝑢𝑐0 ∶ − 𝑚𝑐 𝑢0
𝑐 − 𝐼𝑐𝑚 𝑢2

𝑐 + 𝑏 𝑇 𝑐𝑡
𝑢 + 𝑏 𝑇 𝑐𝑏

𝑢 + 𝑁𝑐
𝑥𝑥,𝑥 = 0 (14g)

𝑤𝑐
0 ∶ − 𝑚𝑐 𝑤̈0

𝑐 − 𝐼𝑐𝑚 𝑤̈2
𝑐 − 𝑏 𝑇 𝑐𝑡

𝑤 + 𝑏 𝑇 𝑐𝑏
𝑤 + 𝑉 𝑐

𝑥𝑧,𝑥 = 0 (14h)

𝑢𝑐1 ∶ − 𝐼𝑐𝑚 𝑢1
𝑐 − 𝐽 𝑐

𝑚 𝑢3
𝑐 + 𝑏 ℎ𝑐 𝑇 𝑐𝑡

𝑢 + 𝑏 ℎ𝑐 𝑇 𝑐𝑏
𝑢

+ 𝑀𝑐
𝑥𝑥,𝑥 − 𝑉 𝑐

𝑥𝑧,𝑥 = 0
(14i)

𝑢𝑐2 ∶ − 𝐼𝑐𝑚 𝑢0
𝑐 − 𝐽 𝑐

𝑚 𝑢2
𝑐 − 𝑏 ℎ𝑐

2
𝑇 𝑐𝑡
𝑢 + 𝑏 ℎ𝑐

2
𝑇 𝑐𝑏
𝑢 + 𝑀𝑐

𝑥𝑥2,𝑥

− 2 𝑉 𝑐
𝑥𝑧1,𝑥 = 0

(14j)

𝑢𝑐3 ∶ − 𝐽 𝑐
𝑚 𝑢1

𝑐 − 𝐾𝑐
𝑚 𝑢3

𝑐 + 𝑏 ℎ𝑐
3
𝑇 𝑐𝑡
𝑢 + 𝑏 ℎ𝑐

3
𝑇 𝑐𝑏
𝑢

+ 𝑀𝑐
𝑥𝑥3,𝑥 − 3 𝑉 𝑐

𝑥𝑧2,𝑥 = 0
(14k)

𝛿𝑤𝑐 ∶ −𝐼𝑐 𝑤̈ 𝑐 + 𝑏 ℎ𝑐 𝑇 𝑐𝑡 + 𝑏 ℎ𝑐 𝑇 𝑐𝑏 + 𝑉 𝑐 − 𝑅𝑐 = 0 (14l)
1 𝑚 1 𝑤 𝑤 𝑥𝑧1,𝑥 𝑧𝑧,𝑥

4

𝛿𝑤𝑐
2 ∶ − 𝐼𝑐𝑚 𝑤̈0

𝑐 − 𝐽 𝑐
𝑚 𝑤̈2

𝑐 − 𝑏 ℎ𝑐
2
𝑇 𝑐𝑡
𝑤 + 𝑏 ℎ𝑐

2
𝑇 𝑐𝑏
𝑤 + 𝑉 𝑐

𝑥𝑧2,𝑥

− 2 𝑀𝑐
𝑧𝑧,𝑥 = 0

(14m)

where, ‘𝑓,𝑥’ denotes a derivative of 𝑓 (𝑥) with respect to 𝑥 and the stress
resultants for the core given as,

𝑁𝑐
𝑥𝑥 = ∫𝐴𝑐

𝜎𝑐𝑥𝑥𝑑𝐴
𝑐

= 𝑏 𝐸𝑐

(1 − 𝜈𝑐2 )

(

2
3
ℎ𝑐

3 𝜕𝑢𝑐2
𝜕𝑥

+ 2ℎ𝑐
𝜕𝑢𝑐0
𝜕𝑥

+ 2𝜈𝑐ℎ𝑐
𝜕𝑤𝑐

1
𝜕𝑥

) (15a)

𝑀𝑐
𝑥𝑥 = ∫𝐴𝑐

𝑧𝑐𝜎𝑐𝑥𝑥𝑑𝐴
𝑐

= 𝑏 𝐸𝑐

(1 − 𝜈𝑐2 )

(

2
5
ℎ𝑐

5 𝜕𝑢𝑐3
𝜕𝑥

+ 2
3
ℎ𝑐

3 𝜕𝑢𝑐1
𝜕𝑥

+ 4
3
𝜈𝑐ℎ𝑐

3 𝜕𝑤𝑐
2

𝜕𝑥

) (15b)

𝑀𝑐
𝑥𝑥2 = ∫𝐴𝑐

𝑧𝑐
2
𝜎𝑐𝑥𝑥𝑑𝐴

𝑐

= 𝑏 𝐸𝑐

(1 − 𝜈𝑐2 )

(

2
5
ℎ𝑐

5 𝜕𝑢𝑐2
𝜕𝑥

+ 2
3
ℎ𝑐

3 𝜕𝑢𝑐0
𝜕𝑥

+ 2
3
𝜈𝑐ℎ𝑐

3 𝜕𝑤𝑐
1

𝜕𝑥

) (15c)

𝑀𝑐
𝑥𝑥3 = ∫𝐴𝑐

𝑧𝑐
3
𝜎𝑐𝑥𝑥𝑑𝐴

𝑐

= 𝑏 𝐸𝑐

(1 − 𝜈𝑐2 )

(

2
7
ℎ𝑐

7 𝜕𝑢𝑐3
𝜕𝑥

+ 2
5
ℎ𝑐

5 𝜕𝑢𝑐1
𝜕𝑥

+ 4
5
𝜈𝑐ℎ𝑐

5 𝜕𝑤𝑐
2

𝜕𝑥

) (15d)

𝑉 𝑐
𝑥𝑧 = ∫𝐴𝑐

𝜏𝑐𝑥𝑧𝑑𝐴
𝑐

= 𝑏 𝐺𝑐
(

2ℎ𝑐
3
𝑢𝑐3 +

2
3
ℎ𝑐

3 𝜕𝑤𝑐
2

𝜕𝑥
+ 2ℎ𝑐𝑢𝑐1 + 2ℎ𝑐

𝜕𝑤𝑐
0

𝜕𝑥

) (15e)

𝑉 𝑐
𝑥𝑧1 = ∫𝐴𝑐

𝑧𝑐𝜏𝑐𝑥𝑧𝑑𝐴
𝑐

= 𝑏 𝐺𝑐
(

4
3
ℎ𝑐

3
𝑢𝑐2 +

2
3
ℎ𝑐

3 𝜕𝑤𝑐
1

𝜕𝑥

) (15f)

𝑐
𝑥𝑧2 = ∫𝐴𝑐

𝑧𝑐
2
𝜏𝑐𝑥𝑧𝑑𝐴

𝑐

= 𝑏 𝐺𝑐
(

6
5
ℎ𝑐

5
𝑢𝑐3 +

2
5
ℎ𝑐

5 𝜕𝑤𝑐
2

𝜕𝑥
+ 2

3
ℎ𝑐

3
𝑢𝑐1 +

2
3
ℎ𝑐

3 𝜕𝑤𝑐
0

𝜕𝑥

) (15g)

𝑅𝑐
𝑧𝑧 = ∫𝐴𝑐

𝜎𝑐𝑧𝑧𝑑𝐴
𝑐

= 𝑏 𝐸𝑐

(1 − 𝜈𝑐2 )

(

2
3
𝜈𝑐ℎ𝑐

3 𝜕𝑢𝑐2
𝜕𝑥

+ 2𝜈𝑐ℎ𝑐
𝜕𝑢𝑐0
𝜕𝑥

+ 2ℎ𝑐
𝜕𝑤𝑐

1
𝜕𝑥

) (15h)

𝑀𝑐
𝑧𝑧 = 𝑧𝑐 ∫𝐴𝑐

𝜎𝑐𝑧𝑧𝑑𝐴
𝑐

= 𝑏 𝐸𝑐

(1 − 𝜈𝑐2 )

(

2
5
𝜈𝑐ℎ𝑐

5 𝜕𝑢𝑐3
𝜕𝑥

+ 2
3
𝜈𝑐ℎ𝑐

3 𝜕𝑢𝑐1
𝜕𝑥

+ 4
3
ℎ𝑐

3 𝜕𝑤𝑐
2

𝜕𝑥

) (15i)

here, 𝑁𝑐
𝑥𝑥, 𝑀𝑐

𝑥𝑥 and 𝑉 𝑐
𝑥𝑥 are the in-plane, bending moment and shear

tress resultants respectively; 𝑀𝑐
𝑥𝑥2, 𝑀

𝑐
𝑥𝑥3, 𝑉

𝑐
𝑥𝑧1, 𝑉

𝑐
𝑥𝑧2, 𝑅

𝑐
𝑧𝑧 and 𝑀𝑐

𝑧𝑧 are
he high order mathematical stress resultants.

The thirteen boundary conditions at 𝑥𝐵 = 0 or 𝐿 are specified as,

ither: 𝑢𝑡0(𝑥𝐵) = ̄̄𝑢𝑡0(𝑥𝐵) or 𝛼𝑁 𝑡
𝑥𝑥(𝑥𝐵) +𝑁 𝑡

𝑥𝐵
= 0 (16a)

ither: 𝑤𝑡
0(𝑥𝐵) = ̄̄𝑤𝑡

0(𝑥𝐵) or 𝛼𝑉 𝑡
𝑥𝑧(𝑥𝐵) + 𝑃 𝑡

𝑥𝐵
= 0 (16b)

ither: 𝜙𝑡(𝑥𝐵) = ̄̄𝜙𝑡(𝑥𝐵) or 𝛼𝑀 𝑡
𝑥𝑥(𝑥𝐵) +𝑀 𝑡

𝑥𝐵
= 0 (16c)

ither: 𝑢𝑏0(𝑥𝐵) = ̄̄𝑢𝑏0(𝑥𝐵) or 𝛼𝑁𝑏
𝑥𝑥(𝑥𝐵) = 0 (16d)

ither: 𝑤𝑏
0(𝑥𝐵) = ̄̄𝑤𝑡

0(𝑥𝐵) or 𝛼𝑉 𝑏
𝑥𝑧(𝑥𝐵) = 0 (16e)

ither: 𝜙𝑏(𝑥𝐵) = ̄̄𝜙𝑡(𝑥𝐵) or 𝛼𝑀𝑏
𝑥𝑥(𝑥𝐵) = 0 (16f)

ither: 𝑢𝑐0(𝑥𝐵) = ̄̄𝑢𝑐0(𝑥𝐵) or 𝛼𝑁𝑐
𝑥𝑥(𝑥𝐵) = 0 (16g)

ither: 𝑤𝑐
0(𝑥𝐵) = ̄̄𝑤𝑐

0(𝑥𝐵) or 𝛼𝑉 𝑐
𝑥𝑧(𝑥𝐵) = 0 (16h)

ither: 𝑢𝑐1(𝑥𝐵) = ̄̄𝑢𝑐1(𝑥𝐵) or 𝛼𝑀𝑐
𝑥𝑥(𝑥𝐵) = 0 (16i)

ither: 𝑢𝑐2(𝑥𝐵) = ̄̄𝑢𝑐2(𝑥𝐵) or 𝛼𝑀𝑐
𝑥𝑥2(𝑥𝐵) = 0 (16j)

ither: 𝑢𝑐 (𝑥 ) = ̄̄𝑢𝑐 (𝑥 ) or 𝛼𝑀𝑐 (𝑥 ) = 0 (16k)
3 𝐵 3 𝐵 𝑥𝑥3 𝐵
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{

Either: 𝑤𝑐
1(𝑥𝐵) = ̄̄𝑤𝑐

1(𝑥𝐵) or 𝛼𝑉 𝑐
𝑥𝑧1(𝑥𝐵) = 0 (16l)

Either: 𝑤𝑐
2(𝑥𝐵) = ̄̄𝑤𝑐

2(𝑥𝐵) or 𝛼𝑉 𝑐
𝑥𝑧2(𝑥𝐵) = 0 (16m)

where, 𝛼 = 1 for 𝑥𝐵 = 0 and 𝛼 = −1 for 𝑥𝐵 = 𝐿; 𝑁 𝑡
𝑥𝐵

, 𝑃 𝑡
𝑥𝐵

, 𝑀 𝑡
𝑥𝐵

are
external loads applied on the top face sheet at 𝑥 = 𝑥𝐵 and the double
over-bar designate prescribed displacements.

2.4. Solution of the equations of motion

To solve the partial GDEs, the transformation of time dependence is
made using the Laplace transform applied to the field variables as,

{𝐔} = 

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑢𝑡0(𝑥, 𝑡)

𝑤𝑡
0(𝑥, 𝑡)

𝜙𝑡(𝑥, 𝑡)

𝑢𝑏0(𝑥, 𝑡)

𝑤𝑏
0(𝑥, 𝑡)

𝜙𝑏(𝑥, 𝑡)

𝑢𝑐0(𝑥, 𝑡)

𝑤𝑐
0(𝑥, 𝑡)

𝑢𝑐1(𝑥, 𝑡)

𝑢𝑐2(𝑥, 𝑡)

𝑢𝑐3(𝑥, 𝑡)

𝑤𝑐
1(𝑥, 𝑡)

𝑤𝑐
2(𝑥, 𝑡)

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑢̄𝑡0(𝑥, 𝑠)

𝑤̄𝑡
0(𝑥, 𝑠)

𝜙̄𝑡(𝑥, 𝑠)

𝑢̄𝑏0(𝑥, 𝑠)

𝑤̄𝑏
0(𝑥, 𝑠)

𝜙̄𝑏(𝑥, 𝑠)

𝑢̄𝑐0(𝑥, 𝑠)

𝑤̄𝑐
0(𝑥, 𝑠)

𝑢̄𝑐1(𝑥, 𝑠)

𝑢̄𝑐2(𝑥, 𝑠)

𝑢̄𝑐3(𝑥, 𝑠)

𝑤̄𝑐
1(𝑥, 𝑠)

𝑤̄𝑐
2(𝑥, 𝑠)

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(17)

where, 𝑠 = 𝜎+𝑖 𝜔, ‘𝑠’ is Laplace variable, ‘𝜔’ is the angular frequency, ‘𝑖’
being the imaginary number and 𝜎 = 2 𝜋

𝜔 is the real part of the Laplace
variable [19]. For example, the GDE Eq. (14a), expressed in terms of
displacement function is transformed as,
(

−𝑚𝑡 𝑠2 − 𝑏 𝐾 𝑡
𝑤 + 𝑏 𝐴𝑡

11
𝜕
𝜕𝑥

)

𝑢̄𝑡0 + 𝑏 𝐾 𝑡
𝑤 𝑢̄𝑐0 − 𝑏 𝐾 𝑡

𝑤ℎ
𝑐 𝑢̄𝑐1

+ 𝑏 𝐾 𝑡
𝑤 ℎ𝑐

2
𝑢̄𝑐2 − 𝑏 𝐾 𝑡

𝑤 ℎ𝑐
3
𝑢̄𝑐3 +

𝑏 𝐾 𝑡
𝑤

2
ℎ𝑐 𝜙̄𝑡 = 0

(18)

ll the remaining 12 partial GDEs are thus transformed to ordinary
ifferential equations (ODEs) in terms of ‘𝑥’ dependence. Thus, the 13
imultaneous ODEs obtained are solved by assuming the solution to be
f the form 𝑢̄𝑡0(𝑥, 𝑠) = 𝑢̂𝑡0(𝑠) 𝑒

−𝑖 𝑘 𝑥 where, ‘𝑘’ is the wavenumber and ‘𝑖’
s the imaginary number. The solutions are assumed similarly to other
ariables of Eq. (17).

Substituting these in the above GDEs (Eqs. (14a)–(14m)) and ex-
ressing them in matrix form results to,

𝑊 ](13×13) {𝐔̂} = 0 (19)

here, {𝐔̂} is given as,

𝐔̂} =
{

𝑢̂𝑡0(𝑠), 𝑤̂
𝑡
0(𝑠), 𝜙̂

𝑡(𝑠), 𝑢̂𝑏0(𝑠), 𝑤̂
𝑏
0(𝑠), 𝜙̂

𝑏(𝑠),

𝑢̂𝑐0(𝑠), 𝑤̂
𝑐
0(𝑠), 𝑢̂

𝑐
1(𝑠), 𝑢̂

𝑐
2(𝑠), 𝑢̂

𝑐
3(𝑠), 𝑤̂

𝑐
1(𝑠), 𝑤̂

𝑐
2(𝑠)

}𝑇 (20)

and [𝑊 ] is (13 × 13) wave matrix. The elements of each row of [𝑊 ]
are given in Appendix.

The solution to the field variables, {𝐔} are obtained by first expand-
ing the determinant of [𝑊 ] into polynomial form as,

𝑘26 𝑎13+𝑘24 𝑎12 + 𝑘22 𝑎11 + 𝑘20 𝑎10 + 𝑘18 𝑎9 + 𝑘16 𝑎8 + 𝑘14 𝑎7+

𝑘12 𝑎6 + 𝑘10 𝑎5 + 𝑘8 𝑎4 + 𝑘6 𝑎3 + 𝑘4 𝑎2 + 𝑘2 𝑎1 + 𝑎0 = 0
(21)

where, the coefficients 𝑎0 ⋯ 𝑎13 are comprised of frequency and mate-
rial properties. By change of variables say, 𝑟 = 𝑘2, the above equation
is solved for the thirteenth order polynomial. In order to compute
the roots of this polynomial, it is posed as an eigenvalue problem by
forming the companion matrix. The eigenvalues of this matrix are the
roots of the polynomial and are computed using the QR algorithm,
resulting to 13 roots as 𝑟 , (𝑖 = 1, 2,… , 13). The wavenumbers are
𝑖

5

obtained as 𝑘𝑖 = +
√

𝑟𝑖, 𝑘𝑗 = −
√

𝑟𝑖 where, 𝑖 = 1, 2, 3,… , 13 and 𝑗 =
14, 15, 16,… , 26. Later, using the 26 wavenumbers, the corresponding
26 eigenvectors are obtained from Eq. (19) and are arranged in the
amplitude ratio matrix, 𝐑 as column vectors. The exact interpolation
function is obtained as,

{𝐔} = [𝐑] [𝛩]{𝐚} (22)

where, {𝐚} is the unknown coefficients vector of size 26 × 1 given as,

{𝐚} ={𝐶1, 𝐶2, 𝐶3, 𝐶4, 𝐶5, 𝐶6, 𝐶7, 𝐶8, 𝐶9, 𝐶10, 𝐶11,

𝐶12, 𝐶13, 𝐶14, 𝐶15, 𝐶16, 𝐶17, 𝐶18, 𝐶19, 𝐶20, 𝐶21,

𝐶22, 𝐶23, 𝐶24, 𝐶25, 𝐶26}
𝑇

(23)

𝛩 is a diagonal matrix of size 26 × 26 containing exponential terms,

[𝛩][26 × 26] =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑒−𝑖 𝑘1𝑥 0 ⋯ ⋯ 0
0 𝑒−𝑖 𝑘2𝑥 ⋯ ⋯ 0
⋅ ⋅ ⋯ ⋯ ⋅
⋅ ⋯ ⋅ ⋯ ⋅
⋅ ⋯ ⋯ 𝑒−𝑖 𝑘25𝑥 ⋅
0 ⋯ 0 ⋯ 𝑒−𝑖 𝑘26𝑥

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

and 𝐑 is the amplitude ratio matrix of size 13 × 26,

[𝐑][13 × 26] =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑅1,1 𝑅1,2 ⋯ ⋯ 𝑅1,26
𝑅2,1 𝑅2,2 ⋯ ⋯ 𝑅2,26
⋯ ⋯ ⋯ ⋯ ⋯
⋯ ⋯ ⋯ ⋯ ⋯

𝑅13,1 𝑅13,2 ⋯ ⋯ 𝑅13,26

⎤

⎥

⎥

⎥

⎥

⎥

⎦

Similarly, the force boundary conditions are transformed using
the Laplace transform and the force boundary condition equations
(Eqs. (16a)–(16m)) are expressed in matrix form as,

{𝐟}[13 × 1] =
[(

𝑓 (𝑘, 𝑠)
)]

[13 × 13]

[

𝐑
]

[13 × 26]

[

𝛩
]

[26 × 26]

{

𝐚
}

[26 × 1]
(24)

Denoting the displacement field vector, {𝐔} and the force vector, {𝐟}
at node-1 and node-2 with subscripts 1 and 2 the final form of the
force–displacement equation is obtained as,

{𝐮̂} =
{

𝐔𝟏(𝐱=𝟎)
𝐔𝟐(𝐱=𝐋)

}

= [𝐓𝟏]{𝐚}

{

𝐅̂
}

=
{

𝐟𝟏(𝐱=𝟎)
−𝐟𝟐(𝐱=𝐋)

}

= [𝐓𝟐]{𝐚}

{

𝐅̂
}

26×1
= [𝐓𝟐] [𝐓𝟏]−1 {𝐮̂} = [𝐊]26×26 {𝐮̂}26×1 (25)

where, [𝐊]26×26 is the exact dynamic stiffness matrix of the element.
From the above equations, the displacement field variables are obtained
in the Laplace domain which are transformed back to the spatial-time
domain by the inverse transform.

3. Material properties

This section provides the material properties of three different
materials that are used here in the examples that follow. The isotropic
material considered here is Aluminium and the material properties
taken are,
𝐸𝑠 = 70 × 109 N∕m2, 𝜈 = 0.3, 𝐺𝑠 =

𝐸𝑠
2(1+𝜈) and 𝜌𝑠 = 2800 kg∕m3,

where, 𝐸𝑠 is the elasticity modulus, 𝜈 is the Poisson’s ratio, 𝐺𝑠 is the
rigidity modulus and 𝜌𝑠 is the density of aluminium.

Bi-directional CFRP fabric (43090/M18) is considered for the face
sheets of the honeycomb sandwich panels and the tested material
properties as given in [20] are,
𝐸𝑐𝑓𝑟𝑝
11 = 146.3 × 109 N∕m2, 𝐺𝑐𝑓𝑟𝑝

13 = 4.1 × 109 N∕m2, 𝜈𝑐𝑓𝑟𝑝 = 0.03 and
𝜌𝑐𝑓𝑟𝑝 = 1660 kg∕m3,
where, the superscript ‘𝑐𝑓𝑟𝑝’ denotes the properties of composite face
sheets. The honeycomb cells of the core considered here are the regular
hexagonal type and the formulae for calculating the material properties
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Fig. 3. Group velocity in Aluminium beam.

f the core as presented in [21], is based on the theory that the primary
ode of deformation of cellular materials originate from cell wall

ending, which agree well with experimental results.
𝑒𝑛𝑠𝑖𝑡𝑦𝑜𝑓𝑡ℎ𝑒𝑐𝑜𝑟𝑒, 𝜌𝑐 = 𝜌𝑠

(

2
√

3

)

(

𝑡𝑤
𝑙𝑤

)

,

𝑜𝑢𝑛𝑔′𝑠𝑚𝑜𝑑𝑢𝑙𝑢𝑠, 𝐸𝑐
11 = 2.3

(

𝑡𝑤
𝑙𝑤

)3
𝐸𝑠, 𝐸𝑐

33 =
(

𝑡𝑤
𝑙𝑤

)

𝐸𝑠,

𝑅𝑖𝑔𝑖𝑑𝑖𝑡𝑦𝑀𝑜𝑑𝑢𝑙𝑢𝑠, 𝐺𝑐
13 = 0.577

(

𝑡𝑤
𝑙𝑤

)

𝐺𝑠,
𝑃𝑜𝑖𝑠𝑠𝑜𝑛′𝑠𝑟𝑎𝑡𝑖𝑜, 𝜈𝑐13 =

𝐸11
𝐸33

𝜈𝑠.
where subscript ‘𝑠’ indicates the base material. Here, considering the
Aluminium regular hexagonal core with cell wall thickness 𝑡𝑤 =
0.0178 × 10−3 m and cell size 4.763 × 10−3 m, the material properties
are obtained as,
𝐸𝑐
11 = 4.0313×104 N∕m2, 𝐸𝑐

33 = 5.2054×108 N∕m2, 𝐺𝑐
13 = 1.00×108 N∕m2,

𝑐 = 2.67 × 10−5 ≈ 0.0 and 𝜌𝑐 = 20.91 kg∕m3. where, the superscript ‘𝑐’
enotes the properties of core.

. Wave propagation characteristics

Wave propagation characteristics are studied using the spectrum
nd dispersion relations which are necessary to determine the nature of
aves propagating in a medium. In the spectrum relation the wavenum-
ers are plotted against the frequency and in the dispersion relation the
hase speed and group speed are plotted for various frequencies, which
re presented in this section for both isotropic case and sandwich case.

The wavenumbers are obtained by solving Eq. (21) for ‘𝑘’ and
imilarly, the group speed 𝑐𝑔 = 𝜕𝜔

𝜕𝑘 as well as phase speed 𝑐𝑝 = 𝜔
𝑘 are

obtained using equation Eq. (21).

4.1. Isotropic case

To study the dispersion characteristics in an isotropic material, an
Aluminium beam with the cross-sectional geometric properties taken
as, width, 𝑏 = 50×10−3 m and height, ℎ = 5×10−3 m, is considered in this
example. A shear correction factor, 𝑘𝑐 =

5
6 is introduced in computing

the group velocity. The group velocity plot is shown in Fig. 3.
The plot shows the non-dispersive axial wave with a velocity of

5241.4 m∕s and the bending wave velocity following the profile as
given in Ref. [7]. In addition, the velocity profile of the shear wave
that usually occurs in thick beams, is plotted in the figure. The cut-off
frequency for the shear wave derived in [7] is given as, 𝑓𝑐𝑢𝑡−𝑜𝑓𝑓 =
1
2 𝜋

√

𝐺 𝐴 𝜋2
12 𝜌 𝐼0

where, 𝐴 is the cross-sectional area and 𝐼0 = 𝑏 ℎ3

12 is the
cross-sectional inertia. The value of the cut-off frequency obtained from
the plot is ≈ 282 kHz which matches with the given formula. This
example primarily serves to validate the formulated element as regard
to the wave propagation characteristics.
6

4.2. Honeycomb sandwich

A honeycomb sandwich panel composed that of
[

0◦2∕90
◦
2
]

cross-
ly graphite-epoxy composite laminate for top and bottom face sheets
ith Aluminium honeycomb core, is considered in this example. The
aterial properties are as given in the ‘Material properties’ section.
he geometrical properties of the sandwich panel cross-section are,
𝑡 = 𝑓 𝑏 = 0.16 × 10−3 m and 2ℎ𝑐 = 15 × 10−3 m where, 𝑓 𝑡, 𝑓 𝑏

and 2ℎ𝑐 are the thickness of the top face sheet, bottom face sheet and
ore.

Fig. 4(a) and Fig. 4(b) shows the spectrum plots where the real
art of the wavenumber is plotted against frequency and the imaginary
omponent of the wavenumber is plotted against frequency respec-
ively. The non-dimensional real part of the wavenumber represents
he propagating waves while the non-dimensional imaginary part of the
avenumber represents evanescent waves. As the primary motivation

s damage identification, here only the fundamental symmetric 𝑆0
mode and anti-symmetric 𝐴0 mode are specifically indicated. The other
modes can be identified as detailed in [13], by exciting particular
degrees of freedom (𝐷𝑂𝐹 ) and identifying the dominant response
based on the time of arrival using the group velocity plot.

The dispersion plots are obtained by plotting the group velocity,
𝑐𝑔 = 𝜕𝜔

𝜕𝑘 with respect to frequency and phase speed, 𝑐𝑝 =
𝜔
𝑘 with respect

to frequency as shown in Fig. 4(c) and Fig. 4(d) respectively, where
‘𝜔’ is the angular frequency and ‘𝑘’ is the wavenumber. In Fig. 4(c)
it can be seen the axial wave mode (𝑆0) is also dispersive, unlike the
isotropic case (Fig. 3). At low frequency the bending wave is dispersive
and at very high frequencies it becomes non-dispersive reaching the
Rayleigh-like surface wave speeds. This can also be observed in phase
speed plot (Fig. 4(d)), where the 𝑆0 and 𝐴0 mode reach same speeds
at high frequencies. At particular frequency around 67 kHz it can be
seen that 𝑆0 mode becomes non-propagating. In addition, it can be
seen in phase speed plot, large velocity change (starting from infinity)
for higher order modes at the same frequencies. At these frequencies,
the group velocities being zero indicate standing waves. In the group
speed plot (Fig. 4(c)), particularly at around 77 kHz, negative group
velocity is seen when the phase speeds are positive, suggesting that the
energy transport is in the opposite direction of the wave speed. These
phenomena are reported in literature as backward wave propagation
in [22] and in others as negative group velocities [23,24].

The dispersion plot of a disbonded panel with top face sheet–core
disbond is super imposed on the dispersion plot of a healthy (pristine)
sandwich panel and is shown in Fig. 5. The thick solid lines represents
the spectrum of the disbonded panel and the thin lines are that of the
healthy panel.

Here, first it can be observed the 𝑆𝐷𝐼𝑆𝐵𝑂𝑁𝐷
0 mode is non-dispersive

as the top face sheet is disbonded from the core and acts as a thin
beam resulting in the axial velocity in the CFRP face sheet. Similarly,
the 𝐴𝐷𝐼𝑆𝐵𝑂𝑁𝐷

0 mode of the disbonded top face sheet, shown in Fig. 5,
ollows the profile of that of a thin beam as given in [8]. The 𝑆∗

0 and
∗
0 gives the axial and transverse velocities of the bottom face sheet
erfectly bonded to the core and are both dispersive. It is to be noted
hat due to the asymmetry of the waveguide, standard classification
nto symmetric and anti-symmetric waves is not possible and 𝑆∗

0 , 𝐴∗
0

are only used as notations for referring to those modes. Secondly, in
the lower frequency range (up-to 60 kHz) the bending wave mode
shows higher velocities in the disbonded panel (𝐴∗

0) as compared to the
healthy panel (𝐴0) and at higher frequencies both arrive at the same
velocities, reaching surface wave speeds. Finally, the 𝑆0 shown in the
igure gives the axial wave velocity and 𝐴0 the transverse wave velocity
n a perfectly bonded healthy panel.

. Validation with finite element results

Here, the performance of the developed spectral finite element
s validated by comparing the responses obtained by the finite ele-
ent method (FEM); first for isotropic beam and later for honeycomb

andwich panel.
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Fig. 4. (a) Real part of wavenumber, (b) Imaginary part of wavenumber, (c) Group velocity (m/s), (d) Phase speed (m/s).
Fig. 5. Superimposed group velocities of disbond and healthy sandwich panel.
i
.1. Isotropic Aluminium beam

A cantilever beam is considered with the following geometrical
roperties, Length, 𝐿 = 500×10−3 m, width, 𝑏 = 50×10−3 m and height
f the beam, ℎ = 5×10−3 m. The material properties are as given in the

Material properties’ section. First, a finite element model is built using
SC Nastran CBAR elements. To obtain a converged solution, the beam
7

s modelled with a refined finite element mesh resulting to around 1000
DOFs. The beam is fixed at one end while the other end is free. In the
spectral finite element method (SFEM) only one spectral finite element
is used to model the beam. To have a perfect bond between layers,
the values for spring stiffness given in the traction laws are arrived
as, 𝐾 = 𝛼 × 106 (N∕m) and 𝐾 = 𝛼 × 106 (N∕m) where, 𝛼 = 𝐴
𝑢 𝑢 𝑤 𝑤 𝑢 11
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Fig. 6. (a) Pulse load, (b) Transverse velocity for isotropic beam (m/s).
Fig. 7. (a) Finite Element Model, (b) Transverse velocity for sandwich panel (m/s).
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d

and 𝛼𝑤 = 𝐷11. These stiffness values are found sufficient to enforce the
penalty conditions. A broad-band pulse as shown in Fig. 6(a) is applied
at the free end and the velocity response obtained at the free end is
plotted in Fig. 6(b). The plot shows the responses obtained by both
SFEM and FEM match perfectly.

5.2. Honeycomb sandwich panel

Honeycomb sandwich panel with aluminium face sheets and alu-
minium core is considered here with the following geometrical proper-
ties, Length, 𝐿 = 500 × 10−3 m, width, 𝑏 = 200 × 10−3 m, 𝑓 𝑡 = 𝑓 𝑏 =
0.25 × 10−3 m and 2ℎ𝑐 = 25 × 10−3 m. The cantilever beam is fixed at
one end and a pulse load (Fig. 6(a)) is applied on the tip of the top face
sheet at the free end. The response is obtained at the same location.

Here, in the finite element (FE) model, MSC Nastran CQUAD4
elements are used to model for both face sheets and the core. To
have a converged solution, the beam is modelled with a refined finite
element mesh resulting to around 3000 DOFs. In the SFEM, the same
configuration is modelled with only one spectral finite element. Similar
to that given in the isotropic case, to have a perfect bond between
layers, the values for the spring stiffness are taken as, 𝐾𝑢 = 𝛼𝑢 ×
106 (N∕m) and 𝐾𝑤 = 𝛼𝑤 × 106 (N∕m) where, 𝛼𝑢 = 𝐴𝑖

11 and 𝛼𝑤 = 𝐷𝑖
11

and 𝐴11, 𝐷11 are stiffness coefficients, ‘𝑖’ = ‘𝑡’ for top face sheet and
‘𝑖’ = ‘𝑏’ for bottom face sheet. The FE model is shown in Fig. 7(a) and
the velocity response obtained by the FEM and the SFEM is shown in
Fig. 7(b). The responses obtained from both the methods match well,

thus validating the developed spectral element. This example shows f

8

that using the developed spectral element, one can obtain the response
without the use of large-sized finite element model.

These examples not only validate the developed spectral finite
element, but also gives an estimate for the spring stiffness that is to
be used to enforce the penalty constraints for a healthy panel.

5.3. Response in disbonded honeycomb sandwich panel

The same cantilever honeycomb panel as given in the previous
section is considered, but by introducing a face sheet–core disbond of
length 𝐿𝐷𝐼𝑆𝐵𝑂𝑁𝐷 = 50 × 10−3 m at a distance of 200 × 10−3 m from
he fixed end. To simulate the disbond between the top face sheet and
ore the stiffness value 𝐾 𝑡

𝑤 = 0.0N∕m is introduced in the disbond
egion of the spectral finite element model. In the finite element model
he nodes between the face sheet and core for the length of disbond
re free and are not merged. Fig. 8(a) shows the cantilever beam with
𝐹 ’ indicating a 44 kHz pulse load as shown in Fig. 6(a), applied at the
ree end of the cantilever. All dimensions shown in Fig. 8(a) are in mm.
he acceleration response is measured at the tip and is shown Fig. 8(b).
he acceleration response obtained by the SFEM and that obtained with
EM shows a good match.

. Studies on disbond between face sheet and core

In this section, a tone burst signal is used to first estimate the
amping of the core and later the same signal is used to inspect the

ace sheet disbond in a sandwich panel. In all the examples in this
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Fig. 8. (a) Cantilever with disbond, (b) Acceleration response at the tip (𝑚∕𝑠2).
Fig. 9. (a) 40 KHz Tone burst, (b) Core damping effect.
Fig. 10. Face sheet core disbond sandwich panel.
section, a honeycomb sandwich panel with bi-directional CFRP fabric
(43090/M18) face sheets and aluminium honeycomb core is considered
with 𝑓 𝑡 = 𝑓 𝑏 = 0.16 × 10−3 m and 2ℎ𝑐 = 15 × 10−3 m, where, 𝑓 𝑡, 𝑓 𝑏

and 2ℎ𝑐 are the thickness of the top face sheet, bottom face sheet and
core.

6.1. Core damping

Here, the natural damping effect of the core is demonstrated.
Fig. 9(a) shows a 40 kHz tone burst signal that is used to excite an
un-damped sandwich panel at a point on the top face sheet and the
9

responses are measured at the same point on both the top face sheet
and the bottom face sheet. The responses of both top face sheet and
bottom face sheet are shown in Fig. 9(b). The plot shows time delay
(≈7 μs) between the peaks of the top face sheet response and the
bottom face sheet response. In addition, the plot very clearly shows
the amplitude reduction between the bottom face sheet response and
the top face sheet response. This amplitude reduction is the effect of
core damping which contributes substantially to the distortion and
decay of the propagating waves. Though this example shows through-
thickness damping of the core, the damping can also be observed
in the propagating direction as presented in the disbond sub-section,
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Fig. 11. Response measured at input point, ‘𝐴’.
Fig. 12. Disbond length 𝐿𝐷𝐼𝑆𝐵𝑂𝑁𝐷 = 50 mm.
where the wave is attenuated for travelling a distance of 200 × 10−3

. Compared to the input in the top plot of Fig. 11, it can be seen
here is an amplitude reduction in the response plot of Fig. 12. This
tudy suggests that the core acts as a damping medium and further
etailed design studies can be made to utilize this core behaviour to
afeguard sensitive equipment from vibrations that would be mounted
n the other side of the panel.
10
6.2. Face sheet–core disbond

Here, a disbond between top face sheet and the core is considered.
The stiffness 𝐾 𝑡

𝑤 = 0.0 N∕m, is used to simulate the disbond in the
disbonded spectral finite elements. The sandwich panel with top face
sheet–core disbond is depicted in Fig. 10 where, all dimensions shown
in the figure are in mm. A 40 kHz tone burst signal as shown in Fig. 9(a)
is used as an input to excite the beam transversely and only propagating
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waves are considered. The frequency content of this tone burst load is
indicated with a dashed line in the dispersion plot of Fig. 5.

The total length of the beam, 𝐿 = 1.5 m with a disbond length
enoted as 𝐿𝐷𝐼𝑆𝐵𝑂𝑁𝐷, is considered. The panel is modelled with
ealthy elements (𝐴 − 𝐵, 𝐵 − 𝐶, 𝐷 − 𝐸&𝐸 − 𝐹 ) and disbond elements
𝐶 −𝐷) along with a throw-off element at the end ‘𝐹 ’, to damp out the
eflections from that end.

As a preliminary example, to inspect the presence of disbond, the
anel is excited at point ‘𝐴’ and the response is measured at point ‘𝐴’.
ere, the choice of the loading frequency can be made with the help
f Fig. 5. In Fig. 5, a dashed line depicting ‘40 kHz Freq Spectrum’
s shown. This 40 kHz frequency is chosen as the group velocities of
0 and 𝐴∗

0 modes of healthy and disbonded panel respectively show
ifference in that region. Second, choosing higher frequency in that
egion results in shorter wavelength and helps in identifying small-sized
efects. The top plot in Fig. 11 shows the measured signal in a healthy
anel, for the 40 kHz input signal which forms the baseline signal.
he bottom plot gives the measured response for the disbonded panel,
here the reflection from the disbond can be observed. The reflection

rom the disbond is captured and the time of arrival is measured. The
elocity of the reflected wave is thus computed and is found to match
ith the velocity obtained from the group velocity plot (Fig. 5).

Due to a disbond between one of the CFRP skins and the honey-
omb core of a sandwich panel, the skin will function as a separate
aveguide for guided waves. This effect is studied further by studying

he propagating behaviour of the tone burst signal along the length of
he sandwich panel by considering both healthy panel and disbonded
anel. In the disbonded panel, the length of the disbond considered is
𝐷𝐼𝑆𝐵𝑂𝑁𝐷 = 50 × 10−3 m.

The beam is excited at point ‘𝐴’ and Fig. 12(a) shows responses
easured at point ‘𝐵’, which is 50×10−3 m before the disbond. It can be

een that the response for both healthy/pristine panel and the disbond
anel match perfectly. There is no lead/lag time between the responses
nd no difference in amplitude can be seen.

Fig. 12(b) shows responses measured on the disbond. Here, it can
e observed that the tone burst signal arrives before in the disbond
anel as compared to the arrival time in the healthy panel. This is in
ccordance to the group velocity plot shown in Fig. 5. In addition, the
isbonded panel response shows amplitude reduction as compared with
he healthy panel response.

Fig. 12(c) shows responses measured at point ‘𝐸’, which is 500×10−3
from the point of excitation and is far away from the disbond. Here,

gain it can be observed that the response to the input signal in the
isbonded panel arrives before and there is an amplitude reduction. The
ime interval between the two signals is found to be 3 μs. Comparing
ig. 12(b) and (c), it can be seen that except for the amplitude change
here is no significant lead/lag time between healthy and disbonded
anel. The disbond length being small, the stiffness of the disbonded
tructure is not altered much.

To investigate further, a study was conducted by considering a
isbond length 𝐿𝐷𝐼𝑆𝐵𝑂𝑁𝐷 = 100 × 10−3 m and the responses are
easured at the same locations as given in the previous case. Fig. 13(a)

hows response at point ‘𝐵’ (before the disbond), Fig. 13(b) shows the
esponse plot at a location on the disbond and Fig. 13(c) shows the
esponse plot at ’𝐸’ (after the disbond).

Similar to the earlier case, responses obtained from both healthy
nd disbonded panel match perfectly at point ‘𝐵’, before the disbond.
ut the responses on the disbond differs from the previous case. First,
here is a significant delay in the disbond panel response as compared
ith the healthy panel response by about 39 μs. This can be attributed

o the reduced stiffness, leading to lower propagating velocity. This is
ecause in the disbond region, the waves are travelling in the face sheet
lone and the velocity is given by 𝐴𝐷𝐼𝑆𝐵𝑂𝑁𝐷

0 mode as shown in Fig. 5.
econd, the wave amplitude is higher in the disbonded panel response
han in the healthy panel response. This is because the disbonded face
heet, in this case, due to its increased length of disbond (100 × 10−3)
 𝑊

11
is more pliable as compared to that with shorter disbond length with
increased stiffness, in the previous case having disbond length of 50 ×
10−3 m.

Finally, Fig. 13(c) reveals a similar trend as seen in the previous
example (Fig. 12(c)). But here the lead time is 6 μs as compared with
3 μs in the previous example. This difference can be attributed to the
disbond length which is double the size of disbond considered in the
previous example. This lead time (i.e., the arrival of the wave in a
disbonded panel before that of the healthy panel) is also observed
through laboratory experiments in [25].

Thus, from these examples, it can be stated that amplitude change
(amplification/reduction) is a measure to identify the disbond and the
lead/lag time can be used to arrive at the length of disbond. Thus,
these cases can be used to recognize by an automated damage detection
algorithm needed for NDE applications.

7. Conclusion

Spectral finite element for a sandwich panel with compressible core
is formulated, to address the core–face sheet disbond by incorporating
interfacial traction-displacement gap laws between the face sheet and
the core interface. It is shown that the same element can be used for
a healthy specimen. In validating the responses obtained through the
spectral finite element method with that obtained by the finite element
method for both isotropic cases as well as honeycomb sandwich cases,
the spring stiffness required for a healthy element is obtained. Studies
on the wave propagation characteristics in both healthy panel and
disbonded panel is presented, suggesting in making a choice for the fre-
quency content of a tone burst signal. Later, detailed numerical studies
on the core–face sheet disbond were conducted and is shown that the
response amplitude identifies a disbond whereas the arrival time of the
wave can be used to size the disbond. Numerical examples show that
with the formulated spectral finite element, the detection of a hidden
core–face sheet disbond in complex anisotropic structural components
can be simulated efficiently using high frequency ultrasonic guided
waves.
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Appendix

The elements of each row of the wave matrix [𝑊 ](13×13) in Eq. (19)
re given as,
st row of [W]

𝑊 (1, 1) = −𝐴𝑡
11 𝑏 𝑘

2 − 𝑚𝑡 𝑠2 −𝐾 𝑡
𝑢 𝑏,

(1, 2) = 0,
(1, 3) = (𝐾 𝑡

𝑢 𝑏 𝑓
𝑡)∕2,

(1, 4) = 0,
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Fig. 13. Response for disbond length 𝐿𝐷𝐼𝑆𝐵𝑂𝑁𝐷 = 100 mm.
𝑊

𝑊
𝑊

𝑊
𝑊

𝑊 (1, 5) = 0,
𝑊 (1, 6) = 0,
𝑊 (1, 7) = 𝐾 𝑡

𝑢 𝑏,
𝑊 (1, 8) = 0,
𝑊 (1, 9) = −𝐾 𝑡

𝑢 𝑏 ℎ
𝑐 ,

(1, 10) = 𝐾 𝑡
𝑢 𝑏 ℎ

𝑐2 ,
(1, 11) = −𝐾 𝑡

𝑢 𝑏 ℎ
𝑐3 ,

(1, 12) = 0,
(1, 13) = 0.

nd row of [W]
𝑊 (2, 1) = 0,

(2, 2) = −𝐴𝑡
55 𝑏 𝑘

2 − 𝑚𝑡 𝑠2 −𝐾 𝑡
𝑤 𝑏,

𝑊 (2, 3) = 𝐴𝑡
55 𝑏 𝑖 𝑘,

𝑊 (2, 4) = 0,
𝑊 (2, 5) = 0,
𝑊 (2, 6) = 0,
𝑊 (2, 7) = 0,
𝑊 (2, 8) = 𝐾 𝑡

𝑤 𝑏,
𝑊 (2, 9) = 0,
𝑊 (2, 10) = 0,
𝑊 (2, 11) = 0,
𝑊 (2, 12) = −𝐾 𝑡

𝑤 𝑏 ℎ𝑐 ,
𝑊 (2, 13) = 𝐾 𝑡

𝑤 𝑏 ℎ𝑐2 .
3rd row of [W]
𝑊 (3, 1) = −(𝐾 𝑡

𝑢 𝑏 𝑓
𝑡)∕2,

(3, 2) = 𝐴𝑡
55 𝑏 𝑖 𝑘,

(3, 3) = (𝐾 𝑡
𝑢 𝑏 𝑓

𝑡2 )∕4 +𝐷𝑡
11 𝑏 𝑘

2 + 𝐼 𝑡𝑚 𝑠2 + 𝐴𝑡
55 𝑏,

(3, 4) = 0,
(3, 5) = 0,
(3, 6) = 0,
 𝑊

12
(3, 7) = (𝐾 𝑡
𝑢 𝑏 𝑓

𝑡)∕2,
𝑊 (3, 8) = 0,
𝑊 (3, 9) = −(𝐾 𝑡

𝑢 𝑏 𝑓
𝑡 ℎ𝑐 )∕2,

𝑊 (3, 10) = (𝐾 𝑡
𝑢 𝑏 𝑓

𝑡 ℎ𝑐2 )∕2,
𝑊 (3, 11) = −(𝐾 𝑡

𝑢 𝑏 𝑓
𝑡 ℎ𝑐3 )∕2,

𝑊 (3, 12) = 0,
𝑊 (3, 13) = 0.
4th row of [W]
𝑊 (4, 1) = 0,
𝑊 (4, 2) = 0,
𝑊 (4, 3) = 0,
𝑊 (4, 4) = −𝐴𝑏

11 𝑏 𝑘
2 − 𝑚𝑏 𝑠2 −𝐾𝑏

𝑢 𝑏,
(4, 5) = 0,
(4, 6) = −(𝐾𝑏

𝑢 𝑏 𝑓 𝑏)∕2,
𝑊 (4, 7) = 𝐾𝑏

𝑢 𝑏,
𝑊 (4, 8) = 0,
𝑊 (4, 9) = 𝐾𝑏

𝑢 𝑏 ℎ𝑐 ,
𝑊 (4, 10) = 𝐾𝑏

𝑢 𝑏 ℎ𝑐2 ,
𝑊 (4, 11) = 𝐾𝑏

𝑢 𝑏 ℎ𝑐3 ,
𝑊 (4, 12) = 0,
𝑊 (4, 13) = 0.
5th row of [W]
𝑊 (5, 1) = 0,
𝑊 (5, 2) = 0,
𝑊 (5, 3) = 0,
𝑊 (5, 4) = 0,
𝑊 (5, 5) = −𝐴𝑏

55 𝑏 𝑘
2 − 𝑚𝑏 𝑠2 −𝐾𝑏

𝑤 𝑏,
(5, 6) = 𝐴𝑏

55 𝑏 𝑖 𝑘,
(5, 7) = 0,
(5, 8) = 𝐾𝑏 𝑏,
𝑤
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𝑊
𝑊
𝑊
𝑊
𝑊

𝑊
𝑊
𝑊
𝑊
𝑊

𝑊
𝑊
𝑊
𝑊
𝑊
𝑊
𝑊
𝑊
𝑊
𝑊
𝑊
𝑊
8

𝑊

𝑊
𝑊

𝑊
𝑊

𝑊

𝑊
𝑊

𝑊
𝑊
𝑊
𝑊
𝑊
𝑊
𝑊
𝑊
𝐼
𝑊
𝑊
𝐽
𝑊
𝑊
1

𝑊
1

𝑊
𝑊
𝑊
𝑊
𝑊
(

𝑊 (5, 9) = 0,
𝑊 (5, 10) = 0,
𝑊 (5, 11) = 0,
𝑊 (5, 12) = 𝐾𝑏

𝑤 𝑏 ℎ𝑐 ,
𝑊 (5, 13) = 𝐾𝑏

𝑤 𝑏 ℎ𝑐2

6th row of [W]
𝑊 (6, 1) = 0,

(6, 2) = 0,
(6, 3) = 0,
(6, 4) = (𝐾𝑏

𝑢 𝑏 𝑓 𝑏)∕2,
(6, 5) = 𝐴𝑏

55 𝑏 𝑖 𝑘,
(6, 6) = (𝐾𝑏

𝑢 𝑏 𝑓 𝑏2 )∕4 +𝐷11𝑏 𝑏 𝑘2 + 𝐼𝑏𝑚 𝑠2 + 𝐴𝑏
55 𝑏,

𝑊 (6, 7) = −(𝐾𝑏
𝑢 𝑏 𝑓 𝑏)∕2,

(6, 8) = 0,
(6, 9) = −(𝐾𝑏

𝑢 𝑏 𝑓 𝑏 ℎ𝑐 )∕2,
(6, 10) = −(𝐾𝑏

𝑢 𝑏 𝑓 𝑏 ℎ𝑐2 )∕2,
(6, 11) = −(𝐾𝑏

𝑢 𝑏 𝑓 𝑏 ℎ𝑐3 )∕2,
(6, 12) = 0,

𝑊 (6, 13) = 0.
7th row of [W]
𝑊 (7, 1) = 𝐾 𝑡

𝑢 𝑏,
(7, 2) = 0,
(7, 3) = −(𝐾 𝑡

𝑢 𝑏 𝑓
𝑡)∕2,

(7, 4) = 𝐾𝑏
𝑢 𝑏,

(7, 5) = 0,
(7, 6) = (𝐾𝑏

𝑢 𝑏 𝑓 𝑏)∕2,
(7, 7) = (2 𝐸𝑐 𝑏 ℎ𝑐 𝑘2)∕(𝜈𝑐2 − 1) −𝐾 𝑡

𝑢 𝑏 − 𝑚𝑐 𝑠2 −𝐾𝑏
𝑢 𝑏,

(7, 8) = (2 𝐸𝑐 𝑏 𝑖 ℎ𝑐 𝑘 𝜈𝑐 )∕(𝜈𝑐2 − 1),
(7, 9) = 𝐾 𝑡

𝑢 𝑏 ℎ
𝑐 −𝐾𝑏

𝑢 𝑏 ℎ𝑐 ,
(7, 10) = (2 𝐸𝑐 𝑏 ℎ𝑐3 𝑘2)∕(3 𝜈𝑐2 − 3) −𝐾𝑏

𝑢 𝑏 ℎ𝑐2 −𝐾 𝑡
𝑢 𝑏 ℎ

𝑐2 − 𝐼𝑐𝑚 𝑠2,
(7, 11) = 𝐾 𝑡

𝑢 𝑏 ℎ
𝑐3 −𝐾𝑏

𝑢 𝑏 ℎ𝑐3 ,
(7, 12) = 0,
(7, 13) = 0.

th row of [W]
𝑊 (8, 1) = 0,

(8, 2) = 𝐾 𝑡
𝑤 𝑏,

𝑊 (8, 3) = 0,
(8, 4) = 0,
(8, 5) = 𝐾𝑏

𝑤 𝑏,
𝑊 (8, 6) = 0,

(8, 7) = 0,
(8, 8) = −2 𝐺𝑐 𝑏 ℎ𝑐 𝑘2 − 𝑚𝑐 𝑠2 −𝐾𝑏

𝑤 𝑏 −𝐾 𝑡
𝑤 𝑏,

𝑊 (8, 9) = −2 𝐺𝑐 𝑏 𝑖 ℎ𝑐 𝑘,
(8, 10) = 0,

𝑊 (8, 11) = −2 𝐺𝑐 𝑏 𝑖 ℎ𝑐3 𝑘,
(8, 12) = 𝐾 𝑡

𝑤 𝑏 ℎ𝑐 −𝐾𝑏
𝑤 𝑏 ℎ𝑐 ,

(8, 13) = −𝐼𝑐𝑚 𝑠2 −𝐾𝑏
𝑤 𝑏 ℎ𝑐2 −𝐾 𝑡

𝑤 𝑏 ℎ𝑐2 − (2 𝐺𝑐 𝑏 ℎ𝑐3 𝑘2)∕3.
9th row of [W]
𝑊 (9, 1) = −𝐾 𝑡

𝑢 𝑏 ℎ
𝑐 ,

(9, 2) = 0,
(9, 3) = (𝐾 𝑡

𝑢 𝑏 𝑓
𝑡 ℎ𝑐 )∕2,

(9, 4) = 𝐾𝑏
𝑢 𝑏 ℎ𝑐 ,

(9, 5) = 0,
(9, 6) = (𝐾𝑏

𝑢 𝑏 𝑓 𝑏 ℎ𝑐 )∕2,
(9, 7) = 𝐾 𝑡

𝑢 𝑏 ℎ
𝑐 −𝐾𝑏

𝑢 𝑏 ℎ𝑐 ,
(9, 8) = 2 𝐺𝑐 𝑏 𝑖 ℎ𝑐 𝑘,
(9, 9) = (2 𝐸𝑐 𝑏 ℎ𝑐3 𝑘2)∕(3 𝜈𝑐2 − 3) − 2 𝐺𝑐 𝑏 ℎ𝑐 − 𝐾𝑏

𝑢 𝑏 ℎ𝑐2 − 𝐾 𝑡
𝑢 𝑏 ℎ𝑐2 −

𝑐
𝑚 𝑠2,
(9, 10) = 𝐾 𝑡

𝑢 𝑏 ℎ
𝑐3 −𝐾𝑏

𝑢 𝑏 ℎ𝑐3 ,
(9, 11) = (2 𝐸𝑐 𝑏 ℎ𝑐5 𝑘2)∕(5 𝜈𝑐2 −5)− 2 𝐺𝑐 𝑏 ℎ𝑐3 −𝐾𝑏

𝑢 𝑏 ℎ𝑐4 −𝐾 𝑡
𝑢 𝑏 ℎ

𝑐4 −
𝑐
𝑚 𝑠2,
(9, 12) = 0,
(9, 13) = (2 𝐺𝑐 𝑏 𝑖 ℎ𝑐3 𝑘)∕3 + (4 𝐸𝑐 𝑏 𝑖 ℎ𝑐3 𝑘 𝜈𝑐 )∕(3 𝜈𝑐2 − 3).

0th row of [W]
𝑊 (10, 1) = 𝐾 𝑡 𝑏 ℎ𝑐2 ,
𝑢 w
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𝑊 (10, 2) = 0,
𝑊 (10, 3) = −(𝐾 𝑡

𝑢 𝑏 𝑓
𝑡 ℎ𝑐2 )∕2,

𝑊 (10, 4) = 𝐾𝑏
𝑢 𝑏 ℎ𝑐2 ,

𝑊 (10, 5) = 0,
𝑊 (10, 6) = (𝐾𝑏

𝑢 𝑏 𝑓 𝑏 ℎ𝑐2 )∕2,
𝑊 (10, 7) = (2 𝐸𝑐 𝑏 ℎ𝑐3 𝑘2)∕(3 𝜈𝑐2 − 3) −𝐾𝑏

𝑢 𝑏 ℎ𝑐2 −𝐾 𝑡
𝑢 𝑏 ℎ

𝑐2 − 𝐼𝑐𝑚 𝑠2,
𝑊 (10, 8) = (4 𝐺𝑐 𝑏 𝑖 ℎ𝑐3 𝑘)∕3,
𝑊 (10, 9) = 𝐾 𝑡

𝑢 𝑏 ℎ
𝑐3 −𝐾𝑏

𝑢 𝑏 ℎ𝑐3 ,
𝑊 (10, 10) = (2 𝐸𝑐 𝑏 ℎ𝑐5 𝑘2)∕(5 𝜈𝑐2 − 5) − (8 𝐺𝑐 𝑏 ℎ𝑐3 )∕3 − 𝐾𝑏

𝑢 𝑏 ℎ𝑐4 −
𝐾 𝑡

𝑢 𝑏 ℎ
𝑐4 − 𝐽 𝑐

𝑚 𝑠2,
𝑊 (10, 11) = 𝐾 𝑡

𝑢 𝑏 ℎ
𝑐5 −𝐾𝑏

𝑢 𝑏 ℎ𝑐5 ,
𝑊 (10, 12) = (4 𝐺𝑐 𝑏 𝑖 ℎ𝑐3 𝑘)∕3 + (2 𝐸𝑐 𝑏 𝑖 ℎ𝑐3 𝑘 𝜈𝑐 )∕(3 𝜈𝑐2 − 3),
𝑊 (10, 13) = 0.
11th row of [W]
𝑊 (11, 1) = −𝐾 𝑡

𝑢 𝑏 ℎ
𝑐3 ,

𝑊 (11, 2) = 0,
𝑊 (11, 3) = (𝐾 𝑡

𝑢 𝑏 𝑓
𝑡 ℎ𝑐3 )∕2,

𝑊 (11, 4) = 𝐾𝑏
𝑢 𝑏 ℎ𝑐3 ,

𝑊 (11, 5) = 0,
𝑊 (11, 6) = (𝐾𝑏

𝑢 𝑏 𝑓 𝑏 ℎ𝑐3 )∕2,
𝑊 (11, 7) = 𝐾 𝑡

𝑢 𝑏 ℎ
𝑐3 −𝐾𝑏

𝑢 𝑏 ℎ𝑐3 ,
𝑊 (11, 8) = 2 𝐺𝑐 𝑏 𝑖 ℎ𝑐3 𝑘,
𝑊 (11, 9) = (2 𝐸𝑐 𝑏 ℎ𝑐5 𝑘2)∕(5 𝜈𝑐2 −5)− 2 𝐺𝑐 𝑏 ℎ𝑐3 −𝐾𝑏

𝑢 𝑏 ℎ𝑐4 −𝐾 𝑡
𝑢 𝑏 ℎ

𝑐4 −
𝐽 𝑐
𝑚 𝑠2,

𝑊 (11, 10) = 𝐾 𝑡
𝑢 𝑏 ℎ

𝑐5 −𝐾𝑏
𝑢 𝑏 ℎ𝑐5 ,

𝑊 (11, 11) = (2 𝐸𝑐 𝑏 ℎ𝑐7 𝑘2)∕(7 𝜈𝑐2 − 7) − (18 𝐺𝑐 𝑏 ℎ𝑐5 )∕5 − 𝐾𝑏
𝑢 𝑏 ℎ𝑐6 −

𝐾 𝑡
𝑢 𝑏 ℎ

𝑐6 −𝐾𝑐
𝑚 𝑠2,

𝑊 (11, 12) = 0,
𝑊 (11, 13) = (6 𝐺𝑐 𝑏 𝑖 ℎ𝑐5 𝑘)∕5 + (4 𝐸𝑐 𝑏 𝑖 ℎ𝑐5 𝑘 𝜈𝑐 )∕(5 𝜈𝑐2 − 5).
12th row of [W]
𝑊 (12, 1) = 0,
𝑊 (12, 2) = −𝐾 𝑡

𝑤 𝑏 ℎ𝑐 ,
𝑊 (12, 3) = 0,
𝑊 (12, 4) = 0,
𝑊 (12, 5) = 𝐾𝑏

𝑤 𝑏 ℎ𝑐 ,
𝑊 (12, 6) = 0,
𝑊 (12, 7) = −(2 𝐸𝑐 𝑏 𝑖 ℎ𝑐 𝑘 𝜈𝑐 )∕(𝜈𝑐2 − 1),
𝑊 (12, 8) = 𝐾 𝑡

𝑤 𝑏 ℎ𝑐 −𝐾𝑏
𝑤 𝑏 ℎ𝑐 ,

𝑊 (12, 9) = 0,
𝑊 (12, 10) = −(4 𝐺𝑐 𝑏 𝑖 ℎ𝑐3 𝑘)∕3 − (2 𝐸𝑐 𝑏 𝑖 ℎ𝑐3 𝑘 𝜈𝑐 )∕(3 𝜈𝑐2 − 3),
𝑊 (12, 11) = 0,
𝑊 (12, 12) = (2 𝐸𝑐 𝑏 ℎ𝑐 )∕(𝜈𝑐2−1)−𝐾𝑏

𝑤 𝑏 ℎ𝑐2−𝐾 𝑡
𝑤 𝑏 ℎ𝑐2−(2 𝐺𝑐 𝑏 ℎ𝑐3 𝑘2)∕3−

𝐼𝑐𝑚 𝑠2,
(12, 13) = 𝐾 𝑡

𝑤 𝑏 ℎ𝑐3 −𝐾𝑏
𝑤 𝑏 ℎ𝑐3 .

3th row of [W]
𝑊 (13, 1) = 0,
𝑊 (13, 2) = 𝐾 𝑡

𝑤 𝑏 ℎ𝑐2 ,
𝑊 (13, 3) = 0,
𝑊 (13, 4) = 0,
𝑊 (13, 5) = 𝐾𝑏

𝑤 𝑏 ℎ𝑐2 ,
𝑊 (13, 6) = 0,
𝑊 (13, 7) = 0,
𝑊 (13, 8) = −𝐼𝑐𝑚 𝑠2 −𝐾𝑏

𝑤 𝑏 ℎ𝑐2 −𝐾 𝑡
𝑤 𝑏 ℎ𝑐2 − (2 𝐺𝑐 𝑏 ℎ𝑐3 𝑘2)∕3,

(13, 9) = −(2 𝐺𝑐 𝑏 𝑖 ℎ𝑐3 𝑘)∕3 − (4 𝐸𝑐 𝑏 𝑖 ℎ𝑐3 𝑘 𝜈𝑐 )∕(3 𝜈𝑐2 − 3),
(13, 10) = 0,
(13, 11) = −(6 𝐺𝑐 𝑏 𝑖 ℎ𝑐5 𝑘)∕5 − (4 𝐸𝑐 𝑏 𝑖 ℎ𝑐5 𝑘 𝜈𝑐 )∕(5 𝜈𝑐2 − 5),
(13, 12) = 𝐾 𝑡

𝑤 𝑏 ℎ𝑐3 −𝐾𝑏
𝑤 𝑏 ℎ𝑐3 ,

(13, 13) = (8 𝐸𝑐 𝑏 ℎ𝑐3 )∕(3 𝜈𝑐2 − 3) − 𝐾𝑏
𝑤 𝑏 ℎ𝑐4 − 𝐾 𝑡

𝑤 𝑏 ℎ𝑐4 −
2 𝐺𝑐 𝑏 ℎ𝑐5 𝑘2)∕5 − 𝐽 𝑐

𝑚 𝑠2.
√

−1.
here, ‘𝑖’ is an imaginary number =
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