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1. Introduction

A theorem of Rajan [11] asserts the following fundamental property of tensor products
of irreducible representations of a finite dimensional simple Lie algebra g: Given non-
trivial finite-dimensional irreducible g—modules V7, ...,V and Wy, ..., W such that

Me..eV,2W®...Q0 W, as g—modules

if and only if r = s and the factors are pairwise isomorphic as g—modules up to a
permutation of indices. This statement is equivalent to the family of irreducible finite-
dimensional representations having unique factorization property in the Grothendieck
ring of finite dimensional representations of g. Rajan proved his result by an inductive
analysis of the characters of tensor products, by fixing one of the variables, and passing
to a suitable lower rank Lie algebra. One of his motivations was to show that given that
End(V) = End(W) for finite-dimensional irreducible modules V, W, using the natural
isomorphism End(V) 2 V ® V*, one has that either V=W or V = W*. A more direct
and simpler proof of Rajan’s theorem is obtained by the second author and Viswanath
in [12] and they also obtained a natural generalization of Rajan’s theorem to Kac—
Moody algebras setting. A natural category of representations to consider for Kac-Moody
algebras is the category O™, whose objects are integrable g-modules in category O, since
both proofs of [11,12] heavily use the Kac—Weyl character formula.

For a Kac-Moody algebra, the tensor product of two irreducible integrable represen-
tations can be irreducible when the Dynkin diagram is not connected. So the unique
factorization property can not hold for Kac—-Moody algebras which are not indecompos-
able. Even for the indecomposable case, the unique factorization of tensor products fails
in general as there exist non-trivial one dimensional representations in O™ if g # [g, g].
However this is the only obstruction we have, i.e. uniqueness still holds up to twisting by
one-dimensional representations for an indecomposable Kac-Moody algebra g. Note that
the one dimensional representations are precisely the units of the Grothendieck ring of
the category O™, Thus the unique factorization property still holds in indecomposable
Kac—Moody case up to reordering and multiplying by units.

We can therefore naturally ask whether such a unique factorization of tensor products
theorem holds for the irreducible integrable representations of Borcherds—Kac—Moody
algebras (BKM algebras for short), as they also admit a character formula similar to
the Kac—Weyl character formula. These algebras are defined using a (possibly infinite)
Cartan matrix with relaxed conditions (see Section 2.1, (1)-(4)). Particular motivation
was brought to these algebras as they include the monster Lie algebra, acted on by
the monster group and used in the monstrous moonshine conjectures [3], and the fake
monster Lie algebra. Imposing further that the Cartan matrix is finite, we exclude the
Monster but allow many representational theoretic results such as the Harish-Chandra
theorem [10], BGG resolution [8] and the Kazdan—Lusztig conjecture [9].
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However, there are more obstacles for unique factorization in the case of BKM alge-
bras (even for the indecomposable cases) since their building blocks involve Heisenberg
algebras. For example let g be the BKM algebra with only one imaginary simple
root and no real simple roots and let L(A) be the irreducible integrable represen-
tation of g corresponding to the dominant weight A. Then it is easy to see that
L)@ ®L(A\) 2 L(w) ® -+ @ L(p,) if and only if Y1 A\ = 25:1 Wj. So, one
can not expect to get the unique factorization property for tensor products of irreducible
integrable representations for general BKM algebras as in the case of Kac—-Moody alge-
bras, even up to one dimensional twists. It is not hard to produce more counter examples
when the BKM algebras have real simple roots (see the Section 4.3).

It is therefore natural to study when two tensor products (not necessarily same num-
ber of components) of irreducible integrable representations of BKM algebras will be
isomorphic to another. In this paper, we address this problem in full generality for
Borcherds—-Kac-Moody algebras whose Borcherds—Cartan matrix is finite. We also prove
that we do get the unique factorization of tensor products under some assumption on
the integrable irreducible representations of BKM algebras which we call special, see
Section 2.5 for the definition.

Theorem. Let g be an indecomposable BKM algebra and let rys € N and let V;, 1 <i<r
and W;, 1 <75 < s be special irreducible g-modules in category Ot such that

Vi@V, 2W - W,.

Then we have r = s and there exists a permutation o on {1,--- ,r} and one—dimensional
g-modules Z;, 1 <1 < r such that V; = W, @ Z;.

This theorem is a corollary of Theorem 4.2.1 which describes when two tensor products
of integrable irreducible g—modules (here g need not be indecomposable) are isomorphic
to each other. We remark that the assumption that all irreducible modules appearing in
the tensor product being special can be relaxed in terms of their highest weights, indeed
we need only a weaker assumption on their highest weights (see Corollary 4.2.2 and the
Remark 4.2.3).

We now explain the main strategy of our proof. Let A1,..., A, p1,..., s be dominant
weights of g such that V; = L(\;) and W; = L(y;) forall 1 < i <r, 1 < j < s.
Since the category O™ is completely reducible for any BKM algebra g (see [2], [6]), the
isomorphism of the tensor products of g—modules becomes equivalent to the equality of
the corresponding characters. So, taking formal characters on the both sides of tensor
products one gets:

ch L(A1) -+~ ch L(A,) = ch L(p1) - - - ch L) (1.1)

Now by canceling out the Weyl denominators, simplifying we translate our main problem
to the equality of product of the normalized Weyl numerators,
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Uy, Uy, =U, - Uy (1.2)

(see Section 2.4 for the precise definition of Uy). We show that both sides of the Equation
(1.2) can be further factorized to a product

[ITTo3 =IT11us

i=1j=1 i=1j=1

where the terms U j)‘ are parametrized by the connected components of graphs associated
to A\. We show that this factorization to such terms is unique. We prove this using
the logarithm techniques developed in [12]. If the graphs of Ay1,..., Ap p1,..., s are
connected, then we get r = sand r; =s; = 1fori,j =1,...,r and we obtain the unique
factorization of the characters and using this we obtain the unique factorization of the
tensor products of special integrable irreducible g—modules.

In fact, we prove this unique factorization result for more general expressions than
the product of normalized Weyl numerators. We add a parameter x to the normalized

im

Weyl numerators where x is a homomorphism on W x Q4*, where W is the Weyl group
of g and ‘f‘ is the set of non-negative integer linear combination of imaginary simple
roots (see Section 3.2 for more details). The unique factorization property is proved for
any x. When x is the sign character, we obtain the unique factorization properties of
normalized Weyl numerators and hence the characters.

The paper is organized as follows: In Section 2, we set up the notations and prelimi-
naries. In Section 3, we introduce the elements U (A, x) generalizing the normalized Weyl
numerators associated with a homomorphism x and prove the key properties concerning
logarithm of U(\, x). In Section 4, we use these properties to prove our main results of

the paper.
Acknowledgment

The authors are thankful to Maria Gorelik for helpful conversations. This research was
partially supported by the Minerva Foundation with funding from the Federal German
Ministry for Education and Research.
2. Preliminaries
2.1. Borcherds—Kac—Moody algebra

Throughout this paper our base field will be complex numbers, i.e., all the algebras and
representations are complex—vector spaces. The complex numbers, integers, non-negative

integers, and positive integers are denoted by C, Z, Z, , and N. We recall the definition
of BKM algebras from [5]; they are also called generalized Kac—Moody algebras, see also
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[2,7]. A real matrix A = (a;;); jer indexed by a finite set 7 = {1,...,n} is said to be a
Borcherds—Cartan matriz if the following conditions are satisfied for all 4,5 € I:

(1) A is symmetrizable;

(2) ay; =2 or ay; < 0;

(3) a;; <0ifi#jand a;; € Z if a;; = 2;
(4) a;; =0if and only if aj; = 0.

Recall that a matrix A is called symmetrizable if DA is symmetric for some diagonal
matrix D = diag(dy, . ..,d,) with positive entries. Denote by I'* = {i € I : a;; = 2} and
I'™ = J\I™. The BKM algebra g = g(A) associated to the Borcherds—Cartan matrix A
is the Lie algebra generated by e;, f;, hi, ¢ € I with the following defining relations:

(R1) [hs,hj]=0fori,jel

(R2) [hi,ex] = a;rei, [hi, fr] = —airfi for i,k € 1

(R3) [es, fj] = dijh; for i,j € I

(R4) (ad €;)!~%ie; =0, (ad fi)' 7% f; =0if i € I'® and i # j
(R5) [ei,e;] =0and [f;, f;] =0if a;; = 0.

Remark 2.1.1. If 7 € [ is such that a; = 0, the subalgebra spanned by the elements
hi, e;, f; is isomorphic to the three dimensional Heisenberg algebra and otherwise it is
isomorphic to sly. Note that we only consider the BKM algebras associated with finite
Borcherds—Cartan matrices in this paper.

2.2. Root system

In this subsection, we recall some of the basic properties of BKM algebras; see [5] for
more details. The BKM algebra g is Z"—graded by defining

deg h; = (0,...,0), dege; =(0,...,0,1,0,...,0) and deg f; = (0,...,0,—1,0,...,0)

where +1 appears at the i—th position. For a sequence (ki,...,k,), we denote by
g(k1,...,kn) the corresponding graded piece. Let j = Spanc{h; : ¢ € I} be the abelian
subalgebra and let € = Spanc{D; : i € I}, where D; denotes the derivation that acts
on g(ki,...,ky,) by multiplication by the scalar k; and zero on the other graded compo-
nents. Note that D;,i € I are commuting derivations of g. The abelian subalgebra & x b

of € x g acts by scalars on g(ki,...,k,) and giving a root space decomposition:
g= @ 0o, where go :={z € g [h,z] = a(h)z for all h € € x h}. (2.1)
ae(Exh)*

Define IT = {a; : i € I} C (€ x h)* by o;((Dg, hi)) = 0k,; + a; ;. The elements of IT are
called the simple roots of g. Set
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Q:= @ Zo, Qi = Z Zia and

acll a€ell

The coroot associated with « € II is denoted by h,, namely h, = h; for a = «;.
The set of roots is denoted by A := {a € (¢ x h)*\{0} | go # 0} and the set of
positive roots is denoted by A} := AN Q4. The elements in II'® := {a; : 7 € I} and
IT'™ := II\IT*® are called the set of real simple roots and the set of imaginary simple
roots. Set Q™ := 3" yim Zyo. We have A = A, LI —A4 and

90:h7 ga:g(klv"'akn)a if a:ZkZQZGA
i€l

Moreover, we have a triangular decomposition g = n~ @h@®nT, where n* = @aeiA+ o
Given v = ), kia; € Q4, we set ht(y) = >, k;. Finally, for A\, u € (€ x h)* we say
that A > pif A—pe Q4.

2.3. The Weyl group

The real vector space spanned by A is denoted by R = R®z Q. There is a symmetric
bilinear form on R given by (o, ;) = d;a,; for i,j € I. For a € II™, define the linear
isomorphism s, of R by

(na),
(@)

The Weyl group W of g is the subgroup of GL(R) generated by the simple reflections
Sa, @ € IT™. Note that the above bilinear form is W—invariant and W is a Coxeter group

AER.

Sa(A) =A—2

with canonical generators s,,a € II"®. Define the length of w € W by ¢(w) := min{k €
N 1w = sq, +++8q,, } and any expression w = Sq, " *Sq,, With k = f(w) is called a
reduced expression. The set of real roots is denoted by A*™ = W(II*®) and the set of
imaginary roots is denoted by A™ = A\Ar. Equivalently, a root « is real if and only
if (o, @) > 0 and else imaginary. We can extend (.,.) to a symmetric form on (& x h)*
satisfying (A, ;) = A(d;h;) and also s, to a linear isomorphism of (& x h)* by

(A @)
(a, )

Note that A(hy) = 29 for o € IL Let p be any element of (¢ x h)* satisfying

(@a)

2(p,a) = (e, @) for all « € 11

Sa(A) =A—2

a, Ae(Exh)".

2.4. Characters

Denote by O™ the category consisting of integrable g—modules from the category
O of g. Let Py = {X € (Exh)* : ANha) € Z4, a € II} be the set of all domi-
nant integral weights of g and let L(A) be the irreducible highest weight module of g
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associated to A € P,. Then it is well-known that there exists a bijective correspon-
dence between the irreducible objects in O™ and {L()\) : A € P.} and the category
Ot i semi-simple (see [2,6]). Given A € P, the module L()\) has a weight space
decomposition L(A) = €D,cq- L(A)u. The formal character of L(A) is defined to be
chL(A) == 3, cp- dim(L(A),,) €. Let ©(A) be the set of all v € @4 such that v is the
sum of mutually orthogonal distinct imaginary simple roots which are orthogonal to A.
We define the normalized Weyl numerator by:

Uy = Z (_1)€(w)+ht(v)e?ﬂ(>\+p—’v)—(>\+p). (2.2)
(w,y) EW xQ(N)

Note that 0 € (X)) and that an imaginary simple root « is in Q(\) if (A, &) = 0. The
Weyl-Kac character formula gives:

(_1)€(w)+ht(v)ew(/\+p—7)—(/\+p)
Ca L (wmEWxQQ) _Ux
chL(Ne™ = S (SR ) U (23)
(w,7)EW x92(0)

(o3

Denote by A = C[[X, : a € IT]] the formal power series ring on the variables X, = e~
corresponding to the simple roots of g. Since e* appears in chL(\)e™ with nonzero
coefficient only when A > p, it follows that Uy € A for all A € P,.

2.5. Special dominant weights

A dominant weight A\ € P, is said to be special if (\,a) = 0 for all o € II'™.
An integrable irreducible g—module L(A) is called special if A is special. We record the
following simple lemma for our future use.

Lemma 2.5.1. Let A\ € P.. Then we have, X\ is special and W —invariant if and only if
L(\) is one-dimensional if and only if chL(\) = e*. O

Note that, the irreducible g-module L(\) need not be one-dimensional in general for
A € Py which is W—invariant. Consider for example the case where all simple roots are
isotropic, then the Weyl group is trivial. It is not hard to see that chL()\) = e if and
only if Q(\) = Q(0) if and only if X is special.

2.6. In this subsection, we recall some basic definitions and results about general
simple graphs that were used to prove that unique factorization property in the Kac—
Moody case (see [12, Section 4.2]). A graph G is said to be simple if it does not contain
multiple edges (parallel edges) and loops.

Let G be a simple graph with the vertex set V consisting of n elements. For S C V|
the subgraph spanned by S is again a graph, denoted by G(S), whose vertex set is S
and there is an edge between the vertices u,v € S in G(5) if and only if there is an edge
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between the vertices u,v € S in G. We say a subset S of V' is independent if there is no
edge between any two elements of S. The following definition is important for describing
the factors of Uy (see also [12, Section 4.2]).

Definition 2.6.1. A k—partition of the graph G is an ordered k—tuple (Ji, Ja, ..., Ji) such
that the following conditions hold

(1) the J; are non-empty pairwise disjoint subsets of the vertex set V whose union
is V;
(2) each J; is an independent subset of V.

We denote by P(G) the set of all k—partitions of G and ¢x(G) = |Py(G)|. We also
define

PR x(9)
e(G) == (-1) g(fmk ’fk .

k=1

The following result describes the connection between ¢(G) and the connectivity.

Proposition 2.6.2. [12, Proposition 2] For a graph G, we have ¢(G) € Z4 and ¢(G) > 0
if and only if G is connected.

2.7. Graph of g and A

Let G be the simple graph underlying the Dynkin diagram of g, i.e. the vertex set
of G is II and two vertices «, 8 € II is connected by an edge if and only if (a, 3) # 0.
We will refer to G as the graph of g. For any subset S C II, we denote |S| by the
number elements in S and recall that G(S) denotes the subgraph spanned by the subset
S. We say a subset S C II is connected if the corresponding subgraph spanned by S is
connected, i.e., G(S) is connected. For A € P, define

ME ={a eTl™: (\,a) =0} and TI(\) = IT™ U A,

Note that the set II(A) need not be connected in general and II(A) = IT if A is special.
The subgraph spanned by II(A) will be called the graph of A. Denote C(A) by the set of
all connected subsets of II(\). The set of all connected components of II(\) is denoted as
MC(A) and let k) = |MC(A)| denote the number of connected components of II(\). More
generally for A = (A1, ,\g) € P, we denote MC(X) to be the multiset U¥_, MC()\;).
Finally, we denote by Sy the set of permutations of {1,---,k} for k € N.
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3. Logarithm expansion of characters

In this section, we introduce the elements U(A, x) and U;(A, x) that generalize the
normalized Weyl numerator Uy. We give all the arithmetic tools to prove criteria for
their factorization, namely logarithm of characters and projection operators.

3.1. The Weyl group action

We discuss the Weyl group action on the elements A + p — vy, A € Py and v € Q(\)
in order to understand the monomials e?+P==(+2) For w € W, we fix a reduced
word expression w = s;, - --s;, and let I(w) = {a;,,...,q; } C II'*. Note that I(w) is
independent of the choice of the reduced expression of w (see [4]). Let A € Py and for
v € Q(\) we set

I(y) = {a € II"™ : o is a summand of v},

namely I(y) = {a;,, -+, ;. } if v =Y, _; a;, . Note that the set I(v) depends on A, but
we simply denote it as I(y) for convenience. Define

TA) == {(w,y) e W x QA)\{(1,0)} : I(w) U I(y) is an independent subset of II}.

Note that (w,0) € J(A) if and only if I(w) is an independent subset of 11" and (1,v) €
J () for all nonzero v € (). We record the following simple lemma for future use (see

[4])-

Lemma 3.1.1. If I(w) is an independent subset of II*® for w € W, then we have ¢(w) =

[T(w)].

Given A € Py, w € W and v € Q()\), we define b)(w,v) € Z for every a € II by
(A +p) —wA+p—7) = Loen balw, 7)o

Lemma 3.1.2. For a given A € Py, w € W and v € Q()\), we have:

(i) b (w,v) € Zy for all a € I and b} (w,y) =0 if a & I(w) U I(y);
(ii) I(w) = {a € 1" : b)) (w, ) > M};

(@, @)

(iii) If (w,7) € T(N), then b(w,7) = 20FD for all a € I(w), bi(w,) = 1 if

(o, «
a € 1(v), and b)) (w,v) = 0, otherwise;
(iv) If (w,7) & T(N) U{(1,0)}, then 3 a € I(w) C TI' such that b (w,7) > 20
Proof. We prove the lemma by induction on ¢(w). If ¢(w) = 0, then (i)—(iii) are obvious.
Let a € II"® such that w = spu and £(w) = £(u) + 1. Then
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A+p) —wA+p—7)=(A+p) —squ(A+p—17)
=A+p)—urA+p—1)

N (2(A»U‘1a) Lopula) Q(V,u‘la))a.

(@, ) (@, ) (@, @)

By induction hypothesis we know that (A + p) — u(\ + p — ) has the required property,
and since £(w) = £(u) + 1 and « € 1", we also know v~ ta € A™ N A,. This implies

Y
that 2% € N, because A € P,. Further, v is a sum of imaginary simple roots

and a;; < 0 whenever ¢ # j. Hence —2% € Z, and since I(w) = I(u) U {a}, the
proof of (i) is done. To prove the Statement (ii), observe that there are two possibilities:
I(w) = I(u) or I(w) = I(u) U {a}. Statement (ii) is immediate if I(w) = I(u). Suppose
I(w) = I(u) U {a}, then we have u'a —a € Q4 since ula € A™NA, and « ¢ I(u).
This implies that 242 -2=9) > 0 as X € P, Hence (ii) follows.

If (w,v) € J(A), then we have I(w) = I(u) U {a} and (u,v) € J(A). This implies
1 1

that ' = o and so (p,u™'a) = (p,a) = 3(a,a) and (y,u"'a) = (7,@) = 0. Thus

(iii) follows from the above expression of (A + p) — w(A + p — ) by induction.

It remains to prove (iv). Suppose w = s, we have

(o, ) (o, )

(A+p)w(A+Pv)v+(1+2(A’O‘) 2<%0‘))a

Since (w,7) ¢ J(N)U{(1,0)}, {a} and I(y) are not independent and we get 7283; € N.
This completes the proof of (iv) for w = s,, giving us a base for induction. For the
induction step we write w = sau where £(w) = £(u) + 1. We have either (u,v) €
TN U{(1,0)} or (u,y) ¢ J(A)U{(1,0)}. In the latter case, we are done by using the
induction hypothesis since I(u) C I(w). So, assume that (u,v) € J(A\) U{(1,0)}. Since
(w,v) ¢ T(A)U{(1,0)}, we have (u,7) # (1,0) and I(w) = I(u) U{a} and there are two
possibilities: either I(u) U {a} is independent or {a} U I(7) is independent. However we
can not have that both of them are independent.

Case 1: Suppose I(u) U {a} is independent and {a} U I(7) is not independent, then we
1

the above expression of (A + p) — w(A+ p — 7).

have (v,u"'a) = (y,a) < 0 and —2% € N, so we are done by interpreting this in

Case 2. Suppose {a} U I(y) is independent and I(u) U {a} is not independent, then

we have u=(a) — a € Q+\{0} since v la € A™ N A, and a ¢ I(u). So, we get
—1

2% > 1. Now interpreting this in the above expression of (A+p)—w(A+p—7),

the assertion follows. O

Remark 3.1.3. The above lemma is a generalization of [12, Lemma 2] in the setting of
BKM algebras, see also [1, Lemma 3.6] for the special case A = 0.
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3.2. The elements U (A, x)

We define the elements U(), x) in A which generalize the Weyl numerators U,. We
shall later determine in which cases these elements admit unique factorization and how
they factorize in other cases.

Let x : W x Q™ — C \ {0} be a homomorphism that is,

x(1,0) = 1 and x (H w27> = x(wi,m) -+ x(wp, )
=1 =1

for wy,...,w, € W and v,...,7 € Q. For X € Py and such x, we define the
normalized Weyl numerator associated with (A, x) as follows:

UAx) = Z x(w, 7)ew(/\+p—v)—(,\+p)
(w,y)EW xQ(N)

Since w(A + p) < A+ p for all w € W, we have U(A, x) € A. There are two important
homomorphisms which are especially useful. One is the trivial homomorphism defined
to be

Uw,7) =1
for all (w,v) € W x Qi_f_“ and another one is the sign homomorphism which is defined by
sgn(w, ) := (1) (=)0

Clearly, U(\,sgn) = Uy, that is U(A, x) generalizes the Weyl numerator, and

U1 = Z @A t+p=7)—(A+p)
(w,y)EW xQ(A)

3.3. Logarithm of U(X, x)

We recall the notion of logarithm of elements in A which is our main tool to make
the product U(Ay, x) -+ U(Ar, x) into a sum Y., logU(A;, x) which is less difficult to
analyze. Given an element f € A, we define

2 3 fk
“log(1 — f) = Lo L
ogl=f)=f+ G+ 5+t
Note that —log(1 — f) € A for all f € A and log(fg) = log(f) + log(g) for all elements
f,9 € A with constant terms 1.
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Now write (A, x) :=1—U(A, x) and for (w,vy) € W x Q(\) we denote the monomial

X\, w,7y) = @Ot =0F0) = H Xgi(ww)_
a€ll

For a subset C' of 11, denote by

H XQHR) () H X,

aeCre aeCim

and

— H x(si,0) H x(1, ),

,L'Ecre 7;ecﬁm
where C™ =II"** N C and C'™ =II'"™ N C.

One of the key ingredients in the proof of our main theorem is to we investigate the
elements —log U (), x) and give necessary and sufficient conditions for the monomials
XAC) to appear in —log U(), x) with nonzero coefficient. The following proposition
is a generalization of [12, Proposition 1] for BKM algebras. Recall the definitions of
() = I U A\, and ¢(G) from the Sections 2.7 and 2.6.

Proposition 3.3.1. Let x : W x Q™ — C \ {0} be a homomorphism and let X € Py and
C CIL

(i) Suppose the monomial [, Xa= appears in —log U(X, x) with nonzero coefficient
then the support of this monomzal must be contained in II(N), i.e.

supp( H Xi) ={a€ll:aq #0} CII(N).
a€ell

(ii) The coefficient of the monomial X*(C) in —log U (X, x) is equal to x(C)c(G(C)) for
C CII()N), where G(C) is the subgraph spanned by C. In particular, this coefficient
depends only on the subset C'.

(iii) The monomial X (C) appears in —log U(\, x) with nonzero coefficient if and only
if C' is a connected subset of TI(N).

Proof. Part (iii) of the proposition follows from (ii) and the Proposition 2.6.2, since
x(C) # 0 for all C' C II. Now write

A== > xw XA wy) =G x) + A X)
(w,y) EW xQ(N)
(w,7)#(1,0)

where
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Cl()‘vX) = - Z X(wv/y)X(AerU?’Y)
(w,y)EW XQ(X)
(w,)€T(N)

and

GAX) =— > x(w, 7) X (A, w,7)
(w,y)EW xQ(N)
(wmET(NU{(1,0)}

Since —lo U()\ = CO® Ot ‘ 1 ;

g UN\ x) = C(A, x) + =3+ +>5=+---, Lemma 3.1.2 implies that any
monomial [ ], cppre X5 [ cmm Xo'e that occur in —log U(A, x) with nonzero coefficient
must satisfy the following conditions:

(1) if po # 0 for some « € II*® then p, > (A + p)(he) and (2) my = 0 for a ¢ II(N).

This proves the statement (i) of the proposition. In particular, the monomial X*(C)
appears in —log U(\, x) with nonzero coefficient then C' C II(A). Let C' C II(A), then
Lemma 3.1.2 (iv) further implies that there is no contribution of (2(A, x) to the coefficient
of the monomial X*(C) in(()\7x)+<(’\2+X)2+~-~+<(’\’Tw+---, ie

k

the coefficient of X)‘ (Z ¢ >

=1
= the coefficient of X)‘ (Z C1(A\ x) )

1

Z (the coefficient of X*(C) in %) _
k=1

Hence it is enough to calculate the coefficient of X*(C) in (1 (A, x)*, where

k
G x)r = Z (1" HX(wi77i)X(>‘7wi77i)'
((w1,71),(w2,72)5- s (Wi Vk)) =1
(wi,yi) € WxQX)
(wi,vi)€ET(X)

From Lemma 3.1.2 (iii), we get that H X (A wi,vi) = XMC) if and only if (I(w;) U

I(y1), I(wa) U I(y2), .oy I(wg) U I(yg)) form a k—partition of C. In particular, for this
k—partition of C' we have

HX wi, Vi) = (Hw17271> = H X(Si,O) H X(lvai):X(O)

ieCre ieCim
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which is independent of the choice of the partition and depends only upon the subset C
and the homomorphism Y. Since all the k—partitions of C arise in this way and x is a
homomorphism, using Lemma 3.1.1, we have

(the coefficient of X*(C) in Cl()\,w)k) = (=1)*x(O)|P.(G(0))]

where G(C) is the subgraph spanned by C. Putting this all together, we conclude that

o0

(the coefficient of XMC) in —log U(A X))

O)|PL(G(C)] = Xx(C)e(G(C)).
k=1

Since x(C) # 0 for all C' C II, we have x(C)c(G(C)) is nonzero if and only if ¢(G(C)) is
nonzero. Thus Proposition 2.6.2 completes the proof of (ii). O

3.4. Factorization of U(\, x)

The set TI(A) need not be connected in general for A € P,. We factor U(\, x) to a
product of elements U; (A, x) which correspond to the connected components of the graph
corresponding to II(\).

Let A € P, and let C, 1 < i < ky, be the connected components of ITI(\). For
1 < i < ky, we denote by W(A); the Weyl group generated by the simple reflections
{84 1 @ € C} NI}, Similarly, for 1 < i < ky, we denote by Q(\); the set of all v € Q4
such that  is the sum of mutually orthogonal distinct imaginary simple roots which are
in C2 N AL, Then we have

kx

Uhx) =]] > X(w, 7)e?Otr=1=(+p) (3.1)
i=1 \ (wm)EW (N xQ(N);

For 1 <i < k), we denote

Ui(A x) = > X(w, y)e A Hpm =) (32)
(w, ) EW (A)i x2N)s

Then Equation (3.1) becomes

In the following proposition, we make some observations about the monomials which
appear in —log U; (A, x), which are similar to the observations about U(), x) that were
stated in Proposition 3.3.1.

Proposition 3.4.1. Let x : W x Q1 — C \ {0} be a homomorphism and let A € P,. Let
cy,- - ,C’,?A be the connected components of TI(\). For 1 <i < k), we have:
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(i) The support of a monomial which appears in —log U;(\, x) with nonzero coefficient
must be contained in C}.
(ii) The coefficient of the monomial X (C) in —log U;(\,x) is equal to x(C)c(G(C))
for any C C C2, and in particular this coefficient depends only on the subset C.
(iii) For a subset C C C2, the monomial X*(C) appears in —log U;(\, x) with nonzero
coefficient if and only if C is a connected subset of C}.

Proof. We leave out the proof since it closely follows the arguments of Proposi-
tion 3.3.1. O

3.5. The projection operator #¢

We define the projection operator #¢ corresponding to a connected component C' of
the graph of A\. We apply this operator on —log U;(\, x) and use it to determine when
Ui(A, x) is equal to U;(u, x).

Recall that A = C[[X,, : a € II]] where X, = e~ *. Let A € P and C be a connected
component of II(A). Define the map #¢ : A — A which maps

f=Y X fre= Y X,
a supp@a)zc

where a = (aq : a € II) and supp(a) = {a € II : a, # 0}. It is easy to see that the
operator #¢ is a linear operator. The following proposition follows from Proposition 3.4.1
(which is based on Lemma 3.1.2(iv)). It plays a crucial role in the proof of our main
theorem.

Proposition 3.5.1. Let x : W x Q' — C \ {0} be a homomorphism. Let A € Py and
C = C} be a connected component of TL(\). Then we have

(—log Us(\, x))#¢ = x(C)e(G(C)XMC) + monomials of degree > deg X*(C),
where deg XM (C) =3 core A(ha) + [C™]. O
The following lemma compares when two U; (A, x), U; (i, x) are equal.

Lemma 3.5.2. Let x : W x Q™ — C \ {0} be a homomorphism. Let A\, jn € Py and let
C? and C;-‘ be two connected components TI(X) and TI(u) respectively. Then the following
statements are equivalent:

(i) XNCP) = xH(Ch)
(i) c? =Y and)\(h ) = pu(ha) for all a € CH NI
(iii) Us(A, ) Uj (1 x)
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Proof. If X*(C}) = X“(C;‘) then the supports and exponents of the corresponding
variables of these monomials must be equal, so (ii) follows from (i). Assume (ii), we get
CH NIl = C% NI and CH NI = i n I1'™. This immediately implies W(\); =
W(p);, and Q(N); = Q(u);. Since A(hq) = p(hy) for all @ € C} NIT™, we have w(\ +
p)— A+ p) =w(pu+p)— (u+ p) for all w € W(A);. Hence we have U;(\, x) = U; (A, x).
Finally, the fact that (iii) implies (i) follows from Proposition 3.5.1. O

4. Unique factorization properties

4.1.  In this section, we prove that the product U(Ay,x)---U(A, x) factorizes
uniquely to terms corresponding to the connected components of II(A), ..., II(A.). More
precisely, let r,s € N and A = (\1,...,\,) € P77 = (p1,--.,s) € P such that

Ui x) - Ur, x) = Ulpa, x) - Ulpss x) (4.1)
k)Ap

Recall that, we can write U(A,, x) = [[ Ui(Ap, x) for 1 < p < r (see Equation (3.2))
i=1

ki
and similarly, U(uq, x) = [1 U;(ug, x) for 1 < g < s. Then Equation (4.1) becomes
j=1

Exp s kug

IT{ITU:Cw0 ) =TT { T1Us(ka0) (4.2)
p=1

i=1 g=1 \j=1

We now prove that the factors occur in the Equation (4.2) are unique up to permutation.
T S

i.e., number of factors on the both sides are equal (N = _ kx, = > k,,) and there
p=1 qg=1
exists a permutation o on Sy such that U;(A,, x) = Uy (1, x) where o(i,p) = (¢/,p).

Precisely,

Theorem 4.1.1. Let x : W x Q1 — C \ {0} be a homomorphism. Let r,s € N and
let X\ = (M,....\) € P}, = (1,...,pu5) € P. Then the following statements are
equivalent:

(Z) U()‘DX) to U()‘WX) = U(MlaX) T U(:usaX)

(2) there exists a bijection o : MC(\) — MC(@) given by C — C, satisfying the
following conditions: if C € MC(X;) maps to C, € MC(u;) then
(i) C =Cy and further, (i) Ai(ha) = p;(ha) for all a € C™°.

T S
(3) > kx, = > ku, = N and there exists a permutation o € Sy such that
p=1 q=1

Ui(Mp, X) = Ui (pp s x) where o(i,p) = (i',p).
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Proof. (2) <= (3) follows from the Lemma 3.5.2 and (3) = (1) is obvious. Now we
prove (1) = (3). Suppose

UM, x) - Ursx) = U(pa, x) - - Upss x)- (4.3)

Factorize this further in terms of U; (), x) as before, then we get

Exp s kug
H [TU:w0 | =TT { I Uitra:x) (4.4)
p=1 \i=1 q=1 \j=1

Applying —log on both sides we get

r k>\p s
Zz—log Ui(Ap, x Zz—log Uj (> x) (4.5)
p=11i=1 q=1j=1

Let C = {C’;‘p cpe{l,--,r} lgigk’,\p} U {C’;“’ cqed{l,--- s}, 1§j§kuq}
to be the set of all connected components of TI(;),II(p;),1 < i < ky,,1 < j < kg,
We fix a maximal element C from C with respect to set inclusion. Without loss of
generality we assume that this chosen maximal element occurs on the left hand side of
the Equation (4.5), say C = C)‘l, and satisfies the following property: the monomial
XA (CO) is the minimal degree monomial (with respect to total degree) among all the
monomials in the left hand side of the Equation (4.5) with C' as support, where A\; = .
Now apply the map #¢ to Equation (4.5) then we get

.k,

YD —log Uiy, x #C—ZZ—logU g x) . (4.6)

p=11i=1 q=1 j=1

Since C' is maximal in C with respect to set inclusion, we immediately observe the
following from Proposition 3.4.1:

(i) either —log U;(\,, x)#¢ is equal to zero or

(ii) we have C;” = C and the monomial X*»(C) is the minimal degree monomial
in —log U;(\p, x)#C with respect to the total degree when —log U;(\,,x)#° is
nonzero.

Similarly we have:

(iii) either —log U; (g, x)€ is equal to zero or

(iv) we have C}'* = C and the monomial X#?(C) is the minimal degree monomial
in —log U;(ug, x)¥© with respect to the total degree when —log Uj(ug, X)#C is
nonzero.
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Since X*(C') appears in the left hand side of Equation (4.6) with nonzero coefficient and
it is of minimal degree monomial, there must exist 1 < g <sand 1 <j < k#q such that
C= Cf" and X*(C) = XHa (qu) which immediately implies that U, (A, x) = U; (g, X)
from Lemma 3.5.2. Canceling U;, (A, x) and U;(pg, x) in Equation (4.3) and proceeding
by induction we get the desired the result. O

We end this section with the following important corollary of Theorem 4.1.1. If we
assume all the sets II(\) involved in Theorem 4.1.1 are connected then we get the unique
factorization property for U (A, x).

Corollary 4.1.2. Let x : W x Q' — C \ {0} be a homomorphism. Let r,s € N and let
A= (A1, .y A\) € P = (1, .., pis) € P5 such that IL(\;) and I1(pj) are connected
forall1<i<r 1<j<s. Suppose we have,

UM, x) U, x) = Ulpa, x) -+ Ulpss ) (4.7)

then v = s and there exists a bijection o in S, such that U(\;,X) = U(pe(s), x) for all
1< <r.

Proof. Since II()\) are connected, we have MC(A) = {II(\;) : 1 <4 < r} and MC(p) =
{II(p;) : 1 < j < s}. Interpreting this in Theorem 4.1.1 gives us the result. O

Remark 4.1.3. If we specialize Theorem 4.1.1 and its Corollary 4.1.2 to the trivial ho-
momorphism x = 1 then we get the unique factorization properties of U(A,1)s as in
Theorem 4.1.1 and Corollary 4.1.2. These unique factorization properties of U (A, 1) are
new as far as we know.

4.2. Unique factorization of tensor products

By specializing Theorem 4.1.1 to the sign homomorphism y = sgn, we can deter-
mine the necessary and sufficient conditions for which the tensor product of irreducible
representations from O™ is isomorphic to another.

Theorem 4.2.1. Let g be a BKM algebra and let r,s € N such that v > s and let X =
(A1,-- s Ap) €PY Ti=(p, .. pbs) € P Set i = (p1,. .., pts,0,- -+ ,0) where O appears
r — s times. We have,

L(A1) ® L(A2) @+ @ L(A) = L(p1) @ L(pz) @ - @ L(ps) (4.8)

as g-modules if and only if > N\i = Y. p; and there exists a bijection o : MC(X\) —
i=1 j=1
MC(i) given by C — C, satisfying the following conditions: if C € MC(\;) maps to

Cy € MC(p;) then we have
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(i) C =Cy and further, (ii) Ai(ha) = p;(ha) for all o € C*°.

Proof. Assume that (4.8) holds. Then by taking character on both sides of Equation
(4.8), we get

chL(Ay)---chL(A;) = chL(u1) - - chL(pus) (4.9)

By considering the maximal weights on the both sides of Equation (4.8) we get > A; =
i=1

> pj = 7 (say). Now multiplying e~7 on the both sides of the Equation (4.9) and
j=1
grouping the elements chL(\)e™, we get

HchL()\i)ef)‘i = HchL(uj)e*"J}
i=1

j=1
Using the Weyl-Kac character formula (i.e., the Equation (2.3)), we get
Uy, - Us, = Uy, - U, U

Now the necessary condition is immediate from Theorem 4.1.1 by specializing for xy =
sgn.

T S
For the converse part, assume that > A\; = > p; and there exists a bijection
i=1 j=1

o : MC(\) — MC(ju) satistying (i) and (ii). It is immediate from Theorem 4.1.1 (again

™ S
specialize to x = sgn) that Uy, ---Ux, = U, --- U, U;"°. Now using > \; = > p;, we
i=1 j=1

” s
i s

Ai > r
get ei; Ur,---Ux, =e= Uy ---U, Uy ®. Thus we get, [] chL(\;) = [] chL(u;).
i=1 j

Since a finite tensor product of integrable irreducible modules from O is completely re-
ducible ([7, Page no. 180, Corollary 10.7]), we have the isomorphism of the corresponding
tensor products (4.8). O

We can immediately deduce the following corollary which gives the unique factoriza-
tion property for tensor products of special family of irreducible integrable representa-
tions of indecomposable BKM algebra g.

Corollary 4.2.2. Let g be an indecomposable BKM algebra and let ;s € N and let X\ =
(AL, A) € PL = (pa,- .-, pus) € P such that TL(\;) and II(p;) are connected for
alll1<i<r, 1<j<s. Suppose

L(A1) @ L(A2) ® -+ @ L(Ar) = L(p1) @ L(p2) ® -+ @ L(ps) (4.10)

as g—-modules then r = s and there exists a permutation o € S, such that
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chL(\;) = eM #e chL(py(iy) for all 1 <i <.

Further more if we assume that \; — pq;y are dominants and special for all 1 < i <r
then there exist one-dimensional g—modules Z; such that L(\;) = L(py(;)) @ Z; for all
1<i<r.

Proof. Since II();) and II(yx;) are connected for all 1 < i < r, 1 < j < s, by Theo-
rem 4.2.1, we get r = s and there exists a permutation o € S, such that IT(\;) = II(;)
and \i(ha) = plo(i)(ha) for all a € II"°. This implies that \; — p,(;) is W—invariant
and we get chL(\;) = e " chL(py(;)) for all 1 < i < r from Lemma 3.5.2. The last
statement immediately follows from Lemma 2.5.1. O

Remark 4.2.3. We make the following important remarks:

(1) The last assumption on the dominant weights, namely that the difference is domi-
nant and special, is needed to make sure that we get one-dimensional twists. This
assumption is necessary, see the Example 4.3.1.

(2) Suppose that the Borcherds—Cartan matrix is indecomposable and a;; = 2 for all
i € I. Then we have II = II*® and II'™ = (). Since II(\) = II is connected for all
A € Py, we recover the result for Kac-Moody algebras that was proved in [12]. This
result was first proved for finite dimensional simple Lie algebras in [11].

4.3.  We end with some examples.

2 -1
Example 4.3.1. Suppose that the Borcherds—Cartan matrix is [ 10

(a1,01) = 2, (a1, 2) = —1 and (ag,@3) = 0 where a; and as are real and imagi-

1. We have

nary simple roots respectively. Note that g is indecomposable (i.e., IT is connected). The
Weyl group is W = {1,s,, }. We have II()) is always connected for any A\ € Py. Let
A € Py oand write A = awy + bwa, = cwy + dwy where w;, i € I are fundamental
weights defined by w;(h;) = d;; for all ¢, j € I. If a = ¢ and both b, d are non-zero, then we
have chL(\) = e* #chL(u). Furthermore, e*~* is not a character of a one-dimensional
representation, even when A — y is dominant.

Now take A1 = 3wy + dwa, Ao = 2wy + 3we, 1 = 3wy + 3we and pe = 2wy + 4ws, then
using the above observation we have

L(\1) ® L(A2) = L(p1) ® L(pz) and chL(\;) = e ichL(u;),i = 1,2.

But A\ — 1 = w2 € Py is not special, thus e*~H1 ig not a character of one dimensional
representation. Since Ay — pip = —wo ¢ Py, it is easy to see that e*27#2 is not a character
of one dimensional representation.
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2 -1 0

Example 4.3.2. Suppose that the Borcherds—Cartan matrixis | —1 0 —1 |. Denote
0o -1 2

by I = {a1,as} and II"™ = f. Note that (ai,a2) = 0, (a1,5) = (az,8) = 1

and (B,5) = 0, therefore II is connected and g is indecomposable. The Weyl group is
W = Wy x Wa, where W; = {1,s,,} for i = 1,2. Let I' = {\ € P, : (\,) = 0}. For
A €T, we have 3 € A&, and in particular ) is a special dominant weight such that
II(A\) = II is connected. So, Corollary 4.2.2 applies to elements of I". Suppose p € Py \T,
then we have II(u) = {1, a3} which is not connected. Write p = ajwy + asws + azws
with a3z # 0, where w;,i € I are fundamental weights defined by w;(h;) = 0;; for all
1,7 € I. Since Q(p) = 0, we have
vl U2 ,
ch L(p) = elesHlws Za101 0202 hope Ugiw, = Z (1) ewlaithws 1y —q 9

e UO weW;

Thus for a1, as,b1,b2 € Z4 and as,bs € N, we get

L(a1wy + asws + asws) @ L(biwy + baws + b3ws)
= L(a1w1 -+ b2(.d2 + CL3W3) X L(b1w1 “+ aswo + bgbdg).

Remark 4.3.3. A similar phenomenon happens for typical finite-dimensional modules
over Lie superalgebras. For example, take g = sl(m|n) and II to be the standard choice
of simple roots. Then for A\ typical, MC(A) has two components and the character of
L(\) factorize to two terms. However, due to the lack of complete reducibility, this is not
enough to conclude about tensor products of representations. The subcategory of typical
finite-dimensional g-modules admits complete reducibility but is not closed under tensor
products.

Example 4.3.4. Suppose that a;; € —Z for all 4, j. Then we have II'® = () and I = IT'™.
Let A€ P andlet k; e N;1<i<rand¢ € N,1<i<rsuchthat > k;= > ¢; =:s.
i=1 j=1

Then we have ch(L(k\) @ - @ L(k,\)) = e~ ch L(\) = ch(L({41\) @ --- @ L(£,:)\))

and hence we have L(k1A) ® -+ ® Lk, \) 2 L6 A) ® - - @ L(L- ).
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