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Abstract

Numerous studies on hydrodynamics of the Keplerian as well as the sub-Keplerian accretion disk around a
compact object (e.g., white dwarf (WD), neutron star (NS), or a black hole) have attempted to explain the observed
UV, soft, and hard X-ray spectra. Although, when the compact object (e.g., a WD or an NS) has a finite surface, its
rapid rotation, the stellar magnetic field could cause deformation of the spherical symmetry. Earlier studies on the
Keplerian disk showed that a deviation from the spherical symmetry of the compact object could affect the
observed light curve and spectra at high frequencies. Here, we have explored the effect of the nonspherical nature
of a compact object on the hydrodynamics of an optically thin, geometrically thick sub-Keplerian advective flow.
We find that due to the nonspherical shape of the central accretor, there is a possibility to trigger Rankine–
Hugoniot shock in the sub-Keplerian advective flow close to the accretor without considering any general
relativistic effect or presence of the hard surface of the star. Our results are more relevant for accretion onto a WD
as hardly any general relativistic effect will come into the picture. We propose that some observational features,
e.g., high significance of fitting the spectra with multi-temperature plasma models rather than single-temperature
models, and variable efficiency of X-ray emission (X-ray luminosity in comparison with the optical and UV
luminosity of the disk) in nonmagnetic cataclysmic variables can be explained by the presence of a shock in the
sub-Keplerian advective flow.

Unified Astronomy Thesaurus concepts: High energy astrophysics (739); Cataclysmic variable stars (203); White
dwarf stars (1799); Accretion (14); Shocks (2086)

1. Introduction

The physics of accretion disks has remained an open area of
research over the last few decades. Despite great progress in
our understanding, we still need better theoretical model to
shed light on recent observations. Generally, there are three
theoretical models of accretion disks: (i) geometrically thin and
optically thick Keplerian disk (Shakura & Sunyaev 1973),
(ii) geometrically thick and optically thin advective flows
(Chakrabarti 1989; Narayan & Yi 1994), and (iii) geometrically
and optically thick slim disks (Abramowicz et al. 1988). Various
accreting sources often show variability in observed luminosity
and could change the geometrical shape of accretion disks.

The presence of a geometrically thick and optically thin
advective flow is essential to explain hard X-rays and soft γ-
rays from accreting systems like neutron stars (NSs) and black
holes (BHs; Chakrabarti & Titarchuk 1995; Narayan et al.
1998; Yuan et al. 2005). Due to the advective properties of
thick flows, thermal energy generated due to viscous dissipa-
tion gets advected into central object before it can escape
vertically from the disk surface. The advection of thermal
energy in such geometrically thick hot flows plays an important
role in stabilization against thermal instability. Flow remains
hot, optically thin, geometrically thick, and is able to give
higher energy photons (Narayan & Yi 1994, 1995). On the
other hand in a Keplerian, optically thick, geometrically thin
Shakura–Sunyaev disk (SSD; Novikov & Thorne 1973;
Shakura & Sunyaev 1973; Pringle 1981) emission of multi-
temperature blackbody radiation is sufficient to balance the
viscous heating. The resultant emission is observed in soft

X-rays and is of higher luminosity. To explain the observed
spectra, two-component accretion flow is also invoked
(Chakrabarti & Titarchuk 1995; Chakrabarti 1996; Chatterjee
et al. 2018).
Several observations show that like BH and NS systems,

accreting nonmagnetic white dwarf (WD) systems (cataclysmic
variables; CVs) also produce hard X-rays in all types of source
states (and not soft X-rays as would be expected in high
accretion rate states), the origin of which is interpreted to be
connected to the presence of a radiatively inefficient (advec-
tive) accretion flow (Balman et al. 2014; Godon et al. 2017;
Balman 2020, and references therein). However, Pringle &
Savonije (1979) proposed the possibility of emission of hard
X-rays from nonmagnetic CVs under low accretion rate
depending on the effectiveness of a shock in a Keplerian
SSD. For a detailed discussion on the presence of advective
flows in nonmagnetic CVs see Section 5.3.
One crucial difference between the advective flow around

the NS or the BH and that onto a WD is that protons are unable
to transfer their energy to electrons and two temperature plasma
comes into the picture for the former case (Narayan & Yi 1995;
Rajesh & Mukhopadhyay 2010), while for the latter, the
temperature of the protons and the electrons remains almost the
same; however, see Section (5.4) (Frank et al. 2002; Medvedev
& Menou 2002). Therefore, radiatively inefficient advective
flow in CVs can be treated as a single-temperature fluid
(Chakrabarti 1989; Narayan & Popham 1993; Popham&
Narayan 1995; Chakrabarti 1996). For this preliminary model,
we assume here that the disk is completely ionized.
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It is probable that presence of the stellar rotation, strong stellar
magnetic field and continuous accretion can change the spherical
shape of the central accretor (Ostriker & Bodenheimer 1968;
Ostriker & Hartwick 1968; Shapiro & Teukolsky 1983; Komatsu
et al. 1989; Haskell et al. 2008; Das & Mukhopadhyay 2015;
Subramanian & Mukhopadhyay 2015). One first-order general-
ization of spherical shape is the Maclaurin spheroid (MS;
Chandrasekhar 1969). Deviation from the spherical symmetry of
an accreting source leads to a change in the gravitational force
exerted on a test particle orbiting very close to it and could alter
the dynamics of the accretion flow. Despite such an effect of
gravity, the gravitational potential of an MS remains Newtonian
and we do not consider any general relativistic (GR) effects for
this work.

There are already a few theoretical studies on orbits around
an MS (Amsterdamski et al. 2002; Kluźniak & Rosińska 2013)
and SSDs around an MS accretor (Mishra & Vaidya 2015).
These studies showed the emergence of many new features in
the accretion flow just because of the deformation of the shape
of the compact object. In this paper, we study the sub-
Keplerian advective flow around an NS and a WD considering
the accretor to be an MS. To do a preliminary analysis, we
consider a low angular momentum (sub-Keplerian) inviscid
flow. It is convenient to assume such low value of angular
momentum in modeling sub-Keplerian advective flow and its
characteristic properties (Chakrabarti 1989; Das et al. 2001;
Palit et al. 2019). However, it must be emphasized that our
reported model in this article is primarily applicable to WDs
since GR effects do not play a crucial role in accretion disks
around such a compact object. The importance of our reported
theory could also be realized to describe accretion flow around
a rapidly rotating NS but not very precisely without including
all the GR effects. Therefore, in the rest of the article, we
primarily focus on accretion disks around WDs rather than
NSs. Although inclusion of GR effects will change the
properties of the flow and will change the parameter space
for our model to be applicable, we expect the qualitative picture
will remain same.

An inner sonic point (see Section 2) does not exist for
accretion onto a spherical Newtonian accretor. That is why
shock cannot be realized within the sub-Keplerian advective
flow around a spherical Newtonian accretor unless there is
the presence of a hard surface (Dhang et al. 2016) or GR
correction in gravitational potential is taken into account
(Chakrabarti 1989, 1996; Mukhopadhyay 2002; Dihingia
et al. 2020). For accretion onto a WD, to the best of our
knowledge, we are reporting for the first time that formation
of a shock is possible in the appropriate parameter space due
to the deformed shape of the accretor. To some extent, the
shocks can explain the scenarios where the hard X-ray
emission components that are predominantly detected both in
the quiescence and outburst in the inner disk and the X-ray
emitting region. There seems to be a few detections of the
soft X-ray regime during outbursts (i.e., state transition to
high state) and no detection of soft X-ray emission in
persistent high state CVs. This suggests that an optically
thick standard boundary does not form (see discussions in
Balman et al. (2014), Balman (2020), section 2.3, and
references therein). The shocks we calculate, can explain the
detected hard X-ray emissions in nonmagnetic CVs when the
different parameters of the central accretor and of the flow are
suitable for the shocks to occur.

The plan of the paper is as follows. In Section 2, we present
the formalism we follow. We analyze the parameter space for
advective accretion flow in Section 3. In Section 4, we present
the hydrodynamics of flow around an NS as well as a WD. We
discuss the possible connection of our work to observations in
Section 5. Finally we conclude in Section 6.

2. A General View of the Formalism

We use a standard approach (e.g., see Chakrabarti 1989;
Mukhopadhyay 2003) to investigate the inviscid accretion flow
around a compact star (e.g., an NS or a WD) whose gravity can
be described by the gravitational force due to an MS.
Specifically, we want to study the effects of deformation
(may be due to rotation of the star or due to the intrinsic stellar
magnetic field).
To obtain the flow variables, we solve conservation of mass

(mass continuity equation) and momentum (radial momentum
balance equation) as given below:

( ) ( )S =
d

dr
r v 0, 1

( ) ( )
r
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r
F r
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2
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where Σ= 2ρ(r)h(r) is the vertically integrated surface density
and F(r) is the gravitational force for an MS. Here, ρ(r) is the
density and h(r) is the half thickness of the disk. Unless
otherwise stated, all the radial distances in this paper are in
units of GM/c2, where M is the mass of the MS, G is the
gravitational constant, and c is the speed of light. The velocity v
is in units of c and specific angular momentum l is in units of
GM/c.
Along with Equations (1) and (2), we use the polytropic

equation

( )r= gP K 3

to describe the equation of state, where γ is the adiabatic index.
The gravitational force due to MS at the equatorial plane is
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where e is the eccentricity and ρ* is the density of MS, taken to
be uniform. ( )g = - ae rsinr

1 , a is the semimajor axis of MS.
In dimensionless units, force takes the form
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r r r

and h(r) can be found from the vertical equilibrium equation as
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where g r=c ps is the sound speed. Unless mentioned
specifically, we use γ= 4/3.
Now, combining Equations (1) and (2) we get
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Far away from the accretor, the radial velocity v is small and
subsonic. As the flow approaches the accretor, v increases and
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in principle can exceed the local sound speed cs, i.e., can
become supersonic. This implies that at a critical radius rc, the
denominator of Equation (7) becomes zero, i.e., at rc, v
becomes equal to ( )g + c2 1 s. Though v≠ cs at r= rc,
historically, a standard trend in the literature is to write
subsonic and supersonic flow before and after the critical point
(rc). We follow the same traditional nomenclature in this work
also. For a realistic flow, the presence of a non-divergent
velocity gradient leads to the requirement that the numerator of
Equation (7) also vanishes so that we can use L’Hospital rule to
have a definite ∣dv

dr c. Using L’Hospital’s rule, the slope for
velocity at the critical point becomes
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Equating the denominator and the numerator of Equation (7)
to zero, we get the Mach number
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at the critical point rc. Now integrating Equations (1) and (2),
we can write the energy and entropy of the flow at the critical
point as
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where Vc= (∫Fdr)|c, q= (γ+ 1)/[2(γ− 1)] and n= 1/(γ− 1).
Here m carries the information of entropy. For a non-dissipative
system E remains constant throughout the flow. Here an
important point to note is that formation of a shock enhances
the entropy which changes the value of “K”, which finally

changes the value of mc. Therefore, due to mass continuity M
remains same throughout the flow, while the formation of a
shock increases the value of mc due to the increment of entropy.
Figures 1 and 2 show the variation of energy at critical point

(Ec) with the position of the critical point (rc) for different l and
ae values, respectively, for the parameters applicable to a
typical NS and WD. As we investigated here non-dissipative
flow, fixing the energy at a critical point will fix the energy of
the flow. The horizontal lines in Figures 1 and 2 indicate the
constant energy of the flow. It is clear that depending on Ec, the
locations of the critical points as well as the number of critical
points also vary.
This opens up another possibility of formation of Rankine–

Hugoniot shock (Landau 1987) in the flow. If we generalize the
conditions to form a shock in the accretion disk given by
Chakrabarti 1989 for any compact object, we get
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Here, the subscript “sh” indicates the shock, “−” and “+”

subscripts indicate before and after the shock. denotes the
Mach number of the fluid and exponent of cs in Equation (17)
is ν= (3γ-1)/(γ-1). Equation (18) indicates the natural choice
of formation of shock as entropy increases after the shock.
Combining Equations (17) and (19), we get the shock invariant
quantity as
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If conditions (16), (18), and (20) are satisfied simultaneously
by the flow, then shock will form in an accretion disk. Though
actual values will vary from source to source, due to this shock
within advective flow, typically the radial velocity is almost
halved. From mass continuity, due to decrement in radial
velocity, the density doubles in the post-shock region, which is
supposed to enhance the cooling in comparison with the pre-
shock flow.

3. Analysis of Parameter Space

In this section, we discuss the dependence of flow properties
on different parameters such as eccentricity (e), radius of the
central accretor (a), and specific angular momentum of the flow
(l). Figure 1 shows how the variation of specific angular
momentum of the flow changes the number as well as the
location of critical points (Chakrabarti 1989) for fixed values of
energy Ec and ae. For example, if we fix ae= 3.0 (3540.0 for
WD case) as well as the energy of the flow at 0.029
(2.0× 10−5), then for l= 1.65 (l= 59.0) there are four critical
points (where the horizontal line of value 0.029 (2.0× 10−5)
cuts the Ec versus rc curves). The outer most critical point is an
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“X” type critical point (slope of Ec versus rc curve is negative).
As we move inside, next critical points are “O” type, “X” type,
and “O” type, respectively. Chakrabarti 1990 discusses critical
points and their types in detail. For the present purpose it is
sufficient to state that X type critical points are responsible for
successful accretion. So, our current interest lies in the outer
and inner X type critical points. Hereafter, we indicate these
two X type critical points as outer and inner critical points.
Changing the specific angular momentum of the flow will
change Ec of the flow according to Equation (14) as shown by
the different curves in Figure 1. Now, for a specific case, the
energy of the flow will be fixed for an inviscid flow, which
is indicated as a straight line in Figure 1. Therefore,
for a particular value of Ec (0.029 for a typical NS and
2.0× 10−5 for a typical WD) and ae (3.0 for a typical NS and
3540.0 for a typical WD), only a definite range of specific
angular momentum (l ∼1.6–1.7 for accretion onto a typical NS
and l ∼58.0–59.0 for accretion onto a typical WD) can give rise
to simultaneous occurrence of outer and inner critical points,
which is shown in Figure 1. For other l values, with the same
Ec and ae, there are different possibilities of occurrence of one
X type and one O type, or one X type, or no X type critical
point. The consequence of different possibilities is discussed in
detail in Chakrabarti (1990). However, our current interest lies
in the possibility of shock in the flow, which is possible only
when two X type critical points are present simultaneously.

If the angular momentum is low enough, the centrifugal
barrier is unable to create any characteristic feature in the flow
i.e., occurrence of multiple X type critical points is not possible
and flow is smoothly accreted by the accretor. This indicates
that due to gradual decrement of specific angular momentum
(l), the flow becomes Bondi-like (Bondi 1952) as angular
momentum is unable to affect the flow. It is clear from Figure 1

for l� 1.5 in the case of an NS and l� 52.0 in the case of a
WD, the flow becomes Bondi-like for our chosen parameter
space as Ec increases monotonically with decreasing rc due to
disappearance of an effective centrifugal barrier. It should be
mentioned that the presence of both outer and inner critical
points is necessary for the shock in the flow to be probable
(Chakrabarti 1989).
Next, we show how the change in eccentricity and radius

affects critical point analysis. Treating the central accretor as
MS, the fundamental difference is coming through the
gravitational force it is applying on the test particle
(Equation (5)) instead of a spherical accretor. As this force
does not involve a and e separately, changing the value of the
product of a and e only affects the results, not the individual
values of a and e. Figure 2 shows the Ec versus rc plots for
different values of ae and a fixed l. Figure 2 shows that for a
fixed Ec (0.029 for a typical NS and 2.0× 10−5 for a typical
WD) and l (1.65 for accretion onto a typical NS and 59.0
for accretion onto a typical WD), a small range of ae
(∼2.976–3.018 for the NS and ∼3451.5–3599.0 for the WD)
can make the shock possible, as in Figure 1, which shows the
range of l to make the shock happen. These two figures
together indicate that when a flow with fixed energy accretes
into a suitable accretor (appropriate value of ae) with a suitable
specific angular momentum value, shock will occur. One set of
values of different parameters suitable for shock for an NS
having a= 6.0 and for a WD having a= 5900.0 is tabulated in
Table 1.
Equation (5) indicates that for a realistic F(r), r� ae.

Therefore, while doing a parameter space survey, we restrict to
the limit r� ae value. However, when we present the
hydrodynamics of the accretion flow in the next section, we
assume that disk truncates at the surface of the star of radius a.

Figure 1. Variation of energy as a function of the critical point location for various values of specific angular momentum (l). Left panel (a) is for parameters for a
typical NS. ae is fixed at 3.0 where a and e are assumed to be 6.0 and 0.5, respectively. The horizontal line indicates constant energy of 0.029. Right panel (b) is for a
typical WD. ae is fixed at 3540.0, where a and e are assumed to be 5900.0 and 0.6, respectively. The horizontal line indicates a constant energy of 2.0 × 10−5.
Adiabatic index γ = 4/3. Different types of critical points are marked in the figure. The x-axis values are presenting the critical point location in terms of the
semimajor axis (a) of the compact object.
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It may arise that the inner critical point lies inside a. In that
case, we do the hydrodynamics considering the inner critical
point and truncate the accretion flow at r= a to mimic the
presence of the surface.

For a transonic flow around an accretor with a hard surface,
shock in the accretion flow is almost inevitable because flow
has to slow down at the surface (Dhang et al. 2016, 2018). The
possibility of formation of the shock is enhanced in an inviscid
sub-Keplerian transonic flow if both the outer and inner critical
points coexist (Chakrabarti 1989, 1996; Mukhopadhyay 2003).
In this work, we do not consider the effects of the presence of
the surface and assume there is a sink of mass at the inner
boundary. To investigate the formation of shock in principle,
we can solve the hydrodynamics from an inner critical point

and from an outer critical point and can check whether the
shock conditions (Equations (16)–(20)) are satisfied or not in
the region between two critical points. However, we follow in a
more convenient way to check the possibility of shock, which
is by plotting Ec versus mc by varying rc as shown in Figure 3.
This is usually called the swallow-tail picture (Figure 3). For
accretion with shock in the current context, the picture is like
the following: matter from a companion that is coming from far
away reaches the outer critical point, becomes supersonic, and
then due to shock it jumps to the inner critical point branch and
finally accretes onto the compact object. In other scenarios, it
may be possible to jump to other branches or shock may not
happen and matter directly accretes to the compact object. For
the present purpose we restrict ourselves to the scenario to
jump to the inner critical branch due to the formation of shock.
The swallow-tail picture gives the possible range of energy

for which shock may form. In Figure 3, “O” and “I” represent
the branch for outer and inner critical point, respectively. We
need to find an energy value for which matter can jump from
the outer critical branch to the inner critical branch with the
necessary condition of increment of entropy as given in
Equation (18). This means, as shown in Figure 3, matter will
jump from the AB line (branch corresponding to the outer
critical point with lower entropy) to the DB line (branch
corresponding to the inner critical point with a higher entropy)
to make the shock happen. If we draw a constant energy line
(which is the energy of the flow), which passes through the AB
and DB lines simultaneously, then matter with that energy may
jump from a low entropy region to a high entropy region
keeping its energy constant. As the probability increases for a
y= constant line to intersect AB and DB simultaneously, the
probability of the occurrence of shock increases. Keep in mind
that it only gives the probability of the shock. Getting a rough

Figure 2. Variation of energy as a function of the critical point location for different values of (semimajor axis(a)×eccentricity(e)). Left panel (a) is for parameters for
a typical NS. l is fixed at 1.65. The horizontal line indicates constant energy of 0.029. Right panel (b) is for a typical WD. l is fixed at 59.0. The horizontal line
indicates constant energy of 2.0 × 10−5. Adiabatic index γ = 4/3. The x-axis values are presenting critical point location in terms of semimajor axis (a) of the
compact object where a is assumed to be 6.0 for the NS and 5900.0 for the WD. Keep in mind that only whole value of a × e affects the dynamics as well as energy,
not their individual values.

Table 1
One Set of Values of Different Parameters for Which Shock will Occur for

Accretion onto a Typical NS and WD

Central
Accretor a (Rg) e lc Ec

0.500 1.650 0.0287–0.0292

NS 6.0 0.500 1.647–1.654 0.0290

0.503–0.496 1.65 0.0290

0.600 59.0 (1.93–2.06)×10−5

WD 5900.0 0.600 58.7–59.3 2.00 × 10−5

0.585–0.610 59.0 2.00 × 10−5

Note. Once values of a, e, and lc are fixed, there is a range of Ec for which
shock will occur. This is true for other parameters also. Always there is a range
in value of one parameter when other parameters are fixed.
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estimate of the energy range with other fixed parameters for
the shock, we need to check whether the other condition
(Equation (20)) of the shock is satisfied or not.

Figure 3 shows how the eccentricity of the MS changes the
possibility of the occurrence of shocks for a typical (a) NS and
(b) WD. We found that with decreasing eccentricity keeping
the l value fixed, the probability for a y=constant line to cut the
AB and DB lines simultaneously increases, which indicates
that decreasing eccentricity increases the possibility of
formation of shock. However, for the NS (WD) case e= 0.4
(0.55) and l= 1.65 (59.0), the curve from the inner branch
turns back and does not intersect with the outer branch. This
returning nature is coming due to the presence of an O type
critical point in the innermost region as described earlier. In the
rest of the swallow-tail diagrams also, the curve turns back
from the inner branch after some value. To keep the picture

easy to understand, we have plotted up to that point beyond
which returning occurs. When a= 6.0 (5900.0), l= 1.65
(59.0), for e= 0.4 (0.5) or lower values, there is no possible
energy value that can intersect with the outer as well as the
inner branch. This shows that for the range of e equal to or
smaller than a certain value (while other parameters remain
fixed), inner and outer critical points cannot exist simulta-
neously. According to the present scenario of shock formation,
shock will not form. From this analysis we can say that
decreasing the eccentricity of MS increases the probability of
shock as long as the outer and inner critical points exist
simultaneously. For slowly rotating nonmagnetic CVs eccen-
tricity is small, which indicates that the occurrence of shock
will be more probable unless the inner critical point vanishes.
Figure 3 shows for an NS (WD) accretor, flow with specific
angular momentum l= 1.65 (59.0), accreted onto central

Figure 3. Variation of the possibility of shock with different eccentricity. (a) for an NS case a = 6.0 and l = 1.65 and (b) for a WD case a = 5900.0 and l = 59.0 are
fixed. O (AC line) and I (FD line) represent the outer and inner critical branches, respectively. The range of energy value for which the Ec = constant line passes
through both the branches simultaneously gives the possibility of shock formation. It shows that decreasing e increases the possibility of shock up to a certain value for
which shock can occur, i.e., until two branches exist simultaneously.
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accretor having a= 6.0 (5900.0) with e in the range 0.45–0.55
(0.55–0.7) is highly probable to make the shock happen.

4. Hydrodynamics around Compact Object

In this section, we investigate the accretion structure around
the two different kinds of compact objects, namely, NSs and
WDs whose shape can be described by the MS. However, it
should be mentioned that while the used Newtonian approach
can explain the accretion flow around a WD, GR effects are
significant to consider in the case of an accretion disk around
an NS. That is why our results presented here for an NS are not
realistically accurate. However, we expect that the qualitative
nature of the flow will remain same.

4.1. Around an NS

Here, we describe the hydrodynamics of the accretion flow
assuming the NS as an MS with typical observed values of
mass 1Me, a= 6.0. We have shown three cases depending on
different realistic values of eccentricity (e) of an NS and
specific angular momentum (l) of the flow. In perfect
combination of e and l, shock forms, but in other cases it
disappears.

In Section 3, we see that shock can form for a specific range
of parameter space (l, e). A convenient way to check whether
shock forms or not is to check the equality in Equation (20). To
study it, we simultaneously plot SIQ for two branches: when
accretion happens through the inner critical point and through
the outer critical point. Points of intersection give the locations
of shock where flow jumps from the outer critical branch to the
inner critical branch. This is shown in Figure 4 for l= 1.65 and
e= 0.5 when the Ec of the flow is 0.0289. Out of two possible
shock locations, the inner one is unstable under radial
perturbation due to post-shock acceleration. The outer one is

stable due to post-shock deceleration (Nakayama 1992; Nobuta
& Hanawa 1994). So, the outer intersection point (B) is our
desirable shock location. However, even the outer shock
location is unstable to non-radial, non-axisymmetric perturba-
tion (Iwakami et al. 2009). These instabilities (oscillations) are
invoked to explain different time variabilities (i.e., ejections,
quasiperiodic oscillations) in the accreting systems (Molteni
et al. 1996, 1999; Bhattacharjee & Chakrabarti 2019).
We consider both shocked and shock-free solutions. This is

achieved by solving the equations for dv

dr
and dc

dr
s simultaneously

for different sets of l and e and keeping Ec= 0.0289 fixed. We
specify flow parameters at the critical points (where quantities
are well determined, see Section 2), and look for the stationary
solutions.
Figure 5 shows the radial profiles of the Mach number

( = v cs) and sound speed (cs) for the accretion flow around
the NS for Ec= 0.0289, a= 6.0 for three different sets of
parameters: l= 1.65, e= 0.5; l= 1.5, e= 0.5; and l= 1.65,
e= 0.55. Although fixing Ec value to 0.0289 gives inner and
outer critical points for set (l= 1.65, e= 0.5), the same energy
value gives only the outer critical point for (l= 1.5, e= 0.5)
and (l= 1.65, e= 0.55), which does not allow the formation of
a shock. For the shock solution, the outer and inner critical
points occur at r/a= 2.24 and 0.58, which makes the shock
possible at r/a= 1.25. Although, the inner critical point lies
within the NS, the flow will remain same as the shock occurs
within the flow outside of the NS surface. Therefore, only
(l= 1.65, e= 0.5) gives us shock in advective flow among the
three sets. It indicates that accreting matter of the same energy
may or may not form shock depending on its specific angular
momentum and eccentricity of the central accretor. At the
shock, there is a sudden jump in Mach number as well as in
sound speed, whereas there is a smooth increase in and cs
for other cases as gradually accreted by the NS. Figure 5 is
extended until the inner critical point for shock solution. The
vertical dotted line indicates the location of the surface where
the flow will stop. One set of values of different parameters
suitable for shock for an NS having a= 6.0 is tabulated in
Table 1. Once the values of a, e, and lc are fixed, there is a
range in Ec for which shock will be possible. Similarly, when
Ec is fixed, there is a range in values of other parameters for
which shock will be possible. However, it is evident as well as
worth mentioning that if we can vary all the parameters instead
of fixing two as tabulated in Table 1, the range of different
parameters becomes quite large for which shock is possible.
For accretion onto an NS with a= 6.0, shock will be possible
by tuning the values of different parameters from range of
e= 0.2–1.0, lc= 1.1–2.45, and Ec= 0.005–0.090. Values of
any parameter lying outside of this range will not be able to
make the shock happen.
In the literature, the occurrence of shock is possible due to

either presence of hard surface of the accretor (Dhang et al.
2016) or the GR correction in the gravitational potential
(Chakrabarti 1989, 1996; Mukhopadhyay 2002; Dihingia et al.
2020). The beauty of the MS potential is in the formation of the
shock without incorporating any kind of GR effect. Simulta-
neous formation of the outer as well as the inner critical points
allows the formation of shock, which is not possible using the
Newtonian potential of a spherical body. To include the GR
effect approximately, it is customary to replace the Newtonian
potential with the pseudo-Newtonian potential (Paczyńsky &
Wiita 1980) to mimic GR effects on the accretion flow. It

Figure 4. Variation of shock invariant quantity (SIQ) with radial distance for
accretion flow with Ec = 0.0289 and l = 1.65 around the NS. Two curves are
for accretion through the outer and inner critical points. The intersection points
(A and B) of the two curves indicate the possible shock locations where the
inner one (A) is unstable and the outer one (B) represents the actual location of
the shock.
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should also be mentioned that the formation of shock in MS
potential is possible even at lower l values compared to what is
expected when a pseudo-Newtonian potential is used for the
same Ec. In addition to the MS potential effect, inclusion of GR
effects for NS accretion will change the properties of the flow
and will change the parameter space for our model to be
applicable, we expect the qualitative picture, i.e., the change in
velocity as well as in sound speed due to shock, the increment
in density as well as the enhancement in cooling and change in
temperature will remain almost same.

4.2. Around a WD

Here, we describe the hydrodynamics of the accretion flow
around a WD that is assumed to be an MS with typical
observed values of mass 0.8Me (Zorotovic & Schreiber 2020)
with radius 0.01 Re (Chandrasekhar 1935; Parsons et al. 2017).
Conversion of this radius in units of GM/c2 gives a∼ 5900.
Here, we have assumed the eccentricity of the WD is 0.6.
Balman & Revnivtsev (2012) and Balman (2020) give the
transition radii (from standard SSD to advective disk) for
quiescent dwarf novae (DNe; as in low state systems) that lie
between (3–10)× 109 cm (1–6 mHz break frequencies), which
in units of Rg becomes around (25,000–85,000) Rg. This
indicates the possibility of the presence of advective flow for a
sufficiently large radial range, which is required to form the
outer as well as the inner critical point simultaneously. As the
outer and inner critical points occur simultaneously, it opens up
a new possibility of the formation of shock within the flow for
WD accretion as the presence of two critical points together is a
necessary condition for shock formation!! Though it is not
conventional, we used a dimensionless unit to present length
scales of the WD.

Here, we followed the same procedure as that for an NS. Due
to the larger size of the WD, l also increases largely as
Keplerian angular momentum is proportional to r . Also from
Equation (14) it is quite clear that the energy at the critical point
will reduce drastically due to the reduction in gravitational
potential at larger distance. For advective flow with Ec=
2.0× 10−5, l= 59.0 around the WD with e= 0.6, there is the
simultaneous occurrence of the outer as well as the inner
critical point. In Figure 6, we have overplotted the SIQ for two
cases when accretion happens through the outer as well as the
inner critical point. The outer intersection point (B) gives our
desired shock location. We have shown radial profiles for
and cs for Ec= 2.0× 10−5 for three different sets: l= 59.0,
e= 0.6; l= 55.0, e= 0.6; and l= 59.0, e= 0.65 in Figure 7.
Only for (l= 59.0, e= 0.6) shock occurs, and there is a steep
increase in cs and a decrease in . For the other two sets,
shock disappears and there is gradual increase of and cs as
matter goes inward through accretion. As the post-shock region
is hotter than the unshocked flow, the post-shock region will be
puffed up and inflated as shown in Figure 1 of Chakrabarti &
Titarchuk (1995). For the shock solution, the outer and inner
critical points occur at r/a= 3.6 and 0.65, which makes the
shock possible at r/a= 1.86. Although, the inner critical point
lies within the WD, the flow will remain undisturbed as the
shock occurs within the flow outside of WD surface. This
indicates again that shock can occur for only a certain range of
parameters. For a specific value of Ec, only a certain range of l
and ae values will result in shock. One set of values of different
parameters that makes the shock possible for accretion onto a
WD with a= 5900.0 is tabulated in Table 1. However, it is
evident as well as worth mentioning that if we can vary all the
parameters instead of fixing two as tabulated in Table 1, the
range of different parameters becomes quite large for which
shock is possible. For accretion onto a WD with a= 5900.0,

Figure 5. Variation of Mach number() and sound speed (cs) with radius with and without formation of shock for different combination of l and e. The x-axis is
presenting radius in terms of a. Combination of l = 1.65 and e = 0.5 gives rc,in/a = 0.58 and rc,out/a = 2.24 for Ec = 0.0289 which makes shock possible at rsh/
a = 1.25. The plot is extended until inner critical point for shock solution. The vertical dotted line at r/a = 1 indicates the surface of the NS.
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shock will be possible by tuning the values of different
parameters from the range of e= 0.2–1.0, lc= 32.0–76.0 and
Ec= (1–8)× 10−5. Values of any parameter lying outside of
this range will not be able to make the shock happen. Figure 7
is extended until the inner critical point for shock solution. The
vertical dotted line indicates the location of the surface where
the flow will stop. The angular momentum value increases in
comparison with the NS as the value of a increases. Larger
angular momentum is required to have an effect at a larger
distance from the central accretor.

Here, the result is more robust as hardly any GR effect will
come into the picture and also the formation of shock is not
possible within the accretion flow in the Newtonian potential of
a spherical body. So, new phenomena arise only due to
deformation of the shape of the accreting WD. To the best of
our knowledge we suppose, for the first time we are reporting
this kind of shock formation for WD accretion. As the
formation of sub-Keplerian advective flow up to the surface of
the WD is possible for nonmagnetic CVs, only spinning of the
WD should be sufficient to deform it. This is further justified in
the discussion section from an observational point of view.

5. Discussion

We have discussed the hydrodynamics around an NS, as
well as around a WD. However, we must emphasize that the
Newtonian description of the hydrodynamics is more suitable
to describe the accretion physics around a WD compared to
that around an NS, where GR effects are important. Our
proposed model is specifically applicable to nonmagnetic CVs
where stellar magnetic field has a negligible effect on the
accretion, unlike polars or intermediate polars (for a review see
Mukai 2017). Observations reveal more than 70% of the CVs
are nonmagnetic (Ferrario et al. 2015, 2020).

Nonmagnetic CVs are broadly classified into nova-likes
(NLs) and DNe. NLs spend most of their time in a high state
(i.e., high mass accretion rate) with UV emission predomi-
nantly originating from the disk (La Dous 1991), while DNe
are observed mostly in the quiescent state (low mass accretion
rate) (Hack & La Dous 1993). However, DNe show periodic
outbursts (when mass accretion rate rises) with disk-dominated
optical and UV emission.

5.1. Accretion with Suitable Parameters Will Give Rise to
Shocks

Figure 1 and Figure 2 show that there is a specific range of lc
and ae values for which simultaneous occurrence of two
X-type critical points is possible for the accretion flow onto an
NS and a WD. In the presence of two X-type critical points,
shock becomes possible. Once lc and ae are fixed, from the
swallow-tail diagram (Figure 3) we can estimate the energy
range for which shock is possible. And finally matching the
shock invariant quantity (Equation (20)), we find the exact
energy of the flow that is required to make the shock possible
for a suitable lc and ae. One set of values of different
parameters suitable for shock for an NS having a= 6.0 and for
a WD having a= 5900.0 is tabulated in Table 1. Once values
of a, e, and lc are fixed, there is a range of Ec for which shock
will occur. This is true for other parameters also. There is
always a range in value of one parameter when other
parameters are fixed. It is quite encouraging that shock is
possible for a wide range of eccentricity (e= 0.2–1.0) of an NS
and a WD. Therefore, in summary, accretion flow having
suitable specific angular momentum and energy (here lc and Ec

mimics these values due to the inviscid nature of the flow) will
make shock when accreted to a suitable accretor (suitable ae
value). If conditions are suitable (appropriate values of
parameters for the shock), a shocked solution is more likely
to happen in the course of the accretion process instead of a
shock-free solution due to the nature of entropy, which
preferably increases.

5.2. Is Sufficient Deformation of a WD Possible?

Before drawing any connection of the described model to the
observed phenomena in nonmagnetic CVs, we would like to
check the justification of the considered stellar deformation
quantified by the parameter e. We find that shock is possible for
a wide range of eccentricity (e= 0.2–1.0) of an NS and a WD if
values of other parameters are chosen suitably. As the e of the
accretor decreases, the required lc for the shock also decreases,
i.e., for a accretor that is more spherical (lower e value, e= 0
for a sphere), more sub-Keplerian flow (lesser angular
momentum) is required to make the shock possible. Within
the limited observed samples it has been estimated that the spin
frequency Ω* of many nonmagnetic CVs lies in the range
(0.01–0.3) ΩK (Sion 1999; Godon et al. 2012), where ΩK is the
Keplerian angular velocity at the surface of the WD. Such
values of Ω* are good enough to generate the eccentricity e
(∼0.2–0.4) (equation (7.3.18) of Chandrasekhar 1969; Shapiro
& Teukolsky 1983) and even more oblate with low density of
the spheroid. The possibility of shock for any e� 0.2 (with
appropriate lc) indicates the applicability of our model for the
WDs with observed rotational frequencies.

Figure 6. Variation of shock invariant quantity (SIQ) with radial distance for
accretion flow with Ec = 2.0 × 10−5 and l = 59.0 around the WD. Two curves
are for accretion through the outer and inner critical points. The intersection
points (A and B) of the two curves indicate the possible shock locations where
the inner one (A) is unstable and the outer one (B) represents the actual location
of the shock.
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5.3. Advective Flows in CVs

The UV spectra from the disk-dominated nonmagnetic CVs
(high state CVs) are generally modeled using the standard disk
model (Wade & Hubeny 1998). However, a significant fraction
of the theoretical spectra were found to be too blue compared to
the observed UV spectra (Linnell et al. 2005; Puebla et al.
2007; Godon et al. 2017).

Because of the presence of the hard surface in the WD, a
boundary layer (BL) is expected to form between the stellar
surface and the Keplerian disk (Pringle 1981; Frank et al.
2002). The BL is predicted to be optically thick and to emit soft
X-rays during high accretion states (high states in NLs and
outbursts in DNe) (Narayan & Popham 1993; Popham&
Narayan 1995), while hard X-ray is expected from an optically
thin BL region during quiescence (Pringle & Savonije 1979;
Narayan & Popham 1993). Although hard X-ray is observed in
quiescent sources as expected (Szkody et al. 2002; Pandel et al.
2005), sources also exhibit optically thin hard X-ray emission
in the high accretion states (van Teeseling et al. 1996; Balman
et al. 2014; Balman 2020).

Inadequacy of the standard disk model in explaining
observed UV spectra in high states (Puebla et al. 2007; Godon
et al. 2017) and presence of the optically thin hard X-rays in
low (quiescent DNe) as well as in high accretion states as in
NLs and outbursting DNe, is best explained in the context of
radiatively inefficient hot advective accretion flows (ADAF-like)
that exist in nonmagnetic CVs (Balman & Revnivtsev 2012;
Balman 2020 and references therein). It is detected that an outer
optically thick Keplerian disk is truncated to optically thin hot
advective flow in the quiescent and outbursting DNe (Balman 2020
see Section 3). The outer Keplerian disk moves inward as

mass accretion rate increases during the outbursts (Balman &
Revnivtsev 2012; Balman 2019). Therefore a natural
expectation is that a hot advective flow is supposed to
exist both in low and in high accretion states of nonmag-
netic CVs.

5.4. Plausible Connection of Shock in Advective Flows to
Observables

The spectra from accreting WDs used to be modeled as
multi-temperature isobaric cooling flow (power law and/or
Bremsstrahlung) (mkcflow/CEVMKL in XSPEC or using
two/more MEKAL components) (Mukai 2017 and references
therein). In this model, the emission measure at each
temperature is proportional to the time the cooling gas remains
at that temperature. For most of the accreting WDs, the multi-
MEKAL component significantly improves the spectra in
comparison with a single component (Mauche & Mukai 2002;
Pandel et al. 2005; Balman et al. 2014). Moreover, the presence
of nonequilibrium ionization conditions of the plasma and the
emission lines (N, O, Ne, Mg, Si, and Fe) are detected for
several nonmagnetic CVs in X-rays (Schlegel et al. 2014;
Balman 2020); however, this is not explored in the present
form of our model.
One of the characteristic property of advective flows is that

the inward flow velocity increases very rapidly as it approaches
the central accretor (Chakrabarti 1989; Narayan & Yi 1994;
Chakrabarti 1996). The rapid increase in radial velocity also
seen in the shock-free solutions denoted by the short and long
dashed curves in Figures 5 and 7. Large radial velocity close to
the accretor gives very little time to the flow for emission. The
occurrence of shock in the advective flow (as discussed in

Figure 7. Variation of Mach number () and sound speed (cs) with radius the same as in Figure 5 but here the compact object is a WD. Here, the combination of
l = 59.0 and e = 0.6 gives rc,in/a = 0.65 and rc,out/a = 3.6 (∼0.00017 au) for Ec = 2.0 × 10−5, which makes shock possible at rsh/a = 1.86. The plot is extended
until the inner critical point for shock solution. The vertical dotted line r/a = 1 indicates the surface of the WD.
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Section 4) leads to the rise in temperature (~cs
2) as well as an

increase in density in the post-shock region. In addition, in the
post-shock flow, the radial velocity decreases, leading to a
longer time span of the flow at higher temperatures. The
optically thin radiatively inefficient advective flow in non-
magnetic CVs will give rise to radiation in the hard X-rays as
they approach the central WD. The occurrence of the shock
will alter the intensity as well as the hardness of the spectra,
which can also explain the variation of the efficiency of X-ray
luminosity at different accretion rates (see Balman 2020,
Section 2.3, 3 for a discussion). Hard X-rays are mainly
observed in quiescent as well as in high accretion rate CVs and
most related accreting WD systems (van Teeseling et al. 1996;
Szkody et al. 2002; Pandel et al. 2005; Balman et al. 2014;
Balman 2020). On a note of caution, as the location of the
truncation radius moves closer to the central accretor in high
accretion states of nonmagnetic CVs, leaving a small radial
range for the advective flow to make the shock happen, the
occurrence of shock will become less probable.

5.5. Caveats

In this work, we have analyzed the sonic point formation,
shocks in a steady inviscid sub-Keplerian advective flow and
and the related astrophysical implications. Due to the inviscid
nature of the flow, the energy and the specific angular
momentum of the flow at the critical points (Ec and lc)
becomes the energy and angular momentum of the flow at all
radial distances. Energy and specific angular momentum
remain constant throughout the flow. It cannot be true in
reality.

The specific angular momentum value we are using for the
formation of shock in WD accretion is lc= 59. At the WD
surface, the ratio of specific angular momentum and Keplerian
angular momentum becomes ∼0.77. Though it might be very
low keeping the Keplerian disk in mind, it is customary to
assume such low angular momentum value to do the analyses we
have done in the sub-Keplerian advective flow (Chakrabarti 1989;
Das et al. 2001; Mukhopadhyay 2003; Palit et al. 2019; Dihingia
et al. 2020).

To solve the dynamics, we have used polytropic equation of
state of the flow instead of solving energy equation. Also we
have not incorporated any radiative cooling in the model.
Therefore, it is not possible to comment on the actual spectra or
luminosity generated due to the flow. In the near future, we
would like to do time-dependent calculations of the magnetized
advective flow, including radiative cooling and by solving the
energy equation explicitly.

6. Summary

In this paper, we have studied the hydrodynamics of an
optically thin advective flow around a deformed (from
spherical shape) compact object that has a finite surface, e.g.,
an NS or a WD. We treat the deformed star as an MS. Treating
the compact object as an MS opens up a new possibility for the
formation of Rankine–Hugoniot shock, which is not possible
for accretion around a spherical accretor without considering
GR effects or effects of the hard surface of the accretor. To the
best of our knowledge, for the first time we are reporting the
possibility of the occurrence of a shock in the radiatively
inefficient hot advective flow around a WD. As far as we are
concerned to understand the flow hydrodynamics around the

nonmagnetic CVs, our findings are robust as flow around a WD
hardly deviates from the Newtonian regime. Although we have
assumed inviscid flow and have not included radiative cooling
for this preliminary study, we believe our findings will remain
the same qualitatively. We propose that some observational
features, e.g., high significance of fitting the spectra with multi-
temperature plasma models rather than single-temperature
models, and variable efficiency of X-ray emission (X-ray
luminosity in comparison with optical and UV luminosity of
the disk) in nonmagnetic CVs can be explained by the presence
of shock in the sub-Keplerian advective flow.
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