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ABSTRACT

The Sun has a near-surface shear layer (NSSL), within which the angular velocity decreases rapidly with radius. We provide
an explanation of this layer based on the thermal wind balance equation. Since convective motions are not affected by solar
rotation in the top layer of the convection zone, we argue that the temperature falls at the same rate at all latitudes in this layer.
This makes the thermal wind term very large in this layer and the centrifugal term has also to become very large to balance it,
giving rise to the NSSL. From the values of differential rotation Q(r < r., 0) at radii less than a radius r., we can calculate the
temperature difference AT(r, 6) with respect to the standard solar model at different points of the convection zone by making
use of the thermal wind balance equation. Then, we again use this equation in the top layer to calculate Q(r > r, 6) there from
AT(r, 0). We carry on this exercise using both an analytical expression of the differential rotation and the actual data provided by
helioseismology. We find that our theoretical results of the NSSL match the observational data reasonably well for . ~ 0.96R,

giving an estimate of the radius till which the convective motions are affected by the solar rotation.

Key words: convection —hydrodynamics — Sun: helioseismology — Sun: interior — Sun: rotation.

1 INTRODUCTION

One of the intriguing features in the differential rotation map of
the Sun, as seen, for example, in fig. 1 of Howe (2009) or in
fig. 26 of Basu (2016), is the existence of the near-surface shear
layer (NSSL). This is a layer near the solar surface at the top of the
convection zone, within which the angular velocity decreases sharply
with increasing solar radius. The first indication of the existence
of such a layer came more than half a century ago, when it was
noted that the rotation rate of the solar surface measured from the
Doppler shifts of photospheric spectral lines was about 5 per cent
lower than the rotation rate inferred from the positions of sunspots
on the solar surface (Howard & Harvey 1970). While the depth at
which sunspots are anchored remains unclear and probably changes
with the age of a sunspot group (Longcope & Choudhuri 2002), the
rotation rate inferred from the sunspots was assumed to correspond
to a layer underneath the solar surface, implying that the angular
velocity was higher in that layer. When helioseismology mapped the
internal differential rotation of the Sun, the existence of this layer was
fully established. Fig. 1 shows the differential rotation map of the
Sun obtained by helioseismology (with contours of constant angular
velocity), which we shall use later in our calculations in Section 4.
The contours of constant angular velocity, which are nearly radial
within a large part of the body of the solar convection zone, bend
towards the equator within a layer of thickness of order ~0.05R, at
the top of the convection zone (Schou et al. 1998; Howe et al. 2005).
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What causes this NSSL is still not properly understood. The
first attempts to explain it (Foukal & Jokipii 1975; Gilman &
Foukal 1979) were based on the idea that convection in the upper
layers of the convection zone mixes angular momentum in such a
manner that the angular momentum per unit mass tends to become
constant in these layers, leading to a decrease of the angular velocity
with radius. Once the differential rotation of the Sun was properly
mapped and no evidence was found for the constancy of the specific
angular momentum within the convection zone, it was realized that
this could not be the appropriate explanation. Within the last few
years, there have been attempts to explain the NSSL on the basis
of numerical simulations of the solar convection (Guerrero et al.
2013; Hotta, Rempel & Yokoyama 2015; Matilsky, Hindman &
Toomre 2019). It has been argued by Hotta et al. (2015) that the
Reynolds stresses play an important role in creating the NSSL,
whereas Matilsky et al. (2019) suggested that the steep decrease
in density in the top layers of the convection zone is crucial in
giving rise to the NSSL. Choudhuri (2021b) has recently proposed
a possible alternative theoretical explanation of the NSSL based
on order-of-magnitude estimates. The aim of this paper is to sub-
stantiate the ideas proposed by Choudhuri (2021b) through detailed
calculations.

The theories of the two large-scale flow patterns within the
convection zone of the Sun — the differential rotation and the
meridional circulation — are intimately connected with each other
(Kitchatinov 2013; Choudhuri 2021a). The idea we wish to develop
follows from the central equation in the theory of the meridional
circulation: the thermal wind balance equation. Since the nature of
the Coriolis force arising out of the solar rotation varies with latitude,
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the effect of this force on the convection is expected to vary with
latitude (Durney & Roxburgh 1971; Belvedere & Paterno 1976).
Since the Coriolis force provides the least hindrance to convective
heat transport in the polar regions, the poles of the Sun are expected
to be slightly hotter than the equator (Kitchatinov & Ruediger 1995).
There are some observational indications that this may indeed be
the case (Kuhn, Libbrecht & Dicke 1988; Rast, Ortiz & Meisner
2008). Hotter poles would tend to drive what is called a thermal
wind, i.e. a meridional circulation that would be equatorward at
the solar surface. Since the observed meridional circulation is the
opposite of that, we must have another effect that overpowers this
and drives the meridional circulation in the poleward direction at
the surface as observed. It is easy to show that the centrifugal force
arising out of the observed differential rotation of the Sun can do this
job; see fig. 8 and the accompanying text in Choudhuri (2021a). The
term corresponding to the dissipation of the meridional circulation is
found to be negligible compared to the driving terms within the
bulk of the convention zone, as pointed out in the appendix of
Choudhuri (2021a). As a result, we expect the two driving terms
of the meridional circulation — the thermal wind term and the
centrifugal term — to be comparable within the main body of the solar
convection zone. This is often referred to as the thermal wind balance
condition.

It is generally believed that the thermal wind balance condition
holds within the body of the convection zone (Kitchatinov 2013;
Karak, Kitchatinov & Choudhuri 2014b), although different authors
may not completely agree as to the extent to which it holds (Brun,
Antia & Chitre 2010). There is, however, not much agreement among
different authors whether the thermal wind condition should hold
even within the top upper layer of the solar convection zone. A
widely held view is that this upper layer is a kind of boundary
layer within which the dissipation term or Reynolds stresses become
important, giving rise to a violation of the thermal wind balance
condition. It is argued that the NSSL arises in some manner out of
this violation. A completely opposite argument is given in the earlier
paper by Choudhuri (2021b) and in this paper. We point out that
the thermal wind term becomes very large in the top layer of the
solar convection zone due to a combination of two factors: (i) the
temperature falls sharply as we move outward through this layer and
(ii) the pole—equator temperature difference (PETD) does not vary
with depth in this layer because of the reduced effect of the Coriolis
force on convection in this layer, as explained in the next section
(Section 2). The dissipation term is much smaller than the thermal
wind term even within the main body of the convection zone as the
order of magnitude estimate in the appendix of Choudhuri (2021b)
suggests. If the thermal wind term becomes even much larger in the
upper layers of the convection zone, then it appears unlikely to us that
this large thermal wind term can be balanced by the dissipation term.
The only possibility is that the centrifugal term also has to become
very large in the top layer to balance the thermal wind term. This
dictates that the top layer has to be a region within which the angular
velocity undergoes a large variation. We show through quantitative
calculations that the structure of the NSSL calculated theoretically on
the basis of our ideas agrees with the observational data remarkably
well.

We explain our basic methodology in the next section (Section 2).
After that, Section 3 is devoted to applying our methodology to an
analytical expression of the differential rotation in the interior of the
solar convection zone. Then the actual data of differential rotation
obtained by helioseismology are applied to calculate the structure of
the NSSL in Section 4. Finally, our conclusions are summarized in
Section 5.
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Figure 1. Rotation profile on the basis of helioseismology data. The contours
correspond to values of €2 at the interval of 10 nHz, the extreme contours
inside the main body of the convection zone being for the values 340 and
460 nHz (apart from a few lower value contours near the surface at the polar
region, where helioseismic inversions are not trustworthy).

2 BASIC METHODOLOGY

The equation for thermal wind balance is

ad 1 as
rsind—Q> = — § —, (D
9z ryCy 90

where €2 is the angular velocity, z is the distance from the equatorial
plane measured upward, g is the acceleration due to gravity of the
Sun at the point under consideration and y is the adiabatic index,
while S and Cy are, respectively, the entropy and the specific heat of
the gas per unit mass. See Choudhuri (2021a) for the derivation and
a discussion of this equation.

Over any isochoric surface, the entropy and temperature differen-
tials between two points are related by

AS =Cy T @3]
It has been shown in the appendix of Choudhuri (2021b) that the
derivative of S with 6 appearing in equation (1) would be very close
to the derivative of S over an isochore, if the oblateness of isochores
is very small. With this simplifying assumption, equations (1) and
(2) lead to

d d
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For simplicity, we take this to be the main equation on which the
analysis of this paper is based. The centrifugal force Q2r due to the
solar rotation within the convection zone is of the order of 1073 of the
gravitational force and the oblateness of the Sun is expected to be of
this order (see e.g. Choudhuri 1998, section 9.3). When we integrate
equation (3) over 6, we would get the temperature variations over
isochoric surfaces, but these are very close to spherical surfaces due
to their small oblateness.

In our discussions, we sometimes will have to deal with situations
like the following. We may know the distribution of Q(r, ) in some
region. Suppose we also know the temperature on some axis 0 =
0o, which means that we would know the value of the temperature
at one point on a spherical surface. From this, we want to find
the temperature at other points. According to equation (3), the
temperature difference between the points (r, ) and (7, 0) is given

120Z Jaquiardeg oz uo Jasn ninjebuag ‘@ousiog Jo a1njisu| uelpu| ‘Aleiqi [eLOWS\ BBl "a YT A 28£80£9/68 1 Z/Z/90S/3101e/seluw/woo dno olwapeoae//:sdiy Woll papeojumo(]



by
2

ry

6
d
ATy (r.6) = —/ a0 Tsing @2, @
8 0z

fo

As stressed earlier by Choudhuri (2021a, b), whether the Coriolis
force due to the Sun’s rotation has any effect on the convection cells
depends on whether the convective turnover time is comparable to the
rotation period or not. Numerical simulations suggest that convection
in the deeper layers of the convection zone involves large convection
cells with long turnover times and are affected by the Coriolis force;
see fig. 1 in Brown et al. (2010) or fig. 3 in Gastine et al. (2014). As a
result, heat transfer depends on latitude. However, this is not the case
near the top of the convection zone, where the convection cells (the
granules) are much smaller in size and have turnover times as short
as a few minutes. The extent to which the temperature gradient d7/dr
differs from the adiabatic gradient depends on the mixing length
(see e.g. Kippenhahn & Weigert 1990, section 7). In the top of the
convection zone that is not affected by rotation, the mixing length is
independent of latitute and we expect d7/dr also to be independent
of latitude (Choudhuri 2021b). Although there must be a gradual
transition from deeper layers within which heat transport depends
on the latitude to the top layer within which this is not the case,
we assume for simplicity that the transition takes place at radius
r = r. above which we have d7/dr independent of latitude. We shall
work out our model by assuming different values of 7. in the range
0.92-0.98 R.

In the simplest kind of a spherically symmetric model of the
Sun, the temperature 7 would be function of » alone and would
be independent of . If the heat transport depends on latitude, then
that would introduce a small variation of 7' with 6. We can write

T(r,0)=T(@r,0)+ AT(r,0). (5)

If d7/dr is independent of latitude in the layer above r > r, then we
have
dT(r,0) dT(r,0)

dr Todr

so that it follows from equation (5) that

d

—AT(r,0)=0

dr r:9)

in this top layer. So we can write

AT(r > re,0) = AT(r., 6). (6)

In principle, it would be possible to determine 7(r, &) throughout
the convection zone if we have a theory of how convective heat
transport varies with latitude due to the effect of the Coriolis force.
Since our understanding of this complex problem is limited, we can
proceed in a different manner. Since there is general agreement that
the thermal wind balance condition holds within the deeper layers of
the convection zone, we assume equation (3) to hold below the radius
r = r.. If we know the angular velocity Q2(r, €) in this region, then it
is straightforward to evaluate the left-hand side of equation (3). Once
we have the value of the left-hand side, we can carry on integration
in accordance with equation (4) to determine AT(r, 0) at all points
within the convection zone below r = r.. Once we have the value of
AT(r, 0) at the radius r = r., we readily have the value of AT(r, 6) at
all points above this surface by using equation (6). In other words, we
can obtain AT(r, €) throughout the convection zone from the values
of Q(r, #) in the deeper layers below r = r., where equation (3) is
expected to hold. Comparing equation (4) with equation (6), it should
be clear that AT{(r, 0) is nothing but ATy, (r, 6) with 6y = 0.
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As we already pointed out, there is a lack of consensus whether
the thermal wind balance equation holds in the top layer of the
convection zone. It follows from equation (6) that (0/060)AT(r, 6)
does not vary with r above the radial surface r = r.. On the other
hand, the temperature scale height becomes very small in this top
layer and the temperature falls by orders of magnitude as we move
to the solar surface from r = r.. As a result, the thermal wind term
represented by the right-hand side of equation (3) in which 7 appears
in the denominator becomes very large. We do not think that this term
can be balanced by the dissipation term. We suggest that the thermal
wind balance must hold even in this top layer and the centrifugal term
represented by the left-hand side of equation (3) has to become very
large to balance the thermal wind term, implying a strong variation
of Q% along z. As we have the values of AT above r = r., we can
evaluate the right-hand side of equation (3) easily. Then we can use
equation (3) to determine how Q2 varies within this top layer.

In a nutshell, our methodology is as follows. We start by assuming
a value of r = r. below which convective heat transport is affected by
the Coriolis force and above which this is not the case. To begin with,
we need the value of Q(r, ) below r., from which we can calculate
the left-hand side of equation (3) and eventually obtain AT(r, 6)
throughout the solar convection zone, obtaining A7(r, ) above r.
by using equation (6). Once we have AT(r, 0) above r, the right-
hand side of equation (3) can be evaluated, which enables us to find
out (r, 0) above r, from equation (3). Although we use equation (3)
for all our calculations, we proceed differently below and above r =
r.. Below r., we calculate AT(r, €) from Q(r, ) beginning with the
left-hand side of equation (3), whereas above r. we calculate (7, 6)
from AT(r, 0) beginning with the right-hand side of equation (3).

The earlier paper by Choudhuri (2021b) presented some order-
of-magnitude estimates based on the methodology outlined above.
Now we present a detailed analysis. In order to carry on this analysis,
we need the values of the temperature as a function of r, which
we can take to be 7(r, 0), i.e. temperature values on the polar
axis where the effect of the Coriolis force is minimal. Several
models of the convection zone exist in the literature (Spruit 1974;
Bahcall & Ulrich 1988; Christensen-Dalsgaard et al. 1996; Bahcall &
Pinsonneault 2004). We use what has been referred to as Model S by
Christensen-Dalsgaard et al. (1996) to obtain 7 at different values of
r. Actually, all the models of the convection zone give very similar
T(r) as can be seen in Fig. 2. We also note the sharp fall of the
temperature in the outer layers of the convection zone, which is of
crucial importance in our theory. The thermal wind term appearing
in equation (3) has 7 in the denominator and becomes very large
in the uppermost layers of the convection zone. The value of the
adiabatic index y is taken to be 5/3 in all our calculations. We point
out that, in Model S, the value of y is very close to 5/3 throughout
the convection zone except in the top layer 0.97Ry —Rg, where it
becomes somewhat less due to the variations in the level of hydrogen
ionization. We also need the values of Q(r, 6) below r = r, to start
our calculations. Calculations based on an analytical expression of
Q(r, 0) that fits helioseismology observations reasonably well are
presented in Section 3. Then Section 4 will present calculations done
with the actual helioseismology data of differential rotation Q(r,
0) used below r.. Calculations of both Sections 3 and 4 give the
NSSL matching the observational data quite closely for appropriate
values of r.. We point out that the input data of Q(r, 0) used in
both these sections (given by equation 7 and from helioseismology,
respectively) give nearly radial contours till r. without much sign
of the NSSL below r.. In fact, the analytical expression of Q(r, 6)
that we use does not incorporate the NSSL at all and gives radial
contours till the solar surface. As we get the NSSL even in this
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Figure 2. Variation of temperature with r in different convection zone
models. The curve corresponds to Model S used in our calculations.

case, we can clearly rule out the possibility that there might have
been some indication about the existence of the NSSL in the input
data that percolated through the calculations to give the NSSL at
the end. There is no doubt that the NSSL arises primarily out of
the requirement that the centrifugal term has to match the thermal
wind term that has become very large in the top layers of the solar
convection zone.

It may be mentioned that Matilsky, Hindman & Toomre (2020)
calculated the temperature difference AT that one would get from
the solar differential rotation by assuming the thermal wind balance
equation (3) to be valid till the top of the convection zone and plotted
itin fig. 13 of their paper. However, they did not discuss any physical
significance of this. Some related issues are also discussed in a recent
paper by Vasil, Julien & Featherstone (2020).

3 RESULTS BASED ON ANALYTICAL
EXPRESSION

As pointed out in Section 2, we need the values of Q(r, 0) below r <
1. to start our calculations. In this section, we present the results of
our calculations based on the following analytical expression of (r,
0) that fits the helioseismology observations closely (Schou et al.
1998; Charbonneau et al. 1999):

r—r

1
Q(r,0) = Qrz + 3 {1 —erf ( )} [Qscz(0) — Qrz], @)

t
where r, = 0.7Rg, d; = 0.025Rq, Qrz/27m = 432.8 nHz, and
Qscz(e)/zﬂ = QEQ —+ arCcos 2(9) —+ a4CO8 4(9), with QEQ/ZJT =460.7
nHz, ay/2m = —62.69 nHz, and o4/2wr = —67.13 nHz. Fig. 3 shows
the rotation profile obtained from equation (7) along with contours of
constant €2 (solid black lines). We note the absence of any signature
of NSSL. On comparing with Fig. 1 giving the rotation profile based
on helioseismology data, we see that the analytical expression gives
a reasonable fit to the data in the deeper layers of the convection
zone.

As explained in Section 2, our first step is to obtain A7(r, 0) for
r < r. by making use of equation (3), in which the left-hand side is
evaluated by using 2(r, 6) as given by equation (7). To calculate the
left-hand side of equation (3), we need to evaluate the derivative of
Q? along the z direction. For this purpose, we use the transformation
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Figure 3. Rotation profile calculated by using the analytical expression
(equation 7). The contours correspond to values of 2 at the interval of 10
nHz, the extreme contours being for the values 340 and 460 nHz.
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Figure 4. Relation between spherical coordinate system (r, ) and the other
coordinates (s, z) we use.

equation

3 ar\ 9 30\ 9 d sin6 9
) =(=) o[ Z) = =cosf— — —, B
9z /), 9z ), or dz /), 06 ar r 09

on making use of s = rcos@ and z = rsinf (shown in Fig. 4). We
need to choose a particular value of r.. We are going to present
discussions for values of r. in the range 0.92R;—-0.97R. We now
use equation (4) to calculate AT(r, 0) in the convection zone for all
values of r below the maximum value 0.98R, of r. that we consider.
We calculate the numerical derivative of 2 with the help of the
transformation equation (8) by using the first-order divided difference
scheme. Then we use the Runge—Kutta fourth-order (RK4) method to
solve equation (3), which is equivalent to carrying on the integration
in equation (4).

Fig. 5 shows the distribution of AT(r, ) in the convection
zone below 0.98Ry that would follow on assuming the thermal
wind balance and using 2(r, 0) given by the analytical expression
equation (7). We clearly see a decrease in AT(r, #) with r as we
approach the surface. Now, one quantity which is of particular interest
to us is the PETD AT(r, 0 = 0) — AT(r, 8 = 7/2) as a function of
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Figure 5. Profile of AT(r, 0) in the solar convection zone below r = 0.98 R,
which would follow from the analytical expression (equation 7) on taking r. =
0.98 R . Contours represent the constant values of AT(r, 0).
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Figure 6. The PETD as a function of radius, corresponding to Fig. 5.

r. Fig. 6 shows this PETD as a function of r within the convection
zone for r < 0.98R,.

We shall now present our results for the NSSL by assuming
different values of r. in the range 0.92R5—0.97R. For a particular
value of r., we take AT(r, 0) to be as given in Fig. 5 for r < r,
and as given by equation (6) for r > r.. In this way, we obtain
AT(r, 0) throughout the convection zone for a chosen value of r..
We point out that the observational value of the PETD reported by
Rast et al. (2008) is ~2.5 K. Fig. 6 shows that such a value of the
PETD occurs at around r & 0.92R, when we evaluate AT(r, 6) from
the analytical expression (equation 7) of €2(r, ). This means that we
have to take 7. ~ 0.92R, to get the PETD at the surface that matches
the observations of Rast et al. (2008).

Now that we have AT(r, 6) throughout the convection zone
including the top layer (r > r.) for different values of r., the last
step is to calculate Q(r > r, 0) in this top layer by assuming that the
thermal wind balance holds in this layer. We have already made use
of Q(r < r¢, 0) in the deeper layers of the convection zone, as given
by equation (7), to calculate AT(r, ) by making use of equation (4)
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(which is effectively the same as equation 3) and equation ( 6). We
now use the thermal balance equation (3) in the top layer (r > r.)
in a different manner. From the value of AT(r > r., 0) in this top
layer, we calculate the right-hand side of equation (3) and then solve
equation (3) to find the distribution of Q(r > r., 6) in this top layer
that would satisfy equation (3). We carry on this procedure for the
values . = 0.92,0.93,0.94, 0.95, 0.96, and 0.97R,. We can combine
Q(r > r., 0) obtained in the top layer in this manner with Q(r < r,
0) in the deeper layers as given by equation (7). This combination
for the different values of 7. that we have used is shown in Fig. 7.
The dotted circles in the various subfigures indicate the values of r
for all these cases.

The contours of constant 2 bend towards the equator in the top
layers of the convection zone for all values of r. shown in Fig. 7.
This indicates the clear presence of the NSSL in all these cases.
We stress again that the initial input data Q(r < r., 6) that we had
used in the deeper layers of the convection zone in order to start our
calculations did not have the NSSL. In fact, the analytical expression
(equation 7), which we had used for the values of Q(r < r, #) in
the deeper layers, does not give rise to the NSSL at all as seen in
Fig. 3. It is thus clear that the NSSL that we see in Fig. 7 could not
be an artefact of the input data. The NSSL arises from the fact that
the thermal wind term becomes very large in the top layers due to the
falling temperature there and the centrifugal term also has to become
very large to balance it. This requirement for satisfying the thermal
wind condition (equation 3) in the top layer can only be met if there
is an NSSL. We propose this as the explanation for the existence of
the NSSL in the top layer of the solar convection zone. The different
subplots in Fig. 7 show that the increase in r, causes the NSSL to be
confined to an increasingly narrower layer near the solar surface.

4 RESULTS BASED ON HELIOSEISMOLOGY
DATA

After presenting the results based on the analytical expression
equation (7) of Q(r, 0) in the previous section (Section 3), we now
carry on exactly the same calculations based on the value of Q(r, 6)
as given by helioseismology. We use 2(r, 6) averaged over cycle 23,
as supplied to us by H.M. Antia. The methodology that was used
for obtaining the Q(r, 6) profile from helioseismology data has been
described by Antia, Basu & Chitre (1998, 2008). Our calculations
are based on the tabulated value of temporally averaged Q(r, 6) for
all  in the range 0.7R to Ry at steps of 0.005R, and for all 6 in
the range of 2°-90° (88° to 0° latitude) at steps of 2°. The profile of
Q(r, ) with the contours of constant €2 (represented as black solid
lines) has been shown in Fig. 1.

As in Section 3, we carry on calculations for different values
of r. in the range 0.93R,—0.98R,. For a particular value of r,
we substitute the values of Q(r < r., 6) in the left-hand side of
equation (3) to calculate AT(r < r., 0). The values of AT(r, 6) for
r > r. are again given by equation (6). Fig. 8(a) shows the profile
of AT(r < r., 0) calculated for the case r. = 0.98Ry, . One concern
we have is that the helioseismic determination of 2(r, #) has large
uncertainties in the polar regions at high latitudes and when we use
equation (4) to calculate AT(r < r., 6), which is ATy (r <r.,6)
with 6y = 0, we have to integrate over this region where the value
of Q(r, 0) is unreliable. One way of avoiding this difficulty is to
consider temperature variations only in regions not too close to the
poles where we can trust the helioseismic values of 2(r, ). We have
used equation (4) to calculate AT»p-(r < r., 6) by avoiding the polar
region. Fig. 8(b) shows the profile of ATy (r < r., 8). Comparing
the profiles of AT(r < r., 0) for colatitudes higher than 20° (i.e.
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Figure 7. The profiles of Q(r, 6) for different values of r = r. obtained by using Q(r, 6) given by equation (7) as input data for r < r, .

latitudes lower than 70°) in Figs 8(a) and (b), we find that various
features are in broad agreement, indicating that they are not due to
errors in 2(r, ) near the polar region. Especially, we find an annular
strip near r = 0.925R gwithin which the value of AT(r < r., 0)
is close to zero in Fig. 8(a). This strip becomes less prominent in
Fig. 8(b), though it does not disappear. The reason behind this strip
is this. On taking a careful look at Fig. 1, we realize that 9Q%/dz
just below the NSSL is close to zero at latitudes higher than mid-
latitudes and is even positive at very high latitudes (it is usually
negative within the convection zone). This explains, on the basis of
equation (4), why we have this unusual strip even in Fig. 8(b) after
excluding the polar region. Schou et al. (1998) refer to this region at
high latitudes somewhat below the surface as ‘a submerged polar jet’
and comment in section 5.5 of their paper that it ‘is seen consistently
by several independent methods’. If this submerged polar jet is real
and not a data artefact, then what causes it is certainly an important
question. We do not attempt to address this question in this paper.
We now plot the temperature difference AT(r, & = 20°) — AT(r,
0 =90°) between the colatitude 20° (i.e. latitude 70°) and the equator
as a function of r in Fig. 9. It should be clear from equation (4) that
this temperature difference is given by integrating the integrand in the
right-and side of equation (4) from 6 =20° to & = 90°. In other words,
this temperature difference is independent of the values of Q(r, 0) at
very high latitudes (where these values may have large uncertainties)
and should be the same for both the cases shown in Figs 8(a) and (b).
‘We have seen in the calculations based on the analytical expression of
Q(r, 0) in the previous section (Section 3) that the PETD decreased
monotonically with r (see Fig. 6). However, Fig. 9 shows a more
complicated dependence of a similar temperature difference on r.
We indeed find a monotonic decrease of the temperature difference
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with r for values of r lower than ~0.92R.. But then it starts
increasing with r up to ~0.97R, beyond which it decreases again.
This complicated variation of the temperature difference is connected
with the submerged polar jet that continues even a little bit beyond
colatitude 20°.

The final step in our analysis is exactly the same as in Section 3.
Once we have AT(r, 0) throughout the convection zone correspond-
ing to different values of r. (with its value for r > r, being given by
equation 6), we evaluate the right-hand side of equation (3) for » >
r. and then solve equation (3) to obtain Q(r > r., 0) in the top layers
of the convection zone. Since we have to differentiate AT(r > r¢, 6)
with respect to 6, it does not matter whether we use ATy (r > r¢, 0)
with 8y = 0° or with 6 ( = 20°. The temperature profiles in both
Figs 8(a) and (b) give the same distribution of Q(r > r, 0) in the top
layers of the convection zone for 6 higher than 20°. Thus, the profile
of Q(r > r., 0) in the top layers of the convection zone that we have
calculated starting initially from Q(r < r., 0) in the deeper layers of
the convection is independent of the errors in Q(r < r, 0) in the polar
region. In Fig. 10, we have shown the distribution of Q(r > r., 6)
obtained in this way for different values of r. (represented by black
dashed circles), along with Q(r < r, 0) as given by helioseismology
data (same as in Fig. 1). In all these cases, we clearly see the NSSL.
While the input data Q(r < r., €) used in our calculations show some
indications of the NSSL for the cases r. = 0.97R, 0.98R, there
was no sign of the NSSL in the input data for the cases r. = 0.93R,
0.94Ry. The fact that we get a layer just below the solar surface
resembling the NSSL in all these cases strongly suggests that the
NSSL arises from the requirement of the thermal wind balance with
the thermal wind term becoming very large in the top layer of the
convection zone. To facilitate comparison of our theoretical results
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Figure 8. Profile of AT(r, #) in the solar convection zone below r = 0.98R,
which would follow from the helioseismology data of differential rotation on
taking r. = 0.98Rg. Contours represent the constant values of AT(r, 0). (a)
shows the profile of ATy (r, 6) and (b) the profile of AT»go(r, 6) as defined
in equation (4).
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Figure 9. The temperature difference between the colatitude 20° and the
equator as a function of radius, corresponding to Fig. 8.

with the observations, we have overplotted in Fig. 10 the contours
of constant €2 obtained from helioseismology observation (shown by
dashed red lines).

We at last come to the question whether the theoretical results
obtained on the basis of our assumption that the thermal balance

Theory of near-surface shear layer ~ 2195

equation holds in the top layers of the convection zone agree with
observational data. Comparing the solid lines indicating the theo-
retical results with the dashed red lines indicating helioseismology
data above r = r, in Fig. 10, it is evident that the agreement is very
good for all values of r larger than 0.96R. In the cases r = 0.97R,
0.98R, the lower part of the NSSL was present in the input data
and one may argue that it is not so surprising that our theoretical
calculations correctly gave the structure of the NSSL in the upper
layers. However, this is clearly not the case for r = 0.96R.. One
other aspect of the observational data we need to match is the PETD.
Looking at fig. 4 of Rast et al. (2008), we find that they present
measurements up to latitudes of about 70°. What they loosely refer
to as the PETD is actually the temperature difference between 70°
and the equator. If we also use the same convention, then what is
plotted in Fig. 9 can be called PETD and compared directly with
the results of Rast et al. (2008). Taking the value 2.5 K reported by
Rast et al. (2008) to be the correct value, we note in Fig. 9 that the
PETD has the value 2.5 K at r & 0.96R, . If this is taken to be the
value of r., then PETD at the solar surface should also be 2.5 K.
It is thus clear that an accurate determination of the PETD at the
solar surface is extremely important and can put constraints on the
appropriate value of r, to be used in theoretical calculations. If this
temperature difference is indeed 2.5 K, then we conclude that the
theoretical calculations carried out with r. = 0.96R, in our model
are in good agreement with observational data. This case gives a
good structure of the NSSL as we see in Fig. 10 and the PETD at the
solar surface also has the desired value 2.5 K.

To check quantitatively how well our theoretically determined €2
in the NSSL compares with observational Qpeliseismology, W€ consider
the percentile error

Q- Qhelioseismolcgy

f =100 9)

Qhelioseismology

at different points. Since the observed variation of €2 within the NSSL
is at the level of 5 percent, we must have f considerably less than
that for the fit to be considered sufficiently good. Fig. 11 shows the
distribution of f for the case r. = 0.96Ry in the top layer of the
convection zone above r = 0.96 Ry . We indeed find that f'is much
less than 5 percent within the NSSL, except in a very thin layer
above 0.995R, close to the solar surface. This perhaps suggests that
the thermal wind balance breaks down in this very thin layer near
the surface. The smallness of f within the NSSL below this very thin
layer presumably indicates that the thermal wind balance holds there
to a very good approximation. The root mean square (rms) value of
f for the case presented in Fig. 11 is found to be 1.36 per cent. The
rms values of f for cases r. = 0.95Ry and r. = 0.97R, turn out to
be 1.50 per cent and 2.41 per cent, respectively.

We are not aware of any independent measurements of the PETD
after the work of Rast et al. (2008) done more than a decade ago. If
the variation of the temperature with the latitude on the solar surface
is to be measured more accurately by modern techniques in the
future, then it will be useful to compare such observations with the
theoretical results of our model. Fig. 12 shows how ATy (Rg, 6)
varies with the colatitude 0 for different values of r.. Note that
ATy (r, 0) is defined in equation (4) in such a manner that its value
is always zero at 6 = 20°. Also, note that the curves for cases 7. =
0.96,0.97, 0.98 R, do not appear in the same simple sequence as the
curves for cases r, = 0.93, 0.94, 0.95 R,. Given the complicated plot
shown in Fig. 9, this behaviour is not surprising. It will be instructive
to compare Fig. 12 with observational data when such data become
available. We remind the readers that all the results in this section
were obtained on the assumption of a sudden jump in the nature of
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Figure 12. Variation of AT»p-(Rg), 0) on the solar surface with colatitude 6
for different values of . (markers are plotted at every five data points).
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convective heat transport at r = r.. If the transition is more gradual,
that may change the results slightly. Detailed comparison between
theoretical results and observational data in future may throw more
light on this.

Assuming that the intensity of radiation / emitted from a region
of the surface goes as T* according to the Stefan-Boltzmann law,
the variation of intensity with latitude caused by the variation of
temperature with latitude would be given by

(10)

The pole—equator intensity difference corresponding to a temperature
difference of 2.5 K would be

Al
5~ 0.0016. (1)

In other words, the pole would be only about 0.16 per cent brighter
than the equator. The latitudinal variation of intensity measured by
Rast et al. (2008) is given in fig. 4 of their paper. They point out that
it is non-trivial to measure this small latitudinal variation of intensity.
Apart from instrumental errors, the presence of polar faculae makes
these measurements difficult. However, Rast et al. (2008) claimed
that their measurement of enhanced intensity near the polar region is
a real physical effect.

5 CONCLUSION

There are differences of opinion why the Sun has an NSSL. A
novel explanation of the NSSL was recently proposed by Choudhuri
(2021b) on the basis of order-of-magnitude estimates. We now
substantiate the proposal of Choudhuri (2021b) through detailed
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calculations. Although it is generally agreed that the thermal wind
balance equation holds within the body of the solar convection zone,
whether this equation even holds in the top layers had been debated.
It has been suggested that this equation breaks down in a boundary
layer at the top and this may somehow give rise to the NSSL.
Choudhuri (2021b) argued on the other hand that the thermal wind
term becomes very large in the top layers of the convection zone
and the thermal wind balance equation has to hold. This means that
the centrifugal term also has to be very large in the top layers to
achieve the thermal wind balance, necessitating the existence of the
NSSL. When we compare the final results of our theoretical model
with observational data from helioseismology, we conclude that the
thermal wind balance condition may break down only in a very thin
layer near the solar surface (having thickness of order ~0.005R¢, or
~3000 km).

The argument proposed in this paper hinges crucially on the fact
that the convective cells are affected by the solar rotation within
the main body of the convection zone, except in the top layers
within which the convective turnover time is less than the rotation
period of the Sun. Although the transition from the layers where
rotational effects are large to the layers where they are small must
be a gradual transition, we simplify the calculations by assuming
that this transition takes place at r = r.. Since the effect of the solar
rotation would make the convective heat transport in the deeper layers
dependent on latitude, we expect that the temperature at a point within
the convection zone will depart by an amount A7(r, 6) from what
we get from the standard models of the convection zone in which
the effect of rotation is not taken into account. In principle, it should
be possible to calculate AT(r, €) from the theory of convective heat
transport. However, this is a formidably difficult problem in practice
and we calculate AT(r, 6) in the deeper layers of the convection
zone from the differential rotation measured by helioseismology
by assuming that the thermal wind balance condition prevails in
the deep layers of the convection zone. Since the effect of rotation
on the convection is negligible above r = r., we expect the radial
temperature gradient d7/dr to be independent of latitude in this layer,
which implies that A7(r, 6) does not vary with r in this layer. It is
this fact, coupled with the fact that the temperature drops sharply in
this top layer, which makes the thermal wind term very large in this
top layer. From the requirement that the centrifugal term also has to
become large to balance the large thermal wind term in this layer, we
can calculate the distribution of €(r, 0) in this near-surface layer. We
have found that our calculations give a layer resembling the NSSL.

The non-variation of AT(r, #) with r in the upper layers of the
convection zone ensures that the PETD does not vary in this layer.
The means that the value of the PETD at . gets mapped to the solar
surface. A careful measurement of the PETD at the solar surface
would enable us to assess the value of r. above which the convective
motions are not affected much by rotation. The value 2.5 K of the
PETD reported by Rast et al. (2008) led us to conclude that r, &~
0.96R,. For this value of r., the various aspects of observational
data, including the structure of the NSSL, are explained very well
by our theoretical model. Fairly sophisticated simulations of solar
convection are now being carried on by many groups. We hope that
such simulations may also eventually be able to give an indication
of the value of r. above which the effect of rotation is negligible.
Since the measurement of the PETD allows us to assess r., such
a measurement can put important constraints on the simulations of
solar convection. It appears that there have not been any independent
measurements of the PETD after the work of Rast et al. (2008)
done more than a decade ago. We hope that other groups will
undertake this measurement in the near future, since the value of
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this temperature difference has connections with such important
issues as the nature of the solar convection and the structure of
the NSSL.

The large-scale flows in the solar convection zone like the differ-
ential rotation and the meridional circulation play important roles
in the flux transport dynamo model for explaining the solar cycle,
which started being developed from the 1990s (Wang, Sheeley &
Nash 1991; Choudhuri, Schussler & Dikpati 1995; Durney 1995)
and has been reviewed by several authors in the last few years
(Charbonneau 2010; Choudhuri 2011; Karak et al. 2014a). One
crucial question is whether the NSSL is important in the solar
dynamo process. One key idea in the solar dynamo models is that
the toroidal magnetic field is generated by the strong differential
rotation at the bottom of the solar convection zone, where the field
can be stored in the stable subadiabatic layers below the bottom of
the convection zone and can undergo amplification there. Strands of
the toroidal magnetic field eventually break out of the stable layers to
rise through the convection zone due to magnetic buoyancy. Since the
near-surface layer is a region of strong superadiabatic temperature
gradient that enhances magnetic buoyancy (Moreno-Insertis 1983;
Choudhuri & Gilman 1987), magnetic fields are expected to rise
through this layer quickly without allowing much time for shear
amplification. Unless there is some mechanism to keep magnetic
fields stored in the NSSL for some time, most likely the NSSL is not
important for the dynamo process, although there is not complete
unanimity on this (Brandenburg 2005). Models of the flux transport
dynamo without including the NSSL give reasonable fits with obser-
vations (Chatterjee, Nandy & Choudhuri 2004). Dynamo-generated
magnetic fields, however, can react back on the large-scale flows
producing temporal variations with the solar cycle (Chakraborty,
Choudhuri & Chatterjee 2009; Hazra & Choudhuri 2017). For
example, the meridional circulation varies periodically with the solar
cycle and modelling it requires going beyond the thermal wind
balance equation (3) to include a time derivative term (Hazra &
Choudhuri 2017; Choudhuri 2021a). The thermal wind balance
equation follows from the full equation for the meridional circulation
under steady-state conditions if the dissipation term can be ignored.
Presumably, the thermal wind balance equation (3) holds for the time-
averaged part of large-scale flows, which has been our focus in this
paper. However, there is evidence of random temporal fluctuations in
the meridional circulation (Karak 2010; Karak & Choudhuri 2011;
Choudhuri & Karak 2012; Choudhuri 2014; Hazra & Choudhuri
2019), possibly indicating slight violations of the thermal wind
balance equation. Since the terms involved in the thermal wind
balance are much larger than the other terms in the equation of
the meridional circulation (see e.g. the discussion in the appendix of
Choudhuri 2021a), even a slight imbalance between these large terms
is sufficient to cause fluctuation in the meridional circulations and we
believe that the violations of the thermal wind balance remain very
small.

Lastly, we suggest that other solar-like stars with rotation periods
similar to the Sun are likely to have similar shear layers near their sur-
faces, since the solar NSSL arises out of very general considerations
which should hold for such stars. The study of starspots and stellar
cycles in the last few years have suggested that the solar-like stars
also must have large-scale flows like the differential rotation and the
meridional circulation giving rise to dynamo cycles, as in the case
of the Sun (Karak et al. 2014b; Choudhuri 2017; Hazra et al. 2019).
Although asteroseismology has started giving some initial results of
differential rotation in solar-like stars (Benomar et al. 2018), we are
still very far for determining observationally whether other stars also
have NSSL.
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