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Abstract
We study the behavior of the noncommutative radiating Schwarzschild black
hole in the Finslerian spacetime. The investigation shows that black hole pos-
sesses either (i) two horizons, or (ii) a single horizon, or (iii) no horizon
corresponding to a minimal mass. We obtain that the minimal mass signifi-
cantly changes with the Finslerian parameter, keeping minimal horizon remain
unchanged. It turns out that under Finslerian spacetime, the maximum tempera-
ture before cooling down to absolute zero varies with the Finslerian parameter.
We then study the stability of the black hole by analyzing the specific heat
and free energy. The energy conditions, their violation limit also scrutinized.
Our findings suggest a stable black hole remnant, whose mass and size are
uniquely determined in terms of the Finslerian parameter Ric and noncommu-
tative parameter χ. The physical relevance of these results are discussed in a
brief.
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1. Introduction

In classical general relativity (GR), the notion of the black hole is as an object in spacetime,
exhibiting such strong gravitational acceleration that no particles even electromagnetic radi-
ation can escape from it. In the curved background, based on quantum field theory (QFT),
Hawking has been shown that a black hole can evaporate by emitting thermal radiation anal-
ogous with the black body radiation [1, 2]. The discovery of Hawking radiation solved the
problem in black hole thermodynamics and reconciliation of the quantum mechanics and grav-
ity. Hawking has pointed out that the virtual particles with negative energy in the vicinity
of the black hole can come into the black hole through the tunneling effects. As a conse-
quence, the energy of the system and the radius of the event horizon will decrease. Beken-
stein [3, 4] proposed that the entropy of the black hole is proportional to the area of the
horizon.

The final state of black holes evaporation issue can settle down in possible ways. As Hawk-
ing suggested, one of these may be that there is no remnant leaving behind the complete
evaporation of black hole except only incoherent radiation. As a consequence, loss of quantum
coherence does occur. Alternatively, stable remnants leave behind the Hawking process and in
the initial configuration of the system which reflects in precise quantum states [5]. To define
this, the number of distinct virtual quantum states are needed. There are two different aspects
to be accounted for physical consideration. The first issue is the remnant’s size and mass in the
order of Planck scale, i.e. infinite density of states. If gravity in any regular way coupled with
these light remnants, in the presence of the energy of the Planck Scale amount, there would
be profuse production in pairs. Another point is that the Hawking process might terminate, in
spite of the black holes still having macroscopic mass. That could only happen if a singularity
develops on the apparent horizon of the geometry by the back reaction [6]. According to the
string/black hole correspondence principle [7], at the late stage of the black hole the stringy
effects cannot be neglected. Out of different conclusions of string theory, we are interested in
the result in which the spacetime coordinates itself become the noncommutating operators on
a D-brane [8, 9].

Usually considered spacetime continuum does not require any Lorentz invariance. The
idea of Lorentz invariant discrete spacetime, i.e. spacetime quantization, long ago provided
by Snyder [10]. The noncommutative behavior of the spacetime is encoded by the relation

[xμ, xν] = iχμν , (1)

where χμν is an anti-symmetric matrix. It determines the discretization of the cell of spacetime
in the same manner as the phase space discretized by the Planck constant �. The noncommu-
tativity is an intrinsic parameter of spacetime and independent of the behavior of curvature
[11, 12]. The modified QFT, after implementation of the commutator relation equation (1) has
been largely investigated based on two distinct approaches: (i) Wely–Winger–Moyal ∗-product
and (ii) coordinate coherent state formalism [13]. It has been shown that the doubts raised on
the Lorentz invariance and unitary [14, 15] in the ∗-product approach can figure out on con-
sidering χμν = χ diag(ε1, . . . , εD/2) [16] where χ is a constant of the dimension of the order
length square.

The order of the magnitude of the noncommutative parameter and its connection with the
observations has also been searched by several researchers [17, 18]. Since the noncommuta-
tivity has been well inspired by the quantum gravity and string theory, it’s expected that any
noncommutative corrections are in the Planck scale. Carroll et al [19] found the upper bound of
the parameter |χ| is ≈ 10 TeV−2 corresponding to the length scale

√
4 × 10−40 m for � =

2
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c = 1. There are also different studies [20–22] that suggests the bound could be ≈ 4 GeV−2 −
30, MeV−2.

As an interesting possibility to describe the spacetime geometry beyond Riemannian geom-
etry, Finsler geometry has recently been re-discovered. We study the Finslerian black holes
induced as possible effects of quantum spacetime noncommutativity. Nonholonomic frames
represent such Finsler structures not on tangent bundles but on (pseudo) Riemannian mani-
folds, compatible with standard physics theories [23]. We can extract the configuration of the
black hole from two types of solutions. Nonholonomic deformations of the gravitational vac-
uum by noncommutative geometry are defined as the first class of solutions. The second class
of solutions induces noncommutative matter fields. In this work, we emphasized constructions
when black hole configurations are in the second class. There must be an intimate connection
between a gravitational field quantization and a spacetime structure ‘quantization’ upon which
the gravitational field is defined. In fact, one could argue that the gravitational field is a phe-
nomenological manifestation of an inherent ‘quantization’ of the spacetime structure, even at
a classical level. It could be suggested as the conjecture that the classical field associated with
coordinate quantization is the gravitational field [24–26].

The notion of the spacetime loses by making the noncommutative spacetime coordinates but
retains an algebraic function analog. The aim is to modify the geometry of a space as much as
possible, in terms of its algebraic functions, and then generalize the corresponding differential
geometry outcomes to the case of a noncommutative algebra. Drawing the differential form
is equivalent to a derivative, adding the differential structure. One could introduce an algebra
generated by the noncommutative terms and even a differential calculus to construct a geom-
etry. The geometry would be a noncommutative generalization of a point [27, 28]. The same
description can introduce the gravitation field. The simplest is the formal minimul coupling
procedure. One modification is to add the matter action so that the total action is extremal
regarding the variation of the moving frame and the linear connection. The above prescrip-
tion provides the Einstein equation [29]. In such induced noncummutative procedure, interior
structure is modified according to the matter distribution. Local Lorentz symmetry breaking
in noncommutative cut-off field theories and an effective description of the mechanisms are
discussed in the cited literature [30, 31].

Nicolini et al [32] argued that this is not essential to introduce the effects of noncommu-
tativity only by modifying the r–t section of the metric of spherical symmetry and as a result
the modified form of the Einstein field equations. Retaining the tensor part as same in the
field equation, one can only modify the matter source of the system. The geometrical struc-
ture over the manifold is defined by the metric field and the strength of the field is measured
by the curvature, i.e. the response of the existence of the matter distribution. It affects gravity
in a subtle, indirect way [24]. In a plane, one can note that induced noncommutativity influ-
ences matter–energy and momentum distribution as well as propagation [13, 16, 33]. On the
other hand, energy–momentum density determines spacetime curvature. By maintaining the
standard form of the Einstein tensor in the lhs of the field equations and implementing a modi-
fied energy–momentum tensor as a source in the rhs, the impacts of noncommutativity can be
taken into account [32].

Details study of the influence of noncommutativity in GR and the matter, energy and
momentum distribution and propagation has been conducted by several scientists [13, 16].
For the regular black hole, the quantum cooling process of evaporation has been studied in
reference [34]. Banerjee et al [35] provide the generalized form of black hole temperature
and surface gravity, and shown that the relation is valid until quantum relation is negligible.
In a subsequent study [36], they provide the corrected form of area law in noncommutative
geometry. Noncommutativity is sufficient to produce stable circular form, without the help of

3
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dark matter [37]. Between the Einstein and M∅ller prescription, the Einstein platform is more
powerful to explain the energy for a noncommutative radiating black hole [38].

The notion of Finsler geometry based on the time measurement between two events
that passes an observer is equivalent to the length which connects the events along the
observer’s world line. The quantification is on the tangent bundle of a homogeneous function
[39, 40]. It brings positional and directional dependent behavior, along with the intrinsic local
anisotropy [41].

Riemann introduced a metric structure, based on arc element in general space as

xds = F (x1, : : xn; y1, : : yn),

where F (x; y) is a positive homogeneous function of degree one in y. Here, x and y represent-
ing the position vector and tangent vector respectively. However, without any the quadratic
restriction, the easiest description of Riemannian geometry is in reference [39] as follows

F2 = gμνyμyν .

The current Finsler space F2 is quadratic in (yθ and yφ) which can be resolved from a
Riemannian manifold (M, gμν(x)). It is actually a semi-definite Finsler space and for that one
can use the covariant derivative of the Riemannian space. The Bianchi identities, in this case,
are similar to those of the Riemannian space and the current Finsler space reduces to the
Riemannian space and as a result, the gravitational field equations can be found.

In the semi-Riemannian geometry, in local coordinates the length of a curve γ on a manifold
is given by

LSR[γ] =
∫ t1

t0

dt
√

gμν(x(t))ẋμ ẋν .

In Finslerian geometry, the metric geometry (including the Lorentz metric) can be extrap-
olated by defining a length for the curve. Instead of the metric, a general length measure-
ment for curves on M derives the geometry. The geometry is engaged to matter dynamics
and on assumption that the metric tensor is independent of dynamics, the system reduces to
Riemannian.

As a possible alternative spacetime model, Finslerian modification is already considering
in cosmology, GR. The notion of Finsler geometry is developed from quantum gravity ideas
[42]. Later on, in special relativity, it is testified by Gibbons [43]. Timelike and null geodesics
as well as the geodesic motion of particles on the cosmologically symmetric spacetime studied
by Hohmann [44]. Finsler geometry of Ransder space and Conformal geometry in classical
spacetime share several similarities, available in the references [45–47].

In reference [23, 48], Vacaru constructed a new class of exact solutions with generic off-
diagonal metrics depending on a noncommutative parameter and shown that the Finsler models
defined by nonholonomic frames are not on tangent bundles but on (pseudo) Riemannian
manifolds being compatible with standard theories of physics. Effective energy–momentum
tensors can induce by noncommutative deformations of Schwarzschild metrics into locally
anisotropic stationary in spherical/rotoid symmetry. Lagrangian geometry and Finsler–Affine
gravity effects elaborately studied elaborately in the monograph [49].

In this article, we report on the characteristics and behavior of the black hole inspired by
noncommutative geometry in the framework of semi-Riemannian spacetime with constant flag
curvature.

4
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2. The interiour structure

Let us consider that F is a Finsler metric on a manifold M which is defined as F = F (x, y)
and is a function of (xμ, yμ) in ∈ TM, in a standard coordinate system.

The geodesic of the Finsler metric (F ) is characterized by

d2xμ

dτ 2
+ 2Gμ(x, y) = 0, (2)

where the geodesic spray is

Gμ =
1
4

gμν

(
∂2F2

∂xλ∂yν
yλ − ∂F2

∂xν

)
. (3)

The metric structure coefficient can be written in the form

gμν =
∂

∂yμ
∂

∂yν

(
1
2
F2

)
. (4)

Ricci scalar of the Finsler geometry [39] can be written as

Ric = Rμ
μ =

1
F2

[
2
∂Gμ

∂xμ
− yλ

∂2Gμ

∂xλ∂yμ
+ 2Gλ ∂2Gμ

∂yλ∂yμ
− ∂Gμ

∂yλ
∂Gλ

∂yμ

]
, (5)

where Rμ
μ is insensitive to connections which only depends on Finsler structure.

Ricci tensor of Finsler geometry is introduced by Akbar-Zadeh [50] as follows

Ricμν =
∂2

∂yμ∂yν

(
1
2
F2Ric

)
. (6)

We consider the line element to describe the static, spherically symmetric interior spacetime
is in the form

F2 = −eν(r)ytyt + eλ(r)yryr + r2F2(θ,φ, yθ, yφ). (7)

HereF = F (x, y) is the Finsler metric on a manifoldM, is a function of (xμ, yμ) in a standard
coordinate system.

In the following ansatz we consider the angular coordinate as F2(θ,φ, yθ, yφ). F is not
dependent on yt and yr, and therefore Ric is independent of r derived from F2 (in the same
manner as defined in equation (5) forF ). As a consequence two-dimensional Finsler spaceF is
a constant flag curvature space. In Riemannian geometry, the flag curvature is a generalization
of sectional curvature. This is the simplest approach of the semi-Finslerain system.

Therefore, with the help of equation (4), the Finsler metric potential can be written as

gμν = diag(−eλ(r), eν(r), r2gi j), (8)

where metric potential gi j derived from F2.
Respective geodesics sprays are as follows

Gt =
1
2
λ′ytyr, (9)

Gr =
1
4

(
ν ′yryr + λ′ eλ−νytyt − 2r e−νF2

)
, (10)

5
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Gθ =
1
r

yθyr + Gθ, (11)

Gφ =
1
r

yθyr + Gφ, (12)

where Gμ corresponds the geodesic spray of F2.
On considering the values of Gμ from equations (9)–(12) and substituting in equation (5),

we obtain

F2Ric =

[
λ′′

2
+

λ′2

4
− λ′ν ′

4
+

λ′

r

]
e(λ−ν)ytyt +

[
−λ′′

2
− λ′2

4
+

λ′ν ′

4
+

ν ′

r

]
yryr

+

(
Ric − e−ν +

rν ′e−ν

2
− rλ′e−ν

2

)
F2. (13)

On the other hand, the scalar curvature is defined as S = gμνRicμν .
Therefore, the Einstein tensor in Finsler spacetime takes the modified form

Gμν = Ricμν −
1
2

gμνS. (14)

The explicit form we have

S = e−ν

[
λ′′ +

λ′2

2
− λ′ν ′

2
+

λ′ − ν ′

r

]
− 2

r2

[
Ric − e−ν +

re−ν

2
(ν ′ − λ′)

]
.

(15)

The energy–momentum tensor for the fluid distribution can be written in the form

Tμ
ν = −(ρχ + pr)uμuν + ptδ

μ
ν + (pt − pr)vμvν , (16)

where ρχ, pr and pt represent the energy density, radial and tangential pressures, respectively
for the fluid system whereas uν and vν represent the four-velocity and radial four-vector,
respectively.

Following the notion of GR, the field equations in the Finsler space-time geometry can be
provided as

Gμ
ν = 8πTμ

ν. (17)

For a static and spherically symmetric metric, the energy–momentum tensor is given by
Tμ
ν = diag(−ρχ, pr, pt, pt). The corresponding Einstein field equations can be written as

λ′e−λ

r
− e−λ

r2
+

Ric
r2

= 8πρχ, (18)

ν ′e−λ

r
+

e−λ

r2
− Ric

r2
= 8πpr, (19)

e−λ

[
ν ′′

2
+

ν ′2

4
− ν ′λ′

4
+

ν ′ − λ′

2r

]
= 8πpt. (20)

In flat spacetime, point-like structures are eliminated by noncommutativity and replace
with smeared objects [13]. Mathematically, the effects of smearing can be implemented by

6
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Figure 1. Variation of χρ = −χpr vs r
√
χ. Line dot for M =

√
χ, Space line for

M = 3
√
χ, Long dot stands: M = 2.285

√
χ, Long dash stands: M = 2.094

√
χ, Solid line

stands: M = 1.905
√
χ, Dot stands: M = 1.713

√
χ, Space dash stands: M = 1.522

√
χ;

Blue stands: Ric = 1.2, Green stands: Ric = 1.1, Red stands: Ric = 1.0, Orange stands:
Ric = 0.9, Burgundy stands: Ric = 0.8. Hereafter, color and line style maintain the
corresponding Ric and mass.

the ‘substitution rule’: as a position Dirac-delta function replaced by Gaussian distribution
of minimal width

√
χ. In connection to that, following Nicolini et al [32]. We choose the

mass density for the static, smeared and particle-like gravitational source anisotropic fluid
distribution as

ρχ =
M

(4πχ)3/2
exp(−r2/4χ) = −pr, (21)

where the total mass (M) of the source, instead of being perfectly localized at the point is
diffused over

√
χ sized linear region. Minimal deviation from standard vacuum Schwarzschild

geometry can be expected at a large distance, as well as in the range r � √
χ.

Consider the variation of matter density in figure 1. In the vicinity of origin (r 	 √
χ),

the variation of matter density is almost flat, i.e. dρχ
dr � 0. Again far away from the origin

(r 
 4
√
χ), the variation is also flat; ρχ(0) 
 ρχ(r′). Central density (ρχ(0)) is higher for

higher total mass.
The conservation equation for the Finsler system is derived by Li and Chang [51]. The

explicit form of the equilibrium equation for the constant flag curvature system is derived by
Chowdhury et al [52]. The form remain conserved in noncommutative system [29]. We have
the conservation equation as follows:

(ρχ + pr)
ν ′

2
+ p′r −

2
r

(pt − pr) = 0. (22)

7
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Figure 2. Variation of χpt vs r
√
χ for different values of Ric.

For physically validity, the inward pull must balanced by non-vanishing radial pressure.
This is the effect by the noncommutative spacetime on the matter at a distance scale of order√
χ. From relation equations (21) and (22), we obtain

pt =
M

(4πχ)3/2

(
r2

4χ
− 1

)
e−r2/4χ. (23)

Variation of the above parameter is shown in figure 2.
We obtain the following metric coefficients for the matter distribution provided in

equation (21) for the line element in equation (7)

eν = 1 − 4M

r
√
πRic

γ

(
3
2

,
r2

4χ

)
, (24)

e−λ = Ric − 4M
r
√
π
γ

(
3
2

,
r2

4χ

)
, (25)

where γ
(

3
2 , r2

4χ

)
is the lower incomplete gamma function [provided in equation (A.2)].

As χ→ 0, the commutative Schwarzschild metric is obtained from the noncommutative
metric. Exterior Schwarzschild metric is provided in reference [51]. The variation of metric
potentials eν and e−λ are shown in figure 3, left panel and right panel respectively. From plots
it is clear that there are two horizons, (i) the inner horizon (Cauchy horizon) rc and (ii) the
outer horizon (event horizon) rH. There exists a minimal mass Mo below which no horizon,
i.e. no black hole can form (space dot line). Again two distinct horizon formed for M 
 Mo

(dash line). For M = Mo, the inner and outer both horizons met, and one degenerate horizon
(minimal horizon) found at that point (rc � ro � rH). It is found from the plots that for the

8
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Figure 3. Variation of eν and e−λ vs r
√
χ for different values of Ric in the left and right

panel respectively.

varying Ric, the degenerate horizon remain the same. Though, the minimal mass changes with
Ric. Higher Ric needed higher minimal mass to form a single degenerate event horizon.

The mass distribution of the system can directly obtained with the help of equation (21), as
follows:

m(r) =
2M√
π
γ

(
3
2

,
r2

4χ

)
. (26)

3. The characteristics of the black hole

In this Section, we study few characteristics and stability of the black hole.
The event horizon of the black hole can found from equation (24) or (25), by considering

eν = 0 = e−λ in the following form,

rH =
4M√
πRic

γ

(
3
2

,
r2

4χ

)
. (27)

Solution of equation (26) cannot be obtained in closed form. Numerically, the value of
rH found from the intersection of eν or e−λ with the r/

√
χ for minimal mass, as shown in

figure 3, left and right panel respectively. For the range r2
H/4χ 
 1, the lower incomplete

gamma function can be expanded in the form provided in equation (A.4) by iteration. Keeping
up to first order term, we find

rH � 2M

Ric

(
1 − 2M

√
πχ

e−M2/χ

)
. (28)

There are different approaches also available in introducing of noncommutativity in curved
spacetime metric in references [53–55].

9
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Figure 4. Variation of M/
√
χ vs rH/

√
χ for different values of Ric.

We can readily rewrite the mass as a function of rH:

M =
rHRic

√
π

4γ
(

3
2 , r2

4χ

) . (29)

The variation of the total mass is shown in figure 4. The minimal mass Mo for different
values of Ric is explicitly shown in figure 4, which increases with the Ric. This minimal mass
also confirms the degenerate horizon obtained in figure 3, left and right panel respectively.

For the static noncommutative black holes, the Hawking temperature is defined as,

TH =
1

4π
deν

dr

√
eνeλ|r=rH

=
1

4πrH

√
Ric

⎛
⎝1 − r3

H e−r2
H/4χ

4χ3/2γ
(

3
2 , r2

4χ

)
⎞
⎠ . (30)

For large regime (r2/4χ 
 1), one can easily recover the standard form of Hawking
temperature

TH =
1

4πrH

√
Ric

. (31)

From figure 5 (left panel), it is clear that in the commutative consideration, Hawking tem-
perature diverges, which impose a limit on the standard description of Hawking radiation. For
the region r < ro, there is no black hole, therefore it is impossible to define temperature in that
region. At the initial stage, TH reaches maximum from rH = ro instead of exploding with rH

up to the rH ≈ 4.8
√
χ, and for rH 
 ro, the temperature is the same as of standard Hawking

10
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Figure 5. Variation of TH vs rH for different values of Ric (left panel). Here, dashdot and
longdash linestyle represent commutative and noncommutative spacetime, respectively.
The variation of TH with Ric for the parametric values of rH/

√
χ shown in the right

panel.

Figure 6. Plot of C/χ vs rH/
√
χ for different values of Ric.

temperature. The Hawking temperature decreases with increasing Ric. Moreover, the black
hole remnant in higher Ric has a higher mass. The variation of temperature with Ric shown in
figure 5 (right panel).

The thermodynamic details of the quantum gravity system in the scenario of noncom-
mutative geometry investigated respect to heat capacity. It can be obtained by the relation

11
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Figure 7. Variation of 1√
χ

dS
dr vs rH/

√
χ for the different values of Ric. Here, long-

dash, dashdot and dash linestyle represent noncommutative spacetime, second-order
correction of dS

dr and semiclassical limit, respectively.

C =
∂M
∂rH

(
∂TH

∂rH

)−1

. (32)

The behavior of the heat capacity is shown in figure 6. The heat capacity is positive for
ro < rH < r′, which defines small and large black holes are stable. The black holes became
unstable for r′ < rH due to negative heat capacity. As rH goes to ro, the heat capacity approaches
to zero. For lower Ric, the heat capacity is tending to positive, which also defines small black
holes are more stable.

From the first law of thermodynamics, the entropy of a black hole can define as TdS = dM.
Hence,

dSH

drH
=

π3/2Ric3/2rH

γ
(

3
2 , r2

4χ

) . (33)

The variation is shown in figure 7. The equation (33) can expanded with the help of
equation (A.4).

The stability can also be examined by considering the free energy. Free energy can defined
as

F = M − THS. (34)

The numerical calculation of the quantity is shown in figure 8. Positive behavior of free
energy supports the stability of a black hole. It is clear from the graph that the free energy

12
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Figure 8. Variation of F/
√
χ vs rH/

√
χ for different values of Ric.

becomes equivalent to minimum mass at r = ro, thereafter decreases up to r+ (corresponds to
the maximum value of TH) and then starts to increases.

4. Conclusion

In this article, we have investigated the character and behavior of the noncommutative black
hole in the framework of Finslerian spacetime.

In our analysis, we have obtained the relation of the metric potential, temperature, entropy,
heat capacity and free energy in trems of Finslerian parameter Ric. Most interestingly, we
observed for the particular Gaussian form of density, the minimal horizon (ro) is always at
�3

√
χ, for the different minimal masses (Mo) corresponding to different Ric, i.e. the minimal

horizon is irrespective of the choice of Finslerian parameter. Due to the negative pressure of
the smeared object, it can look similar to the cosmological constant in the de Sitter Universe. In
fact, the line element near the origin supports the de Sitter-like behavior inside of the inner hori-
zon rc. It is found that Mo varies with Ric, in order of 0.191

√
χ, also confirmed from figure 4.

Therefore, higher mass accretion can easily explain in the Finslerian background. Hawking
temperature increases with decreasing the Ric, thought the remnants masses are higher. As
the horizon radius reaches the minimal horizon, the temperature of the noncommutative black
hole became vanishes. The temperature (TH) varies with Ric in a nonlinear manner figure 5
(right panel). Therefore, we can expect that the micro-black holes with large fundamental
energy-scale for higher Ric to be hotter, and at the endpoint of evaporation have a smaller
mass. From the variation of dS

drH
vs rH/

√
χ, it is found that for second order correction the vari-

ation met at ≈3
√
χ, whereas the semiclassical approach met at ≈4.8

√
χ, for the entire range

of the Finsler parameter. The decrement of free energy from the minimum mass (Mo) means
the evaporation decelerate in the vicinity of the zero temperature configuration.

13
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One would consider that the weak energy conditions, ρχ + pr > 0 and ρχ + pt > 0 are
always satisfied. It is interesting to note that the strong energy condition ρχ + pr + 2pt > 0
is not always satisfied. For the region r < 2

√
χ strong energy does not obey. This implies, due

to the dominance of quantum effects in the region where we supposed, in spite of the nonlinear
gravity, the classical description of energy and matter breaks down.

Due to the high temperature at the final stage of black hole evaporation, the effects of back-
reaction cannot be neglected in commutative background [56–58]. In the noncommutative
scenario, the temperature of the final stage is cool enough. Therefore, we can assume that
the effects of backreaction should be suppressed. It is observed that the higher Ric reduces the
temperature, as a consequence backreaction effects suppressed more intensively, less amount
of energy released.

For simplicity, we restricted the system with flag curvature. Following Li and Chang [51],
Ric is considered as constant quantity. Akbar-Zahed [50] defines the usefulness of considering
constant flag curvature. Such consideration provides us a wide range of spectrum by varying
the Finsler parameter Ric.

Finally, we can enunciate that the Finslerian parameter provides a range over which the
noncommutative black hole can analysis and valid, and the higher order mass accretion the
system can easily be explained with the Finslerian background.
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Appendix A. Gamma function

Gamma function can be defined as:

Γ(a) = γ(s, x) + Γ(s, x), (A.1)

where γ(s,x) know as lower incomplete gamma function and Γ(s,x) as upper incomplete
gamma function.

The lower incomplete gamma function is given by

γ(s, x) =
∫ x

0
ts−1 e−tdt. (A.2)

The upper incomplete gamma function is given by

Γ(s, x) =
∫ ∞

x
ts−1 e−tdt. (A.3)

14



Class. Quantum Grav. 38 (2021) 145019 S R Chowdhury et al

For x 
 1, the lower incomplete gamma function can expanded asymptotically as follows

γ(s, x) = Γ(a) − Γ(s, x)

�
√
π

2

[
1 − e−x

+∞∑
n=0

x(1−2n)/2

Γ
(

3
2 − n

)
]
. (A.4)
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