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The computational technique of N-fold Mellin-Barnes (MB) integrals, presented in a companion paper
by the same authors, is used to derive sets of series representations of the massive one-loop conformal
three-point Feynman integral in various configurations. This shows the great simplicity and efficiency of
the method in nonresonant cases (generic propagator powers) as well as some of its subtleties in the
resonant ones (for unit propagator powers). We confirm certain results in the physics and mathematics
literature and provide many new results, some of them dealing with the more general massive one-loop
conformal n-point case. In particular, we prove two recent conjectures that give the massive one-loop
conformal n-point integral (for generic propagator powers) in terms of multiple hypergeometric series. We
show how these conjectures, that were deduced from a Yangian bootstrap analysis, are related by a tower of
new quadratic transformations in hypergeometric functions theory. Finally, we also use our MB method to
identify spurious contributions that can arise in the Yangian approach.
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I. INTRODUCTION

In Ref. [1], we have presented the first systematic
computational method allowing us to derive sets of series
representations of N-fold Mellin-Barnes (MB) integrals, in
the case where N is a given positive integer. Our method
was described at a general level and we have given detailed
calculations only on the simple twofold example of the
Appell F1 double hypergeometric function, as an applica-
tion to provide a quick understanding of the method and of
our notation. Here we show the details of a few more
realistic applications, so that possible calculational subtle-
ties can better be handled. This is one of the aims of this
paper, where we apply our technique to the calculation of
the massive one-loop conformal three-point integral with
generic propagator powers, as well as in the case where
these propagator powers are equal to unity. Further, the

massive one-loop conformal n-point integral will also be
studied. Apart from showing explicit computational details,
these examples will also give us the opportunity to present
many new results which are relevant in both quantum field
theory (QFT) and hypergeometric functions theory.
The massive one-loop conformal three-point integral has

been recently studied in the Yangian bootstrap analysis of
[2,3]. An analytic expression for the case of generic
propagator powers has been given for the first time in
[2], in terms of the well-known Srivastava’sHC triple series
[4,5]. In [3], an alternative expression, still in terms of a
single triple hypergeometric series, has been derived by
choosing another set of conformal variables. Each of these
two results has contributed to guide the authors of [3] to
conjectures for the expressions of the massive one-loop
conformal n-point integral with generic propagator powers
in two kinematic regions called A and B. The unit
propagator powers case of the three-point integral has also
been considered for both regions in [3], where a compari-
son with some results of the literature is given.
In the present work, starting from the two MB repre-

sentations (associated with the two choices of conformal
variables alluded to above) of the massive one-loop
conformal n-point integral, we first begin by giving the
proofs of the two conjectures of [3] which have been named
conjecture in region A (respectively, B).
We later focus on the n ¼ 3 case and we show how to

derive, apart from the Yangian bootstrap results of [2,3],
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sets of series representations for the three-point integral
which are analytic continuations of one another, converging
in various regions of the conformal variables space. Each set
provides 13 additional series representations. Some of the
analytic continuation formulas associated with the result in
region A, for the generic propagator powers case, have been
known for a long time due to prior studies of the HC triple
hypergeometric series [5,6]. However, to our knowledge,
apart from the latter and the four results given in [3], the other
formulas that we present in this paper are new.
We underline here that, in addition to these interesting

results, our MB approach [1] is used in Sec. IVA to show
how some of the zeros derived in the Yangian bootstrap
approach [2,3] are spurious and, thus, should be removed
from the sets of solutions corresponding to several cases
studied in these papers. This appears to be a drawback of
the Yangian approach which happens when the object
under study has an MB representation which has gamma
functions in the denominator of its integrand.
Other distinctive features have been noted, that distinguish

the efficiency of the Yangian bootstrap and our MB method.
An additional numerical analysis is needed in the Yangian
approach in order to determine the precise form of the overall
coefficients of the series representations whereas this is not
the case in our approach where the full expressions can be
computed directly from the MB integral representation.
Furthermore, in the case where the series representation
of a given Feynman integral is a linear combination of
several series, this combination cannot be derived in the
Yangian approach without the use of some shift identities,
which are not guaranteed to exist, or without the knowledge
of the convergence properties of each of the series solutions
obtained from this approach [7], which can be very large in
nontrivial examples (for instance as large as 2530 in the case
of the conformal hexagon [7,8]). This necessary external
input can thus be extremely difficult to find.
In contrast to the Yangian approach, our MB method [1]

does not require any convergence consideration to deter-
mine these linear combinations. This does not mean that
convergence issues are uninteresting and, in fact, once the
series representations have been derived, it may even be
necessary to know where they converge (when they do [1]).
Once again our approach has, in many cases, a great
advantage at reducing the study of the possibly many series
that constitute a given series representation, to just a single
one: the master series [1]. It just so happens that the study
of the master series as well as the convergence properties of
the series representations that we obtained from our general
MBmethod for the massive one-loop conformal three-point
integral put us on the road to find several further interesting
results. Indeed, as explained in Sec. V, after having proved
that for the three-point integral, region B is included in
region A, we were naturally led to the discovery of a new
quadratic transformation formula for HC in terms of the
otherwell-knownSrivastavaHB triple hypergeometric series
[5,9]. We inferred from this result that the conjectured

expressions of [3] for the n-point integral in region A and
B can be interpreted as the lhs and the rhs of a tower of
quadratic transformation formulas for hypergeometric
functions of nðn − 1Þ=2 variables which, apart from the
lowest-order n ¼ 2 case, which involves the 2F1 Gauss
hypergeometric series, seem to be unknown in hypergeo-
metric functions theory. This comes from the fact that at one
loop the conformal constraint, that fixes the sum of the
generic propagator powers to be equal to the spacetime
dimension, has the same form as the constraint satisfied by
the parameters of hypergeometric functions obeying certain
quadratic transformations. We conclude that, since these
quadratic transformations are the consequence of an appro-
priate choice of the conformal variables in the Feynman
integral, this is an indication that QFT can be used as a tool to
derive new results in hypergeometric functions theory.
Another result that can be obtained due to this cross-

fertilization between QFT and hypergeometric functions
theory is the following. One of the series representations
that we obtained for the three-point integral, analytically
continuing the HC series result of region A, has a con-
vergence region which is harder to compute than the other
series representations and for which we only give a con-
jectured expression in this paper, as well as a proof of the
maximal region that it can fill. However, in the set of analytic
continuations of the result of region B, obtained due to the
alternative choice of conformal variables, it is possible to find
a series representation whose convergence region includes
this maximal region. This shows once again that QFT helps
by providing a way to derive an alternative expression which
is an analytic continuation of HC in this particular region,
easier to handle and with a bigger convergence region than
the one directly derived from the MB representation of HC
itself. The same formula can also be used to provide another
(new) quadratic transformation formula for HC.
In fact, even better than this, the convergence regions of all

the series representations that we have obtained as analytic
continuations of the result of region B are wider than those
analytically continuing the result of region A (although the
former do not include the latter in general). Therefore, the set
of analytic continuations of region B’s result considerably
reduces, in the present case of the massive one-loop
conformal three-point integral, the domain of the conformal
variables space which does not belong to any of the
convergence regions of the set of series representations
associated with region A’s result (this particular "unreach-
able" domain, that we have studied and calledwhite region in
some previous works [10–12], is inherent to the series
representations of many MB integrals).
The plan of this paper is as follows: in Sec. II we give a

brief recapitulation of the method introduced in [1] and
then present proofs of the n-point conjectures. In Sec. III
we present MB representations of the three-point integral
and the nonresonant case of generic propagator powers is
discussed in Sec. IV. In Sec. V we describe a new tower of
quadratic transformations for a certain class of multiple
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hypergeometric series, that arise from the QFT analysis. In
Sec. VI the analysis of Sec. IV is performed for the resonant
case with unit propagator powers. In Sec. VII we present
our conclusions. An Appendix brings together all relevant
results not explicitly stated in the main core of the text.

II. THE METHOD AND PROOFS OF
THE n-POINT CONJECTURES IN

REGIONS A AND B

In this section we give a short summary, for the non-
resonant case, of the MB computational technique intro-
duced in [1] and we apply it on two different MB
representations of the massive dual-conformal n-point
one-loop Feynman integral to prove the conjectures pro-
posed in [3].
There are two conjectures giving the expression of the

n-point integral in two kinematical regions A and B. Each
of these regions corresponds to the choice of a particular set
of conformal variables. We call these sets set 1 and set 2 in
the following.
It is easy to prove the conjectures from the MB

representations of the n-point function obtained by
choosing one set or the other as we show later in this
section. Furthermore, we will also state in Sec. V that
these two conjectures are nothing but the lhs and rhs of a
tower of quadratic transformation formulas which, to our
knowledge, are new results in hypergeometric functions
theory.
Some of the conventions, notation and terminology in

the following sections are taken from [1,3].

A. The conic hull method: A brief introduction

A general N-fold MB integral is of the form

Iðx1; x2;…; xNÞ

¼
Z þi∞

−i∞

dz1
2πi

…

Z þi∞

−i∞

dzN
2πi

Q
k
i¼1 Γaiðei · zþ giÞQ
l
j¼1 Γbjðfj · zþ hjÞ

xz11 …xzNN ;

ð1Þ
where ai, bj, k, l, and N are positive integers, z ¼
ðz1;…; zNÞ, ei and fj are N-dimensional real vectors,
and gi and hi are reals, while the variables x1;…; xN can
be complex. The integration contours, which avoid the
poles of the gamma functions that belong to the numerator
of the MB integrand, have to be specified. We focus here on
the common situation where the set of poles of each of the
gamma functions of the numerator is not splitted in
different subsets by the contours [13].
We look for multiple series representations of Eq. (1).

The type of these series strongly depends on the vector
Δ ¼ P

k
i¼1 ei −

P
l
j¼1 fj [14–16]. In this paper, we deal

with the degenerate case whereΔ ¼ 0⃗. In this situation, one
can obtain several convergent series representations of

Eq. (1), which converge in various regions of the x ¼
ðx1;…; xNÞ parameter space.
To obtain the series representations of Eq. (1) using the

conic hull theory [1] for the simple nonresonant case, where
at all poles exactly N singular hyperplanes associated with
the gamma functions of the numerator of the integrand in
Eq. (1) intersect, we proceed as follows [1].

(i) One considers all possible N-combinations of
gamma functions in the numerator of the MB
integrand and retains only those combinations for
which the associated matrix

A ¼ ðArsÞ1≤r≤N;1≤s≤N where Ars ¼ ðeirÞs ð2Þ
is nonsingular, where ei1 ;…; eiN are the coefficient
vectors of the gamma functions in the combination.

(ii) One then assigns a series to each retained N-
combination, which we call a building block and
denote by Bi1;…;iN. The series is obtained by sum-
ming over the residues of only those poles which
originate from the intersection of singular hyper-
planes of the gamma functions in the N-combination
and by dividing by j detðAÞj.

(iii) One further assigns a conic hull to each building
block Bi1;…;iN , whose vertex is at the origin and
edges along the vectors ei1 ;…; eiN . Therefore, the
parametric representation of the conic hull is

fλ1ei1 þ���þλNeiN jλi∈Rþ;ði¼1; � �� ;NÞg: ð3Þ

(iv) Finally, the series representations of the MB integral
in Eq. (1) are obtained by summing the building
blocks associated with the conic hulls that form the
largest subsets, in the set of all conic hulls, having a
nonempty intersection region.

We have also introduced in [1] the notion of master series
for each series representation of a degenerate MB integral,
which can be obtained by mapping back the corresponding
common intersection conic hull (master conic hull) of a
series representation of the MB integral, to a series, in the
opposite manner as a building block is mapped to a conic
hull. We conjecture that the convergence region of the
master series and of the corresponding series representation
of the MB integral will be the same if there is no
cancellation of poles (or only a finite number of cancella-
tions) by the denominator in the MB integrand. More
technical details on the nonresonant case and the procedure
to treat the resonant case, where at some poles more than N
singular hyperplanes intersect, can be found in [1].

B. The massive n-point conformal Feynman
integral at one loop

The dual-conformal n-point one-loop massive
Feynman integral (see Fig. 1) has the following integral
representation [3]:
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Im1…mn
n• ¼

Z
dDx0Q

n
i¼1 ðx20i þm2

i Þai
; ð4Þ

where xμij ¼ xμi − xμj and the dualized momenta xi are
defined as pμ

i ¼ xμi − xμiþ1. The mass and power of the

ith propagator is denoted by mi and ai, respectively,
which take generic nonzero values. Due to conformal
symmetry, the following constraint is imposed

P
n
i¼1 ai ¼

D on the propagator powers, where D is the spacetime
dimension.

C. Conformal variables set 1
(conjecture in region A)

Let us take the set of conformal variables that the authors
of [3] have chosen for what they call region A, which

reads uij ¼ x2ijþðmi−mjÞ2
−4mimj

.

In terms of these, the n-point integral in Eq. (4) has the
following Feynman parameterization [3]:

Im1…mn
n• ¼ πD=2Γ

�
D
2

��Yn
i¼2

Z
∞

0

dαi

��Yn
i¼1

αai−1i

ΓðaiÞmai
i

��Xn
i<j¼1

2αiαjð1 − 2uijÞ þ
Xn
i¼1

α2i

�−D=2����
α1¼1

: ð5Þ

From this formula, we can derive the nðn−1Þ
2

-fold MB representation

Im1…mn
n• ¼ πD=2þ1=2

2D−1 Qn
i¼1 ΓðaiÞmai

i

Y
α∈Bn

�Z þi∞

−i∞

dzα
2πi

Γð−zαÞð−uαÞzα
�Q

n
i¼1 Γðai þ

P
α∈Bnji zαÞ

ΓðDþ1
2

þP
α∈Bn

zαÞ
; ð6Þ

where Bn ¼ f12; 13; 23;…; ðn − 1; nÞg is the set of pairs
of distinct integers (written in increasing order) in
f1;…; ng and Bnjj is the subset of Bn with pairs containing
j. The integration contours separate the sets of poles of each
gamma function in the numerator of the MB integrand in
the usual way [13].
One first notes that the nðn−1Þ

2
-dimensional vector Δ,

as defined in Sec. II A, is null which means that the
MB integral in Eq. (6) belongs to the degenerate class
[1,15,16]. Therefore, several series representations of this
integral coexist, converging in different regions of the
ðu12; u13;…; un−1;nÞ space. Moreover, since the powers ai
of the propagators of the n-point integral are generic, it is a
nonresonant case.
Now, using our MB computational method [1], it is

obvious from the form of the MB representation in Eq. (6)

that the (trivial) conic hull associated with the nðn−1Þ
2

combination made of the first gamma functions Γð−zαÞ
[α ¼ 12; 13;…; ðn; n − 1Þ] in the numerator of the MB
integrand belongs to the ð−;−; � � � ;−Þ negative

hyperquadrant of the ðz12; z13;…; zn−1;nÞ space.
Therefore, since the normal vectors associated with all
the other gamma functions of the numerator are in the
ðþ;þ; � � � ;þÞ positive hyperquadrant, it is impossible for
any conic hull formed by a set of normal vectors that possess
at least one of these positive normal vectors (i.e., for all other
conic hulls associated to this MB integral) to have a
nonempty intersection with the trivial conic. Hence, we
conclude that there exists a series representation of the MB
integral in Eq. (6) that consists in a single series, associated
with the trivial conic hull and whose sets of singular points
are located at ð−N12;−N13;…;−Nn−1;nÞ.
To compute this series representation following [1], we

first perform the change of variable zα → zα þ Nα so as to
bring these singularities to the origin. Then we explicitly
extract the singular factors of the gamma functions that are
singular at the origin, by an application of the generalized
reflection formula Γðz −mÞ ¼ Γð1þzÞΓð1−zÞð−1Þm

zΓðmþ1−zÞ , m ∈ Z.

Omitting the overall factor, this gives to the MB integrand
the form

Y
α∈Bn

�
1

2πi
Γð1 − zαÞΓð1þ zαÞð−1ÞNα

ð−zαÞΓðNα þ 1þ zαÞ
ð−uαÞzαþNα

�Q
n
i¼1 Γðai þ

P
α∈Bnjiðzα þ NαÞÞ

ΓðDþ1
2

þP
α∈Bn

ðzα þ NαÞÞ
: ð7Þ

Now, the calculation of the corresponding Cauchy residue can be achieved, as indicated in [1], by simply
dividing the above expression by jdetAj which is unity here as the nðn−1Þ

2
× nðn−1Þ

2
matrix

FIG. 1. Massive dual-conformal n-point one-loop Feynman
integral.
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A ¼ ðAklÞ1≤k≤nðn−1Þ=2; 1≤l≤nðn−1Þ=2 with Akl ¼ ðekÞl ¼ −δkl where δkl is the Kronecker symbol, by removing all the singular
factors −z12;−z13; � � � ;−zn−1;n from the denominator and by putting z12 ¼ z13 ¼ � � � ¼ zn−1;n ¼ 0. One then obtains

Res ¼
Y
α∈Bn

�
1

2πi
ð−1ÞNα

ΓðNα þ 1Þ ð−uαÞ
Nα

�Q
n
i¼1 Γðai þ

P
α∈BnjiNαÞ

ΓðDþ1
2

þP
α∈Bn

NαÞ
: ð8Þ

Summing over all residues and including the overall factor, one then finally finds

Im1…mn
n• ¼ πD=2þ1=2

2D−1Qn
i¼1 ΓðaiÞmai

i

X∞
N12;N13;…;Nðn−1;nÞ¼0

Y
α∈Bn

�
uNα
α

Nα!

�Q
n
i¼1 Γðai þ

P
α∈BnjiNαÞ

ΓðDþ1
2

þP
α∈Bn

NαÞ
; ð9Þ

which, by using Pochhammer’s symbols and the duplication formula of the gamma function, proves the conjecture of [3] in
region A:

Im1…mn
n• ¼ πD=2ΓðD=2Þ

ΓðDÞQn
i¼1 m

ai
i

X∞
N12;N13;…;Nðn−1;nÞ¼0

Q
n
i¼1 ðaiÞP

α∈Bnji
Nα

ðDþ1
2
ÞP

α∈Bn
Nα

Y
α∈Bn

�
uNα
α

Nα!

�
: ð10Þ

D. Conformal variables set 2 (conjecture in region B)

Here the conformal variables are vij ¼ x2ijþm2
iþm2

j

2mimj
(corresponding to region B [3]). In this case, we replace ð1 − 2uijÞ by vij

in the Feynman parametrization in Eq. (5) to get the following MB representation:

Im1…mn
n• ¼ πD=2

2n−1
Q

n
i¼1 ΓðaiÞmai

i

Y
α∈Bn

�Z þi∞

−i∞

dzα
2πi

Γð−zαÞð2vαÞzα
�Yn

i¼1

Γ
�
âi þ

X
α∈Bnji

ẑα

�
; ð11Þ

where âi ≐ ai=2.
A similar reasoning as in Sec. II C gives the proof of the conjecture of [3] in region B which reads

Im1…mn
n• ¼ πD=2

2n−1

X∞
N12;N13;…;Nðn−1;nÞ¼0

Q
n
i¼1 Γðai=2þ

P
α∈BnjiNα=2ÞQ

n
i¼1 ΓðaiÞmai

i

Y
α∈Bn

ð−2vαÞNα

Nα!
: ð12Þ

III. MB REPRESENTATIONS OF THE MASSIVE
ONE-LOOP CONFORMAL THREE-POINT

FEYNMAN INTEGRAL

In this section, we focus on the n ¼ 3 case of Eqs. (6)
and (11) (see Fig. 2).
After giving the explicit form of these threefold MB

integrals we will present a few general facts about them. We

will then detail, in subsequent sections, the application of
our systematic computational method of multiple MB
integrals [1] on these simple albeit nontrivial threefold
examples to show how the nonresonant cases can be easily
handled with our technique and, afterward, to emphasize
which subtle points one has to be careful of, in the resonant
situations.
These calculations will give birth to many new formulas

which, to our knowledge, are unknown in hypergeometric
functions theory. In particular, we will show in Sec. V how
their study lead us to the derivation of a tower of new
quadratic transformation formulas, obtained from the con-
jectures that we have proved in Sec. II.

A. Mellin-Barnes representation for set 1

Starting from Eq. (6) with n ¼ 3, we obtain the threefold
MB representation of the massive one-loop conformal
three-point integral as

FIG. 2. Massive dual-conformal three-point one-loop Feynman
integral.
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Im1m2m3

3• ¼ πD=2þ1=2

2D−1ma1
1 ma2

2 ma3
3 Γða1ÞΓða2ÞΓða3Þ

× Jða1; a2; a3; u; v; wÞ; ð13Þ

where

J1ða1; a2; a3; u; v; wÞ

¼
Z þi∞

−i∞

dz1
2πi

Z þi∞

−i∞

dz2
2πi

Z þi∞

−i∞

dz3
2πi

ð−uÞz1ð−vÞz2ð−wÞz3

× Γð−z1ÞΓð−z2ÞΓð−z3Þ

×
Γða1 þ z1 þ z2ÞΓða2 þ z1 þ z3ÞΓða3 þ z2 þ z3Þ

ΓðD=2þ 1=2þ z1 þ z2 þ z3Þ
ð14Þ

and u, v, and w are conformal variables defined, respec-
tively, as

u ¼ x212 þ ðm1 −m2Þ2
−4m1m2

;

v ¼ x213 þ ðm1 −m3Þ2
−4m1m3

;

w ¼ x223 þ ðm2 −m3Þ2
−4m2m3

: ð15Þ

D ¼ a1 þ a2 þ a3 is the conformal constraint.
The MB integration contours in Eq. (14) separate the sets

of poles of the gamma functions in the numerator of the MB
integrand in the usual way [13].
Any experienced practitioner of MB integrals and hyper-

geometric functions will recognize Eq. (14), modulo an
overall factor, as the MB representation of the well-known
Srivastava’s HC triple hypergeometric function [4,5].
As we have already seen in Sec. II, for this MB integral

Δ ¼ ð0; 0; 0Þ; therefore, it belongs to the degenerate class
[1,15,16]. Thus, apart from the trivial HC representation,
several other series representations coexist for this integral,
which converge in different kinematic regions.
These series representations are analytic continuations of

one another since the quantity

α ¼ Minðjy1j þ jy2j þ jy3j þ jy1 þ y2j þ jy1 þ y3j
þ jy2 þ y3j − jy1 þ y2 þ y3jÞ ð16Þ

subject to the condition

y21 þ y22 þ y23 ¼ 1; ð17Þ

where the yi (i ¼ 1, 2, 3) are real numbers, is posi-
tive [1,15,16].
This can be easily shown by applying the triangle

inequality to the first three terms of Eq. (16) to obtain

α ≥ Minðjy1 þ y2j þ jy1 þ y3j þ jy2 þ y3jÞ; ð18Þ

which is manifestly positive. A minimization procedure
indeed gives α ¼ 2.

B. MB representation for set 2

An alternative MB representation of the massive one-
loop conformal three-point integral, obtained from a second
choice of conformal variables given by

u0 ¼ x212 þm2
1 þm2

2

2m1m2

¼ 1 − 2u;

v0 ¼ x213 þm2
1 þm2

3

2m1m3

¼ 1 − 2v;

w0 ¼ x223 þm2
2 þm2

3

2m2m3

¼ 1 − 2w; ð19Þ

is

Im1m2m3

3• ¼ πD=2

4ma1
1 ma2

2 ma3
3 Γða1ÞΓða2ÞΓða3Þ

× J2ða1; a2; a3; u0; v0; w0Þ; ð20Þ

where

J2ða1; a2; a3; u0; v0; w0Þ

¼
Z þi∞

−i∞

dz1
2πi

Z þi∞

−i∞

dz2
2πi

Z þi∞

−i∞

dz3
2πi

× ð2 − 4uÞz1ð2 − 4vÞz2ð2 − 4wÞz3Γð−z1Þ

× Γð−z2ÞΓð−z3ÞΓ
�
a1 þ z1 þ z2

2

�
Γ
�
a2 þ z1 þ z3

2

�

× Γ
�
a3 þ z2 þ z3

2

�
ð21Þ

and u, v, and w are the same conformal variables as defined
in Eq. (15).
As in the case of set 1, Δ ¼ ð0; 0; 0Þ and α > 0.

IV. THE NONRESONANT CASE: GENERIC
PROPAGATOR POWERS

For generic propagator powers ai (i ¼ 1, 2, 3), the MB
representations of the three-point integral given in Eqs. (13)
and (20) belong to the simple nonresonant class. It is
therefore straightforward to derive their different series
representations using our method [1]. In this section, we
obtain all the series representations in powers of the uα and/
or 1

uα
that are analytic continuations of region A’s result

(set 1) given in Eq. (9), for n ¼ 3. The same approach will
be followed for the second set of conformal variables and
we will give the corresponding analytic continuations of
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region B’s result (set 2). Part of the formulas will be
relegated to the Appendix.
A similar analysis will show how to treat the resonant

unit propagator powers case, on the example of set 1 of
conformal variables in Sec. VI.

A. Set 1: Series representations

To derive the series representations of the MB integral of
Eq. (13), one first needs to obtain the set S of building
blocks from which the series representations will be
composed. As the MB integral under study is threefold,
this requires to determine all relevant 3-combinations of
gamma functions in the numerator of the MB integrand, as
well as their associated set S0 of conic hulls.
As we have done in a similar exercise for a simpler

twofold case in [1], let us keep track of these gamma
functions by labeling them by an integer i, as shown in
Table I, where we have tabulated the gamma functions
along with the normal vectors and singular factors asso-
ciated with them.
Since there are six gamma functions in the numerator of

(14), one has ð6
3
Þ ¼ 20 possible choices of 3-combinations.

Each choice is denoted by ði1; i2; i3Þ, where i1, i2 and i3 are

the labels of the corresponding gamma functions given in
the first column of Table I.
In this set of 20 3-combinations, we now have to

keep only those whose associated conic hulls are three-
dimensional [1]. We recall here that the conic hull asso-
ciated with the 3-combination ði1; i2; i3Þ is generated by the
three vectors ei1 , ei2 and ei3 (given in the third column of
Table I) and has its vertex at the origin. For example, the
conic hull C1;2;5 associated with the 3-combination (1,2,5),
coming from the gamma functions Γð−z1Þ, Γð−z2Þ and
Γða2 þ z1 þ z3Þ, is generated by the vectors ð−1; 0; 0Þ,
ð0;−1; 0Þ and (1,0,1). It is shown in Fig. 3.
It is easy to select the relevant 3-combinations by

considering the 3 × 3 matrix A associated with a given
3-combination ði1; i2; i3Þ, defined as

A ¼ ðAklÞ1≤k≤3; 1≤l≤3 where Akl ¼ ðeikÞl: ð22Þ

It is indeed sufficient to omit those 3-combinations for
which the matrix A is singular because in that case the
associated conic hulls cannot be three dimensional. In the
case of Eq. (14), we get 17 3-combinations, out of the 20
possible ones, with a nonsingular matrix. The set S of
building blocks will thus also have a cardinal number equal
to 17, as well as the set S0 of their associated conic hulls.
These sets read

S ¼ fB1;2;3; B1;2;5; B1;2;6; B1;3;4; B1;3;6; B1;4;5; B1;4;6;

B1;5;6; B2;3;4; B2;3;5; B2;4;5; B2;4;6;

B2;5;6; B3;4;5; B3;4;6; B3;5;6; B4;5;6g ð23Þ

and

TABLE I. List of gamma functions in the numerator of the
integrand in Eq. (14) and their associated labels, normal vectors
and singular factors siðzÞ ≐ ei · z.

i Γ function ei siðzÞ
1 Γð−z1Þ ð−1; 0; 0Þ −z1
2 Γð−z2Þ ð0;−1; 0Þ −z2
3 Γð−z3Þ ð0; 0;−1Þ −z3
4 Γða1 þ z1 þ z2Þ (1,1,0) z1 þ z2
5 Γða2 þ z1 þ z3Þ (1,0,1) z1 þ z3
6 Γða3 þ z2 þ z3Þ (0,1,1) z2 þ z3

FIG. 3. Left: conic hull C1;2;5 associated with the 3-combination (1,2,5), generated by the vectors e1 ¼ ð−1; 0; 0Þ, e2 ¼ ð0;−1; 0Þ and
e5 ¼ ð1; 0; 1Þ. Right: conic hull C1;2;6 associated with the 3-combination (1,2,6).
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S0 ¼ fC1;2;3; C1;2;5; C1;2;6; C1;3;4; C1;3;6; C1;4;5; C1;4;6;

C1;5;6; C2;3;4; C2;3;5; C2;4;5; C2;4;6;

C2;5;6; C3;4;5; C3;4;6; C3;5;6; C4;5;6g: ð24Þ

We would like to open here a parenthesis concerning the
cardinal number of S.
It was advocated in the Yangian bootstrap analysis of

conformal Feynman integrals in [7] that there is a link
between the MB building blocks and Yangian invariants. In
the example of the massless one-loop conformal box
integral and hexagon, one indeed obtains the same number
of MB building blocks as the zeros of the fundamental
solutions of the corresponding Yangian partial differential
equations (see [7,8]). However, we observed that there is no
matching in several other examples, as for instance in the
case of the massive one-loop conformal three-point integral
(and one-mass one-loop nonconformal three-point integral)
studied in [2] where 29 (respectively, 36) zeros are obtained
from the Yangian bootstrap analysis whereas our MB
analysis for these integrals gives only 17 (respectively,
24) building blocks. What differentiate these two three-
point integrals from the box and hexagon is that the MB
representations of the former own gamma functions in the
denominator of the MB integrand whereas the MB repre-
sentations of the latter do not.

We therefore believe that the discrepancy between the
two methods is due to the fact that, in the Yangian
approach, the authors of [2] do not disentangle the gamma
functions of the fundamental solution of the partial differ-
ential equations, that they all consider on an equal footing
in their algorithm to find the zeros. However, our study of
the same integrals from the MB side clearly shows that, in
fact, not all of these gamma functions should be retained:
only those gamma functions that belong to the numerator of
the corresponding MB integrand should be taken in the
Yangian algorithm to obtain the zeros of the fundamental
solution. Using this rule leads to a reduction of the number
of relevant zeros, in the case mentioned above, from 29 to
17 and from 36 to 24, in agreement with our findings. This
reduction of the number of zeros is also relevant in some
other examples of [3], as for instance the non-dual-
conformal massive two-point integral.
Therefore, this suggests that the Yangian approach does

not give the optimal number of zeros each time that the
corresponding MB integral has gamma functions in the
denominator of its integrand.
As an example, let us now explicitly show which zeros

should not be taken into account in the Yangian analysis of
the massive one-loop conformal three-point integral. In this
case, the fundamental solution of the recurrence relations
obtained from the Yangian bootstrap approach is [2]

fn1;n2;n3 ¼
1

Γð1þ n1ÞΓð1þ n2ÞΓð1þ n3ÞΓð1 − a1 − n1 − n2ÞΓð1 − a2 − n1 − n3Þ
×

1

Γð1 − a3 − n2 − n3ÞΓðγ þ n1 þ n2 þ n3Þ
; ð25Þ

where γ ¼ D=2þ 1=2.
As mentioned in [2,3] there are 29 triplets ðx; y; zÞ for

which the following series is convergent:X
ðn1;n2;n2Þ∈ðxþZ;yþZ;zþZÞ

fn1;n2;n3u
n1vn2wn3 : ð26Þ

The series associated with 17 of these triplets match with
the 17 building blocks of Eq. (23). We have listed the
remaining 12 triplets in Table II.
A numerical analysis suggests that there is no con-

tribution of the 12 series associated with the triplets
of Table II, in any of the series representations of the

three-point integral; therefore, we term them as spurious.
We verified this as there is a perfect numerical match, at
points which belong to the convergence regions of these
spurious series, between the series representations built
from the 17 building blocks obtained from our approach
and the Feynman parametrization.
We also performed an analytic check, by showing

that the three spurious series associated with ð0; 1 − γ þ
a2;−a2Þ, ð1 − γ þ a3; 0;−a3Þ and ð1 − γ þ a3; 1 − γ þ
a2;−1þ γ − a2 − a3Þ converge for values of u, v, and w
which belong to the region of convergence of the rhs of
Eq. (32). This cannot be the case except if their overall
coefficients are null. Indeed, Eq. (32) is a well-known result

TABLE II. Triplets ðx; y; zÞ whose corresponding series is spurious.

ðx; y; zÞ
ð0; 0; 1 − γÞ ð0; 1 − γ; 0Þ ð1 − γ; 0; 0Þ
ð0;−a1; 1 − γ þ a1Þ ð1 − γ þ a3;−1þ γ − a1 − a3; 1 − γ þ a1Þ ð0; 1 − γ þ a2;−a2Þ
ð1 − γ þ a3; 0;−a3Þ ð−1þ γ − a1 − a2; 1 − γ þ a2; 1 − γ þ a1Þ ð−a2; 1 − γ þ a2; 0Þ
ð1 − γ þ a3;−a3; 0Þ ð1 − γ þ a3; 1 − γ þ a2;−1þ γ − a2 − a3Þ ð−a1; 0; 1 − γ þ a1Þ
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[see Eq. (62) in [5] ] built from two of the 17 building
blocks (as explained below).
For the non-dual-conformal massive two-point integral

analyzed in [3], we obtain eight building blocks, to be com-
pared to the 13 zeros mentioned in [3]. In the same way as
above, it is easy to showthat fiveof these13zeros arespurious.
One of the spurious zeros is associated with the doublet
ð0;−α − βÞ, given in Eq. (7.19) of [3] where a numerical
analysis has explicitly shown that it was indeed not
contributing.
From the above we conclude that our MB method gives a

way to directly identify, in general, those of the Yangian zeros
that are relevant and to remove the spurious ones.

Let us close here this parenthesis and come back to the
explicit computation of the series representations associ-
ated with the MB integral in Eq. (14).
The next step to obtain these series representations is to

find the largest subsets of conic hulls in S0 whose
intersection is nonempty, as we have observed that there
is a one-to-one correspondence between these subsets and
the series representations [1]. A straightforward geometri-
cal analysis yields 14 such subsets, which therefore leads to
14 series representations that are analytic continuations of
one another.
The 14 subsets are

fC1;2;3g;

fC1;2;5; C1;2;6g; fC1;3;4; C1;3;6g; fC2;3;4; C2;3;5g;

fC1;2;5; C2;4;6; C2;5;6g; fC1;2;6; C1;4;5; C1;5;6g; fC1;3;4; C3;4;6; C3;5;6g; fC1;3;6; C1;4;5; C1;4;6g;
fC2;3;4; C3;4;5; C3;5;6g; fC2;3;5; C2;4;5; C2;4;6g;

fC1;4;5; C1;4;6; C3;5;6; C3;4;6g; fC1;4;5; C1;5;6; C2;4;6; C2;5;6g; fC1;4;5; C2;4;6; C3;5;6; C4;5;6g;

fC2;4;5; C2;4;6; C3;4;5; C3;5;6g: ð27Þ
In the list above we have classified the subsets of conic hulls in five different rows. The second, third and fourth rows

contain subsets that are linked together by symmetry. Indeed, due to the symmetry of the MB representation in Eq. (14)
which reflects the symmetry of the HC function, nine of the 14 corresponding series representations can be obtained from
the series representations S2, S3 and S4 which belong to the following set of five independent series representations:

Jða1; a2; a3; u; v; wÞ ¼

8>>>>>><
>>>>>>:

S1 ¼ B1;2;3 ðregionR1Þ;
S2 ¼ B1;2;5 þ B1;2;6 ðregionR2Þ;
S3 ¼ B1;2;5 þ B2;4;6 þ B2;5;6 ðregionR3Þ;
S4 ¼ B1;4;5 þ B1;4;6 þ B3;4;6 þ B3;5;6 ðregionR4Þ;
S5 ¼ B1;4;5 þ B2;4;6 þ B3;5;6 þ B4;5;6 ðregionR5Þ:

ð28Þ

The last step to obtain the expressions of the series
representations is to compute, from the set of poles
associated with each 3-combination corresponding to the
building blocks, the related residues.
The set of poles associated with the 3-combination

ði1; i2; i3Þ is the solution, in terms of zi, of the linear system0
B@

e i1 ·zþgi1
e i2 ·zþgi2
e i3 ·zþgi3

1
CA¼

0
B@
−n1
−n2
−n3

1
CA; ni∈N;ði¼1;2;3Þ; ð29Þ

where e i1 · zþ gi1 is the argument of the gamma function
in the numerator of the MB integrand with label i1.

As an example, the set of poles corresponding to (1,2,5)
is at ðz1; z2; z3Þ ¼ ðn1; n2;−a2 − n1 − n3Þ.
The steps to proceed are now to perform changes of

variables on the MB integrand so as to bring the singu-
larities to the origin and apply the generalized reflection
formula

Γðz − nÞ ¼ Γð1þ zÞΓð1 − zÞð−1Þn
zΓðnþ 1 − zÞ ; n ∈ Z ð30Þ

to explicitly extract the singular factors of the gamma
functions that are singular at the origin. It is then enough
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to divide the obtained expression by j detAj and put z1 ¼
z2 ¼ z3 ¼ 0 after removing the singular factors from the
denominator. Summing over the ni, ði ¼ 1; 2; 3Þ, and
repeating the procedure for each relevant 3-combination,

one then gets the desired expressions of all the building
blocks. These expressions are given in Appendix A.
Taking into account the overall factor of Eq. (13), S1 ¼

B1;2;3 reproduces the HC result of [2], which reads

Im1m2m3

3• ¼ πD=2þ1=2

2D−1ma1
1 ma2

2 ma3
3 ΓðD=2þ 1=2ÞHC

"
a1; a2; a3

Dþ1
2

; u; v; w

#
: ð31Þ

As another example, the substitution ða1; a2; a3; D=2þ 1=2Þ → ðα; β; β0; γÞ into S2 gives the analytic continuation formula

HC

"
α; β; β0

γ
; u; v; w

#
¼ ΓðγÞΓðβ0 − βÞ

Γðγ − βÞΓðβ0Þ ð−wÞ
−β GC

"
β; α; β − γ þ 1

β − β0 þ 1
;
u
w
;
1

w
; v

#

þ ΓðγÞΓðβ − β0Þ
Γðγ − β0ÞΓðβÞ ð−wÞ

−β0 GC

"
β0; α; β0 − γ þ 1

β0 − β þ 1
;
v
w
;
1

w
; u

#
; ð32Þ

where

GC

"
α; β; β0

γ
; u; v; w

#
¼

X∞
n1;n2;n3¼0

ðαÞn1þn2
ðβÞn1þn3

ðβ0Þn2−n3
ðγÞn1þn2−n3

un1vn2wn3

n1!n2!n3!
: ð33Þ

As already said, Eq. (32) is known [see Eq. (62) in [5] ]. It
thus provides an analytic check of our method.
To our knowledge the other series representations

S3; S4; S5;… provide new analytic continuations of the
HC series. All have been checked by a comparison with the
direct numerical evaluation of the Feynman parameter-
ization of the three-point integral. Each time an excellent
agreement has been obtained.
Let us now turn to the derivation of the convergence

regionsRiði ¼ 1;…; 5Þ. As explained in [1], it can be very
helpful to rely on the concept of master series in order to
simplify the convergence analysis. Indeed, each of the
series representations in Eq. (28) has an associated master
series which, in the case of the massive one-loop conformal
three-point integral, directly gives the convergence of the
corresponding series representation, which avoids the
convergence study of all the building blocks that make a
given series representation. We proved this fact for Si
(i ¼ 1;…; 4) but not for S5 whose convergence region R5

is harder to compute: in the latter case we only give a
conjecture of the expression ofR5 as well as a proof of the
maximal volume that it can fill (see Appendix B).
It can happen that the master series corresponds to one of

the series involved in the series representation. For exam-
ple, the master series of S5 coincides with B4;5;6. In contrast
to S5, neither B1;2;5 nor B1;2;6 is the master series of S2. To
derive the master series of S2 one has to find the generating
vectors of the corresponding master conic hull which, as
shown in orange in Fig. 4, is the intersection of the conic
hulls C1;2;5 and C1;2;6. These vectors are ð−c1; 0; 0Þ,
ð0;−c2; 0Þ and ð0; 0; c3Þ, where c1; c2; c3 > 0. From these
vectors one then builds a 3-combination of gamma func-
tions, here ðΓð−c1z1Þ;Γð−c2z2Þ;Γðc3z3ÞÞ. The constraints

on the values of the ci come from the fact that the
corresponding set of poles, ðn1=c1; n2=c2;−n3=c3Þ, has
to be able to describe both the sets of poles associated with
(1,2,5) and (1,2,6), after suitable changes of variables. Here
this leads to c1 ¼ c2 ¼ c3 ¼ 1. Having found that the set of
poles associated with the master series is ðn1; n2;−n3Þ it is
now straightforward to obtain the form of the master series
using the same procedure as described above for the last
step of the derivation of the series representations.
Once the master series is obtained, one can compute its

convergence region using Horn’s theorem [5]. It is possible
to check that the obtained result is correct by a direct study

FIG. 4. Intersection of the conic hulls shown in Fig. 3. The
intersection region is shown in orange and corresponds to the
master conic hull of S2 in Eq. (28).
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of the convergence region of each of the building blocks
involved in the series representations, still from Horn’s
theorem.

B. Set 2: Series representations

A comparison of the MB representations in Eqs. (14)
and (21) shows that our method to find the series

representations of Eq. (21) will give the same set of conic
hulls S0 as the one shown in Eq. (24). Therefore, as in the
previous case, one can find 14 different series representa-
tions of Eq. (21). These are linked together by the same
symmetry properties as the 14 series representations
of Eq. (14).
Therefore, only five are independent and read

J2ða1; a2; a3; u; v; wÞ ¼

8>>>>>>>><
>>>>>>>>:

S01 ¼ B0
1;2;3 ðregionR0

1Þ;
S02 ¼ B0

1;2;5 þ B0
1;2;6 ðregionR2Þ;

S03 ¼ B0
1;2;5 þ B0

2;4;6 þ B0
2;5;6 ðregionR0

3Þ;
S04 ¼ B0

1;4;5 þ B0
1;4;6 þ B0

3;4;6 þ B0
3;5;6 ðregionR0

4Þ;
S05 ¼ B0

1;4;5 þ B0
2;4;6 þ B0

3;5;6 þ B0
4;5;6 ðregionR0

5Þ;

ð34Þ

where the B0
i;j;k and the R0

i are given in Appendix C and D, respectively.

V. A SET OF NEW QUADRATIC TRANSFORMATIONS FOR A CLASS
OF MULTIPLE HYPERGEOMETRIC SERIES

In our first attempt to derive the convergence region of S01 in Eq. (34), we have split each of the three sums into sums over
odd and even terms, in order to simplify the convergence analysis. This indeed allowed us to get rid of the 1=2 factors in the
arguments of the gamma functions, thereby obtaining an alternative expression which only involves Srivastava’s HB triple
hypergeometric series [5,9]:

X∞
k;l;n¼0

ðâ1Þk̂þl̂ðâ2Þk̂þn̂ðâ3Þl̂þn̂
ð−2u0Þkð−2v0Þlð−2w0Þn

k!l!n!

¼ π3=2

Γðâ1ÞΓðâ2ÞΓðâ3Þ

(
Γðâ1ÞΓðâ2ÞΓðâ3Þ

Γð1
2
Þ3 HB

"
â1; â2; â3

1
2
; 1
2
; 1
2

; ð2u− 1Þ2; ð2v− 1Þ2; ð2w− 1Þ2
#

þ ð2u− 1ÞΓðâ1 þ
1
2
ÞΓðâ2 þ 1

2
ÞΓðâ3Þ

Γð1
2
Þ2Γð3

2
Þ HB

"
â1 þ 1

2
; â2 þ 1

2
; â3

3
2
; 1
2
; 1
2

; ð2u− 1Þ2; ð2v− 1Þ2; ð2w− 1Þ2
#
þ Perm:

þ ð2u− 1Þð2v − 1ÞΓðâ1 þ 1ÞΓðâ2 þ 1
2
ÞΓðâ3 þ 1

2
Þ

Γð1
2
ÞΓð3

2
Þ2 HB

"
â1 þ 1; â2 þ 1

2
; â3 þ 1

2

3
2
; 3
2
; 1
2

; ð2u− 1Þ2; ð2v− 1Þ2; ð2w− 1Þ2
#
þ Perm:

þ ð2u− 1Þð2v − 1Þð2w− 1ÞΓðâ1 þ 1ÞΓðâ2 þ 1ÞΓðâ3 þ 1Þ
Γð1

2
Þ3

×HB

"
â1 þ 1; â2 þ 1; â3 þ 1

3
2
; 3
2
; 3
2

; ð2u− 1Þ2; ð2v − 1Þ2; ð2w− 1Þ2
#)

; ð35Þ

where in the rhs we have replaced u0 by ð1 − 2uÞ, etc. and where âi ≐ ai=2; ði ¼ 1; 2; 3Þ.
The convergence properties of HB are well known [5]. It is therefore straightforward to conclude that the convergence

region of the lhs of Eq. (35) is

R0
1 ¼ j2u − 1j2 þ j2v − 1j2 þ j2w − 1j2 þ 2j2u − 1jj2v − 1jj2w − 1j < 1: ð36Þ

Now, sinceR0
1 ⊂ R1 whereR1, defined in Eq. (B1), is the convergence region of theHC triple series, one can obtain a nice

(and we believe new) quadratic transformation ofHC in terms ofHB by using the fact that, inR0
1, S1 ¼ 2D−1

4
ffiffi
π

p S01 which allows
us to write
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HC

"
a1; a2; a3

D
2
þ 1

2

; u; v; w

#
¼ π3=2

ΓðD
2
Þ

ΓðDÞ21−D
Γðâ1 þ 1

2
ÞΓðâ2 þ 1

2
ÞΓðâ3 þ 1

2
Þ

×
X∞

k;l;n¼0

ðâ1Þk̂þl̂ðâ2Þk̂þn̂ðâ3Þl̂þn̂
ð−2u0Þkð−2v0Þlð−2w0Þn

k!l!n!
: ð37Þ

The quadratic transformation of HC is then obtained by replacing the series in the rhs of Eq. (37) by its transformed
expression given in Eq. (35) and it is valid only in R0

1.
This quadratic transformation is the extension of a lowest-order quadratic transformation, which can be deduced from a

confrontation of the massive one-loop conformal two-point integral results given in Eq. (8.23) and Eqs. (8.9) and (8.18) of
[3]. Indeed, after using the splitting of odd and even terms on Eq. (8.18) one obtains

2F1

"
a1; a2
Dþ1
2

; u

#
¼

ffiffiffi
π

p
ΓðDÞ

2ΓðD
2
ÞΓða1ÞΓða2Þ

(
Γðâ1ÞΓðâ2Þ

Γð1
2
Þ 2F1

"
â1; â2

1
2

; ð2u − 1Þ2
#

þ ð2u − 1ÞΓðâ1 þ
1
2
ÞΓðâ2 þ 1

2
Þ

Γð3
2
Þ 2F1

"
â1 þ 1

2
; â2 þ 1

2

3
2

; ð2u − 1Þ2
#)

; ð38Þ

where D ¼ a1 þ a2.
Equation (38) is nothing but a well-known quadratic

transformation of the Gauss 2F1 hypergeometric series [see
Eq. (28) p.65 of [17] ]. As for the case of HC above, the
convergence region of the rhs of Eq. (38) is included in the
convergence region of the lhs, thereby giving validity for
the quadratic transformation only in the former.

Having obtained the n ¼ 2 and n ¼ 3 quadratic
transformations for 2F1 and HC, it is natural to expect
that the expressions of the massive one-loop conformal
n-point integral given in Eqs. (10) and (12) are related by a
general quadratic transformation which includes both cases
above as particular cases and which reads

X∞
N12;N13;���;Nn−1;n¼0

Q
n
i¼1 ðaiÞP

α∈Bnji
Nα

ðDþ1
2
ÞP

α∈Bn
Nα

Y
α∈Bn

�
uNα
α

Nα!

�
¼ C

X1
s12;s13;…;sn−1;n¼0

Y
α∈Bn

ðð−vαÞsαÞ

×HðnÞ
S

2
64 â1 þ

P
α∈Bnj1

ŝα; � � � ; ân þ
P

α∈Bnjn
ŝα

1
2
þ s12;

1
2
þ s13; � � � ; 12 þ sn−1;n

; v212; v
2
13; � � � ; v2n−1;n

3
75; ð39Þ

where vα ¼ 1–2uα, D ¼ P
n
i¼1 ai,

HðnÞ
S

"
a1;…; an

b12; b13;…; bn−1;n
; x12; x13;…; xn−1;n

#
¼

X∞
k12;k13;…;kn−1;n¼0

Q
n
j¼1 Γðaj þ

P
α∈BnjjkαÞQ

α∈Bn
Γðbα þ kαÞ

Y
α∈Bn

ðxαÞkα
kα!

; ð40Þ

and

C ¼ π
nðn−1Þ

4 ΓðDÞ
2n−1ΓðD

2
ÞQn

j¼1 ΓðajÞ
. ð41Þ

A study of the convergence regions of both the lhs and rhs
of Eq. (39) is needed to complete the proof of this tower of
quadratic transformations.
Note that this set of new quadratic transformations,

which at lowest order gives the known result Eq. (38)
involving the 2F1 hypergeometric function, is a conse-
quence of choosing different conformal variables in the

Feynman parameterization of the massive one-loop con-
formal n-point function.
We conclude from this analysis that QFT can be used as a

tool to derive nontrivial results in hypergeometric functions
theory.

VI. RESONANT CASE: UNIT PROPAGATOR
POWERS

We now redo the exercise of Sec. IVA for unit propagator
powers, i.e., ai ¼ 1 for i ¼ 1, 2, 3. This case is harder to treat
except for the simplest series representation which in fact is
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nonresonant and for which it is straightforward to obtain a
result already derived in Eqs. (9.14) and (9.16) of [3]. We
denote this result as Sunit1 in the following.
In passing, we conjecture the following amusing relation:

HC

�
1; 1; 1

2
;
1

2
;
1

2
;
1

2

�
¼ π: ð42Þ

Let us now turn to a less simple case, by focusing on what
becomes the equivalent, for the unit propagator powers case,
of S2 in Eq. (28) and which we denote as Sunit2 . As seen in
Sec. IVA the two sets of poles that are associated to this
series representation are those of the 3-combinations (1,2,5)
and (1,2,6), which are located at ðn1; n2;−1 − n1 − n3Þ and
ðn1; n2;−1 − n2 − n3Þ. In contrast with the generic propa-
gator powers case, some poles in these two sets are now
overlapping, which is the typical situation met in the
resonant case where poles of order greater than 1 are

expected. One thus cannot use the simple nonresonant
procedure based on building blocks, which has been used
in the previous sections, for these poles of higher multi-
plicity. One instead has to follow themore general procedure
described in [1] for the resonant case. In the calculation
process, one must also be careful to consider overlapping
poles only once. It is possible to detect such poles easily by
noting that for overlapping poles the number of singular
gamma functions in the numerator is greater than three.
Let us now dive into the details of the calculations and

consider each of the sets of poles mentioned above one at
a time.

A. Set of poles I: ðn1;n2;− 1− n1 −n3Þ
These are thepoles coming from the3-combination (1,2,5).
Let us shift these poles to the origin by the change of

variable zi → zi þ ni for i ¼ 1, 2 and z3 → z3 − 1−
n1 − n3. The integrand of (14) becomes

ð−uÞz1þn1ð−vÞz2þn2ð−wÞz3−1−n1−n3 Γð−z1 − n1ÞΓð−z2 − n2ÞΓð−z3 þ 1þ n1 þ n3Þ
Γð1þ z1 þ z2 þ z3 þ n2 − n3Þ

× Γð1þ z1 þ z2 þ n1 þ n2ÞΓðz1 þ z3 − n3ÞΓðz2 þ z3 þ n2 − n1 − n3Þ: ð43Þ
One observes that the poles at the origin are not of the same type for all values of ni. Therefore, one has to treat each type of
poles separately.

1. Type 1: n2 ≥ 1+n1 + n3 and remaining summation variables run from 0 to ∞
For this type of poles only the first, second and fifth gamma functions of the numerator of (43) are singular at the origin;

therefore, one can proceed as in the nonresonant case to obtain the series representation. Dividing by j detAj where A,
defined in Eq. (22), has to be computed for i1 ¼ 1; i2 ¼ 2 and i3 ¼ 5, applying the generalized reflection formula on each of
the singular gamma functions and removing the singular factors, one gets the analytic part of the integrand

ð−1Þn1þn2þn3ð−uÞz1þn1ð−vÞz2þn2ð−wÞz3−1−n1−n3 Γð1 − z1ÞΓð1þ z1ÞΓð1 − z2ÞΓð1þ z2Þ
Γð1þ z1 þ n1ÞΓð1þ z2 þ n2Þ

×
Γð−z3 þ 1þ n1 þ n3ÞΓð1þ z1 þ z2 þ n1 þ n2ÞΓð1þ z1 þ z3ÞΓð1 − z1 − z3Þ

Γð1 − z1 − z3 þ n3ÞΓð1þ z1 þ z2 þ z3 þ n2 − n3Þ
× Γðz2 þ z3 þ n2 − n1 − n3Þ; ð44Þ

which by putting z1 ¼ z2 ¼ z3 ¼ 0 and summing over the ni gives the contribution

Sunit2;1 ¼ v
w

X∞
n1;n2;n3¼0

ð−1Þ1þn1
Γ2ð1þ n2ÞΓð1þ n1 þ n3ÞΓð2þ 2n1 þ n2 þ n3Þ

Γð2þ n1 þ n2ÞΓð2þ n1 þ n2 þ n3Þ
ðuv=wÞn1vn2ðv=wÞn3

n1!n2!n3!
; ð45Þ

where we shifted the summation variables to keep the limit
from 0 to ∞ in each ni.

2. Type 2: n3 ≤ n2 ≤ n1 +n3 and remaining summation
variables run from 0 to ∞

For this type of poles the first, second, and fifth but also
sixth gamma functions of the numerator of (43) are singular

at the origin. As there are more than three singular gamma
functions in the numerator, this indicates that these poles
overlap with another set of poles associated with the series
representation that we look for. This is a resonant case, for
which the multivariate residues approach cannot be avoided.
In particular, the grouping of the singular factors, needed for
the transformation law, will have to be performed [1].
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As Γða3 þ z2 þ z3Þ is singular, this suggests that the
considered type of poles overlaps with the poles from the 3-
combination (1,2,6) which, as said above, is also associated
with Sunit2 . Obviously here there is no other choice because
we know that Sunit2 is built from only (1,2,5) and (1,2,6). At
this level, one has to remember that, when one will evaluate

the contributions coming from (1,2,6) later, the overlapping
poles that we consider presently will have to be omitted, in
order to avoid double counting.
Applying the generalized reflection formula on each

singular gamma functions in (43) one obtains, for the MB
integrand, the expression

ð−uÞz1þn1ð−vÞz2þn2

ð−z1Þð−z2Þðz1 þ z3Þðz2 þ z3Þ
ð−wÞz3−1−n1−n3 Γð1 − z1ÞΓð1þ z1ÞΓð1 − z2ÞΓð1þ z2Þ

Γð1þ z1 þ n1ÞΓð1þ z2 þ n2Þ

×
Γð−z3 þ 1þ n1 þ n3ÞΓð1þ z1 þ z2 þ n1 þ n2ÞΓð1þ z1 þ z3ÞΓð1 − z1 − z3Þ

Γð1 − z1 − z3 þ n3ÞΓð1þ z1 þ z2 þ z3 þ n2 − n3Þ

×
Γð1þ z2 þ z3ÞΓð1 − z2 − z3Þ
Γð1 − z2 − z3 þ n1 þ n3 − n2Þ

; ð46Þ

which explicitly shows the singular factors in the denominator.
One then finds the grouping of singular factors following the algorithm of [1], by writing

ðf1; f2; f3Þ ¼ S1;2;5ð−z1;−z2; z1 þ z3Þ þ S1;2;6ð−z1;−z2; z2 þ z3Þ
¼ ð−z1;−z2; z1 þ z3Þ þ ð−z1;−z2; z2 þ z3Þ ¼ ð−z1;−z2; ðz1 þ z3Þðz2 þ z3ÞÞ: ð47Þ

Thus one has the following grouping: ðf1; f2; f3Þ ¼ ð−z1;−z2; ðz1 þ z3Þðz2 þ z3ÞÞ on which the transformation law can
now be applied. This can be done automatically using theMathematica package MultivariateResidues [18], from which we
get the contribution

Sunit2;2 ¼ 1

w

X∞
n1;n2;n3¼0

ð−1Þ1þn2
Γð1þ n1 þ n2 þ n3ÞΓð1þ n1 þ 2n2 þ n3Þ

Γð1þ n1 þ n2ÞΓð1þ n2 þ n3Þ
�
logð−wÞ þ ψð1þ n1Þ

− ψð1þ n2Þ þ ψð1þ n3Þ − ψð1þ n1 þ n2 þ n3Þ
� ðu=wÞn1ðuv=wÞn2ðv=wÞn3

n1!n2!n3!
; ð48Þ

where we shifted the summation variables to keep the limit from 0 to ∞ in each ni.

3. Type 3: n2 ≤ n3 − 1, n3 runs from 1 to ∞ and n1 from 0 to ∞
We shift n3 → n3 þ 1 for convenience. This type of poles also have the first, second, fifth and sixth gamma functions

singular at the origin. But it is different from type 2 as now the denominator also is singular at the origin. Applying the
generalized reflection formula on each singular gamma function in (43) we get the analytic part

ð−1Þn2þn3ð−uÞz1þn1ð−vÞz2þn2ð−wÞz3−2−n1−n3 Γð1 − z1ÞΓð1þ z1ÞΓð1 − z2ÞΓð1þ z2Þ
Γð1þ z1 þ n1ÞΓð1þ z2 þ n2Þ

×
Γð−z3 þ 2þ n1 þ n3ÞΓð1þ z1 þ z2 þ n1 þ n2ÞΓð1þ z1 þ z3ÞΓð1 − z1 − z3Þ

Γð2 − z1 − z3 þ n3ÞΓð1þ z1 þ z2 þ z3ÞΓð1 − z1 − z2 − z3Þ

×
Γð1 − z1 − z2 − z3 þ n3 − n2ÞΓð1þ z2 þ z3ÞΓð1 − z2 − z3Þ

Γð2 − z2 − z3 þ n1 þ n3 − n2Þ
; ð49Þ

and the grouping of the singular factors in ðf1; f2; f3Þ is the same as for type 2. However, we need to take into account the
effect of the singular factor coming from the singular gamma function of the denominator, which gives

z1 þ z2 þ z3
ð−z1;−z2; ðz1 þ z3Þðz2 þ z3ÞÞ

¼ 1

ð−1;−z2; ðz1 þ z3Þðz2 þ z3ÞÞ
þ 1

ð−z1;−z2; ðz1 þ z3ÞÞ
: ð50Þ
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The residue due to ð−1;−z2; ðz1 þ z3Þðz2 þ z3ÞÞ is obviously zero. Therefore, the effective grouping of singular factors is
ð−z1;−z2; z1 þ z3Þ. The corresponding contribution is then obtained by a nonresonant residue computation as for type 1
and reads

Sunit2;3 ¼ 1

w2

X∞
n1;n2;n3¼0

Γ2ð1þ n3ÞΓð1þ n1 þ n2ÞΓð2þ n1 þ n2 þ n3Þ
Γð2þ n1 þ n3ÞΓð2þ n2 þ n3Þ

ðu=wÞn1ðv=wÞn2ð1=wÞn3
n1!n2!n3!

. ð51Þ

B. Set of poles II: ðn1;n2;− 1 − n2 − n3Þ
These are the poles coming from the 3-combination (1,2,6).
We shift the poles to the origin by the change of variable zi → zi þ ni for i ¼ 1, 2 and z3 → z3 − 1 − n2 − n3. The

integrand of (14) becomes

ð−uÞz1þn1ð−vÞz2þn2ð−wÞz3−1−n2−n3 Γð−z1 − n1ÞΓð−z2 − n2ÞΓð−z3 þ 1þ n2 þ n3Þ
Γð1þ z1 þ z2 þ z3 þ n1 − n3Þ

× Γð1þ z1 þ z2 þ n1 þ n2ÞΓðz1 þ z3 þ n1 − n2 − n3ÞΓðz2 þ z3 − n3Þ: ð52Þ

As mentioned above, the poles for which the fifth gamma function is singular shall be omitted because such poles overlap
with poles of set I that have already been considered before. Thus we have only one type of pole.

1. Type 1: n1 ≥ 1+n2 + n3 and remaining summation variables run from 0 to ∞
For this type of poles, only the first, second and sixth gamma functions are singular at origin. Following the same

approach as for set I type 1, one obtains

Sunit2;4 ¼ u
w

X∞
n1;n2;n3¼0

ð−1Þ1þn2
Γ2ð1þ n1ÞΓð1þ n2 þ n3ÞΓð2þ n1 þ 2n2 þ n3Þ

Γð2þ n1 þ n2ÞΓð2þ n1 þ n2 þ n3Þ
un1ðuv=wÞn2ðu=wÞn3

n1!n2!n3!
. ð53Þ

The final series representation is then

Sunit2 ¼ Sunit2;1 þ Sunit2;2 þ Sunit2;3 þ Sunit2;4 : ð54Þ

Due to symmetry of HC [which can be seen in the MB
integral in Eq. (14)], one can obtain the series representa-
tion Sunit5 and Sunit11 by appropriate transformations on Sunit2 .
Once again Eq. (32) provides an analytic cross-check

of our result. Indeed, by the substitution ðα; β; β0; γÞ →
ð1; 1þ ϵ; 1þ ϵ0; 2Þ into Eq. (32) and by carefully taking
the limit ϵ; ϵ0 → 0 on the rhs, one obtains an analytic
matching with the expression of Sunit2 given in Eq. (54)
which therefore provides the expected analytic continu-
ation of Sunit1 .
The other independent series representations are given in

Appendix E.

VII. CONCLUSIONS

In this paper we have presented the results for the
analysis of the massive one-loop three- and n-point
conformal Feynman integrals, which are nontrivial cases
for the illustration of a newly introduced method of
evaluation of N-fold MB integrals. The method, that was
presented in [1], is based on a study of conic hulls

associated with the gamma functions in the MB integrand.
In the present work, we provided a detailed application of
that method, briefly described for completeness in Sec. II,
on a family of MB integrals that have sufficient structure to
help us illustrate some of the subtle aspects of the newly
introduced method. The analysis yields detailed checks on
some results already available in the literature and provides
many new results. In particular, we have settled two
conjectures based on the analysis of the objects above
from a Yangian point of view [3] and derived from them a
set of new quadratic transformations for a certain class of
multiple hypergeometric series. Furthermore, our analysis
has shown that new results can be obtained on hitherto
unknown analytic continuations of the Srivastava’s HC
triple hypergeometric series.
Our work thus provides one more intimate link between

solutions of Feynman integrals and hypergeometric func-
tions theory, by explicitly showing how the former can well
become an interesting testing ground to find new results in
the latter.
Here we briefly summarize what has been done in the

foregoing. In Sec. II, we have provided a short recapitulation
of the MB computational method introduced in [1] and used
the two sets of conformal variables chosen in [3] to derive the
corresponding nðn − 1Þ=2-fold MB representations for the
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massive one-loop conformal n-point integral. By using the
method in [1],we show that one series representation for each
of these MB integrals, in the nonresonant case of generic
propagator powers, consists of a single series: the one that
corresponds to the trivial conic hull. The MB integrals are
then solved to show explicitly that these single series
representations are in agreement with the expressions given
in the conjectures of [3]. In Secs. III and IV, the above
integrals are solved for the specific case of n ¼ 3, still in the
simpler nonresonant class of conformal integrals having
generic powers of the propagators. For one set of conformal
variables, the results are in the form of Srivastava’sHC triple
hypergeometric series and its analytic continuations, which
converge in different kinematic regions. The other set
provides alternative series representations, one of them
leading to an interesting new quadratic transformation of
HC in terms of another well-known Srivastava’s triple
hypergeometric series: HB. This quadratic transformation
can be extended to a certain class ofmultiple hypergeometric
series, as it is conjectured in Sec. V. As an aside, we also
demonstrate in Sec. IV a difference between the Yangian
bootstrap approach and our MB method, in that the latter is
able to easily distinguish the spurious zeros of the former,

that do not contribute to the series solutions, and which
therefore need to be discarded. In Sec. VI, the MB repre-
sentation of the three-point integral of Sec. III associatedwith
set 1 is evaluated for unit propagator powers. This is a
resonant case, more difficult to compute, which shows
another powerful ability of our MB computational method.
The results of Secs. IV and VI are partly given in the
Appendix.
The main results presented in this paper are a conse-

quence of the remarkable first solution to the general
problem of finding series representations to a general N-
fold MB integral [1]. The future is rich with possibilities for
the exploration of their properties.
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APPENDIX A: SET 1: BUILDING BLOCKS

B1;2;3 ¼
X∞

n1;n2;n3¼0

Γða1 þ n1 þ n2ÞΓða2 þ n1 þ n3ÞΓða3 þ n2 þ n3Þ
Γð1þa1þa2þa3

2
þ n1 þ n2 þ n3Þ

un1vn2wn3

n1!n2!n3!
; ðA1Þ

B1;2;5 ¼ ð−wÞ−a2
X∞

n1;n2;n3¼0

Γða1 þ n1 þ n2ÞΓð−a2 þ a3 þ n2 − n1 − n3Þ
Γð1þa1−a2þa3

2
þ n2 − n3Þ

× Γða2 þ n1 þ n3Þ
ð−u=wÞn1vn2ð1=wÞn3

n1!n2!n3!
; ðA2Þ

B1;2;6 ¼ ð−wÞ−a3
X∞

n1;n2;n3¼0

Γða1 þ n1 þ n2ÞΓða2 − a3 þ n1 − n2 − n3Þ
Γð1þa1þa2−a3

2
þ n1 − n3Þ

× Γða3 þ n2 þ n3Þ
un1ð−v=wÞn2ð1=wÞn3

n1!n2!n3!
: ðA3Þ

B1;2;6 can be obtained by applying the transformation ðu; a2Þ ↔ ðv; a3Þ on B1;2;5.

B2;4;6 ¼ ð−uÞ−a1ð−wÞ−a3
X∞

n1;n2;n3¼0

Γða1 þ n1 þ n2ÞΓð−a1 þ a2 − a3 − 2n1 − n2 − n3Þ
Γð1−a1þa2−a3

2
− n1 − n2 − n3Þ

× Γða3 þ n1 þ n3Þ
ðv=ðuwÞÞn1ð1=uÞn2ð1=wÞn3

n1!n2!n3!
; ðA4Þ

B2;5;6 ¼ ð−uÞ−a2þa3ð−wÞ−a3
X∞

n1;n2;n3¼0

Γða2 − a3 − n1 þ n2 − n3ÞΓða3 þ n1 þ n3Þ
Γð1þa1−a2þa3

2
þ n1 − n2Þ

× Γða1 − a2 þ a3 þ 2n1 − n2 þ n3Þ
ðuv=wÞn1ð1=uÞn2ð−u=wÞn3

n1!n2!n3!
; ðA5Þ
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B1;4;5 ¼ ð−vÞ−a1ð−wÞ−a2
X∞

n1;n2;n3¼0

Γða1 þ n1 þ n2ÞΓða3 − a1 − a2 − 2n1 − n2 − n3Þ
Γð1−a1−a2þa3

2
− n1 − n2 − n3Þ

× Γða2 þ n1 þ n3Þ
ðu=ðvwÞÞn1ð1=vÞn2ð1=wÞn3

n1!n2!n3!
: ðA6Þ

B1;4;5 can be obtained by applying the transformation ðu; a2Þ ↔ ðv; a3Þ on B2;4;6.

B1;4;6 ¼ ð−vÞ−a1ð−wÞa1−a3
X∞

n1;n2;n3¼0

Γð−a1 þ a3 − n1 − n2 þ n3ÞΓða1 þ n1 þ n2Þ
Γð1þa1þa2−a3

2
þ n1 − n3Þ

× Γða1 þ a2 − a3 þ 2n1 þ n2 − n3Þ
ðuw=vÞn1ð−w=vÞn2ð1=wÞn3

n1!n2!n3!
: ðA7Þ

B1;4;6 can be obtained by applying the transformation ðu; v; w; a1; a2; a3Þ → ðw; u; v; a2; a3; a1Þ on B2;5;6.

B3;4;6 ¼ ð−uÞ−a1þa3ð−vÞ−a3
X∞

n1;n2;n3¼0

Γða1 − a3 − n1 þ n2 − n3ÞΓða3 þ n1 þ n3Þ
Γð1−a1þa2þa3

2
þ n1 − n2Þ

× Γð−a1 þ a2 þ a3 þ 2n1 − n2 þ n3Þ
ðuw=vÞn1ð1=uÞn2ð−u=vÞn3

n1!n2!n3!
: ðA8Þ

B3;4;6 can be obtained by applying the transformation ðv; a1Þ ↔ ðw; a2Þ on B2;5;6.

B3;5;6 ¼ ð−uÞ−a2ð−vÞ−a3
X∞

n1;n2;n3¼0

Γða2 þ n1 þ n2ÞΓða1 − a2 − a3 − 2n1 − n2 − n3Þ
Γð1þa1−a2−a3

2
− n1 − n2 − n3Þ

× Γða3 þ n1 þ n3Þ
ðw=ðuvÞÞn1ð1=uÞn2ð1=vÞn3

n1!n2!n3!
: ðA9Þ

B3;5;6 can be obtained by applying the transformation ðv; a1Þ ↔ ðw; a2Þ on B2;4;6.

B4;5;6 ¼ i−a1−a2−a3ð ffiffiffi
u

p Þ−a1−a2þa3ð ffiffiffi
v

p Þ−a1þa2−a3ð ffiffiffiffi
w

p Þa1−a2−a3

×
X∞

n1;n2;n3¼0

Γða1þa2−a3þn1þn2−n3
2

ÞΓða1−a2þa3þn1−n2þn3
2

ÞΓð−a1þa2þa3−n1þn2þn3
2

Þ
Γð1−n1−n2−n3

2
Þ

×
ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−w=ðuvÞp Þn1ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−v=ðuwÞp Þn2ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−u=ðvwÞp Þn3
2n1!n2!n3!

. ðA10Þ

We end this section by noting that only five out of the 17 building blocks are independent as the remaining 12 can be
derived by applying appropriate transformations on them. This is a manifestation of the symmetric structure of the MB
integrand in (14) and more generally of the HC triple hypergeometric function.

APPENDIX B: SET 1: CONVERGENCE REGIONS

Based on the master series conjecture [1] and applying Horn’s theorem we obtain the convergence regions for the series
representations of set 1 except for S5 for which we give only a conjecture of its expression. For S1;…; S4 we also computed
the convergence regions of each of the building blocks and, using these, found agreement with those obtained from the
master series, thereby, reconfirming the conjecture.
The convergence region of S1 comes from the well-known convergence properties of HC which give

R1 ¼ fjuj < 1 ∩ jvj < 1 ∩ jwj < 1 ∩ juj þ jvj þ jwj < 2þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − jujÞð1 − jvjÞð1 − jwjÞ

p
g: ðB1Þ

This is the cyan region in Fig. 3.
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Convergence region of S2.—The characteristic list of the master series due to poles at ðn1; n2;−n3Þ is
fn1 þ n2; n1 − n3; n2 − n3; n3 − n1 − n2; n3; n3g. Applying Horn’s theorem yields the following convergence region:

R2 ¼ fjuj < 1 ∩ jvj < 1 ∩ jwj > 1 ∩ juj < jvj þ jwj þ 2jvjjwj − 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jvjjwjð1þ jvjÞð1þ jwjÞ

p
g; ðB2Þ

which is the blue region in Fig. 3.
Convergence region of S3.—Three conic hulls intersect for this series representation and the corresponding master series

has the characteristic list fn1 þ n2; n1 − n3; n2 − n3; n3 − n1 − n2; n3; n3g. From Horn’s theorem one then obtains

R3 ¼
�
juj > 1 ∩ jvj < 1 ∩

���� uw
���� < 1 ∩

���� 4uvw
���� <

����� uw
���� − 1

�
2

∩ jvj < jwj þ juj þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
juwjð1 − jvjÞ

p

∩ jvj < jwj þ juj − 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
juwjð1þ jvjÞ

p
∩ jvj < jwj þ juj þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
juwjð1þ jvjÞ

p 	
; ðB3Þ

which is the yellow region in Fig. 3.
Convergence region of S4.—In this case, four conic hulls intersect and the corresponding master series has the

characteristic list fn1 − n2; n2;−n2 þ n3;−n1 þ 2n2 − n3; n1 − n2 þ n3; n2g. Applying Horn’s theorem yields

R4 ¼
8<
:juj > 1 ∩ 4j uw

v
j < 1 ∩ jwj > 1 ∩ juj þ jwj < jvj þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jujjvjðjwj − 1Þ

p

∩ juj þ jvj < jwj þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jujjvjðjwj þ 1Þ

p
∩

ffiffiffiffiffiffiffiffiffiffiffi
j v
uw

j
r

> 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

juj

s
∩

ffiffiffiffiffiffiffi
j u
v
j

r
<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2

ffiffiffiffiffiffiffiffiffiffiffi
j uw
v

j
rs 9=

;; ðB4Þ

which is the pink region in Fig. 3.
Convergence region of S5.—Here, four conic hulls intersect and the corresponding master series has the characteristic list

fn1þn2−n3
2

; n1−n2þn3
2

; −n1þn2−n3
2

; n1þn2þn3
2

g. This characteristic list matches with the characteristic list of the building block
B4;5;6. We were unable to find its convergence region using Horn’s theorem, due to computational complexity. Therefore,
we conjecture the convergence region of S5 as the intersection of the convergence regions of the remaining three building
blocks B1;4;5, B2;4;6 and B3;5;6, which are relatively easier to calculate and guarantees that the actual convergence region
cannot be larger.

R5 ¼ R1;4;5 ∩ R2;4;6 ∩ R3;5;6; ðB5Þ

where

R1;4;5 ¼
8<
: 1

jwj < 1 ∩

ffiffiffiffiffiffiffiffiffiffi���� u
vw

����
s

< 2 ∩
ffiffiffiffiffiffi
jvj

p
< jvj ∩ 1

jvj < 1 ∩
ffiffiffiffiffiffi
jwj

p
< jwj

∩

0
B@

ffiffiffiffiffiffiffiffiffiffi���� u
vw

����
s

< 1 ∪

0
B@ 1ffiffiffiffiffiffijvjp <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 −

ffiffiffiffiffiffiffiffiffiffi���� u
vw

����
svuut ffiffiffiffiffiffiffiffiffiffi���� u

vw

����4

s
∩

1ffiffiffiffiffiffijwjp <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 −

ffiffiffiffiffiffiffiffiffiffi���� u
vw

����
svuut ffiffiffiffiffiffiffiffiffiffi���� u

vw

����4

s 1
CA
1
CA

∩
���� u
vw

����þ 1

jvj þ
1

jwj < 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

jvj − 1

��
1

jwj − 1

�s
þ 2

9=
; ðB6Þ

and R2;4;6 and R3;5;6 can be obtained from R1;4;5 by the transformations ðu; vÞ ↔ ðv; uÞ and ðu; v; wÞ → ðw; u; vÞ,
respectively.
R5 is the purple region in Fig. 3.
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APPENDIX C: SET 2: BUILDING BLOCKS

The integral J2 in Eq. (21) has 14 series representations, which for the nonresonant generic propagator power case are
built from 17 building blocks.
As explained in Sec. IV B, we give below five series representation only, as the remaining nine series representations can

be obtained by exploiting the symmetry of the MB integrand in Eq. (21).
(1) S01.—It is equal to the building block B0

1;2;3:

B0
1;2;3 ¼

X∞
n1;n2;n3¼0

Γ
�
a1 þ n1 þ n2

2

�
Γ
�
a2 þ n1 þ n3

2

�
Γ
�
a3 þ n2 þ n3

2

�

×
ð−2u0Þn1ð−2v0Þn2ð−2w0Þn3

n1!n2!n3!
; ðC1Þ

where u0, v0, and w0 are the new conformal variables in Sec. III B.
(2) S02.—It is equal to the sum of building blocks B0

1;2;5 and B0
1;2;6:

B0
1;2;5 ¼ 2ð2w0Þ−a2

X∞
n1;n2;n3¼0

Γ
�
a1 þ n1 þ n2

2

�
Γ
�
−a2 þ a3 − n1 þ n2 − 2n3

2

�

× Γða2 þ n1 þ 2n3Þ
ð−u0=w0Þn1ð−2v0Þn2ð−1=ð4w02ÞÞn3

n1!n2!n3!
; ðC2Þ

and B0
1;2;6 can be obtained from B0

1;2;5 by the transformation ðu0; a2Þ ↔ ðv0; a3Þ.
(3) S03.—It is equal to the sum of building blocks B0

1;2;5, B
0
2;4;6 and B0

2;5;6:

B0
2;4;6 ¼ 4ð2u0Þ−a1ð2w0Þ−a3

X∞
n1;n2;n3¼0

Γða1 þ n1 þ 2n2ÞΓða3 þ n1 þ 2n3Þ

× Γ
�
−a1 þ a2 − a3

2
− n1 − n2 − n3

� ð−v0=ð2u0w0ÞÞn1ð−1=ð4u02ÞÞn2ð−1=ð4w02ÞÞn3
n1!n2!n3!

; ðC3Þ

B0
2;5;6 ¼ 4ð2u0Þ−a2þa3ð2w0Þ−a3

X∞
n1;n2;n3¼0

Γða2 − a3 − n1 þ 2n2 − 2n3ÞΓða3 þ n1 þ 2n3Þ

× Γ
�
a1 − a2 þ a3

2
þ n1 − n2 þ n3

� ð−2u0v0=w0Þn1ð−1=ð4u02ÞÞn2ð−u02=w02Þn3
n1!n2!n3!

; ðC4Þ

and B0
1;2;5 is given in (C2).

(4) S04.—It is equal to the sum of building blocks B0
1;4;5, B

0
1;4;6, B

0
3;4;6 and B

0
3;5;6. B

0
1;4;5 can be obtained from B0

2;4;6 by the
transformation ða2; u0Þ ↔ ða3; v0Þ. B0

1;4;6 can be obtained from B0
2;5;6 by the transformation ða1; a2; a3; u0; v0; w0Þ →

ða2; a3; a1; w0; u0; v0Þ. B0
3;4;6 and B

0
3;5;6 can be obtained by the transformation ða1; v0Þ ↔ ða2; w0Þ on B0

2;5;6 and B
0
2;4;6,

respectively.
(5) S05.—It is equal to the sum of building blocks B0

1;4;5, B
0
2;4;6, B

0
3;5;6 and B0

4;5;6:

B0
4;5;6 ¼ 4ð

ffiffiffiffiffiffiffi
2u0

p
Þ−a1−a2þa3ð

ffiffiffiffiffiffiffi
2v0

p
Þ−a1þa2−a3ð

ffiffiffiffiffiffiffi
2w0p

Þa1−a2−a3

×
X∞

n1;n2;n3¼0

Γ
�
a1 − a2 þ a3

2
þ n1 − n2 þ n3

�
Γ
�
−a1 þ a2 þ a3

2
− n1 þ n2 þ n3

�

× Γ
�
a1 þ a2 − a3

2
þ n1 þ n2 − n3

� ð−w0=ð2u0v0ÞÞn1ð−v0=ð2u0w0ÞÞn2ð−u0=ð2v0w0ÞÞn3
n1!n2!n3!

; ðC5Þ

and the remaining building blocks are already known.
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APPENDIX D: SET 2: CONVERGENCE REGIONS

Using the master series conjecture [1] and applying
Horn’s theorem we obtain the convergence regions for the
series representations of set 2. The difference with set 1 is
that all convergence regions have been obtained in this way.
We also computed the convergence regions of each of the
building blocks and, using these, found agreement with
those obtained from the master series, thereby reconfirming
the conjecture in [1].

(i) S01.—The set of poles for the master series is
ðn1; n2; n3Þ, and its characteristic list is
fn1þn2

2
; n1þn3

2
; n2þn3

2
g:

R0
1 ¼ jxyzj þ jxj2 þ jyj2 þ jzj2 < 4; ðD1Þ

where x ¼ 2–4u, y ¼ 2–4v and z ¼ 2–4w; we use
this notation throughout this subsection.

(ii) S02.—The set of poles for the master series is ðn1; n2;−n3Þ, and its characteristic list is fn3; n3; n1þn2
2

; n1−n3
2

; n2−n3
2

g:

R0
2 ¼

jxj2 þ 4

jzj2 < 1 ∩
jyj2 þ 4

jzj2 < 1 ∩ ðjyj2 þ 2Þjzj2 >


jyjjzj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjyj2 þ 4Þðjzj2 − 4Þ

q
þ 2jxj2 þ 2jyj2 þ 8

�

∩ jyjjzj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjyj2 þ 4Þðjzj2 þ 4Þ

q
þ 2jxj2 < jzj2ðjyj2 þ 2Þ þ 2jyj2 þ 8 ∩ jyj < 2 ∩ jxj2 þ jyj2 < 4: ðD2Þ

(iii) S03.—The set of poles for the master series is ðn3 − n1; n2;−n3Þ, and its characteristic list is
fn1 − n3; n1; n3; n3;

n3þn2−n1
2

; −n1
2
; n2−n3

2
g:

R0
3 ¼ jyj < 2 ∩ jxyzj þ jyj2 þ jxj2 þ 4 < jzj2 ∩ jyj2 þ 4 < jxj2: ðD3Þ

(iv) S04.—The set of poles for the master series is ðn2 − n1;−n2; n2 − n3Þ, and its characteristic list is
fn1 − n2; n1; n2; n2; n3; n3 − n2;

−n1
2
; 2n2−n1−n3

2
; −n3

2
g:

R0
4 ¼ jxj > 2 ∩ jxyzj þ jxj2 þ jzj2 þ 4 < jyj2 ∩



jxj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jxj2 þ 4

q �
jzj < 2jyj

∩ ðjxj −
ffiffiffiffiffi
jyj

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jyj − jxjjzj

p
Þjxyzj < 0 ∩ jzj > 2: ðD4Þ

(v) S05.—The set of poles for the master series is at ð−n1 − n2 þ n3;−n1 þ n2 − n3; n1 − n2 − n3Þ, and its characteristic
list is fn1 þ n2 − n3; n1 − n2 þ n3;−n1 þ n2 þ n3g:

FIG. 5. Convergence regions of the 14 series representations of
the MB integral in Eq. (14). FIG. 6. Convergence regions of 14 series representations of the

MB integral J2 for positive values of u, v and w.

ANANTHANARAYAN, BANIK, FRIOT, and GHOSH PHYS. REV. D 103, 096008 (2021)

096008-20



R0
5 ¼ jxj2 þ jyj2 þ jzj2 < 4þ jxyzj ∩ jyj2
þ jzj2 < jxyzj: ðD5Þ

The convergence regions of the remaining nine
series representation can be obtained from the above
regions, thanks to the symmetry of the MB integral
in (21). The convergence regions of all the 14 series
representations are displayed in Fig. 6.

APPENDIX E: SET 1: UNIT PROPAGATOR
POWERS

The series representation Sunit3 is given by

Sunit3 ¼ Sunit3;1 þ Sunit3;2 þ Sunit3;3 ; ðE1Þ

where

Sunit3;1 ¼ −
v
w

X∞
n1;n2;n3¼0

Γ2ð1þ n2ÞΓð1þ n1 þ n3ÞΓð2þ 2n1 þ n2 þ n3Þ
Γð2þ n1 þ n2ÞΓð2þ n1 þ n2 þ n3Þ

ð−uv=wÞn1ðvÞn2ðv=wÞn3
n1!n2!n3!

; ðE2Þ

this is same as Sunit2;1 :

Sunit3;2 ¼ 1

w

X∞
n1;n2;n3¼0

Γð1þ n1 þ n2 þ n3ÞΓð1þ n1 þ 2n2 þ n3Þ
Γð1þ n1 þ n2ÞΓð1þ n2 þ n3Þ

�
logð−uÞ − logð−wÞ − ψð1þ n1Þ

− ψð1þ n1 þ n2Þ þ ψð1þ n1 þ n2 þ n3Þ þ ψð1þ n1 þ 2n2 þ n3Þ
� ðu=wÞn1ð−uv=wÞn2ðv=wÞn3

n1!n2!n3!
; ðE3Þ

Sunit3;3 ¼ −
1

uw

X∞
n1;n2;n3¼0

Γð1þ n1 þ n2ÞΓð1þ n1 þ n3ÞΓð1þ n1 þ n2 þ n3Þ
Γð2þ 2n1 þ n2 þ n3Þ

ð−v=ðuwÞÞn1ð1=uÞn2ð1=wÞn3
n1!n2!n3!

. ðE4Þ

The series representation Sunit4 is given by

Sunit4 ¼ ðSunit4;1 þ ðu; v; wÞ → ðw; u; vÞÞ þ Sunit4;2 þ Sunit4;3 ; ðE5Þ

where

Sunit4;1 ¼ −
1

vw

X∞
n1;n2;n3¼0

Γð1þ n1 þ n2ÞΓð1þ n1 þ n3ÞΓð1þ n1 þ n2 þ n3Þ
Γð2þ 2n1 þ n2 þ n3Þ

ð−u=ðvwÞÞn1ð1=vÞn2ð1=wÞn3
n1!n2!n3!

; ðE6Þ

Sunit4;2 ¼ 1

v

X∞
n1;n2;n3¼0

Γð1þ n1 þ n2 þ n3ÞΓð1þ 2n1 þ n2 þ n3Þ
Γð1þ n1 þ n2ÞΓð1þ n1 þ n3Þ

�
logð−uÞ

− logð−vÞ þ logð−wÞ − ψð1þ n1Þ − ψð1þ n1 þ n2Þ − ψð1þ n1 þ n3Þ

þ ψð1þ n1 þ n2 þ n3Þ þ 2ψð1þ 2n1 þ n2 þ n3Þ
� ð−uw=vÞn1ðw=vÞn2ðu=vÞn3

n1!n2!n3!
; ðE7Þ

Sunit4;3 ¼ −
1

v2
X∞

n1;n2;n3¼0

Γ2ð1þ n3ÞΓð1þ n1 þ n2ÞΓð2þ n1 þ n2 þ n3Þ
Γð2þ n1 þ n3ÞΓð2þ n2 þ n3Þ

ðu=vÞn1ðw=vÞn2ð1=vÞn3
n1!n2!n3!

: ðE8Þ

The series representation Sunit5 is given by

Sunit5 ¼ ðSunit5;1 þ ðu; v; wÞ → ðv; u; wÞ þ ðu; v; wÞ → ðw; u; vÞÞ þ ðSunit5;2 þ ðn1; n2Þ → ðn1 þ 1=2; n2 þ 1=2Þ
þ ðn1; n3Þ → ðn1 þ 1=2; n3 þ 1=2Þ þ ðn2; n3Þ → ðn2 þ 1=2; n3 þ 1=2ÞÞ; ðE9Þ

where
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Sunit5;1 ¼ −
1

vw

X∞
n1;n2;n3¼0

Γð1þ n1 þ n2ÞΓð1þ n1 þ n3ÞΓð1þ n1 þ n2 þ n3Þ
2Γð2þ 2n1 þ n2 þ n3Þ

ð−u=ðvwÞÞn1ð1=vÞn2ð1=wÞn3
n1!n2!n3!

; ðE10Þ

Sunit5;2 ¼ iπ3=2ffiffiffiffiffiffiffiffiffi
uvw

p
X∞

n1;n2;n3¼0

Γð1=2þ n1 þ n2 − n3ÞΓð1=2þ n1 − n2 þ n3Þ
22n1þ2n2þ2n3þ1Γð1=2 − n1 − n2 − n3Þ

×
Γð1=2 − n1 þ n2 þ n3Þ

Γðn1 þ 1=2ÞΓðn2 þ 1=2ÞΓðn3 þ 1=2Þ
ð−w=ðuvÞÞn1ð−v=ðuwÞÞn2ð−u=ðvwÞÞn3

n1!n2!n3!
. ðE11Þ

[1] B. Ananthanarayan, S. Banik, S. Friot, and S. Ghosh,
arXiv:2012.15108.

[2] F. Loebbert, J. Miczajka, D. Müller, and H. Münkler, Phys.
Rev. Lett. 125, 091602 (2020).

[3] F. Loebbert, J. Miczajka, D. Müller, and H. Münkler,
arXiv:2010.08552.

[4] H. M. Srivastava, Rend. Circ. Mat. Palermo 16, 99
(1967).

[5] H. M. Srivastava and P.W. Karlsson, Multiple Gaussian
hypergeometric series, Halsted Press (Ellis Horwood
Limited, Chichester) (John Wiley and Sons, New York,
1985).

[6] H. M. Srivastava, Mat. Vesnik 9, 101 (1972).
[7] F. Loebbert, D. Müller, and H. Münkler, Phys. Rev. D 101,

066006 (2020).
[8] B. Ananthanarayan, S. Banik, S. Friot, and S. Ghosh, Phys.

Rev. D 102, 091901 (2020).
[9] H. M. Srivastava, Ganita 15, 97 (1964).

[10] B. Ananthanarayan, S. Friot, and S. Ghosh, Eur. Phys. J. C
80, 606 (2020).

[11] B. Ananthanarayan, S. Friot, and S. Ghosh, Phys. Rev. D
101, 116008 (2020).

[12] B. Ananthanarayan, S. Friot, S. Ghosh, and A. Hurier,
arXiv:2005.07170.

[13] V. A. Smirnov, Analytic Tools for Feynman Integrals,
Springer Tracts in Modern Physics Vol. 250 (2012),
pp. 1–296, https://doi.org/10.1007/978-3-642-34886-0.

[14] O. Zhdanov and A. Tsikh, Dokl. Math. 57, 24 (1998).
[15] M. Passare, A. K. Tsikh, and A. A. Cheshel, Theor. Math.

Phys. 109, 1544 (1996).
[16] O. Zhdanov and A. Tsikh, Siberian Math. J. 39, 245 (1998).
[17] A. Erdelyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi,

Higher Transcendental Functions, Bateman Project Vol. 1
(McGraw-Hill, New York, 1953).

[18] K. J. Larsen and R. Rietkerk, Comput. Phys. Commun. 222,
250 (2018).

ANANTHANARAYAN, BANIK, FRIOT, and GHOSH PHYS. REV. D 103, 096008 (2021)

096008-22

https://arXiv.org/abs/2012.15108
https://doi.org/10.1103/PhysRevLett.125.091602
https://doi.org/10.1103/PhysRevLett.125.091602
https://arXiv.org/abs/2010.08552
https://doi.org/10.1007/BF02844089
https://doi.org/10.1007/BF02844089
https://doi.org/10.1103/PhysRevD.101.066006
https://doi.org/10.1103/PhysRevD.101.066006
https://doi.org/10.1103/PhysRevD.102.091901
https://doi.org/10.1103/PhysRevD.102.091901
https://doi.org/10.1140/epjc/s10052-020-8131-3
https://doi.org/10.1140/epjc/s10052-020-8131-3
https://doi.org/10.1103/PhysRevD.101.116008
https://doi.org/10.1103/PhysRevD.101.116008
https://arXiv.org/abs/2005.07170
https://doi.org/10.1007/978-3-642-34886-0
https://doi.org/10.1007/BF02073871
https://doi.org/10.1007/BF02073871
https://doi.org/10.1007/BF02677509
https://doi.org/10.1016/j.cpc.2017.08.025
https://doi.org/10.1016/j.cpc.2017.08.025

