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A B S T R A C T   

A new stochastic optimal control model with internal feedback and velocity tracking is presented in this paper to 
study saccadic eye movement control. Recent evidence from neurophysiological studies of superior colliculus 
suggests the presence of a dynamic input to the saccade generation system that encodes saccade velocity, rather 
than just the static information of the desired saccade amplitude and direction. The new evidence makes it 
imperative to test if the saccadic control system can use a desired velocity input to achieve accurate behavioral 
outcomes. To test such a velocity-based architecture of saccade control, a new optimal control tracking model 
that incorporated two unique characteristics of internal feedback and stochasticity has been developed. The 
proposed model was validated using behavioral data of saccades generated by healthy human subjects in an 
experimental setup. The model was able to generate displacement and velocity trajectories of horizontal saccades 
made to different amplitudes and predict saccades made to vertical and oblique directions. It captured the main 
sequence relationship between saccade amplitude and peak velocities that were observed in the behavioral data. 
This paper presents a novel optimal control framework with tracking and internal feedback and proposes the 
first-ever model of the saccadic system that uses an alternate interpretation of velocity-based control, contrary to 
the dominant end-point based models available in the literature.   

1. Introduction 

Saccades are very fast and accurate movements. Since they are rapid, 
saccades cannot make use of sensory feedback information about the 
state of the eye for its precise execution [1]. Therefore, they are thought 
to be largely pre-programmed to achieve the goal of landing the eye on 
the target. This idea of pre-programming the control has been realized 
using the framework of optimal control theory, which has been exten-
sively used to understand the control of biological systems. The moti-
vation of using optimal control framework in biological systems is that 
evolution has led these systems to converge on the best possible way to 
accomplish efficient performance. Hence, these models try to address 
the central problem of selecting the biologically relevant costs and 
constraints that can explain observed behaviors. Optimal control models 
have been successfully used to understand the basis of varieties of 
sensorimotor behaviors like locomotion, reaching, saccades, etc. (dis-
cussed in [2,3]). 

The earlier optimal control models of the saccadic system, based on 

feed-forward control, suggested that the cost that is being optimized is 
the time taken for making the saccade and such a time-optimal 
controller gave rise to bang-bang control [4]. However, these models 
failed to capture many aspects of the observed saccade trajectories and 
the motor command. Another drawback of the early models was that 
they considered the saccadic system to be deterministic even though it is 
well established that noise is an inherent feature of the motor system 
[5]. The stochastic nature of the system reflects at the output as 
behavioral variability which has been established by many studies that 
quantify the variability in saccade metrics such as the saccade main 
sequence, peak velocity of saccades as well as saccade trajectories 
[6–10]. All the empirical evidence suggests that models that do not 
incorporate stochasticity are incomplete. 

More recent optimal control models have however incorporated the 
presence of noise. Such a stochastic optimal control framework has two 
prominent philosophies of saccade control: feed-forward control and 
internal feedback control. Feed-forward control models generate the 
optimal control signal from static information regarding the goal of the 
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movement. In the case of saccades, an example of such a model is the 
speed-accuracy trade-off model that minimizes a combined cost of the 
duration of saccade along with the variance in the endpoint suggesting 
that the saccade kinematics are generated such that an optimal trade-off 
between its speed and accuracy is achieved [11]. Signal-dependent noise 
was incorporated in the model as an extra additive signal acting on the 
optimal control signal. This model was able to capture the main 
sequence saccade characteristics well but failed in the case of perturbed 
saccade trajectories. 

Saccade perturbation studies suggested that a moment-to-moment 
control through sensory feedback is important. However, the saccadic 
system is devoid of such a feedback control due to the rapid time course 
that precludes any sensory feedback information from being relevant. 
One possible solution is to use non-sensory feedback and there exists 
much experimental evidence suggesting the same. The earliest evidence 
of a non-sensory feedback loop, also known as internal feedback, 
affecting eye movements was suggested through perturbation experi-
ments in monkeys [12]. The study found that although saccades were 
interrupted by stimulation mid-flight and target information was made 
unavailable, the interrupted saccade foveated the target accurately on 
the removal of the interrupting stimulation. The existence of such in-
ternal feedback has also been confirmed by other studies using different 
saccade tasks that showed online correction of saccade trajectories [13]. 
Further, a transcranial magnetic stimulation (TMS) study showed that a 
TMS perturbed saccade trajectory was corrected within the same 
saccade to produce accurate movements to the target without relying on 
visual input [14]. This study claimed that the oculomotor commands are 
monitored as they unfold via an internal feedback mechanism and are 
corrected for perturbation. 

The ability to monitor and control saccadic motor commands in real- 
time using internal feedback was incorporated using an extension of the 
optimal control approach called the optimal feedback control [15]. The 
theory proposes that the control signal is generated at each time step 
based on the estimate of the current state of the system, using a forward 
model present in the internal feedback loop. Since eye movements 
cannot make use of sensory feedback, it is hypothesized that the 
real-time estimate of the state is obtained through the forward model, 
using a copy of the control signal given to the muscles. One such model 
in the optimal feedback control framework proposed a controller that 
penalizes the control effort, the duration of movement, and the error of 
the states from the desired final state. The final states were regulated 
about the desired saccadic displacement to be achieved by the eye and 
zero final velocity. The model could explain both nominal saccade tra-
jectories and saccadic behavior during adaptation [16,17]. The control 
signal was generated dynamically using a displacement error which was 
obtained using the desired input of final displacement and the prediction 
of instantaneous displacement obtained through the forward model that 
was part of the internal feedback. However, given that the forward 
model predicts both displacement and velocity information, an alternate 
possibility that arises is a dynamic control based on velocity informa-
tion. But this would require that the saccade kinematics in the form of 
the desired velocity be dynamically encoded by superior colliculus (SC) 
neurons which are thought to provide the desired input to the saccadic 
controller. This hypothesis is supported by a recent neurophysiological 
study that showed a robust correlation of instantaneous activity of single 
neurons in the superior colliculus to the instantaneous eye velocity 
throughout the saccade duration during normal as well as 
blink-perturbed saccades [18]. 

In summary, the existing optimal control models of saccadic eye 
movement are all predominantly based on the philosophy of endpoint 
control that uses a static desired input of final saccadic displacement to 
produce the optimal control signal [11,17,19]. The possibility of a 
tracking control based on dynamic input information of velocity has not 
been explored despite the evidence that the superior colliculus which 
provides desired input to the saccade execution system encodes the 
saccadic velocity [18]. 

To address this caveat, in this study, an optimal controller that can 
use a dynamic velocity signal as desired input for saccade generation is 
developed. Two major features that were suggested by experimental 
studies of the saccadic system, namely the use of internal feedback [12, 
14] and the presence of stochasticity [20,6] has also been incorporated 
in the proposed model. This work presents the first-ever optimal control 
model schema with internal feedback that generates the control signal 
that allows tracking of the desired velocity in the presence of noise. It is 
also imperative to test the ability of such a new control mechanism to 
capture the performance of the actual saccadic system and hence the 
behavioral data of saccades were collected from healthy human partic-
ipants. The model is shown to be capable of explaining the saccadic 
behavior with high accuracy. It captures the trajectories as well as the 
main sequence relationship exhibited by the saccadic system across 
multiple amplitudes. The model also predicted the trajectories of sac-
cades made to different directions. 

2. Proposed Velocity Tracking Model with Internal Feedback 

A velocity tracking stochastic optimal control model with internal 
feedback is proposed for saccade generation. The goal of the model is to 
track a desired saccade velocity. The average behavior across repetitions 
is assumed to be the optimal human behavior and hence the desired 
velocity input for each individual is modeled as the mean velocity of all 
saccades produced by the individual to each target during the experi-
ments. An optimal control signal is designed for tracking the desired 
velocity using an estimate of the state from a forward model (described 
in Section 2.3). The control signal is assumed to be corrupted by signal- 
dependent additive noise and its characteristics are discussed in Section 
2.2. The noisy control signal is the input to the oculomotor plant that 
generates the saccade trajectories (described in Section 2.1). A sche-
matic block diagram of the model is given in Fig. 1 and the details about 
the different blocks constituting the model are described in the following 
subsections. 

2.1. Oculomotor plant dynamics 

The oculomotor plant is modeled as a lumped system consisting of 
the extraocular muscles and eyeball together and is represented by the 
block labeled as the plant in Fig. 1. A second-order spring-mass-damper 
model which provides a good approximation of this system has been 
used to derive the plant dynamics using a simple force balance equation 
[21]. The input to the dynamic system is the firing rate produced at the 
motor neurons innervating the oculomotor muscle and it is assumed to 
be equivalent to the torque required to move the eye. If the input firing 
rate is represented by F(t), the force balance equation can be written as 

F(t) = Jθ̈(t) + Bθ̇(t) + Kθ(t) (1)  

where the moment of inertia, viscous coefficient, and elastic coefficient 
of the eyeball system is given by J, B, and K respectively. This equation 
can be represented as a continuous linear dynamical system in state- 
space form as 

ẋ(t) = Acx(t) + Bcu(t) (2)  

where u(t) is the control signal defined as equivalent to the firing rate 
F(t). The state x(t)≜[θ(t), θ̇(t)]T and state matrices Ac and Bc are given by 

Ac≜

⎡

⎢
⎣

0 1

1
τ1τ2

−

(
τ1 + τ2

τ1τ2

)

⎤

⎥
⎦

Bc≜

⎡

⎢
⎣

0

1
τ1τ2

⎤

⎥
⎦

(3) 
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In (3), τ1 and τ2 are given by τ1 = B/K and τ2 = J/B, with values 
assumed to be 223 ms and 14 ms, respectively as in [21,22]. This system 
dynamics is valid only when considering horizontal saccades (0◦ or 180◦

directions). 
For oblique saccades (see Section 3.1), the system dynamics involves 

a horizontal component and a vertical component separately. Hence, in 

the case of oblique saccades the state x(t)≜
[
θh(t), θ̇h

(t), θv(t), θ̇v
(t)

]T and 

control u(t)≜
[
uh(t), uv(t)

]T . The state matrices Ac and Bc are defined as 
follows 

Ac≜

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 1 0 0

− 1
τ1τ2

−

(
τ1 + τ2

τ1τ2

)

0 0

0 0 0 1

0 0
− 1
τ1τ2

−

(
τ1 + τ2

τ1τ2

)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Bc≜

⎡

⎢
⎢
⎢
⎢
⎣

0 1
τ1τ2

0 0

0 0 0 1
τ1τ2

⎤

⎥
⎥
⎥
⎥
⎦

T

(4)  

This study has assumed that there is no coupling between the horizontal 
and vertical components in the oculomotor plant dynamics, similar to 
[17]. This makes the oblique saccade formulation equivalent to solving 
two one dimensional problems of horizontal component and vertical 
component of the saccade separately. In reality, it is possible that there is 
coupling between components in case of oblique saccades. A more 
nuanced model of oculomotor plant would be needed for studying these 
coupling effects. 

Subsequently, discrete optimal control is used to solve this problem 
and hence there is a need for discretization of the state dynamics given in 
(2). The state dynamics in discrete form can be written for both the 
horizontal and oblique case as 

xk+1 = Axk + Buk (5)  

with, A = eAcΔt and B = A− 1
c (eAcΔt − I)Bc representing the system 

matrices in discrete-time and k denoting the discrete time-steps. A time 
step Δt = 4ms is used for simulations, as decreasing the time steps 
further did not have any influence on the simulation results. Note that 
one can also use the first order approximation in discretization which 
gives A = AcΔt + I and B = BcΔt. However, in both cases the results had 
no appreciable difference. 

2.2. Noise in the control signal 

Noise affects the saccadic system at different levels like target 
localization, movement planning, and execution [6]. Here, it is assumed 
that the effect of all these noises would be reflected as an uncertainty 

added to the control signal acting on the plant. Interestingly, it turns out 
that the noise affecting the neural command is signal-dependent, which 
means that the standard deviation of the noise distribution scales with the 
mean value of the signal and hence is dependent on the mean control 
signal itself [22]. Such a noise structure is motivated by previous liter-
ature that suggested that the signal-dependent noise in the control signal 
can capture saccade trajectories and the main sequence [11]. There is 
also experimental evidence that suggests that the source of the 
signal-dependent noise in the case of isometric force production can be 
attributed to central voluntary control, rather than peripheral muscle 
components [23]. This suggests that the noise is added to the control 
signal uk before acting on the plant and the noise influence matrix in the 
system dynamics can be taken to be the same as the control influence 
matrix. Based on these observations, the stochastic system dynamics can 
be written as 

xk+1 = Axk + B(uk + ϵk), k = 1, 2,…, n (6)  

where n is the number of time-steps in the simulation and ϵk = αukwk, 
where, wk represents a random variable drawn from zero-mean Gaussian 
distribution with a variance of one and α is the noise scaling factor in the 
signal-dependent noise definition [22]. Note that, α is a free parameter 
estimated from experimental data. This structure of the noise is very 
important in further analyses. 

2.3. Forward model 

An important component in the proposed model is the presence of an 
internal feedback loop, which uses a copy of the control signal to esti-
mate the state with the help of a forward model block (see Fig. 1). In a 
generic case, the estimate of the state would be obtained by combining 
the prediction in the current step with sensory observations obtained 
from output feedback. But in the case of the saccadic system, the output 
feedback is not available and hence the estimate at the current step 
depends only on the estimate in the previous step. Thus, given the copy 
of the un-corrupted control signal uk, the forward model estimates the 
states at the next instant of time, x̂k+1 as follows 

x̂k+1 = Af x̂k + Bf uk (7)  

where x̂k = E[xk]. The forward model is assumed to be not affected by 
noise and hence can perfectly predict the states of the system and it is 
taken that Af = A and Bf = B respectively. 

2.4. Velocity tracking optimal controller 

To investigate if the saccadic system utilizes a velocity tracking 
strategy to control saccades, an optimal control policy that is based on a 
desired velocity signal has to be calculated. The controller needs to 
convert the desired signal xd and the estimate of the state x̂ at each step 
into a motor command or control signal u. This transformation is rep-
resented by the optimal controller block in Fig. 1. 

The cost function V that is minimized during the movement (with N 

Fig. 1. Block diagram of velocity tracking model.  
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steps) is taken as the expectation of sum of costs at all steps from 1 to N 
and is given by 

V = E

[
∑N

i=1
ψi

]

(8)  

where ψ i is the cost at each step i and E represents expectation operator. 
The expectation is taken because the state dynamics is stochastic and 
only its expectation can be known deterministically in this problem. The 
cost function is subject to the stochastic system dynamics xk+1 = Axk +

B(uk + ϵk) as given by (6), with the state vector xi = [θi, θ̇i]
T consisting of 

angular displacement θi and angular velocity θ̇i. The initial condition of 
the state is fixed and taken as the value of mean angular displacement θμ

1 

and mean angular velocity θ̇μ
1 at the first time step in the experimental 

data. The final conditions of the states are free. There are no constraints 
involved in this problem. The cost at each step i is a combination of two 
terms, of which the first term makes sure that the error between the 
desired system states and the achieved state is minimum and the second 
term minimizes the effort by penalizing the control signal magnitude. It 
is given by 

ψi =
(
xi − xd

i

)T Qi
(
xi − xd

i

)
+ uT

i Riui, (9)  

where the desired state is xd
i =

[
θd

i , θ̇
d
i
]T

. The desired values of the state 
are modeled as the mean of the experimental data obtained for each 
subject across the trials. The error weightage matrix Qi and the control 
weightage matrix Ri decides the distribution of the cost between the two 
terms. In this problem, Qi = [0, 0;0, q] where q is a free parameter. The 
structure of Qi was chosen to have weightage to only velocity error as 
only desired velocity was available at the input. The control weighting 
parameter Ri is fixed to one. It is observed that this assumption did not 
affect the solution since this is equivalent to redefining original error 
weightage with a scaling factor of 1/Ri and the free parameter q in the 
error weightage matrix absorbed this scaling effect. 

2.5. Control solution using dynamic programming approach 

The optimal control problem is solved using dynamic programming 
approach [16,17]. The cost from any time step k can be written based on 
(8) as sum of costs from step k to final step N and is given by 

Vk = E

[
∑N

i=k
ψi

]

, (10)  

which can be then rewritten as 

Vk = E[ψk + Vk+1] = E[ψk] + E[Vk+1 ], (11)  

where ψk is the cost at step k and Vk+1 is cost-to-go from time k + 1 to N. 
The term ψk is defined based on (9) as 

ψk =
(
xk − xd

k

)T Qk
(
xk − xd

k

)
+ uT

k Rkuk (12)  

If the optimal control, state and cost for all values from k + 1 to N are 
found, then the optimal value for the step k to k + 1 can be found out 
using the functional equation of dynamic programming [24], which is 

given by 

V∗
k(xk, x̂k) = min

uk

{
E[ψk] + E

[
V∗

k+1(xk+1, x̂k+1)
⃒
⃒xk, x̂k, uk

]}
(13)  

For this problem considering cost per step as given in (12), the rela-
tionship in (13) becomes 

V∗
k (xk, x̂k) = min

uk

{ (
xk − xd

k

)T Qk

(
xk − xd

k

)
+ uT

k Rkuk

+E
[
V∗

k+1

(
xk+1, x̂k+1

⃒
⃒xk, x̂k, u∗

k

)]

}

(14)  

The optimal control u∗
k can be obtained by solving (14) by using a value 

approximation method as described in [15,25]. Given a problem with 
value function dependent on the state xk and the estimate of the state x̂k, 
the approximate form of value under optimal control policy for 
achieving tracking of a desired state can be written as 

Vk = xT
k Wx

k xk − 2xT
k Wr

k + eT
k We

k ek + Wk (15)  

where ek≜xk − x̂k and Wx
k , We

k, Wr
k and Wk are the weightages. The 

variable ek is the estimation error between the current state of the system 
and the estimated state predicted by the forward model. The right hand 
side of expression in (14) is expanded to get 

Vk =
(
xk − xd

k

)T Qk

(
xk − xd

k

)
+ uT

k Rkuk + E
[
xT

k+1Wx
k+1xk+1 + eT

k+1We
k+1ek+1

− 2xT
k+1Wr

k+1 + Wk+1
]

(16)  

by using the approximated form of value in (15). It is known that for any 
random variable zk, E[zT

k Azk] can be expanded in terms of expectation 
(E) and variance (Var) of zk as 

E
[
zT

k Azk
]
= E[zk]

T AE[zk] + Tr[A{Var[zk]}], (17)  

where Tr represents the trace operator. Using this property, the 
quadratic term in xk+1 in (16) can be expanded as follows 

E
[
xT

k+1Wx
k+1xk+1

]
= E[xk+1]

T Wx
k+1E[xk+1] + Tr

[
Wx

k+1Var[xk+1]
]

Further, E[xk+1] and Var[xk+1] is got from the state dynamics equation 
given by (6) and the following expression is obtained 

E
[
xT

k+1Wx
k+1xk+1

]
= (Axk+Buk)

T Wx
k+1

(
Axk+Buk

)
+Tr

[
αukBT Wx

k+1Bukα
]

(18)  

The same property as given by (17) is used to expand the expectation of 
the quadratic term in ek+1 in (16) and the expression is obtained as  

Using the state dynamics given by (6) and forward model dynamics 
given by (7) this expression can be written as 

E
[
eT

k+1We
k+1ek+1

]
= eT

k AT We
k+1Aek + Tr

[
αukBT We

k+1Bukα
]

(19)  

Also, E
[
xT

k+1Wr
k+1

]
can be written as 

E
[
xT

k+1Wr
k+1

]
=

(
Wr

k+1

)T
E[xk+1] =

(
Wr

k+1

)T
(Axk + Buk) (20)  

Thus, the value function in (16) can be expanded using (18), (19) and 
(20) to get 

E
[
eT

k+1We
k+1ek+1

]
= E[xk+1 − x̂k+1]

T We
k+1E[xk+1 − x̂k+1] + Tr

[
We

k+1Var[xk+1 − x̂k+1]
]
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Vk =
(
xk − xd

k

)T Qk

(
xk − xd

k

)
+ uT

k Rkuk + (Axk + Buk)
T Wx

k+1

(
Axk + Buk

)

+ Tr
[
αukBT Wx

k+1Bukα
]
+ eT

k AT We
k+1Aek + Tr

[
cukBT We

k+1Bukc
]

− 2
(
Wr

k+1

)T
(

Axk + Buk

)
+ Wk+1

(21)  

Applying the necessary condition of optimality given by 

∂Vk

∂uk

⃒
⃒
⃒
⃒

u=u∗k

= 0 (22)  

with Vk as in (21), the optimal control signal u∗
k at step k can be obtained. 

Eq. (22) leads to the following expression  

which is grouped and rearranged to obtain the optimal control u∗
k as 

u∗
k = − Gkxk + bk (24)  

with the feedback gain given by 

Gk = L− 1
k BT Wx

k+1A (25)  

where, 

Lk≜Rk + Cx
k+1 + Ce

k+1 + BT Wx
k+1B (26)  

with Cx
k+1 and Ce

k+1 defined as Cx
k+1≜Tr

(
αBTWx

k+1Bα
)

and Ce
k+1≜ 

Tr
(
αBTWe

k+1Bα
)

respectively and the bias term given by 

bk≜L− 1
k

(
Wr

k+1

)T B (27)  

Since there is no external state feedback information, the forward model 
is used to estimate the expectation of the current state of the system as in 
(7), and the control signal is calculated on this estimated state as u∗

k = −

Gkx̂k + bk. In the next section (Section 2.6), it is shown that in spite of 
calculating optimal control signal from estimate of the state, the corre-
sponding optimal value function obtained takes the same optimal form 
as assumed in (15). 

The update equations for the weight matrices Wx
k , We

k, Wr
k and Wk can 

be obtained by substituting the optimal control expression − Gkx̂k + bk 
in the optimal value function obtained in (21). After simplification, it is 
observed that the the left out terms can be regrouped into terms 
quadratic in xk, quadratic in ek, linear in xk and constant term. By 
comparing these terms with similar terms in approximate form of value 
function given in (15), the weight update equations are obtained. The 
update equations turn out to be backward recursive equations depen-
dent on system matrices A and B, the feedback gain Gk and the bias bk. 
They are given by 

Wx
k = Qk + AT Wx

k+1A − AT Wx
k+1BL− 1BT Wx

k+1A
We

k = AT We
k+1A + AT Wx

k+1BLk
− 1BT Wx

k+1A
Wr

k = AWr
k+1 + Qkxd

k − AT Wx
k+1BL− 1

k Wr
k+1

T B

Wk = Wk+1 + 2xdT

k Qxxd
k − BT Wr

k+1L− 1
k Wr

k+1
T B

(28)  

Note that in (28), Gk and bk are written in terms of their expansions 
given by (25) and (27), respectively. The weight matrices at final step N 
can be obtained as Wx

N = QN, Wr
N = QNxd

N, We
N = 0 and WN =

2xd
N

TQNxd
N, by substituting all weights in step N + 1 as zero in (28). 

Subsequently, these weights are used in (28) to calculate the weights in 
the second last step N − 1 and recursively backward till first step. Using 
these weights, the feedback control gain Gk and the bias bk are calculated 

backward from the last time step using the (25) and (27) respectively. 
The gains Gk and bk are used to calculate the optimal control signal for 
each step using − Gkx̂k + bk, while simultaneously propagating the 
forward model to get an estimate of the state x̂k. 

2.6. Verification of optimality of value function 

The optimal control signal obtained by solving the necessary con-
ditions of optimality is in terms of the actual state xk. However, since the 
state feedback is not available, the estimate of the state x̂k given by the 
forward model is used for calculating the optimal control. This neces-
sitates to check whether the new optimal value function obtained based 
on this optimal control calculated from − Gkx̂k + bk will be of the same 
form as assumed in (15). 

To carry out this check, the optimal control expression with xk 

replaced by x̂k is substituted in (21) and the optimal value function is 
obtained. The optimal value after regrouping the terms quadratic in u∗

k is 
given by,  

This function is expanded using (25) and (27) and obtained as 

Vk = xT
k Qkxk + xd

k
T Qkxd

k − 2xT
k Qkxd

k + x̂T
k Z x̂k − 2BT Wx

k+1Ax̂kL− 1
k Wr

k+1
T B

+ BT Wr
k+1Lk

− 1Wr
k+1

T B + xT
k AT Wx

k+1Axk − 2x̂k
T Zxk

+ 2xT
k AT Wx

k+1BL− 1
k Wr

k+1
T B + eT

k AT We
k+1Aek − 2Wr

k+1
T Axk

+ 2Wr
k+1

T BL− 1
k BT Wx

k+1Ax̂k − 2BT Wr
k+1L− 1

k Wr
k+1

T B + Wk+1

(30)  

The expansion consists of terms which are quadratic and linear in xk, 
quadratic in ek, quadratic and linear in x̂k as well as constants. In (30), 
the fifth term and twelfth term cancel each other. The terms in x̂k can be 
eliminated by replacing the fourth term and eighth term together using 
the expression 

Rku∗
k + BT Wx

k+1Bu∗
k + Tr

[
αBT Wx

k+1Bα
]
u∗

k + Tr
[
αBT We

k+1Bα
]
u∗

k + BT Wx
k+1Axk −

(
Wr

k+1

)T B = 0 (23)   

Vk =
(
xk − xd

k

)T Qk

(

xk − xd
k

)

+

{(

− Gk x̂k + bk

)T(

Rk + BT Wx
k+1B + Cx

k+1 + Ce
k+1

)

(

− Gk x̂k + bk

)}

+ (Axk)
T Wx

k+1

(

Axk

)

+ eT
k AT We

k+1Aek

− 2Wr
k+1

T ( Axk + Bu∗
k

)
+ Wk+1

(29)   
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x̂T
k Z x̂k − 2x̂k

T Zxk = (xk − x̂k)
T Z(xk − x̂k) − xT

k Zxk (31)  

where Z = ATWx
k+1BL− 1

k BTWx
k+1A and the first term is quadratic in ek 

while the second term is quadratic in xk. The reduced optimal value 
function equation then becomes 

Vk = xT
k

(
Qk + AT Wx

k+1A − Z
)

xk + eT
k

(
AT We

k+1A + Z
)

ek − 2xT
k

(
Wr

k+1
T A

+ Qkxd
k − AT Wx

k+1BL− 1
k Wr

k+1B
)
− BT Wr

k+1
T L− 1

k Wr
k+1B + xd

k
T Qkxd

k + Wk+1

(32)  

It is clear from (32) that even though a modified optimal control signal 
based on the estimate of the state is used in place of the actual expression 
obtained in (24), the optimal value function remains of the same optimal 
form which was assumed in (15). Hence, the assumption of using esti-
mated of the state in place of actual state is justified and the approxi-
mated value of the form given in (15) can be used. 

In this section, a desired velocity tracking optimal controller which 
converts the estimate of the actual state (which is given by the forward 
model in the internal feedback loop) to produce the control signals that 
would serve as motor commands to the oculomotor plant is obtained. 
The mean trajectories of displacement and velocity are simulated by 
substituting optimal control signal in the expectation of the state dy-
namics equation given by (6). To verify the proposed model of saccade 
control based on velocity tracking, the predictions of this saccade gen-
eration framework are tested using behavioral data of saccades obtained 
from the human experiment. The details of the experiment are discussed 
in Section 3. 

2.7. Model parameter estimation 

The model has two free parameters, q and c, which are tuned indi-
vidually for each subject. The model parameters were estimated by a 
two-stage process. The parameter q in the error weightage matrix in the 
cost function (refer Section 2.4) was estimated such that the error be-
tween the velocity prediction of the model and experimental velocity 
was minimized. This was done after setting the noise scaling parameter α 
to zero. The error is defined as 

e =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑m

j=1

[
zexpt

μ (tj) − zpred
μ (tj)

]2
√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑m

j=1

[
zexpt

μ (tj)
]2

√ (33)  

where z is defined as the variable of interest. It was taken as the angular 
velocity (θ̇) for obtaining the free parameters. Here, θ̇expt

μ is defined as the 
mean angular velocity obtained for individual subjects based on 

experimental data and θ̇pred
μ is the model’s prediction of the same. The 

second stage in the estimation process was of tuning the noise scaling 
parameter α (refer Section 2.2). This parameter was obtained by mini-
mizing the same error as described in (33), but with the value of q in the 
model fixed at the estimated value. The parameter ranges and guess 
values for the optimization are obtained by scanning the parameter 
space. The parameters were estimated using saccades made to hori-
zontal leftward target at 12◦ eccentricity in 180◦ direction (refer to 
Section 3) and were used for all further predictions of the model. The 
errors in fit were also quantified using (33) by defining the variable z as θ 
or θ̇ depending on whether fit error in displacement was quantified or fit 
error in velocity, respectively. The errors are all expressed in 
percentages. 

3. Experimental Data 

The behavioral data were collected from 20 healthy subjects in the 
age group of 20–33 years in a laboratory set-up. Each of the 20 partic-
ipants carried out repeated trials of saccades to the same targets during 
the experiment. The participants consisted of an equal number of men 
and women. The experimental study was approved by the Institute 
Human Ethics Committee of the Indian Institute of Science (IHEC No: 1- 
28102016 approved on 28-10-2016). Informed consent was obtained 
from all participants in accordance with the guidelines. Participants 
were monetarily compensated for taking part in the experiment. 

3.1. Experiment setup and design 

Saccadic eye movement data used in this study was collected using 
an IR based pupil tracking camera (ISCAN, Boston, USA) at a sampling 
rate of 240 Hz. Each participant was made to sit in front of the LCD 

Fig. 2. Task paradigm showing all stimulus positions.  Fig. 3. Example of saccades made to different target directions by a subject.  
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Fig. 4. Mean angular displacement and velocity profiles of saccades to different target amplitudes for an example subject.  

Fig. 5. Angular velocity fit of the proposed model.  

Fig. 6. Model prediction of mean angular displacement of saccades for 12◦ horizontal leftward saccades.  
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screen on which stimuli were shown. They were also made to rest their 
chin such that the eye-level matched the center of the screen. At the 
same time, the head was locked at the temple to obtain eye movements 
exclusively in the absence of any head movements. 

The experiment had 15 different targets shown on the upper half of 
the screen in a randomized fashion as shown in Fig. 2. It included targets 
in 9 different directions including 0◦,30◦, 45◦,60◦, 90◦,120◦, 135◦, 150◦

and 180◦ at an eccentricity of 12◦ as well as targets at three different 
eccentricities of 6◦,8.5◦ and 10.4◦ in both 0◦ and 90◦ directions. Each 
trial started with a white fixation point shown in the middle of the 
screen. After a 400 ± 60 ms delay, the fixation box disappeared and a 
green target appeared at the periphery. The subject was instructed to 
make one single saccadic eye movement to the target as soon as it 
appeared. A green tick mark on the screen and a beep sound gave 
feedback to the subject about the success of the trial. 

3.2. Data analysis 

Saccade displacement was calculated from horizontal and vertical 
positions obtained from the eye camera. It was fit using a polynomial 
function of seventh order and differentiated to obtain the velocity pro-
files. The saccade start and end were detected based on a velocity cri-
terion. The time at which the velocity of the eye exceeds 10% of the peak 
velocity was marked as the start of the saccade and the time point where 
the velocity reduces below the same threshold after the peak velocity 
was considered the end of the saccade. Since each trial produced sac-
cades of different duration, the time was normalized into equal bins for 
the entire saccade duration. This allowed the calculation of the mean 
saccade trajectory across trials at these bins. 

4. Results Analysis 

An example of saccade trajectories made by a subject across multiple 
trials for different oblique targets is shown in Fig. 3. Further analyses 
were carried out on the mean of the trajectories calculated across trials, 
which is shown with black dashed lines in the figure. 

The mean angular displacement and angular velocity for an example 
subject who participated in the experiment are shown in Fig. 4 for four 
different targets amplitudes of 6◦, 8.5◦,10.4◦ and 12◦. The mean angular 
displacement is typically a monotonously increasing function of time 
while the mean angular velocity peaks towards the middle of the 
movement and then decreases. Further, saccadic eye movements with 

larger amplitudes have higher peak velocities as is observed in general 
[26,11]. 

The proposed model’s free parameters were estimated from 12◦

horizontal leftward saccades as described in Section 2.7 using the 
experimental mean angular velocity. An example fit for an individual 
subject is shown in Fig. 5(a). The errors in the fit as given by (33) and is 
shown for all the 20 subjects in Fig. 5(b). The mean error in velocity fit 
was 0.65% and the standard deviation was 0.13%. The fit errors for all 
subjects were less than 1%. 

The predictions of mean angular displacement for the same has been 
presented separately to validate the model. The prediction error was also 
calculated and expressed in % by using (33) as described in Section 2.7. 
Fig. 6(a) shows an example of the prediction of mean angular Fig. 7. Model prediction errors in angular displacement and velocity for sac-

cades to different target amplitudes. 

Table 1 
Model prediction errors across amplitudes.  

Target amplitude Prediction error (mean ± stda%)   

Displacement Velocity 

6◦ 3.51 ± 0.49  0.59 ± 0.13  
8.5◦ 3.85 ± 0.47  0.47 ± 0.12  
10.4◦ 4.69 ± 0.56  0.37 ± 0.10  
12◦ 3.26 ± 0.62  0.68 ± 0.11   

a standard deviation. 

Fig. 8. Model prediction of main sequence relationship between saccade 
amplitude and peak velocity. 
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displacement for the same 12◦ horizontal leftward saccades which is 
used for fitting the parameters. The prediction errors quantified for all 
20 subjects are shown in Fig. 6(b). All prediction errors of the model 
were less than 5%. The mean error in prediction of angular displace-
ment, in this case, was 3.2% with a standard deviation of 0.5%. Thus, the 
model can capture the saccade kinematics with low errors. 

To check the generalizability of the model to other amplitudes, the 
model predictions of mean angular displacement and velocity of sac-
cades made to the horizontal rightward targets at 6◦,8.5◦, 10.4◦ and 12◦

were simulated. The free parameters were set to the already estimated 
values from 12◦ horizontal leftward saccades. The errors in prediction 
for all amplitudes across 20 subjects are quantified in Fig. 7 for each of 
the amplitudes. Fig. 7(a) shows the prediction errors for angular 
displacement while that in Fig. 7(b) shows the prediction errors for 
angular velocity. Displacement prediction errors across subjects for all 
amplitudes were less than 6%, while errors for velocity were all less than 
1%. In general, the errors in the prediction of angular velocity were 
much lesser compared to the prediction error in angular displacement 
for all target amplitudes. This is expected given that the model is 
tracking the desired velocity. The mean and standard deviation of the 
prediction errors across subjects are presented in Table 1. 

Further validation of the model was also carried out by verifying the 
model’s ability to predict the main sequence relationship between 
saccade amplitude and peak velocity (Fig. 8). The close correspondence 
between the fit and the data indicated that the model can capture the 

Fig. 9. Model prediction of saccade trajectory for oblique saccades and error quantification.  

Table 2 
Model prediction errors across directions.  

Target direction Prediction error (mean ± stda%)   

Displacement Velocity 

0◦ 2.84 ± 0.50  0.69 ± 0.22  
30◦ 2.71 ± 0.29  1.53 ± 1.14  
45◦ 2.82 ± 0.54  2.37 ± 1.85  
60◦ 2.88 ± 1.28  2.39 ± 1.77  
90◦ 2.92 ± 0.62  0.66 ± 0.19   

a standard deviation. 
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main sequence relationship between saccade amplitude and peak ve-
locity (see example in Fig. 8(a)). To quantify the same across subjects, 
the prediction errors in mean saccade amplitude and mean saccade peak 
velocity between the experimental data and model simulation were 
quantified and are shown in Fig. 8(b). The errors were all less than 2.5%. 
However, the non-linearity of this relationship at higher amplitudes 
could not be tested as all the amplitudes available in the experimental 
data were below 12◦, which was in the linear part of the main sequence. 

All the results presented until now were based on horizontal sac-
cades. Hence, to further test the capability of the proposed velocity 
tracking model, simulations of saccades made to different oblique and 
vertical directions were carried out. For this purpose, the modified 
model with system dynamics with system matrices as mentioned in (4). 
It may be noted here that any possible interactions that may be present 
between the horizontal and vertical components in case of oblique 
saccades have not been considered in this work and may be considered a 
shortcoming of our study. The model with modified system dynamics 
was used to generate saccades made to 12◦ eccentricity in oblique di-
rections of 30◦, 45◦,60◦ and vertical direction of 90◦, relative to the 
horizontal axis. The same parameters estimated with 12◦ leftward sac-
cades were used. An example of the model’s prediction for one subject 
for position and velocity are shown in Fig. 9(a) and (b), respectively. The 
0◦ target is the same as horizontal 12◦ in the across target amplitude 
analysis and is presented again for completion. The quantification of the 
error in prediction for all 20 subjects is shown for all directions in Fig. 9 
(c) for displacement and in Fig. 9(d) for angular velocity. The mean and 
standard deviation in these predictions for oblique and vertical saccades 
are given in Table 2. 

Although the prediction error in the case of oblique saccades is 
generally higher than those of the horizontal saccades especially in case 
of velocity, the predictions were still reasonably good. The errors on an 
average were 2.84 ± 0.65% for angular displacement and 1.53 ± 1.03% 
for angular velocity. This may be because, unlike horizontal saccades, 
oblique and vertical saccades involve more oculomotor muscles and 
there might be some interactions, at the oculomotor plant or before, 
which are not being considered in this work. Another possible reason 
could be that the parameters fixed based on horizontal saccades may not 
be optimal for the oblique and vertical saccades. 

5. Conclusion and Discussions 

A novel velocity tracking optimal control model has been developed 
for saccade generation. The velocity tracking controller computes the 
optimal control signal based on an instantaneous error calculated using 
the internal feedback information. The model proposes a control 
mechanism in the presence of signal-dependent noise. The proposed 
model was tested using experimental data of saccade behavior collected 
from human participants. The model predicted the angular displacement 
profiles of horizontal saccades made to different amplitudes with high 
accuracy. It could also capture the main sequence relationship between 
saccade amplitude and peak velocity in the linear range. The model was 
also capable of predicting oblique saccades and vertical saccades made 
to targets in different directions. This is the first-ever model to show how 
the saccadic control system could use a desired velocity signal at its 
input for producing accurate saccades. The control algorithm proposed 
is also new as there are no tracking optimal control formulations with 
internal feedback philosophy available in the literature. Although this 
work demonstrates the application of the algorithm for the saccadic 
system, the framework may be utilized for gaining deeper insights 
regarding similar systems with internal feedback and tracking control. 

The predominantly popular endpoint-based saccade control models 
were motivated by neurophysiological studies about the presence of a 
spatial map in the midbrain superior colliculus (SC), which is thought to 
be the center providing the desired goal to the brainstem saccade gen-
eration circuit (for instance see [27,28,11,17]). However, and interest-
ingly, reversible inactivation of SC has shown that the trajectory of the 

saccade itself is altered, apart from the amplitude and direction of the 
saccades [29]. There are also a few studies that have shown the average 
firing rates in collicular cells to be correlated with peak saccadic velocity 
[30,31]. However, since saccades show a tight nonlinear coupling be-
tween amplitudes and peak velocities, the saccade generation system 
cannot achieve a particular saccade amplitude based on just the peak 
velocity information. Rather, the SC neurons would require to encode 
the entire velocity profile, as its integral would give the amplitude. This 
hypothesis was indeed shown to be true by the latest findings from a 
neurophysiological study of superior colliculus that suggest input in the 
form of velocity being present in the saccadic system [18]. Our newly 
proposed velocity-based architecture adds credence to this neurophys-
iological observation. The finding of our study is also congruent with 
previous work which showed that the population activity in superior 
colliculus represents the intended movement trajectory [32]. The newly 
proposed model does not disprove any of the existing models which are 
based only on end-point displacement; alternately it suggests that the 
use of two different forms of desired inputs: (i) endpoint displacement, 
which is utilized as suggested by earlier models, and (ii) velocity, which 
is proposed by this new model; may both be viable algorithms to make 
the saccadic system more robust. In this regard, our study provides 
another example of how redundancy may be a general principle of the 
motor system. How and when the system chooses to use one form of 
information over the other is an interesting question that needs further 
investigation. Also, further experimental work would be required to 
establish the causal contribution of velocity-based control and distin-
guish this mechanism from endpoint control of saccades, which also 
explains the mean saccade trajectories. 

Another feature of the saccadic system included in this study is the 
presence of noise, which has been neglected by many of the determin-
istic saccade models [27,28]. The use of velocity information at the in-
ternal feedback loop has been previously modeled to explain normal and 
blink perturbed saccade trajectories [33]. It was still in a deterministic 
setting without considering noise. The proposed stochastic model in this 
paper demonstrates the possible use of velocity control even when noise 
is present. However, the structure of the noise is assumed to be 
signal-dependent and acting additively on the optimal control signal 
that is given as input to the oculomotor plant. This noise structure was 
motivated by neurophysiological evidence provided in [23]. But there 
are further evidence suggesting that the saccadic system may minimize 
the consequences of motor noise, which was defined as a combination of 
the signal-dependent noise and constant noise [19]. Also, unlike a single 
source of noise assumed in this work at the motor command (control 
signal) level, there could be multiple sources of noise upstream in the 
saccadic system at the level of desired input and internal feedback level 
[6,15]. This opens further questions on the effect of variations in the 
structure of noise and possible sources of noise on the control archi-
tecture of saccades. Such studies may however require investigation of 
the variability in the saccade behavior rather than just the central 
tendencies. 

An important aspect of optimal control models is the choice of the 
cost function that is minimized. In the proposed dynamic velocity 
model, we consider the cost to be comprised of the tracking error at each 
instant of time and the control effort. In contrast, the dynamic 
displacement model which was framed as an endpoint regulation 
problem had a cost function which was a combination of the error to the 
final state, the control effort, and the cost for each time-step. The error to 
the final state was weighted using a Heaviside function which came into 
effect only at the last time-step and the error weightage matrix (Qk) had 
to minimize errors in both the states, namely displacement and velocity 
to predict the trajectories of saccades. But in the newly proposed 
velocity-based model the error weightage matrix had to act only on the 
velocity errors. Correcting the velocity errors automatically predicted 
the saccade displacements accurately. Thus, compared to the dynamic 
displacement model which had two error weightage parameters that had 
to be estimated, the newly proposed model had only one error weightage 
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parameter. However, since the estimated parameters were just one 
among the repertoire of multiple solutions that are possible, these pa-
rameters themselves do not appear to render any particular physiolog-
ical interpretation. Additionally, the time-step cost was factored in by 
just simulating the models for the mean duration of saccades and this is a 
limitation of our model as the optimal duration of the saccades was not 
generated from the cost function. However, we speculate that the 
framework and results would still be valid with the time-step cost 
incorporated since the changes would be absorbed by a changed form of 
the recursive update equation of the weightage matrix Wk. 

Apart from these theoretical implications to saccadic control, the 
model has much possible practical utilities in bioinspired engineering 
applications and clinical neurosciences. Algorithms developed based on 
saccadic control philosophy have been demonstrated to be useful in 
controlling devices like camera heads, autonomous indoor micro-flyers, 
and unmanned aerial vehicles for collision avoidance, hovering, steer-
ing, rapid video shooting technology, etc. [34–38]. The proposed model 
of saccade control may be useful for these applications. Saccadic eye 
movements are reported to have extensive clinical relevance in many 
neurological conditions that show deviations in saccade behavior from 
normal [39,40]. The proposed model may be leveraged in these condi-
tions to design effective clinical interventions to help with early diag-
nosis as well as in improvising treatment protocols. For example, 
Parkinson’s disease patients who are known to have lower levels of 
dopamine exhibit slowness of movement which in turn has been sug-
gested to have a bearing on the optimal control policy of movements 
[41,42]. By implementing the effect of dopamine on the optimal control 
signal generated by our model, we could test whether the proposed 
velocity-based model can predict the effect of dopamine on eye move-
ment velocities, to serve as a simple non-invasive biomarker of dopa-
mine levels. However, these would require a detailed investigation of 
the model with the clinical data. 
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