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Abstract

In the Hopfield model of content addressable memory,
the number of spurious attractors is exponential in the di-
mensionality of the memory. Hence it is highly ’ikely that
the system converges to a spurious memory on ar. arbitrary
input. It is desirable that the system has a way ¢f checking
whether its state corresponds to any one of the stored pat-
terns. In this paper we show that it is possible to validate
the patterns in a distributed fashion. The model uses com-
plex activations and synapses for this purpose. The genuine
memories are defined to be real attractors. Under some as-
sumptions we show that the expected number of spurious
attractors s negligibly small. We also calculatethe capacity
of the model.

One of the characteristic features of human memory is content ad-
dressability. Based on partial input cues, the system retrieves one
of the stored patterns. Implicit in this statement is the fact that
the memory “knows” that the retrieved item is something it has
encountered before. People fail to remember but they seldom con-
fuse unknown things with known things (unless they are halluci-
nating). Thus we need models of memory which, in addition to
having content, addressability, can validate their input in light of
their experience. The problem of validating the internal states of
the system is called the validity problem.

To make matters more concrete, consider the Hopfield model of
content addressable memory{1]. Two important considerations of
any neural model are: learning and computation. In this case these
two correspond to storage and retrieval. In the Hepfield network,
Hebb rule (also called the sum of outer products, in this case) is
used for learning; relaxation is used as the mode of computation.
During recall, the network iterates in its state space, {£1}%, until
convergence is achieved. The final state is taken as the recalled
memory item. It is possible to show that the relaxation converges
in all cases if the units update themselves asynchronously. This
can be proved by showing the existence of a function whose value
decreases after each asynchronous update. Hence we can consider
the stable states of the model as the local minima of this function.
For this reason, the memories are also called the “attractors”.

In the context of dynamical systems, it is desirable to distin-
guish between equilibrium points and stable equilibrium points or
attractors. An upper bound for the number of equilibrium points
of the Hopfield network is N [2],[3]. What is desireble for a CAM
is that the memories should also be stable equilibrium points. The
maximum nurnber of memories that can be stored as stable at-
tractors is called the capacity of the model. If Heb rule is used
for storage then the capacity of the Hopfield model is asymptoti-
cally 532 [4]. Another important performance measure of a CAM
is the number of spyrious memories (equilibrium points or attrac-
tors). The number of equilibrium points of the Hopfield network is
exponential in the dimensionality [4]{5]. Since at most N arbitrary
patterns can be made equilibrium points of the model, the number
of spurious equilibria is exponential in N. Hence there is a great
likelihood that the network converges to a spurious attractor on an

arbitrary input. The system has no way of checking whether the
attractor corresponds to one of the stored memories. We need a
mechanism to validate the state of the network in light of experi-
ence.

In this paper we propose a mechanism to solve this problem.
The main idea is to make the network use complex numbers for its
operation. In the complex domain, we define the genuine memories
as real stable. equilibrium points. We can then expect that the
number of spurious memories reduces greatly. In the rest of the
paper we show that the above ideas indeed work.

1 The model

As already mentioned we want to introduce complex numbers to the
basic model. One way to do this is to introduce an output function
and make this function complex. In the usual Hopfield model the
output is the identity function; in other words, the output of a unit
is the same as its activation. In our model, the output of a unit is
given by f(S), where S is the activation of the unit. Introducing
an output function raises the following issue: since the activation
vector and the output vector will in general be different, which
should be taken as the state of the network? Put differently, after
the dynamics of the network converges, does the activation vector
or the output vector stand for the recalled item? I our model the
state of the network is the activation vector.

The learning rule is a modification of the sum of outer product
rule. If $,,S,,-..,8 are the patterns to be stored, where S, €

then the strength of the connection from unit & to unit ¢ is

given by
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where Z denotes the complex conjugate of z and j = v/—1. We set
wj; = 0. The connection strengths are asymmetric, in general.

Let the current state of the network be S = (5 Sz++. Sn)T.
The operation of a unit can be summarized as

1. calculate the net input, F;, as
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2. update the activation value to S! as S! = ©(~;). where O(-)
is a complex hard-limiting function.

3. output f(S57).

The updates can be synchronous or asynchronous. The following
subsections discuss the choice of functions ©(-) and f(-).
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Figure 1: Complex hard-limiting func-
® tion. The figure shows the complex
‘ plane. The receptive field for each acti-
£, vation is the region surrounding it. For
' example, if the net input in region 72

) ®  then the activation value of she unit
£, is updated to +1. Similar comments
hold for region R, and activation value
® L4 . . .
--l. The equation of line £ isy =mXx
® where m = tan(#/8); -hat of Lg is
Y =—ma.
1.1  Complex hard-limiting function

This function relates the net input and the activation of a unit. We
use a finite number of activation dues. We also make the conven-
tion that all the activation values have unit, magnitude, i.e., they
lie on the unit circle in the complex plane. The maost natural way
to define the activation function is to divide the complex piane in
to disjoint regions and assign one activation value fer each region.
The updated activation value of a unit is the activation value cor-
responding to the region in which the net input falis. These regions
are also called “receptive fields” of the activation values. For the
analysis in this paper it is sufficient to define the receptive fields
of +1 and —1. But as an example, we define €(-) as below: (see

figure 1)
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where pe’® is a complex number with magnitude » and argument
#. This function uses 8 activation values spaced uuiformly on the
unit circle in €.

1.2 Output function

This function relates the activation of a unit to its output. If S is
the state of the network then the net input to a unit is given by

Fio= 3 0SE 5 f(SO(Sk) {3)
I k

We et this by substituting equation 1in 2. We will be interested
in th's sum for real 5. If we assume that f{-) also takes values on
the unit circle in @, then it is easy to see that F; is the same for
all the output functions for which the angle, ¢, between f(+1) and
f(—1) is the same. Hence the results in the subsequent sections are
given in terms of ¢. The output function can be taken as f(1) =1
and f(—1) = .

2 Number of spurious memories

Given the above details we proceed to calculate the number of spu-
rious memories. If we assume that the vectors to be stored are
independent random variables with equal probability of £1. then
the connection strengths in equation lare sumsof independent ran-
dom variables, and hence are normal. Consider a random binary
input vector which may or may not be one of the stored patterns.
Without loss of generality we can consider this to he composed of
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Figure 2: variation of ¢ with angle and dimensionality

+1s. The probability, p, that this is an equilibrium point of the
network is given by

p = Prob{F; € ’Rx,Fz ERy,- L ENE 'R]}

and the expected number of real equilibrium points of the network
by p2~. *This section concentrates on the calculation of p.

2.1 A quick calculation

In this we assume that the weights u;, and v; are independent
N(0,1) random variables. This is equivalent to the assumption
under which the expected number of spurious equilibrium points of
the real Hopfield model is calculated to be (1.0505)202874N [4][5].
Since the network is asymmetric, the net inputs F,, at different.
units are independent. Hence

p =¢~, where q=Prob{F; € Ry}

Letting F; = G; + jH;, we can calculate that both G; and A, are
N (0, (N - 1))and are uncorrelated (and hence independent). Then

1= //R n(2,0, (N~ 1);9,0,(N ~ 1);0) dz dy

where n{z, y15, 02; v, iy, 02; p) is the bivariate Gaussian density func-
tion with means p, and 4,, and variances o2 and aj with correlation
coefficientp. Because of symmetry of the integrand, the value of the
integral is the fraction of the area of the complex plane enclosed by
R1, which is L (see figure 1). Sop = g and the expected number
of spurious equilibria is 2Vp = .

The above calculation is confirmed by simulations. A network
with ¥ =16 and ¢ = 150° for the output function was simulated.
Both the real and imaginary parts of the weights were A’(0,1). Each
of the 2® binary vectors was checked for equilibrium condition
None of the vectors were equilibrium points of the ietwork.

2.2 Realistic calculation

The above calculation assumes random asymmetry Bu¢
weights learned using equation 1 have functional asymmetry
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asymptotic calculation of the expected number of spurious equilib-
ria is beset with technical difficulties mentioned in 4] i.e., we need
to consider an increasing number of weights. Since exact calcula-
tion seems impossible, we indicate below why the expected number
of spurious equilibria should be small for some values of .

If we use equation 1 to calculate the weights, the weights are
related in the following way:

1. u; and vy, are N(O,Mﬁﬂ‘;ﬂ’l) and N(O,M@‘;ﬁ) respec-
tively; their covariance is M (s4s2é),

2. for k # 1, E{ugug} = M(H528)2, .
E{ugoa) = M(222)(32), and E{viva} = M(32).

2

Using the above results, it can be proved that G; and H; are
N(0,0%) ani N(0,0%) and are uncorrelated where

+ + cos?
0% = N(N—1)M(1'—§‘lsi’f)2+NM(l'—c2‘—s—f) and
2
ol = NM(s1n2¢)
Hence

q=/] n(z,0,08;y,0,0%;0) dx dy
R

By change of variable, we get
q:// n(u,0,1;v,0,1;0) du dv
Ry

where R; is bound by lines v = tm'v where m’ = (%)m. The
angle enclosed by the lines is 2tan™*[(£)m] and hence the above
integral has the value

= dltan"(mes)
T oH

g is independent of M and depends only on N and ¢: The values
of ¢ are shown in figure 2. The figure also shows the equivalent of
g in the real Hopfield network, which is Prob{#; >0} =1/2. From
the figure it can be seen that the values of g in the complex model
are always less than 1/2, approaching it when ¢ approaches 180°.

As already mentioned the calculation of p from ¢ is difficult.
Since q for the complex model is less than that of the real Hop-
field model, we can expect that the expected number of spurious
equilibria is also less.

3 Capacity and content addressability

What is the maximum number of memories that can be stored and
retrieved by the model? In this section we answer this question
through simulation studies. The capacity of the mcdel depends on
the angle 4. A network with N =125 was simulated. The perfor-
mance of the network was studied for ¢ = 90°,120°, 135°,150°, and,
175”. For each value of ¢, the maximum number of p-atterns retriev-
able wes noted. This results are shown in figure 3. It is clear from
the figure that as ¢ gets closer to 180°, the capacity tends to the
capacity of the real Hopfield model. We also tested 1000 random
vectors for the equilibrium condition in each case none of them
were equilibrium points.

The foregoing study concerns the equilibrium properties of the
network. Because of asymmetry the general dynamics is difficult to
analyze. The model does possess content addressability property.
Error correction of up to 15 bits for all memories is possible for a
125-dimensional network, storing 5 patterns with ¢ = 150",

164

[

7

6 31

5 4

ol ¢ : capacity
X : angle

3+ Y : capacity

2 4

—————————+—+—+—= X
90 100 110 120 130 140 150 160 170

Figure 3: effect of angle on capacity

4 Discussion

We have proposed a model for CAM whose performance depends
on the parameter ¢. The performance of the model depends cru-
cially on d. We conjecture that the expected number of spurious
memories for this class of models varies as k¢". We have shown
that ¢ = 1/4 for the random complex asymmetric case; it can be
proved that ¢ =1 for random real asymmetric case; and ¢ = 1.22
for the real symmetric case from a result quoted earlier and the fact
that 202874V =127 In the complex model, c depends on ¢. Since
the real model is a special case of the complex model for ¢ =180°,
and the values of ¢ are less than the real model for ¢ < 180° (see
figure 2), there should exist a range of values fo1 ¢ lor which ¢ < 1.
This conjecture remains to be proved.

The capacity of the model is small for small values of ¢ as can be
seen form figure 3. Hence there is a conflict between the selectivity
and capacity of the model. The best values of ¢ seem to be in the
range 120" to 150” as N varies from 20 to 100. This can be see
from figure 2 where there is a transition in the values of ¢ from
high-low-high in this range.
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