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A linear network of communicating processors is analyzed.

The processors in the network may or may not be equipped with
front-end processors. The processing load originates either at
the boundary or at the interior of the network. Closed-form
solutions and computational techniques are presented for the
above situations, to obtain time optimal distribution of processing

loads on the processors. Some important results are proved
aaaly(1cally using the closed-form expressions.
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INTRODUCTION

One of the main problems in distributed
computation is the distribution of processing load
among processors to achieve minimum processing
time. This distribution of processing load depends
on the network architecture, speed of the processing
units, speed of communication channels, the number
of processing units, and the origination point of the
load. This problem is faced mainly in the analysis
and design of distributed intelligent sensor networks,
which is a collection of units with sensing, computing,
and communicating abilities [l]. In a sense, this is
a resource allocation problem in which the tradeoff
between computation and communication has to
be dealt with. The importance of tradeoff between
computation and communication has been recognized
earlier by several authors [ 2 4 .
In [l,51, the distribution of processing load in a
linear and tree network of communicating processors
is studied. In [l], recursive equations for obtaining
the optimal processing loads in a linear network are
developed. The cases of equal and optimal division of
the processing load among the processors are discussed
for networks with and without front-end processors.
The cases in which the processing load originates
at the boundary and at the interior of the network,
and also a method of incorporating the inclusion of
solution time (the time taken for the processors to
report the solution back to the problem originator)
is also presented. The main emphasis in the study
[l,51 is the development of recursive equations for
the determination of optimal processing loads on the
processors and obtaining computational solutions.
In a recent study [6, 71 the recursive equations for
bus-oriented architecture has been developed and a
similar computational technique as given in this work
has been proposed. However, no closed-form solutions
were derived.
In this work, a linear network of communicating
processors is considered. Our main objective is to
find closed-form solutions and easily implementable
computational techniques for the determination of
optimal processing loads allocated to each processor.
The processors may or may not be equipped with
front-end processors, and the processing load may
originate either at the boundary or at the interior of
the network. The closed-form solutions developed
here are for the case in which all the processing units
have the same computation speed and all the channels
have the same communication speed. If the speeds are
different for different processors and channels, then
the computational algorithm is useful. The advantage
of the closed-form solution is that analytic techniques
can be brought to bear upon them to get results which
otherwise would require considerable computational
effort. We use the closed-form expressions to prove
the important result that in a given linear network of
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Fig. 1. (a) Timing diagram. Origination at boundary. With front-end processors.

communicating processors, when the processing load
originates at the interior of the network, the minimum
processing time is independent of the sequence in
which the starting (root) processor shares the load with
its left and right neighbors.
In Section 11, we consider the case in which all
the processing units are equipped with front-end
processors (i.e., communication and computation can
be done at the same time) while in Section I11 we
consider the case without front-end processors (i.e.,
communication and computation cannot be done at
the same time). In both Sections I1 and 111, two cases
of the processing load originating at the boundary and
at the interior of the network are analyzed.
II.

LINEAR NETWORK W I T H FRONT-END
PROCESSORS

A.

Origination at Network Boundary

In this case, the processor at the left end of the
chain receives the full processing load which is to be
shared in an optimal manner by all the N processors.
The first processor keeps a fraction a1 of the
processing load for itself and transmits the remaining
(1 - a1) fraction to its right immediate neighbor (the
second processor). Similarly, the jth processor keeps a
fraction aj (of the total processing load) and transmits
the remaining to the ( j 1)th processor. The last
processor, upon receiving the fraction of the load,
does only computation. The process and the timing
diagram are shown in Fig. l(a). In order to obtain

+

maximum parallelism and minimum time solution all
the processors must stop at the same time [l]. The
starting processor should compute its fraction of the
processing load during the entire processing period so
that the total processing time Tt equals the processing
time of the starting processor [l]. From Fig. l(a) it
can also be seen that the processing time ajwjTcp
of the jth processor equals the transmission time,
(1 - a1 - 0 2 . . . - aj)zjTcmfrom the jth processor
to the ( j 1)th processor plus the processing time
(aj+lwj+lTcp)of the ( j + 1)th processor. Here T,,
is the time to transmit the entire measurement data
over a standard channel, Tcp is the time it takes for
one standard processor to process the entire processing
load, w,s are inversely proportional to the speed of the
jth processor, and zjs are inversely proportional to the
channel speed between jth and ( J + 1)th processor.
From Fig. l(a) the equations (for the processing load)
governing the maximum parallelism and minimum time
solution are written as follows [l].

+

‘ ~wjTCp
j
=

(1 -

. aj)zjTC,
- ~ 2 .. -

+aj+lwj+lTcp,

j = 1 , 2 ,...,N-1.

(1)

We also have the normalizing condition
al+aZ+...+aN=l.

(2)

From (1) and (2), we can see that there are N linear
equations in N unknowns. As they are linear equations
any standard solution technique, such as Gaussian
elimination, can be used to obtain the values of aj
( j = 1,2,...,N).
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Fig. 1 . (b) Parameter transformations. Origination at boundary.
TABLE I
Matrix A

The parameters in the original system of equations
(as developed in [ l ] )and the transformed system of
equations used here are illustrated in Fig. l(b). The P j s
( j = 2,3,...,N ) can be expressed as functions of PI.
From the normalizing equation (9,we can compute
the exact value of p1. Once the value of P1 is known,
all the remaining P j ( j = 2,3,. . .,N ) can be obtained.
For this purpose we now describe a computational
algorithm.
Computatwnal Algorithm: The set of equations
shown in (7) can be solved easily in a tabular
manner. For this purpose, we define a matrix A of
dimension
N x 3, as shown in n b l e I. In matrix A
However, our aim is to derive a closed-form
the first column of the jth row gives the processor
expression for aj and also an easily implementable
number, the second column of the j t h row stores a
computational algorithm for their determination. For
number
f j which is proportional to the processing
this purpose, we start the solution of the equation
load on the jth processor, and the third column of
from the last processor. This approach has been used
earlier, in the case of a bus-oriented architecture (6, 71. the jth row gives the sum of all the f , s up to the
jth row. The generation of the complete matrix A
For this, and for notational convenience, we use the
is shown in %ble I. From a b l e I, it can be seen
following relabelling transformation.
that the processing load, P j , of the jth processor is
j = 1,2,...,N
Pi = Q N - j + 1
A ( j , 2 ) / A ( N , 3 ) .Although it appears from B b l e I
vj = W N - j + l
j = 1,2,...,N
(3) that it is necessary to store all the three columns,
in fact it is enough to store just N values (i.e., only
j = 1,2,...,N - 1.
uj = Z N - j
the second column). This algorithm can be very
The transformed equations corresponding to ( 1 ) and
easily implemented as a subroutine. Note that each
(2) are as follows:
evaluation of A ( j ,2) needs only three multiplications
and one addition.
PjvjTCp= ( 1 - P I - b...- P j - l ) ~ j - l T ' ~
Actually, if only the second column is stored
+Pj-1vj-1TCp,
j = 2 ,...,N
(4) then the computational algorithm can be even more
P1+P2+".+/3N
(5) simplified by using the relationship
which can be rewritten as
Pj

= ( 1 - PI -

e - .

- Pj-l)(uj-l/vj)p +Pj-l(Vj-l/vj),
j = 2, ...,N
(6)

where p is defined as Tcm/Tcp,the ratio of
communication time over the computation time.
We now define 6, = u j / v j + l and q, = v j / v j + l ,j =
1,. ..,N - 1, and rewrite (6) as,
Pj

= (PI + P 2

+ ... + P j - 1 ) 6 j - l p + P j - 1 q j - 1 ,
j = 2, ...,N .

fl

=1

f2

= ( a l p + q1)fi

fj

=

{E+

bj-lp

+ qi-1

I-

bj-1qj-2
-~

fj-2,

1

fj-1

j = 3,4,...,N .

6j-2

(7)

This can be obtained by writing the equations for P j
and Pi-1 from (7) and then performing some simple

MAN1 SC GHOSE DISTRIBUTED COMPUTATION IN LINEAR NETWORKS: CLOSED-FORM SOLUTIONS

473

7
7

algebraic manipulations. This needs only the previous
two entries in the second column. Now we explain how
this tabular method leads to the solution of (7). For a
general fi, summation (fi + f2 . . . fi- 1 ) is available
at A ( j - 1,3), and f j - 1 is available at A ( j - 1,2). This
process is done up to j = N . Note that A(N,3) is the
.
the value of
is
addition of C f i f2 . . . f ~ ) Thus
l/A(N,3). The processing load on the jth processor
is thus P j = A(j,2)/A(N,3) for j = 1,2,.. . , N . This
tabular algorithm was tested with the values of w ,p,
and z given in [l] and the results obtained were found
to be identical.
Closed-Form Expressions: In the previous section,
an easily implementable computational technique for
obtaining the processing load on individual processors
was presented. In this section, we derive closed-form
expressions for the processing load P j of the jth
processor under the following assumptions.

+ +

From this it is easy to see that the coefficients in the
polynomial f i ( v ) can also be expressed in a recursive
manner as

c(j,i) = 2 c ( j - l , i ) + c ( j -

l,i-l)-c(j--2,i)

+ + +

Assumption I: All the w j s are of the same value
(i.e.,
= 1 for j = 1,2,...,N).
Assumption 2: All the zjs are of the same value
(i.e., 6 j = 6 for j = 1,2,.. .,N - 1).
In other words, all the processing units have the
same processing speed and all the channels have the
same communication speed. This is an assumption
which is valid for many intelligent sensor networks.
Under these assumptions, (7) representing the
processing loads is rewritten as
Pj

= (p1

+ pZ + . . . + Pi- 1 ) v + P j - 1 ,

where v = 6p. Now we can get a closed-form solution
for (9) and the normalizing equation (5). The set of (9)
are (N - 1) linear equations with N unknowns. So it is
possible to write each Pi ( j = 1,2,. . . , N ) as a function
of P1 and v. It is easy to see that, denoting P1 = E , this
relation can be expressed as
(10)

where

f i ( v ) = c(j,O)vO + c ( j , 1)vl +

’ ’ ’

+ c(j,J - 1)vj-l.
(11)

The function f i ( v ) is a polynomial in v of ( j - 1)
degree and c(j,i) represents the coefficient of v i in
the function f i ( v ) and is expressed as
c(j,i) =

(16)
From the normalizing equation (5) the value of
can be obtained as
1
E=

E

=

E,”=,

fi (v>
which can be written (after some algebraic
manipulations) as

(18)

j = 2,. . .,N

= f i (VIE

c(1,l) = 1,
(15)
for i = 1,2.
c(2,i) = 1,
From (14) with the boundary conditions (15) the
expressions for c(j,i) given in (12) can be obtained.
So the general expression for P j can be written as

1

(9)

Pj

(14)
with the boundary conditions
for all j
c(j,O) = 1,

An easy way of computing the value of E without using
the summation in the denominator of (18) is discussed
later. An easy way to represent the closed-form
solution is to write the coefficients c(j,i) in the form
of a matrix c shown in lhble 11. The columns, indexed
by i, represent the powers of v and the rows, indexed
by j , represent the processor number. The non-zero
entries in the matrix are given by (12). Note that for
the jth processor the coefficients c(j,i) are non-zero
only up to i = j - 1. It can also be seen that the entries
in this table can be generated independent of the
number of processors N . The fraction of the total
load shared by the jth processor (when there are N
processors) is given by the ratio of the polynomial in v
formed by the jth row and the sum of the polynomials
formed bv each row uu to the Nth row, i.e.,

The denominator of (19) can be found easily by using
the relation,

+

( j i - l)!
(2i)!(j - i - I)!

N

We can derive the above expression (12) by rewriting
the recursive equation (9) as

Cficv>
=

IfN+l(v)-fN(v)I/v

(20)

j=l

or if f N + l ( v ) is not available then,

P1 = E

P = (1 + v>P

(13)

Pj=(2+~)Pj-~-Pj-2
474

j = 3 , 4 ,...,N .

j=l
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Fig. 2. (a) Timing diagram. Origination at interior. With frontend processors.

all the processors. The root processor first divides the
processing load into smaller parts, then it transmits
the fraction a' of the total processing load to its left
j f i 0
1
2
3
4
5
6
7
. .
immediate
neighbor and the fraction a' of the total
1
1
processing load to its right immediate neighbor and
2
1
1
3
1
3
1
keeps the remaining fraction (1- a' - a') for itself to
6
5
1
4
1
compute. Upon receiving the data, the first processor
5
1
1 0 1 5
7
1
on the left shares the total processing load a' with its
6
1
1 5 3 5 2 8
9
1
neighbors in a manner described in the earlier section.
84
45
11
1
7
1
21
70
The first processor on the right performs a similar
8
1
28
126 210 165
66
13
1
. .
. . .
operation with the fraction a' of the processing load.
This situation and the timing diagram are shown in
Fig. 2(a). Note that first the fraction of the load a' is
From (21) one can easily compute the value of E
sent to the left and then the fraction of the load a'
without going through the summations of all the
is sent to the right. As mentioned earlier, in order
polynomials used in (17)-(18). For example, the load
to achieve maximum parallelism and minimum time
on the fourth processor ( j = 4), when there are a total solution all the processors must stop computing at the
of five processors ( N = 5 ) is given (from Thble 11) by
same time and the root processor should compute
its fraction of the processing load during the entire
1 6v 5u2 v3
processing period. The total processing time TI is
p4 = 5 20"
21u2 + 8v9 + v4
equal to the processing time of the root processor. The
and the total processing time is given by ~ N V N T ~ ~ governing
.
equations are written separately for the left
and right side as follows.
Left side:
B. Origination From Network Interior
W L E I1
Matrix C

+

+ +
+

+

In this section, we analyze the case where a
processor in the interior of the linear network, instead
of the one at the end receives the full processing load.
There are N' processors to its left and N' processors
to its right. The processor which receives the full load
(root processor) has to share the processing load with

CY; wiTcp = (a'

-

.- 0 ; ) ~ f T ~ ~

- ai..

+ af+,Wf+lTcp,

j = 1,2,. ..,N' - 1.
(22b)
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Right side:

Right side:

aowoTcp = (a'

+ a')z;T,, + a;w;Tcp

(22c)

po = (pi + p;

+ ' . + p$
'

ofwjTCp= (a' - 0;:
- as.. .- 0f)zfTcm

+ ar+lwr+lTcp,

j = 1,2,...,N' - 1.

In the above equations, the superscript identifies the
direction left or right and the subscript stands for the
processor number. The number of the root processor
is zero. a0 is the processing load on the root processor
and is the total processing load minus the sum of the
processing loads transmitted to the processors on the
left and right sides. Also note that (22b) and (22d)
are similar to the governing equations of the earlier
section, but the sum of af ( j = 1,2, ...,N l ) is equal to
a' and the sum of af ( j = 1,2,... ,N') is equal to a'.
Equations (22a) and (22c) connect the processors on
the left and right side. The normalizing equation is
a0

+a; +a; + . . . + akr = I.

+ai +a: + . . . +&I

(23)

We follow the same relabelling transformations given
by (3) for the left and the right side processors with
appropriate superscripts 1 and r. The parameters
relating the root processor with its immediate
neighbors, are illustrated in Fig. 2(b).

qf) = v ~ l / v o

6; = u y v o .
The transformed equations are as follows.
Left side:

PO= (pi + pi + . .. + ,Ohl)Sf)p+ pkl qh
p; = (pi + p; + + p;-1)6f-,p

(25a)

"'

+,f3j-lqj.-l,
'
I
476

j = 2 , 3 ,..., N'.

(25b)

+ p;-lqf-l,

j = 2,3,.. .,N'.

(2%)

The corresponding normalization equation is

po +pi

+ p; + pg + .. ' + ph, = 1.

+ p; + . . .

(26)
We can observe that except in the equation for PO,
the equation for pi,&,. ..,
and p[,P$,...,PNrare
similar to the system of equations described in the
earlier section. We denote

&,

pi

=Er,

pi

(27)

=E'

where E' and E' are the fraction of the processing
load shared by the last processor on the right-hand
side (RHS) and left-hand side (LHS), respectively.
Following the steps in the earlier section all the
( j = 1,2,...,N ' ) and p0 can be expressed as
functions of EI = pi. Likewise all the p; ( j = 1,2,. ..,N')
can be expressed in terms of E' = pi. Now we have to
find a relationship between E' and E'. This relationship
is obtained by equating (25a) and (2%). Once this is
done, the value of E' can be found from the normalizing
equation and the processing load on all the processors
can be computed.
Computational Algorithm: The set of equations
shown in (25) along with (26) can be solved using
the tabular method. For this purpose, we generate
two matrices A' and A' for the left and right side,
respectively, as described in the earlier section. The
matrices A' and A' have three columns and (N' + 1)
and (N' 1) rows, respectively. The (N' 1)th row
corresponds to the root processor. The (N' + 1)th
row is used only to find the relation between E' and

+

+
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where f i ( v ) is a polynomial of degree ( j - 1) as
discussed in the earlier section. The coefficients of
E' =
these polynomials are the same as given in (12) and
E'.
represented in Thble 11. Now equating (32a) and (32c)
{A'(" + 1,2) (1 + A'(N',2)q/,$}
60
we obtain
(3)
= (pi + ~5 + . . . + ~ I ; I , ) up ; ; ~ r
(34)
This relationship between E' and E' given in (28) is
I - fNr+l(u)Er
obtained by equating ( S a ) and (Zc), yielding
& -(35)
E'.

That relation is given by

+ 1,2)

A'("

$)} {

+

{p"iil (1 -

2)

fNf

+ pkfq/,$}&' = pI;I,+l~r.(29) using (35), (33) are written as
60

Now we multiply all the elements of matrix A' ,by the
relation given in (28) and call this new matrix A'. The
value of E' is now obtained as
1

I

E'

= ,&(N'

Once the value of
found from
Po =

pj

+ 1,3) + A'(N',3)'

(30)

is known, the values of pis can be

E'

Po =

fN1

+l(v)fN'+l(v)Er
fNl

- fj(v)fNr+l(v)Er,
j = 1,2,...,NZ
fNf (U)
p; = %(V)E',
j = 1,2,. ..,N'.
1

(36)

Substituting (36) in the normalizing equation (26), the
value of E' = pi can be obtained as

+

A'("
1,2)
A'(N' + 1,3) + Ar(Nr,3)

2'( 1 , ~ )

=

A'(N'

+ 1,3) +Ar(Nr,3)'
j = 1,2, ...,N'

(37)

Note that fNr+l(v) and fNl+l(v) are the polynomials
generated by the (N' + 1)th and (N' 1)th rows of
pi' =
A' ( j ,2)
the matrix C m b l e 11) and they need not be related
A 1 ( N [+ 1,3) + Ar(Nr,3)'
to any physical processors in the network. However, it
should also be noted that fNf+,(v)&'is also the load on
j = 1,2,...,N'.
the root processor. Further, the total processing time is
Closed-Form Expressions: The closed-form
given by powoTcp.
expressions obtained in this section are based on the
As mentioned earlier, the root processor follows
assumptions that all the processing units have the same the sequence of first sending the fraction of the load
processing speed and all the channels have the same
a' to the left and then sending the fraction of the
communication speed. Now (25) is written as follows.
load cy' to the right. Now we prove that the minimum
Left side:
computation time remains the same, even when the
sequence is reversed (i.e., when the root processor first
po = (p: + p; + . . . + &l). + p;I
( 3 b ) sends a processing load to the right and then sends a
processing load to the left).
pf = (p: + p; + ... + p;-,>. + pf-1,
It can be seen that the following two situations
j = 2,3,...,N'.
(32b) are equivalent. 1) There are N' processors on the left
and N' processors on the right of the root processor.
Right side:
The load is first sent to the right. 2) There are N'
Po = (p: + p: + ... + PLI
processors on the left and N' processors on the right
+ /3[ + /35 ... + ~ N , ) v+ phr ( 3 2 ~ ) of the root processor. The load is first sent to the left.
Thus the minimum time required for computing
p; = (pi p; + . . .
the load in case of 1 above can be found by obtaining
+&_,, j = 2 , 3,...,N'.
(324 the same for 2 above, which can be done easily by
exchanging N' and N' in (37) and (36), and then
Exactly as in the previous section, the p j s can be
substituting (37) into (36). This gives the value of PO
expressed as
corresponding to situation 2 as,

(31)

+

+

+

+
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We prove that this value of PO matches with the value
of ,&I in the original sequence as given by (36) and
(37). In (38) the numerator remains unchanged if the
values of N' and N' are interchanged. We have to
prove that the denominator also remains unchanged
if the values of N' and N' are interchanged. In other
words, we have to prove the following:

processors. The processors are not equipped with
front-end processors, so that the processors cannot
compute and communicate at the same time. The first
processor keeps a fraction a1 of the processing load
for itself. First it transmits the remaining processing
load (1 - a1) fraction to its right immediate neighbor
(the second processor) and then computes its own
fraction al. Similarly, the jth processor, upon receiving
the fraction of the load (1 - a1 - a2 - . . . - ayi-1)
keeps a fraction aj of the processing load for its
computation. First it transmits (1 - a1 - 0 2 . . .- a;)
to the ( j + 1)th processor and then computes its
fraction a;. The process and the timing diagram are
shown in Fig. 3. In this case also, in order to obtain
maximum parallelism and minimum time solution,
(39) all the processors must stop at the same time [l].
From Fig. 3, it can be seen that the processing time
a; wjT,, of the jth processor equals the transmission
time (1 - a1 - a2 - . . . - aj+l)zj+lT,,,,to the ( j 1)th
processor plus the processing time a;+lw;+lT,, of the
( j + 1)th processor. From Fig. 3 the equations for the
processing loads governing maximum parallelism and
minimum time solution are written as follows.

We know that

+

~rjw;T,,= (l-al-

a2-...-~~;+1)~j+lT,.~

j = 1,2,3,...,N - 1.
(43)

+a;+iW;+iTcp,

With the normalizing condition
0 1

Collecting the terms corresponding to N' and N',
expression (41) can be written as

In (20), putting N = N' and N = N', and substituting
the resultant expressions in (42), the LHS of (39)
reduces to zero. Hence the minimum computation time
is independent of the sequence of load distribution
by the root processor. However, the load on the
individual processors are dependent on the sequence.

Ill.

A.

Origination at Network Boundary

(44)

"'

Equations (43) and (44) are of the same type as
discussed in the case with front-end processors. An
interesting point to note from these equations is that,
without front-end processors, the computation time
of the last Nth processor is equal to the computation
time of the ( N - 1)th processor. The reason is that the
Nth processor need not communicate and so both the
Nth and ( N - 1)th processors start computing at the
same time.
Now we follow the same analysis and relabelling
transformations (3) of the earlier section. The only
difference is that in this case, the djs are defined as
u;/v;+2 ( j = 1,2,. .., N - 2). The processing load P; on
the j t h processor is
P2

= Pllll

Pj

= (PI + P 2 + ' . + P j - 2 1 6 j - 2 ~
'

+ P;-lql-l,
LINEAR NETWORK WITHOUT FRONT-END
PROCESSORS

In this case the processor at the left end of the
chain receives the full processing load, which is
to be shared in an optimal manner by all the N
478

+ a2 + + a N = 1.

(45)

j = 3,4,...,N

+ + + P N = 1.

(4)

"'

Now we describe the tabular method for
computation of the processing load P j ( j = 1,2,. ..,N),
in the case without front-end processors.
Computational Algorithm: Tmble I11 (matrix B) is
developed in the same manner as matrix A in the case
with front-end processors. The differences are 1) the
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Fig. 3. Timing diagram. Origination at boundary. Without front-end processors.

with front-end processors. By denoting p1 = p2 = E ,
each ,f3j( j = 3,4,. ..,N) can be expressed as

TABLE 111
Matrix B

i

C gi

gj

where gj(v) is a polynomial in v defined by

+

gj(v) = [D(j,O)vo+ ~ ( j , l ) v ' ... + D ( ~ , L ) v ~ J
(49)
where L is ( j - 1) divided by 2 and truncated. The
coefficients D ( j ,i) are
initial values are B(1,2) = 1, B(1,3) = 1, B(2,2) = VI,
and B(2,3) = 1 VI, and 2) the elements of B(j,2) are
a function of B(j - 2,3) and B(j - 1,2) whereas A(j,2) The above expression (50) is obtained in the same
is a function of A ( j - 1,3) and A ( j - 1,2). From Thble
manner as c(j,i) given in (12). The general expression
I1 it can be seen that the processing load pj of the jth
for p, is
processor is B ( j , 2 ) / B ( j , N ) .
Closed-Form Expressions: In this section, we
pj = C D ( j , i ) V ' E.
(51)
derive closed-form expressions for the processing load
pj of the jth processor, when the processors are not
From the narmalizing equation (46) the value of E can
equipped with front-end processors. We follow the
be obtained as
same assumption that all the processing units have the
same processing speed and all the channels have the
1
same communication speed. With these assumptions,
(45) is written as

+

1

where U = 6p. Now we can get a closed-form solution
for (47) with the normalizing equation (46).For this
purpose, we follow the same idea used in the case

The coefficients D ( j , i ) can be written in the form
of a matrix shown in Thble IV. Once this matrix is
generated, the solution procedure is the same as
discussed in the case with front-end processors. For
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Fig. 4. Timing diagram. Origination at interior. Without front-end processors.
TABLE N
Matrix D

3
1
1
4
1
3
5
1
6
6 1 1 0
7
1 15
8
1 21
9
1 2 8
10 1 36

.

.

.

If polynomials up to g N ( V ) only are available then,

(54)

The total processing time is given by P N V N T ~ ~ +
(1 - P N ) u N - ~ T ~ ~ .

1
5
15

1
7
7 0 2 8 1
126 84 9

35

.

.

.

B.

.

.

.

.

Origination from Network Interior

.

In this section, we analyze the situation where a
processor in the interior of the network receives the
full processing load. There are N’ processors to its left
example, the load on the fourth processor ( j = 4),
and N‘ processors to the right. The processor (root
when there are total of ten processors (N = 10) in the
processor) which receives the full processing load, first
network, is given by
divides the processing load into smaller parts, then it
first transmits the fraction a’ of the total processing
1+3u
load to its left immediate neighbor and then transmits
P4 =
i o + 1 2 0 +~ 252v2 + 120v9 + 1oV4’
the fraction cr‘ to its right immediate neighbor. The
root
processor keeps the fraction (1- a[ - o r )for its
The denominator of (52) can be easily generated using
computation. Since the processors are not equipped
the following expression.
with front-end processors, they first communicate
N
the processing load to their neighbors and then start
c g j ( ’ > = k N + 2 ( u ) -gN+l(v))/v(53) their own computation. The situation and the timing
j=l
diagram are shown in Fig. 4. Note that the root
IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 30, NO. 2 APRIL 1994
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I
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processor follows the sequence of first sending the
load to the left and then sending the load to the right.
Following the earlier section the governing equations
for the left and right side are as follows.
Left side:

afwfTcp= (a' - a: - a;. . . - a;+l)z;+lTcm

+ af+lwf+lTc,,

1,2,..., N r ) can be expressed as functions of E'. Now
using the equation for PO,we find a relationship
between E' and E'. For this, we define vo = v & , + ~
=
and U; = uhr, vT, = v k r . Substituting these in
(57b) and (57d) we get the following.
Left side:

j = 1,2,. ..,N' - 1

Po = (Pi

+Pi

+ ... + P

UkI-1

kJ-dKP

(55a)

+

+ pkl

C~OW=
O (0'
T ~-~ C I ~ ) Z ~' YT ~~W~ ~- To;z[Tcm
~,
(55b)

VLl

'NJ+1

-P

Uk,

'y-p.

(ma)

'Nr+l

Right side:

We follow the relabelling transformations given in (24)
but with the following modification 6f = ~ $ / v f j+ =~ ,
1,2,. ..,N' - 1, and 6; = U ; / V ; + ~ , j = 1,2,. .. ,N' - 1.
The transformed equations are as follows.
Left side:

Pi = P h i
p;

= <pi + p;

+ .. . + &2)6f_,p

+ P j' - l V j I- 1 ,

j = 3,4, ...,N'

(57a)

+ (p; + p; + ... + &,)6&,-1p-

(61)
where a = ( u h , / v h r + l ) p .
In (61), all the quantities in the LHS can be
expressed as a function of E' and all the quantities in
the RHS can be expressed as a function of E'. Hence
the relationship between E' and E' is obtained as

ULL-1

Po=

(PIL+Pk+.-+P;L-1)-p

+piL-+V L L

E'

VO

'UT,

-.

=

(v". - uhr-1p)PLr + p(u;

+Uhr-1)

g

1

pi' E'

-ULI-~P)P~
+ I~ u [ N 1 _ 1N'
C j = l1 P j

(57b)

(62)

VO

VO

Right side:

P5 = Pivi
pi' = (pi + p; + ... + Pjr-@i'-2p + pi'-1q;-1
po = (pi + p;

&6hr-,p

(57c)

+ . . . + /3kr-1)-pU hVOr - 1 + p;;.-.V;V,
VO
(57d)

The normalization equation is

where U; is inversely proportional to the channel speed
between the root processor and the first processor on
the right side. Now we describe the computational
algorithm for determination of the processing loads.
ComputationalAlgorithm: The set of equations
(57) along with (58) can be solved using a tabular
method. For this purpose, we generate two matrices B'
and B' for left and right side as decribed earlier (Tmble
111, matrix B). Matrix B' has N' rows and matrix B'
has N' + 1 rows. The (N' + 1)th row corresponds to
the root Drocessor. The relation between E' and E' of

Now we denote

pi

= E',

Pi = E'.

Using the above, all pi ( j = 1,2,. .., N ' ) can be
expressed as functions of E' and all the pj' ( j =

(59)

(63)
Now multiplying all the elements of matrix B' by the
value &'/E' obtained from (63), we obtain the matrix
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B'. Then the value of
=

E'

E'

Now using (67) and (68) with the normalizing equation
(58) the value of E' is obtained as

can be obtained as

1
81(N2,3) B'(N'

+

(64)

+ 1,3)*

E'=
1

Once the value of E' is known, the values of PO, ,L$
( j = 1,2,..., N ' ) and P; ( j = 1,2,...,N') are given by
Po =

pj =

+

B'(N'
1,2)
1,3)
B1(N',3) B'(N'

+

B'(j,2)
&(N',3) + B'(N'

+ 1,3)'

j = 1,2,...,N'

Pi'

(69)

+

B'(j,2)
= &(N1,3) B ( N r

+

(65)

+ 1,3)'

j = 1,2,...,N'.

Closed-Form Expressions: If all the processing
units have the same speed and all the channels
have the same communication speed, we can derive
closed-form expressions for the processing loads when
the total processing load originates at the interior
of the linear network. Under this condition (57) is
rewritten as follows.
Left side:

Pi = P:
P;=(P: + p ; + . - + P ; 4 ) v + p ; 4
j = 3,4, ...,N'
Po = (P' - p' - P L l ) Y

+&I.

THEOREM.In a given linear network of
communicating processors, with identical processors
and communication channels, when the processing load
(e)
originates at the interior of the network, the minimum
computation time is independent of the sequence in
which the root processor shares its load with its left and
(66b)
right neighbors.
( W
IV. CONCLUSIONS

Right side:

P5 = Pi
pi' = (pi + p5 + ' . . + Pi'4)v + &I,
j = 3,4, ...,N'

po = (P' - phr)v+ ph..

(6W

(Se)
(%f)

It is easy to represent (66) using (59) and (48)as
Po = g w + 1 ( 4 E '

pi' = gj(v)E',
= gj(v)E',

j = 1,2,...,N'
J

(67)

= 1,2,...,N'.

The polynomial g j ( v ) is defined by (49) and the
coefficients of the polynomial are given in n b l e Iv
Now equating
and (66f) we obtain
(D
the relationship between E' and E' as

&[

=

{ (1 - v>gNr(v>+ 2v ciyLi g j ( v ) } E'.
{~-v)gNl(v+
) vCzigj(v)}
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Once the value of E' is known all the pis can be
computed from (67). The total processing time is given
by pOw0Tcp + p'ugTcm + P'ubTcm.
As mentioned earlier, the root processor follows
the sequence of first sending the fraction of the load
a' to the left and then sending the fraction CY' to
the right. Using a similar line of reasoning to that
which was employed in the situation where there
were front-end processors, one can also show that the
minimum computation time remains the same even
when the sequence is reversed (i.e., the root processor
first sends the processing load to the right and then
sends the processing load to the left).
Based on the results from Sections I1 and 111, we
can state the following theorem, which is true for both
the cases of with and without front-end processors.

Closed-form solutions and computational
techniques are presented for the determination of
optimal processing loads on the processors in a
linear network. Results for all the cases, with and
without front-end processors, and origination of the
processing load at the boundary and at the interior of
the network, are presented. It is interesting to note
that in a given h e a r network, the minimum processing
time, for the processing load originating at the interior
of the network, is independent of the sequence of the
load distribution by the root processor.
The advantage of the computational technique
presented is that it can be easily implemented. The
matrices and tables presented €or c&nputational
techniques and closed-form solutions are independent
of the number of processors. Hence, once the tables
and matrices are generated for a large number of
processors, the optimal load distribution to processors
in any linear network can be found. The closed-form
solution presented here is superior to previously
existing methods when identical channels and identical
processors are used in a linear network. If this is
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not the case then the computational procedure
described here or in [l] should be followed. Some
important conclusions which could be drawn from the
computational results presented in [l] are analytically
derived here from the closed-form expressions. It
seems possible that the techniques used here for
obtaining these closed-form expressions can be
extended to obtain similar expressions for other
complex networks of processors.
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