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Abstract The ongoing COVID-19 pandemic has
affected most of the countries on Earth. It has become
a pandemic outbreak with more than 50 million con-
firmed infections and above 1 million deaths world-
wide. In this study, we consider a mathematical model
on COVID-19 transmission with the prosocial aware-
ness effect. The proposed model can have four equilib-
rium states based on different parametric conditions.
The local and global stability conditions for awareness-
free, disease-free equilibrium are studied. Using Lya-
punov function theory andLaSalle invarianceprinciple,
the disease-free equilibrium is shown globally asymp-
totically stable under some parametric constraints. The
existence of unique awareness-free, endemic equilib-
rium and unique endemic equilibrium is presented. We
calibrate our proposed model parameters to fit daily
cases and deaths from Colombia and India. Sensitiv-
ity analysis indicates that the transmission rate and
the learning factor related to awareness of susceptibles
are very crucial for reduction in disease-related deaths.
Finally, we assess the impact of prosocial awareness
during the outbreak and compare this strategy with
popular control measures. Results indicate that proso-
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cial awareness has competitive potential to flatten the
COVID-19 prevalence curve.
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1 Introduction

The ongoing outbreak of coronavirus disease 2019
(COVID-19), caused by SARS-CoV-2 virus, a highly
contagious virus, has been a massive threat for gov-
ernments of many affected countries. COVID-19 is
causing obstacles for public health organizations and
is affecting almost every aspect of human life. The out-
break was declared a pandemic of international con-
cern by WHO on March 11, 2020 [51]. The virus can
cause a range of symptoms including dry cough, fever,
fatigue, breathing difficulty and bilateral lung infiltra-
tion in severe cases, similar to those caused by SARS-
CoV and MERS-CoV infections [15,18]. Many peo-
ple may experience non-breathing symptoms includ-
ing nausea, vomiting and diarrhea [4]. Chan et al. [5]
confirmed that the virus spreads through close contact
of humans. It has become an epidemic outbreak with
more than 50 million confirmed infections and above 1
million deaths worldwide as of October 31, 2020 [10].

Coronaviruses were first identified in 1965, since
then these viruses have caused significant threat to
human society. Although some of the coronaviruses
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caused minimal complications, few others have trig-
gered major epidemic outbreaks in geographically
diverse regions. Two of the outbreaks, namely severe
acute respiratory syndrome (SARS) in mainland China
in 2003 [16,27] and Middle East respiratory syndrome
(MERS) in South Korea in 2015 [9,20], were observed
in northeast Asia. In 2012, an outbreak of MERS in
SaudiArabia [11,41]was observedwhich is in themid-
dle east region. The SARS andMERS epidemic caused
around 8000 and 2200 laboratory-confirmed cases,
respectively [23]. Toward the end of 2019, a new coron-
avirus (COVID-19) that is genetically similar to SARS
andMERSwas identified inWuhan, China. COVID-19
has lower case fatality rate than SARS and MERS, but
it has significantly higher infection propagation rate.
Profoundly affected countries implemented strict lock-
down following the exponential rise in COVID-19 con-
firmed cases. However, due to high infectiousness the
virus has spread to almost all the countries of the globe.
Due to non-availability of vaccines and specific medi-
cations, non-pharmaceutical control measures such as
social distancing, lockdown, use of mask, use of PPE
kits and awareness through media are studied using
different theoretical frameworks [24,36,42].

Mathematical models based on nonlinear differen-
tial equations may provide a suitable mechanism for
the dynamics of COVID-19. Appropriate models can
be used to test the efficacy of the control interventions
against COVID-19. Several studies were performed
using real data from profoundly affected countries and
analyzed various features of the outbreak as well as
assess the impact of interventions such as lockdown
approaches to suppress the outbreak in the concerned
countries [1,22,39,42,57]. There has been a few math-
ematicalmodels to assess the impact of awareness cam-
paigns against COVID-19 [6,21,34,35,55,58]. These
research articles mainly incorporate the awareness
throughmedia campaigns. Themedia effect ismodeled
in twoways: by addingmedia compartment to COVID-
19 model [6,21,34,58] and through reduction in inci-
dence function due to media campaigns [35,55]. How-
ever, there is a scope of investigating prosocial aware-
ness on the dynamics of COVID-19 transmission. The
idea is that the aware susceptible persons will pass the
information (regarding use face mask, social distanc-
ing, mortality due to COVID-19, etc.) to the unaware
susceptible individuals. The unaware people become
aware by contacting the aware susceptible and practice
the self-protection measures. In this process, the aware

susceptibles have to take some risk in order to pass the
information to unaware individuals. For this, we call it
prosocial awareness.

As case studies, we use daily notified cases and
deaths from Colombia and India. With over 50 mil-
lion inhabitants, Colombia is the third-most-populous
country in Latin America. On March 6, 2020, Colom-
bia reported the first confirmed case of COVID-19.
On March 17 , Colombian government declared a
state of emergency due to COVID-19. The govern-
ment imposedmandatory isolation for all adults over 70
years of age from March 20, 2020, to May 31, 2020.
Elderly people were advised not to leave their resi-
dences unless there is an emergency. Moreover, local
government administration was ordered to bring the
necessary medicines and food to elderly people at their
home. Afterward, a nationwide lockdown for 19 days
was imposed from March 24, 2020 [52]. As of August
28, 2020, there were more than 590 thousand con-
firmed cases (currently, the world’s 7th highest) and
above 18 thousand confirmed deaths [10]. As the out-
break of COVID-19 is expanding rapidly in Colombia,
real-time analysis of epidemiological data is required
to increase situational awareness and inform interven-
tions. Mathematical modeling based on dynamic equa-
tions [13,37,46] may provide detailed mechanism for
the disease dynamics. A few studies were based on the
Colombia COVID-19 situation [2,8,38,47]. The objec-
tives and main findings of these studies are reported in
Table 1.

On the other hand, India is another country which
is profoundly affected by COVID-19. On January 30,
2020, India reported its first case ofCOVID-19 inThris-
sur, Kerala, which rose to three cases by February 3;
all were students returning from Wuhan. Indian gov-
ernment implemented lockdown fromMarch 25, 2020.
Despite strict lockdown, India has reported more than
3 million cases as of August 28, 2020. Some stud-
ies are performed to reduce COVID-19 cases in India
[7,30,42,43]. Various control strategies have been pro-
posed and analyzed. The objectives and main findings
of these studies are reported in Table 2. These stud-
ies have broadly suggested that control measures could
reduce the burden of COVID-19. However, none of the
studies has considered awareness as a control utilizing
recent epidemic data from Colombia and India.

The main objectives of this study are to (i) pro-
pose and analyze a compartmentalmodel incorporating
prosocial awareness, (ii) use available current COVID-
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Table 1 Related works on COVID-19 pandemic in Colombia

Research topic Objective Main conclusion

Dynamic interventions to control
COVID-19 pandemic [8]

They modeled the impacts on
intensive care unit (ICU) admissions
and deaths over an 18-month period
for following scenarios: (1) no
intervention, (2) consecutive cycles
of mitigation measures followed by a
relaxation period and (3) consecutive
cycles of suppression measures
followed by a relaxation period

Dynamic cycles of 50-day
suppression followed by a 30-day
relaxation kept the ICU demands
below the national capacities

Time-dependent and
time-independent SIR models
applied to the COVID-19
outbreak [2]

Using a SIR model variants to study
the spread of the pandemic in
Argentina, Brazil, Colombia, Mexico
and South Africa for which the
epidemic peaks are yet to be reached

They conclude that SIR model variants
can be used to describe COVID-19
outbreaks. Universality of some
parameters such as recovery rate is
observed for most of these countries

SIR model of the COVID-19
pandemic in Cali, Colombia
[38]

Estimating the rate of initial exponen-
tial growth of new cases and the basic
reproductive rate for a potential out-
break in city of Cali in Colombia

The estimates from these studies
provide different scenarios of
outbreaks and can help Cali to be
better prepared during the ongoing
COVID-19 outbreak

Epidemiological characterization of
asymptomatic carriers of COVID-19
in Colombia [47]

Characterize patients with AC sta-
tus and identify associated sociodemo-
graphic factors

Sociodemographic characteristics
strongly associated with AC were
identified, which may explain its
epidemiological relevance and
usefulness to optimize mass
screening strategies and prevent
person-to-person transmission

19 epidemic (Colombia and India) and calibrate the
proposed model and (iii) compare prosocial awareness
with other popular control measures in Colombia and
India.

Rest of the paper is organized as follows: A mathe-
matical model which incorporates the prosocial aware-
ness is described in Sect. 2. The equilibrium points of
the model and their stability along with related condi-
tions are presented in Sect. 3. In Sect. 4, the transcritical
bifurcation phenomenon is presented betweenmultiple
equilibria. Next, in 5, we fit the proposedmodel to daily
new COVID-19 cases and deaths from Colombia and
India. The impact of prosocial awareness and compari-
sonwith other control strategies is also studied. Finally,
in Sect. 6, we discuss the results from our study.

2 Model formulation

In this section, we describe the formulation of a
mechanistic SEIR-type model for COVID-19 dynam-
ics that incorporate prosocial awareness. A nonlin-

ear system of differential equations is used to for-
mulate the model. An SEIR (susceptible–exposed–
infected–recovered) model for epidemic dynamics has
been studied elsewhere [32,33]. In the present con-
text, the susceptible population is divided into two
disjoint classes, namely unaware and aware suscep-
tible population, where the aware people are those
who apply at least one non-pharmaceutical interven-
tion consistently (e.g., wear a mask, wear a face shield,
maintain social distancing by staying 6 feet apart).
Rest of the susceptible individuals are assumed to
be unaware. The infected population is subdivided
as notified COVID-19 people and un-notified people.
Thus, we consider six mutually disjoint subclasses,
viz. unaware susceptible class (Su(t)), aware suscep-
tible class (Sa(t)), exposed class (E(t)), un-notified
infected class (I (t)), notified infected class (J (t))
and recovered class (R(t)). We denote by N (t) the
sum of all classes, i.e., N (t) = Su(t) + Sa(t) +
E(t) + I (t) + J (t) + R(t) for all time t > 0. Some
known epidemiological factors are considered tomodel
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Table 2 Related works on COVID-19 pandemic in India

Research Topic Objective Main Conclusion

Healthcare impact of COVID-19
epidemic in India: A stochastic
mathematical model [7]

Using a compartmental SEIR model, the
impact of non-pharmacological
interventions (NPIs) including social
distancing and lockdown was observed
to control COVID-19 pandemic in India

At the current growth rate of epidemic,
India’s healthcare resources will be
overwhelmed by the end of May 2020.
With the immediate institution of NPIs,
total cases, hospitalizations, ICU
requirements and deaths can be reduced
by almost 90%

Prudent public health intervention
strategies to control the coronavirus
disease 2019 transmission in India:
A mathematical model-based
approach [30]

The objectives of this study were to find
out if it was possible to prevent, or
delay, the local outbreaks of COVID-19
through restrictions on travel from
abroad and if the virus has already
established in-country transmission, to
what extent would its impact be
mitigated through quarantine of
symptomatic patients?

Port-of-entry-based entry screening of
travelers with suggestive clinical
features and from
COVID-19-affected countries would
achieve modest delays in the
introduction of the virus into the
community. Acting alone, however,
such measures would be insufficient
to delay the outbreak by weeks or
longer. Once the virus establishes
transmission within the community,
quarantine of symptomatic patients
may have a meaningful impact on
disease burden

Assessment of lockdown effect in
some states and overall India: A
predictive mathematical study on
COVID-19 outbreak [42]

To study the effect of social distancing
measure on COVID-19 containment, the
authors considered an SEIR-type
mathematical model on COVID-19 that
incorporates lockdown effect

Their result suggested that lockdown
will be effective in those locations
where a higher percentage of
symptomatic infection exists in the
population. Additionally, a
large-scale COVID-19 mass testing
is required to reduce community
infection

Modeling and forecasting the
COVID-19 pandemic in India [43]

The authors proposed a model to
predict COVID-19 future cases in
different states of India. They also
studied control strategies to flatten
the epidemic curve

Their model simulations demonstrate
that the elimination of ongoing
COVID-19 pandemic in India is
possible by combining the restrictive
social distancing and contact tracing

the pandemic along with newly incorporated proso-
cial awareness effect. However, a natural death rate
(μ) is considered for each class. A net influx of sus-
ceptible people is considered in the formulation at
a rate of Π . Instead of constant awareness rate, we
consider that the awareness will induce a behavioral
response in the person and this person will transmit
the knowledge to other hosts [12,19]. Thus, unaware
susceptibles can become aware through contact with
aware susceptibles. The functional response in this
regard is assumed to be αSu Sa

N . Both susceptible pop-
ulations decrease due to infection through success-
ful contact with infectives who may be notified or
un-notified. Note that un-notified class contains both
asymptomatic and symptomatic infected individuals.

We assume that the transmission coefficient is smaller
for notified individuals as they are kept under special
observation. Thus, a reduced risk for notified COVID-
19 patients is modeled as βν J

N [32]. On the other
hand for un-notified individuals, the standard mix-
ing force of infection is formulated as β I

N [33]. By
making successful contact with infectives, both sus-
ceptible group members become exposed to the dis-
ease. The exposed population may become notified
or un-notified at a rates pγ and (1 − p)γ , respec-
tively. The recovery rate of un-notified and notified
infected individuals areσ1 andσ2, respectively. The un-
notified COVID-19 patients become notified at a rate η.
The mortality rates related to COVID-19 are assumed
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Fig. 1 Compartmental flow
diagram of the proposed
model

to be δ1 and δ2 for un-notified and notified persons,
respectively.

Theflowdiagramof the proposedmodel is displayed
in Fig. 1.

From the above considerations, the following system
of ordinary differential equations governs the dynamics
of the system:
dSu
dt

= Π − β
I + ν J

N
Su − α

Sa
N

Su − μSu + θ Sa,

dSa
dt

= α
Sa
N

Su − εβ
I + ν J

N
Sa − (μ + θ)Sa,

dE

dt
= β

I + ν J

N
(Su + εSa) − (γ + μ)E,

dI

dt
= (1 − p)γ E − (η + σ1 + μ + δ1)I,

dJ

dt
= pγ E + ηI − (σ2 + μ + δ2)J,

dR

dt
= σ1 I + σ2 J − μR,

All the parameters and their biological interpretation
are given in Table 3, respectively.

3 Model analysis

3.1 Positivity and boundedness of the solution

This subsection is provided to prove the positivity and
boundedness of solutions of the system (1) with fol-
lowing initial conditions

(Su(0), Sa(0), E(0), I (0), J (0), R(0))T ∈ R
6+. (1)

Proposition 1 The system (1) is invariant in R6+.
Proof Consider initial conditions (1), and let Su become
zero at time t1 before other state variables become zero,
then

dSu
dt

|Su=0 = Π + θ Sa ≥ 0,

at t1. This shows that Su is a non-decreasing function of
time at t1. Hence, it follows that Su stays nonnegative.
(Similar argument is employed in Theorem 3.1 of Sun
et al. [45].) For other state variables, we note that

dSa
dt

|Sa=0 = 0 ≥ 0,

dE

dt
|E=0 = β

[
(I + ν J )

Su + Sa + I + J + R

]
(Su + εSa) ≥ 0,

dI

dt
|I=0 = (1 − p)γ E ≥ 0,

dJ

dt
|J=0 = pγ E ≥ 0,

dR

dt
|R=0 = σ1 I + σ2 J ≥ 0.

Thus, we obtain nonnegativity of all the six state vari-
ables and it follows that R6+ is an invariant set for the
model (1). ��
Proposition 2 The system (1) is bounded in the region
Ω = {(Su, Sa, E, I, J, R) ∈ R

6+|Su + Sa + E + I +
J + R ≤ Π

μ
}

Proof Adding all the equations of the model (1), total
human populations satisfy the following equations,

dN

dt
= Π − μN − δ1 I − δ2 J ≤ Π − μN

Since dN
dt ≤ Π−μN , it follows that dNdt ≤ 0 if N ≥ Π

μ
.

Thus, by using standard comparison theorem, it can be
shown that N ≤ N (0)e−μt + Π

μ
(1 − e−μt ). In partic-

ular, N (t) ≤ Π
μ

if N (0) ≤ Π
μ
. Thus, the region Ω is

positively invariant. Further, if N (0) > Π
μ
, then either
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Table 3 Description of parameters used in the model

Parameters Interpretation Value Reference

Π Recruitment rate – –

β Transmission rate (0–1) Estimated

ν Modification factor (0–1) Estimated

α Learning factor related to aware susceptibles (0–1) Estimated

θ Rate of transfer of aware individuals to unaware susceptible class 0.02 [40]

ε Reduction in transmission coefficient for aware susceptibles (0–1) Estimated
1
γ

Incubation period 5 [26,28]

p Proportion of notified individuals 0.2 [54,56]

η Transfer rate from un-notified to notified (0–1) Estimated

σ1 Recovery rate from un-notified individuals 0.17 [48,53]

σ2 Recovery rate from notified individuals 0.072 [29]

δ1 Disease induced mortality rate in the un-notified class (0–1) Estimated

δ2 Disease induced mortality rate in the notified class (0–1) Estimated

μ Natural death rate – –

N Total population – –

the solution entersΩ in finite time, or N (t) approaches
Π
μ
asymptotically.Hence, the regionΩ attracts all solu-

tions in R
6+. ��

3.2 Equilibrium points, threshold quantities and
stability analysis

The system (1) has four types of equilibrium points:
awareness-free disease-free equilibrium (AFDFE), dis-
ease-free equilibrium (DFE), awareness-free endemic

equilibrium (AFEE) and endemic equilibrium (EE).
The awareness-free, DFE is given by E0 = (Π

μ
, 0, 0,

0, 0, 0).

Lemma 1 The awareness-free, DFE E0 of system
(1) is locally asymptotically stable whenever max[
R1,

α
μ+θ

]
< 1 and unstable otherwise, where

R1 = βγ

(μ + γ )(σ2 + μ + δ2)[
(1 − p)

ην + σ2 + μ + δ2

η + σ1 + μ + δ1
+ νp

]
.

Proof We calculate the Jacobian of the system (1) at
E0, which is given by

JE0 =

⎛
⎜⎜⎜⎜⎜⎜⎝

−μ −α + θ 0 −β −β 0
0 α − (μ + θ) 0 0 0 0
0 0 −(μ + γ ) β νβ 0
0 0 (1 − p)γ −(η + σ1 + μ + δ1) 0 0
0 0 pγ η −(σ2 + μ + δ2) 0
0 0 0 σ1 σ2 −μ

⎞
⎟⎟⎟⎟⎟⎟⎠

,

Let λ be the eigenvalue of the matrix JE0 . Then, the
characteristic equation is given by det (JE0 −λI ) = 0.

Clearly,−μ,−μ and α−(μ+θ) are three eigenval-
ues of the Jacobian matrix JE0 . The other three eigen-
values are given the following cubic equation
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f (λ) := λ3 + a1λ2 + a2λ + a3 = 0 (2)

where

a1 = μ + γ + m1 + m2

a2 = (μ + γ )(m1 + m2) − βγ

a3 = m1m2(μ + γ )(1 − R1).

Here,
m1 = η + σ1 + μ + δ1,
m2 = σ2 + μ + δ2 and

R1 = βγ
m2(μ+γ )

[
(1 − p) ην+m2

m1
+ pν

]
.

It is straightforward to show that coefficients of (2)
satisfy Routh–Hurwitz criterion if R1 < 1. Thus, all
the eigenvalues are negative or have negative real parts
if in addition α

μ+θ
< 1.

On the other hand, if max
[
R1,

α
μ+θ

]
> 1, then at

least one eigenvalue of the Jacobian matrix is positive
and E0 becomes unstable.Hence, the proof is complete.

��
Theorem 1 The awareness-free DFE E0 is glob-
ally asymptotically stable for the system (1) if max[
R1,

α
μ+θ

]
< 1.

Proof The system (1) can be represented as

dX

dt
= F1(X, V )

dV

dt
= G1(X, V ),G1(X, 0) = 0

where X = (Su, Sa, R) ∈ R+
3 (uninfected classes of

people), V = (E, I, J ) ∈ R+
3 (infected classes of peo-

ple), and E0 = (Π
μ

, 0, 0, 0, 0, 0) is the awareness-free,
DFE of the system (1). The global stability of E0 is
guaranteed if the following two conditions are satis-
fied:

1. For dX
dt = F1(X, 0), X∗ is globally asymptotically

stable,
2. G1(X, V ) = BV − Ĝ1(X, V ), Ĝ1(X, V ) ≥ 0 for

(X, V ) ∈ Ω̂ ,

where B = DVG1(X∗, 0) is a Metzler matrix and Ω̂

is the positively invariant set with respect to the model
(1). Following Castillo-Chavez et al. [3], we check for
aforementioned conditions.
For system (1),

F1(X, 0) =
⎛
⎝Π − μSu

0
0

⎞
⎠ ,

B =
⎛
⎝−(γ + μ) β νβ

(1 − p)γ −m1 0
pγ η −m2

⎞
⎠

and

Ĝ1(X, V ) =
⎛
⎝β(I + ν J )(1 − Su

N )

0
0

⎞
⎠ .

Clearly, Ĝ1(X, V ) ≥ 0 whenever the state variables
are inside Ω . Also, it is clear that X∗ = (Π

μ
, 0, 0)

is a globally asymptotically stable equilibrium of the
system dX

dt = F1(X, 0). Hence, the theorem follows. ��

The unique disease-free equilibrium of the system
(1) is given by

E1 =
(

Π(μ + θ)

μα
,
Π [α − (μ + θ)]

μα
, 0, 0, 0, 0

)
,

which exists if α
μ+θ

> 1. To obtain the basic repro-
duction number R0 of the system (1), we apply the
next-generation matrix approach. The infected com-
partments of the model (1) consist of (E(t), I (t), J (t))
classes. Following the next-generation matrix method,
the matrix F of the transmission terms and the matrix
V of the transition terms calculated at E1 are,

F =
⎛
⎝0 βm3 νβm3

0 0 0
0 0 0

⎞
⎠ ,

V =
⎛
⎝ γ + μ 0 0

−(1 − p)γ m1 0
−pγ −η m2

⎞
⎠ ,

where

m1 = η + σ1 + μ + δ1

m2 = σ2 + μ + δ2

m3 = 1

α
[(θ + μ) + ε{α − (θ + μ)}]

Calculating the dominant eigenvalue of the next-
generation matrix FV−1, we obtain the basic repro-
ductive number as follows [49]
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R0 = m3βγ

m2(μ + γ )

[
(1 − p)

ην + m2

m1
+ pν

]
. (3)

The basic reproduction number R0 is defined as the
average number of secondary cases generated by one
infected individual during their infectious period in a
fully susceptible population. The basic reproduction
number R0 of system (1) is given in (3).

Using Theorem 2 in [49], the following result is
established.

Lemma 2 The disease-free equilibrium ε0 of system
(1) is locally asymptotically stable whenever R0 < 1,
and unstable whenever R0 > 1.

Remark 1 Note that the threshold quantities R1 and R0

are linearly dependent by the relation R0 = m3R1.

Theorem 2 The DFE E1 of the model (1) is glob-
ally asymptotically stable in Ω whenever max [R0,

βγ
(σ1+μ+δ1)(μ+γ )

,
βνγ

m2(μ+γ )

]
< 1.

Proof Consider the following Lyapunov function

D = E

γ + μ
+ I

γ
+ J

γ

We take the Lyapunov derivative with respect to t ,

Ḋ = Ė

γ + μ
+ İ

γ
+ J̇

γ

= 1

μ + γ

[
β
I + ν J

N
(Su + εSa)

]

− (m1 − η)I

γ
− m2 J

γ

≤ (σ1 + μ + δ1)I

γ

[
βγ

(σ1 + μ + δ1)(μ + γ )
− 1

]

+ m2 J

γ

[
βνγ

m2(μ + γ )
− 1

]

(Since Su + εSa ≤ N in Ω)

Thus, Ḋ ≤ 0,whenevermax
[

βγ
(σ1+μ+δ1)(μ+γ )

,
βνγ

m2(μ+γ )

]
< 1.

Since all the variables and parameters of the model
(1) are nonnegative, it follows that Ḋ ≤ 0 with Ḋ = 0

at DFE ifmax
[

βγ
(σ1+μ+δ1)(μ+γ )

,
βνγ

m2(μ+γ )

]
< 1. Hence,

D is a Lyapunov function on Ω . Therefore, followed
by LaSalle’s invariance principle [25], that

(E(t), I (t), J (t)) → (0, 0, 0) as t → ∞ (4)

Since limt→∞ supI (t) = 0 and limt→∞ supJ (t) =
0 (from 4), it follows that, for sufficiently small ξ1 >

0, ξ2 > 0, there exist constants L1 > 0, L2 > 0
such that limt→∞ supI (t) ≤ ξ1 for all t > L1 and
limt→∞ supJ (t) ≤ ξ2 for all t > L2.
Hence, it follows that

dR

dt
≤ σ1ξ1 + σ2ξ2 − μR

Therefore, using comparison theorem [44]

R∞ = lim
t→∞ supR(t) ≤ σ1ξ1 + σ2ξ2

μ

Therefore, as (ξ1, ξ2) → (0, 0), R∞ =
limt→∞ supR(t) ≤ 0
Similarly, by using limt→∞ inf I (t) = 0 and
limt→∞ inf J (t) = 0, it can be shown that

R∞ = lim
t→∞ infR(t) ≥ 0

Thus, it follows from above two relations

R∞ ≥ 0 ≥ R∞

Hence, limt→∞ R(t) = 0.
Substituting E(t) = I (t) = J (t) = R(t) = 0 in the
original system (1), we get

dSu
dt

= Π − αSu Sa
Su + Sa

− μSu + θ Sa,

dSa
dt

= αSu Sa
Su + Sa

− (μ + θ)Sa,

Following [50], a suitable Lyapunov function can be
formulated as follows

L =
[
(Su − S∗

u ) + (Sa − S∗
a ) − (S∗

u + S∗
a )ln

Su + Sa
S∗
u + S∗

a

]

+ 2μ(S∗
u + S∗

a )

αS∗
a

(
Sa − S∗

a − S∗
a ln

Sa
S∗
a

)
,

where S∗
u = Π(μ+θ)

μα
and S∗

a = Π [α−(μ+θ)]
μα

.
Therefore, by combining all above equations, it fol-

lows that each solution of themodel equations (1), with
initial conditions ∈ Ω , approaches E1 as t → ∞ for

max
[

βγ
(σ1+μ+δ1)(μ+γ )

,
βνγ

m2(μ+γ )

]
< 1. ��
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3.2.1 Existence of awareness-free endemic
equilibrium

Let E2 = (S∗
u , 0, E

∗, I ∗, J ∗, R∗) be any AFEE of sys-
tem (1). Let us denote

m1 = η + σ1 + μ + δ1,

m2 = σ2 + μ + δ2,

m4 = (1 − p)γ

m1
,

m5 = pγ

m2
+ η(1 − p)γ

m1m2
.

Further, the force of infection is

λ∗
h = β[I ∗ + ν J ∗]

N∗ (5)

By setting the right equations of system (1) equal to
zero, we have

S∗
u = Π

λ∗
h + μ

,

E∗ = λ∗
h S

∗
u

γ + μ
, I ∗ = m4E

∗,

J ∗ = m5E
∗, R∗ = σ1m4E∗ + σ2m5E∗

μ
,

N∗ = Π − δ1m4E∗ − δ2m5E∗

μ
. (6)

After simplification, we have the expression of E∗
as follows:

E∗ = Π

(β − δ1)m4 + (βν − δ2)m5
[R1 − 1] ,

where R1 is same as the threshold quantity for the
AFDFE, given by

R1 = βγ

m2(μ + γ )

[
(1 − p)

ην + m2

m1
+ pν

]
.

Therefore, the AFEE will exist if R1 > 1 and β >

max{δ1, δ2
ν
}.

3.2.2 Existence of endemic equilibrium

Let E∗∗ = (S∗∗
u , S∗∗

a , E∗∗, I ∗∗, J ∗∗, R∗∗) be any
endemic equilibrium of system (1). Let us denote

m1 = η + σ1 + μ + δ1,m2 = σ2 + μ + δ2,

m3 = 1

α
[(θ + μ) + ε{α − (θ + μ)}] ,m4 = (1 − p)γ

m1
,

m5 = pγ

m2
+ η(1 − p)γ

m1m2
,m6 = β(m4 + νm5),m7 = μ + θ

αμ
.

Further, let the force of infection be

λ∗∗
h = β[I ∗∗ + ν J ∗∗]

N∗∗ (7)

By setting the right equations of system (1) equal to
zero, we have

S∗∗
u = N∗∗

α

(
ελ∗∗

h + μ + θ
)
, S∗∗

a

= Πα − N∗∗(λ∗∗
h + μ)(ελ∗∗

h + μ + θ)

α(ελ∗∗
h + μ)

,

E∗∗ = λ∗∗
h (S∗∗

u + εS∗∗
a )

γ + μ
, I ∗∗ = m4E

∗∗,

J ∗∗ = m5E
∗∗, R∗∗ = σ1m4E∗∗ + σ2m5E∗∗

μ
,

N∗∗ = Π − δ1m4E∗∗ − δ2m5E∗∗

μ
. (8)

From Eqs. (7) and (8), we have

λ∗∗
h = β(m4 + νm5)E∗∗

N∗∗

= β(m4 + νm5)λ
∗∗
h

μ + γ

(
S∗∗
u

N∗∗ + ε
S∗∗
a

N∗∗

)
(9)

This implies

μ + γ

β(m4 + νm5)
= 1

α

(
ελ∗∗

h + μ + θ
)

+ Παε

α(ελ∗∗
h + μ)N∗∗

− ε(λ∗∗
h + μ)(ελ∗∗

h + μ + θ)

α(ελ∗∗
h + μ)

(10)

Now, using expression of N∗∗ and Eq. (9), we have

Π

N∗∗ = μ + (δ1m4 + δ2m5)λ
∗∗
h

β(m4 + νm5)
(11)
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Table 4 The local stability of equilibria for the model (1)

Equilibria Existence condition Stability criterion

E0 Always exits LAS as well as GAS if max
[
R1,

α
μ+θ

]
< 1

E1 α > θ + μ LAS if R0 < 1 and GAS if max
[
R0,

βγ
(σ1+μ+δ1)(μ+γ )

,
βνγ

m2(μ+γ )

]
< 1

E2 β > max{δ1, δ2
ν

} and
R1 > 1

E3 R0 > 1 and
α(μ+γ ) > μ(μ+γ )(1−
ε)R1 + α(δ1m4 + δ2m5)

LAS, locally asymptotically stable; GAS, globally asymptotically stable

Putting the value of Π
N∗∗ in Eq. (10) and simplifying,

we obtain

λ∗∗
h = αμ(μ + γ )(R0 − 1)

ε(μ + γ ){α − μ(1 − ε)R1} − αε(δ1m4 + δ2m5)

(12)

This indicates that the model 1 has unique endemic
equilibrium if it exists. The existence criterion for the
EE is R0 > 1 and

α(μ + γ ) > μ(μ + γ )(1 − ε)R1 + α(δ1m4 + δ2m5)

.
The stability analysis of the equilibria for the model

(1) is summarized in Table 4.

4 Numerical bifurcation analysis

In this section, various possibilities of forward trans-
critical bifurcations are examined based on the stability
analysis of the four equilibrium points of themodel (1).
To do the numerical experiments, the initial conditions
are assumed to be,

N = 10000, Su(0) = 0.9 × N ,

Sa(0) = 100, E(0) = 100,

I (0) = 10, J (0) = 10, R(0) = 0.

The fixed parameters used in this section are as fol-
lows: Π = μ × N , ν = 0.05, γ = 0.1, η = 0.01,
σ1 = 0.05, σ2 = 0.01, p = 0.2, δ1 = 0.01 and
δ2 = 0.003.

From the stability analysis of the equilibria E0 and
E1, it can be inferred that the E0 will become unstable

after a certain threshold of α, namely μ + θ when-
ever R1 < 1. In this region, when α > μ + θ , the DFE
will become LASwhenever R0 < 1. This phenomenon
is depicted in Fig. 2a. This type of phenomenon is
called forward transcritical bifurcation where the two
equilibrium points switch their stability at a critical
value.

Further, the forward transcritical bifurcationbetween
the equilibria E0 and E2 is depicted in Fig. 2b. The rea-
son behind this result is that the existence of E2 depends
on the threshold quantity R1 of E0. This result indicates
that depending on parameter values, the awareness-
free, DFE can become unstable and one of E1 or E2

will become stable.
Furthermore, the forward transcritical bifurcation

between the equilibria E1 and E3 is depicted in Fig. 2c.
The reason behind this result is that the existence of
E3 depends on the threshold quantity R0 of E1. This
result indicates that depending on parameter values,
the DFE can become unstable and E3 will become
stable.

5 Case study on Colombia and India COVID-19
data

5.1 Data description

As of August 28, 2020, there were more than 590 thou-
sand cases and above 18 thousand deaths in Colom-
bia. In India, there were more than 3 million cases
and more than 60 thousand deaths on August 28, 2020.
Daily COVID-19 notified cases and deaths in Colom-
bia and India for the time period March 19, 2020,
to August 24, 2020, are considered for our study.
These 159 days COVID-19 notified cases and deaths
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Fig. 2 a Transcritical bifurcation for the aware susceptibles at
equilibrium (S∗

a ) of the model (1). Using the parameter values:
μ = 0.01, β = 0.05, θ = 0.05, ε = 0.04 and 0.001 < α < 0.2.
For this parameter set, R1 = 0.4842. b Transcritical bifurcation
for the notified infected population at equilibrium (J ∗) of the

model (1). Using the parameter values: μ = 0.03, α = 0.03,
θ = 0.03, ε = 0.04 and 0.1 < β < 0.25. c Transcritical bifur-
cation for the notified infected population at equilibrium (J ∗) of
the model (1). Using the parameter values: μ = 0.01, α = 0.3,
θ = 0.01, ε = 0.1 and 0.4 < β < 0.9

for these two countries were collected from [10]. We
use the first 149 data points to calibrate the unknown
model parameters. In this time period,COVID-19 cases
and deaths both display a upward trend for Colom-
bia and India. This is an alarming situation as the
pandemic continues to affect these countries. This is
why we chose Colombia and India for case stud-
ies. However, we use the remaining 10 data points
to check the accuracy of the fitted model. The demo-
graphic parameter values and initial conditions for fit-
ting the proposed model to data are given in Tables 5
and 6.

5.2 Model calibration

We fit the model (1) to daily new notified cases and
deaths of COVID-19 for both countries. Fixed param-
eters of the model (1) are given in Table 3. The demo-
graphic parameters and initial condition are reported
in Tables 5 and 6. We estimate seven unknown model
parameters, namely β, α, ν, ε, η, δ1 and δ2, by fitting
the model to newly daily reported cases and deaths.
Additionally, two initial conditions of the model (1)
were also estimated from the data, namely initial num-
ber of exposed individuals E(0) and initial number
of un-notified individuals I (0). During the specified
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Table 5 Demographic parameter values for Colombia and initial conditions

Parameters/IC’s Description Values Reference

N Total population of Colombia 50951997 [10]

μ Natural death rate or (life expectancy)−1 0.3518 × 10−4 [10]

Π Recruitment rate μ × N

Su(0) Initial number of unaware susceptible 0.9 × N –

Sa(0) Initial number of aware susceptible 100 –

J (0) Initial number of notified patients 2 Data

R(0) Initial number of recovered patients 0 –

Table 6 Demographic parameter values for India and initial conditions

Parameters/IC’s Description Values Reference

N Total population of Colombia 1380004385 [10]

μ Natural death rate or (life expectancy)−1 0.3891 × 10−4 [10]

Π Recruitment rate μ × N

Su(0) Initial number of unaware susceptible 0.9 × N –

Sa(0) Initial number of aware susceptible 10000 –

J (0) Initial number of notified patients 38 Data

R(0) Initial number of recovered patients 0 –

Table 7 Estimated parameter values of themodel (1) for Colom-
bia

Parameters Mean values 95% confidence interval

β 0.3068 (0.2368–0.3846)

α 0.1105 (0.1035–0.1194)

ν 0.5426 (0.4569–0.6561)

ε 0.3633 (0.0257–0.6408)

η 0.7138 (0.3643–0.9725)

δ1 0.2605 (0.1241–0.3649)

δ2 0.0036 (0.0016–0.0058)

E(0) 1254 (782–1693)

I (0) 171 (82–240)

time period, nonlinear least square solver lsqnonlin
(in MATLAB) is used to fit simulated daily data to the
reported COVID-19 cases and deaths in Colombia and
India.We usedDelayedRejectionAdaptiveMetropolis
algorithm [17] to generate the 95% confidence region.
An explanation of this technique for model fitting is
given in [14]. The estimated parameters for Colombia
and India are given in Tables 7 and 8, respectively. The
fitting of the daily new notified COVID-19 cases and

Table 8 Estimated parameter values of the model (1) for India

Parameters Mean values 95% confidence interval

β 0.5738 (0.5011–0.6509)

α 0.0959 (0.0932–0.0975)

ν 0.1852 (0.1231–0.2309)

ε 0.1427 (0.0119–0.2430)

η 0.8631 (0.5685–0.9940)

δ1 0.0451 (0.0012–0.1503)

δ2 0.0017 (0.0005–0.0028)

E(0) 4645 (3782–4989)

I (0) 1563 (1509–1697)

deaths of Colombia is displayed in Fig. 3, and the same
is depicted in Fig. 4 for India.

Using test data points (August 15, 2020, to August
24, 2020), we calculate two accuracy metrics for these
10 test data points: root-mean-squared error (RMSE)
and mean absolute error (MAE). For the case fitting of
Colombia, we found that RMSE = 2041.1 and MAE =
1520.9. On the other hand for fitting COVID-19 deaths
in Colombia, RMSE = 186.7 and MAE = 150.09 are
found. For India case fitting, fitted model yields RMSE
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Fig. 3 Model (1) fitting to daily notified COVID-19 cases and
notified deaths due to COVID-19 in Colombia. Daily notified
cases (deaths) are depicted in red dots, and purple curve is the

model simulation. The blue dots are test data points in both pan-
els. Gray shaded region is the 95% confidence region
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notified deaths due to COVID-19 in India. Daily notified cases
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= 5271.1 and MAE = 4335.2, and for death fitting,
we found RMSE = 438.1 and MAE = 433.2. These
results indicate that the fittings are quite good for both
scenarios.

Finally, we estimate the basic reproduction number
(R0), for the proposed model (1). We draw 1000 sam-
ples of the estimated parameters from their posterior
distribution obtained from theMCMCrun and put them

in the expression of R0. All the fixed parameters are
taken from Table 3 and Table 5. For Colombia, esti-
mated values of R0 are found to be 0.8415 with 95%
confidence interval (0.4–1.19). The basic reproduction
number for India is found to be 0.5271 with 95% con-
fidence interval (0.3382–0.6583).
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Fig. 5 Effect of uncertainty of the model (1) on the total number of deaths due to COVID-19 in a Colombia and b India. Parameters
with significant PRCC indicated as *(p value < 0.05). The fixed parameters are taken from Table 3

5.3 Sensitivity analysis

We performed global sensitivity analysis to identify
most influential parameters with respect to the total
deaths due to COVID-19 in 6-month time frame (start-
ing from March 19, 2020). Let us denote by Dtotal

the total number notified and un-notified deaths due
to COVID-19. Partial rank correlation coefficients
(PRCCs) are calculated and plotted in Fig. 5. Nonlin-
ear and monotone relationship were observed for the
parameters with respect to Dtotal, which is a prerequi-
site for performing PRCC analysis. Following Marino
et al. [31], we calculate PRCCs for the parameters β,
α, θ , ν and ε. The following response function is used
to calculate the PRCC values

Dtotal =
∫ T

0
[δ1 I (t) + δ2 J (t)]dt,

where T = 180 days (chosen arbitrarily). The base
values for the parameters β, α and δ2 are taken as
the mean of estimated parameters reported in Tables 7
and 8. The other base values are taken as the fixed val-
ues displayed in Table 3. For each of the parameters,
1000 Latin Hypercube Samples were generated from
the interval (0.5 × base value, 1.5 × base value).

It is observed that the parameters β, ν, δ1, θ and
δ2 have significant positive correlations with Dtotal.
This indicates that transmission rate of COVID-19 will
increase the total number deaths related to COVID-19.
Besides, modification factor for notified patients and
death rate of un-notified patients are positively corre-
lated with Dtotal. On the other hand, the learning factor

related to aware susceptibles has significant negative
correlation with the response variable. These results
reinforce the fact that β, ν and α are very crucial for
reduction of COVID-19 cases in both the countries.

5.4 Future projections and control scenarios

In this section, we focus on four controllable parame-
ters, namely learning factor related to aware suscepti-
bles (α), transmission rate (β), modification factor for
notified patients or equivalently the efficacy of noti-
fied case containment (ν) and reduction in transmis-
sion coefficient for aware susceptibles (ε). Transmis-
sion rate of COVID-19 can be reduced by social dis-
tancing, face mask use, PPE kit use and through use
of alcohol-based hand wash [4,26]. The parameters ν

and ε can also be reduced through effective manage-
ment of notified cases and through increased behav-
ioral changes by aware susceptible, respectively. On
the other hand, α should be increased to reduce the
burden of COVID-19 in the society. It can be increased
if the aware people show more prosocial activities.
However, the results from global sensitivity analysis
suggest that β is most effective in terms of reduction
in total COVID-19-related deaths. The parameters α

and ν were also found significant with respect to the
response function. Now, we visualize the impacts of
these four parameters on the notified COVID-19 cases
in Colombia and India. Using the estimated parame-
ters (see Table 7), we predict notified infections in the
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Fig. 6 Effect of control parameters α and β, ν and ε on the notified COVID-19 cases in Colombia

coming 5 months (150 days) starting from August 15,
2020. The baseline curve is determined by simulating
themodel with fixed parameters fromTable 3 andmean
values of estimated parameters from Table 7. For dif-
ferent values of α, β, ν and ε, the case reduction in
COVID-19 cases is depicted in Fig. 6. The values of
these parameters are chosen as low, medium and high
while comparing their impacts.We simulated themodel
with α = 0.15, α = 0.3 and α = 0.6, see Fig. 6. Simi-
larly, β (= 0.25, 0.15, 0.05), ν (= 0.45, 0.3, 0.15) and
ε (= 0.3, 0.2, 0.1) were chosen.

Similarly, using the estimated parameters from
Table 8, we predict notified infections in the coming 5
months (150 days) starting from August 15, 2020. The
baseline curve is determined by simulating the model
with fixed parameters from Table 3 and mean values of

estimated parameters fromTable 8. For different values
of α, β, ν and ε, the case reduction in COVID-19 cases
is depicted in Fig. 7.

It can be observed that all the four controllable
parameters show similar trends in case reduction. How-
ever, β and ν show sharp decay in cases. Note that the
scales of case reductions in Figs. 6 and 7 are similar, but
we cannot quantify the effectiveness of the parameters
directly. Therefore, we calculate percentage reductions
in un-notified and notified COVID-19 cases in Colom-
bia and India, see Tables 9 and 10. The fixed parameter
values are taken from Table 3, while the values of other
parameters are taken from Tables 7 and 8. We used the
following basic formula to compute percentage reduc-
tions in the values of I (t) and J (t)
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Fig. 7 Effect of control parameters α and β, ν and ε on the notified COVID-19 cases in India

Percentage reduction = Base value − Model output

Base value
× 100.

From Table 9, it can be argued that β is most
effective in reduction of COVID-19 cases in Colom-
bia. Maximum reduction in ν (= 0.15) can reduce
notified COVID-19 cases up to 72.59%. In case of
India, ν, α and β show promising reduction in both
notified and un-notified cases. Thus, learning factor
related to aware susceptibles (α) shows competitive
potential to reduce the COVID-19 cases in both coun-
tries.

Finally, we calculate the time taken for the noti-
fied COVID-19 cases to reduce below 500, while the
learning factor (α) increases (see Fig. 8). The fixed
parameters are taken from Table 3 and mean values

of estimated parameters from Tables 7 and 8. It is
observed that the time taken reduces significantly with
increase in the parameter α in both countries. For
instance, with baseline learning factor (α = 0.1105),
Columbia will need 700 days to reduce the noti-
fied COVID-19 cases below 500, but with learning
factor 0.8, it will need less than 100 days only to
reduce the notified cases below 500. Similarly for
India, baseline value of α = 0.0959 will need more
than 350 days to reduce the notified cases below
500. But if we increase α to 0.8, then less than 100
days will be taken to reduce the notified cases below
500. Therefore, the learning factor must be increased
in order to decrease the duration of the COVID-19
pandemic.
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Fig. 8 Time taken for the notified cases to reach less than 500 cases when 0 < α < 0.6

Table 9 Percentage reduction in un-notified and notified
COVID-19 cases for different controllable parameter values in
Colombia

Parameters Values Un-notified
case reduction

Notified case
reduction

α 0.15 20.09 17.11

0.3 43.31 37.11

0.6 52.87 45.49

β 0.25 43.81 37.44

0.15 75.94 65.92

0.05 88.53 77.36

ν 0.45 38.09 32.47

0.3 69.00 59.66

0.15 83.30 72.59

ε 0.3 25.18 21.29

0.2 50.20 42.87

0.1 64.62 55.66

6 Discussion and conclusion

This paper provides a deterministicmodel for the trans-
mission dynamics of COVID-19 outbreak incorporat-
ing prosocial behavior. The model, which adopts stan-
dard incidence functions in a realistic way, allows
COVID-19 to be transmitted by un-notified and noti-
fied individuals. To gain insight into its dynamic fea-
tures, the model was rigorously analyzed. The find-
ings obtained are as follows. There are four types of
equilibrium points of the proposed model: awareness-

Table 10 Percentage reduction in un-notified and notified
COVID-19 cases for different controllable parameter values in
India

Parameters Values Un-notified
case reduction

Notified case
reduction

α 0.15 30.98 24.64

0.3 54.51 43.27

0.6 64.93 51.56

β 0.45 33.91 26.97

0.35 52.55 41.73

0.25 65.59 52.08

ν 0.15 24.37 19.43

0.1 50.40 40.01

0.05 67.75 53.79

ε 0.12 3.93 3.35

0.08 13.46 10.79

0.04 21.51 17.10

free, disease-free equilibrium (E0), disease-free equi-
librium (E1), awareness-free endemic equilibrium (E2)
and endemic equilibrium point (E3). The awareness-
free, disease-free equilibrium is found to be glob-
ally asymptotically stable under a parametric condition
((max{R1,

α
θ+μ

} < 1)). The basic reproduction num-
ber (R0) for the proposed model is calculated using
the next-generation matrix method. The model has a
locally stable disease-free equilibrium whenever the
basic reproduction number is less than unity. The global
stability condition for the DFE is also presented using
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Lyapunov function. From epidemiological point of
view, global stability of theDFEensures the eradication
if the parameter values satisfy the required conditions.
The existence and stability criteria of these four equilib-
ria are presented in Table 4. Further, the two threshold
quantities R1 and R0 are linearly dependent on each
other by the relation R0 = m3R1. Using a hypothetical
parameter set, we show the stability switch or trans-
critical bifurcation between E0 and E1 (see Fig. 2a).
Also, transcritical bifurcations are observed between
the equilibria E0 and E2 (see Fig. 2b) and between
E1 and E3 (see Fig. 2c). Biologically, these bifurca-
tions indicate that the equilibrium states may switch
from zero to a nonzero population size. For instance,
transcritical bifurcations between the equilibria E0 and
E2 and between E1 and E3 stipulate that the infected
population may jump from zero state to nonzero state.
Therefore, it would be better to maintain the threshold
parameters in the regime where E0 and E1 are locally
stable. (Local stability conditions are stated in Table 4.)

We calibrated the proposed model parameters to
fit daily cases and death data of two countries dur-
ing the time period of March 19, 2020, to August 14,
2020. Using estimated parameters, the basic reproduc-
tion number is found to be 0.8415with 95% confidence
interval (0.4–1.19) for Colombia. For India, the basic
reproduction number is found to be 0.5271 (0.3582–
0.6583). These numbers indicate the success of both
the governments in containing of this deadly disease.
This is also reflected on the current decreasing phase of
the notified cases of COVID-19 in Colombia and India.
Global sensitivity analysis is performed with respect to
the total number of COVID-19-related deaths. Results
indicate that transmission rate (β), modification fac-
tor (ν) and learning factor related to awareness of sus-
ceptibles (α) are very crucial for reduction in disease-
related deaths. We have also investigated the impact of
four controllable parameters on the prevalence of noti-
fied COVID-19 cases. From Figs. 6 and 7, it can be
observed that different levels of controls can signifi-
cantly reduce the burden of COVID-19 from the com-
munity.However, to better quantify the impacts,we cal-
culate the percentage reduction using a simple formula.
This reveals that reduction in transmission rate is most
effective in reducing un-notified and notified COVID-
19 cases (see Table 9 and 10). Increase in the learning
factor (α) has competitive potential to flatten the curve
of COVID-19 in Colombia and India (see Fig. 8). This
finding reinforces the need for amplified campaigns and

awareness made by individual aware susceptible per-
sons. Prosocial behavior is needed to combat this highly
infectious pandemic disease. Along with verified con-
trol strategies, the governments should promote proso-
cial awareness by aware people. This will definitely
benefit the case reduction as well as management of
future COVID-19 cases.
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