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Abstract  Let T = (Th,...,Ty) be a commuting tuple of bounded linear operators on a Hilbert space
‘H. The multiplicity of T is the cardinality of a minimal generating set with respect to T'. In this paper,
we establish an additive formula for multiplicities of a class of commuting tuples of operators. A special
case of the main result states the following: Let n > 2, and let Q;, i = 1,...,n, be a proper closed shift
co-invariant subspaces of the Dirichlet space or the Hardy space over the unit disc in C. If Qil, i=1,...,n,
is a zero-based shift invariant subspace, then the multiplicity of the joint M, = (M., ..., M., )-invariant
subspace (Q1 ® -+ ® Qn)L of the Dirichlet space or the Hardy space over the unit polydisc in C™ is
given by
n
(Q1® ®Qn)*t = Z(Hfllllt1v12|gL Q) =n.

i=1 °

multM“(%@---@QmL

A similar result holds for the Bergman space over the unit polydisc.
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multiplicity; joint invariant subspaces; semi-invariant subspaces; zero-based invariant
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1. Introduction

This paper is concerned with an additive formula for a numerical invariant of commuting
tuples of bounded linear operators on Hilbert spaces. The additive formula arises naturally
in connection with a class of simple invariant subspaces of the two-variable Hardy space
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H?(D?) [5]. From the function Hilbert space point of view, our additive formula is more
refined for zero-based invariant subspaces of the Dirichlet space, the Hardy space, the
Bergman space and the weighted Bergman spaces over the open unit polydisc D™ in C”.

To be more specific, let us first define the numerical invariant. Given an n-tuple of
commuting bounded linear operators T := (71, ...,T;) on a Hilbert space H, we denote
by

multy(H) = min{#G : [G]r = H,G C H},
where
[Glr =span{T*(G) : k € Z'} },

and TF = T{" - Tl for all k = (ku, ..., ko) € Z7. If

multy(H) = m < oo,

then we say that the multiplicity of T is m. One also says that T is m-cyclic. If m =1,
then we also say that T is cyclic. A subset G of H is said to be generating subset with
respect to T if [G]p = H.

We pause to note that the computation of multiplicities of (even concrete and simple)
bounded linear operators is a challenging problem (perhaps due to its inherent dynamical
nature). We refer Rudin [17] for concrete (as well as pathological) examples of invariant
subspaces of H2(D?) of infinite multiplicities and [4, 5, 11-13] for some definite results
on computations of multiplicities (also see [7]).

The following example, as hinted above, illustrates the complexity of computations of
the multiplicities of general function Hilbert spaces. As a first step, we consider the Hardy
space H?(D) over D (the space of all square summable analytic functions on D) and the
multiplication operator M, by the coordinate function z. Let S be a closed M, -invariant
subspace of H?(D). Then Q = S* is a closed M}-invariant subspace of H?(DD). It then
follows from Beurling that

multyy 5 (S) =1,

that is, M.|s on S is cyclic. Moreover, taking into account that multy, (H?*(D)) = 1,
we obtain (cf. Proposition 2.1)

multPgM;\g(Q) = 17

where Pg denotes the orthogonal projection of H?(D) onto Q.

Now we consider the commuting pair of multiplication operators M, = (M,,, M,,) on
H?(D?) (the Hardy space over the bidisc). Observe that H?(D?) = H?(D) @ H?(D). Let
Q; and Qs be two non-trivial closed M} -invariant subspaces of H 2 (D). Then Q1 ® Qo isa
joint (M7 , Mz, )-invariant subspace of H*(D?), and so (Q; ® Qz)* is a joint (M.,, M.,)-
invariant subspace of H?*(D?). Set M.|0,00,)+ = (Mz,](0,80,)% Mz l(0100,)1). An
equivalent reformulation of Douglas and Yang’s question (see page 220 in [6] and also
[5]) then takes the following form: Is

mUIth\(%@Qz)L (Q1 @ Qy)t =27

The answer to this question is yes and was obtained by Das along with the first two
authors in [5]. This result immediately motivates (see page 1186, [5]) the following natural
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question: Consider the joint M, = (M,,, ..., M, )-invariant subspace (Q; ® -+ ® Q,)*
of H?(D") where Qi,...,Q, are non-trivial closed M-invariant subspaces of H?(D).
Is then

(Q1®--®Qn)t =n?
This can be reformulated more concretely as follows: Let H; be the Dirichlet space, the

Hardy space, the Bergman space, or the weighted Bergman spaces over I (or, more gener-
ally, a reproducing kernel Hilbert spaces of analytic functions on D for which the operator

multh|(Ql®---®QnH

M., of multiplication by the coordinate function z on H; is bounded), i = 1,...,n. Suppose
Qi is an M, -invariant closed subspace of H;, i = 1,...,n. Is then
n
1L 1L
rnulth‘(91@_@9")L (Q1® - ®Q,) = Xz(multh‘Qil (Q;))?

i=1

In this paper, we aim to propose an approach to verify the above equality for a large class
of function Hilbert spaces over D™. The methods and techniques used in this paper are
completely different from [5] and can also be applied for proving more powerful results
in the setting of general Hilbert spaces. There is indeed a more substantial answer, valid
in a larger context of tensor products of Hilbert spaces (see Theorem 4.3).

Let H C O(D) be a reproducing kernel Hilbert space and let the operator M, is bounded
on H. Suppose S is a M, -invariant closed subspace of H. We say that S is a zero-based
invariant subspace if there exists A € D such that f(A\) =0 for all f € S.

A particular case of our main theorem is the following: Let H; be the Dirichlet space,
the Hardy space, the Bergman space, or the weighted Bergman spaces over D. Let S; be
an M}-invariant closed subspace of H;, i = 1,...,n. Suppose S; := Q} is a zero-based
M -invariant closed subspace of H; such that

dim(S; © 28;) < oo and [S; © ZSi]Mz‘Si =S,

foralli=1,...,n, then

n

(Q @ ®Qu)*t =) (multar,, (Q)) = ) dim(S; © 25)).

i=1 i=1

multMﬁ(Ql@---@Qn)*

Note that the finite dimensional and generating subspace assumptions are automatically
satisfied if H; is the Hardy space or the Dirichlet space. However, if S is an M, -invariant
closed subspace of the Bergman space over D, then

dim(S 6 28) € NU {oo}.

We refer the reader to [2, 8, 9] for more information. See also [10] for related results in
the setting of weighted Bergman spaces over D.
The proof of the above additivity formula uses generating wandering subspace property,
geometry of (tensor product) Hilbert spaces, and subspace approximation technique.
The paper is organized as follows. In §2, we set up notation and prove some basic
results on weak multiplicity of (not necessarily commuting) n-tuples of operators on
Hilbert spaces. In § 3, we study a lower bound multiplicity of joint invariant subspaces
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of a class of commuting n-tuples of operators. The main theorem on additivity formula
is proved in §4. The paper is concluded in §5 with corollaries of the main theorem and
some general discussions.

2. Notation and basic results

In this section, we introduce the notion of weak multiplicities and describe some prepara-
tory results. This notion is not absolutely needed for the main results of this paper as
we shall mostly work in the setting of multiplicities. However, we believe that the idea
of weak multiplicities of (not necessary commuting) tuples of operators might be of inde-
pendent interest. Throughout this paper, the following notation will be adopted: T; is a
bounded linear operator on a separable Hilbert space H;,t=1,...,n, and n > 2. We set

H=H1® - @H,

and

T=(Ty,...,T,).

where

E:IH1®.'.®IH1L—1 ®Ti®IHi+1®"'®IHn EB(H)v

for all i=1,...,n. It is now clear that (T%,...,T},) is a doubly commuting tuple of
operators on H (that is, Tifj = Tjﬂ- and T;Tq = TqT; forall1 <, j<nand 1<p<
q < n). Moreover, if mults, (H;) = 1 for all i = 1,...,n, then mult;(7) = 1. We denote
by D" the unit polydisc in C™ and by z the element (z1,...,z2,) in C".

The above notion of ‘tensor product of operators’ is suggested by natural (and analytic)
examples of reproducing kernel Hilbert spaces over product domains in C™. For instance,

if {aq,...,an} C N, then

n

Ko(z,w) = H m (z,w eD"),

i=1
is a positive definite kernel over D", and the multiplication operator tuple (M., ,..., M, )
defines bounded linear operators on the corresponding reproducing kernel Hilbert space
L2, (D") (known as the weighted Bergman space over D" with weight o = (a1, ..., qp)).

It follows that (cf. [19])

H=L2D)® - ®L2 (D), and M, = (M,,...,M.,),

where M., denotes the multiplication operator M, on L2 (D), i =1,...,n. In particular,
ifa=(1,...,1), then H = H?(D") is the well-known Hardy space over the unit polydisc.
We also refer the reader to Popescu [14, 15] for elegant and rich theory of ‘tensor product
of operators’ in multivariable operator theory.
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Let ‘H be a Hilbert space, and let A = (A4;,...,A4,) be an n-tuple (not necessarily
commuting) of bounded linear operators on H. Let

w-mult 4 (H) = min{#G : [G]a = H,G C H},

where
(G4 =span{A*(G) : k € 27},

and A = AN ... Ak for all k € 7% . If w-mult o (H) = m < oo, then we say that the weak
multiplicity of A is m. We say that A is weakly cyclic if w-mult,(H) = 1. A subset G of
H is said to be weakly generating with respect to A if [G]a = H.

Now let £ be a closed subspace of H. Then

WalL) =L Z AL,

i=1
is called the wandering subspace of L with respect to Pz A|z. If, in addition

L£="\/ (PeAl)*Wa(L)),

kezZy

then we say that P Al satisfies the weakly generating wandering subspace property. Here
P£A|L = (P£A1|[;, ey P[;An|£) and

(PeA|)k = (PeAr|e)™ - - (PeAn|c)k,

for all k € Z}.

Note that if A is commuting and £ is joint A-invariant subspace (that is, A;£L C L
for all i =1...,n), then weakly generating wandering subspace property is commonly
known as generating wandering subspace property.

We now proceed to relate weak multiplicities and dimensions of weakly generating
wandering subspaces. Let A be an n-tuple of bounded linear operators on H, £ be a joint
A-invariant subspace of H, and let M be a closed subspace of £. Then

Py, cy([M]a) = Py, () (M),
since
Py, o) (A*M) =0 for all k € Z7 \ {0}.

Now suppose that [M]4 = L, that is, M is a weakly generating subspace of £ with
respect to A. Then

Wa(L) = Pw,(c)(M).
Hence
w-mult 4|, (£) > dim Wa(L).
Moreover, if L satisfies the weakly generating wandering subspace property, then

w-mult 4 (£) = dim Wy (L).

Therefore, we have proved the following:
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Proposition 2.1. Let £ be a closed joint A-invariant subspace of H. If L satisfies the
weakly generating wandering subspace property with respect to Ap, then w-mult (L) =
dim Wy (L).

We now proceed to a variation of Lemma 2.1 in [5] which relates the multiplicity of
a commuting tuple of operators with the weak-multiplicity of the compressed tuple to a
semi-invariant subspace.

Lemma 2.2. Let A be an n-tuple of bounded linear operators on a Hilbert space H.
Let £, and Lo be two joint A-invariant subspaces of H and Lo C L1. If L= L1 S Lo,
then

w-multp, |, (£) < w-multa), (L1).

Proof. We have P A;Pr = PrAjPr, — PpAjPy, and thus by A;Ls C Lo we infer
that

PrAjPr = PrA;jPe,,
forall j =1,...,n. Since A;£; C L;, we have
(P A;Pr)(PrA;Pr) = PrA;Pr A Pr,,
that is
(PAiPL)(PrA;Pr) = Pr(AiAj) Pr,
forall 3,5 =1,...,n, and so

(PrAP:)E = PrARP.

for all k € Z7}. Clearly, if G is a minimal generating subset of £; with respect to Al.,,
then P:G is a generating subset of £ with respect to P Al., and thus w-multp, 4|, (£) <
w-mult 4, (£1). This completes the proof of the lemma.

In particular, if £; = H, then Q :=H & Ly is a joint (A7,..., Af)-invariant subspace
of H. In this case, denote by C; = PgA;|g the compression of 4;, i =1,...,n, and define
the n-tuple on Q as

CQ = (Clv"'vc’ﬂ)'

Then we have the following estimate:
w-multe, (Q) < w-mult 4 (H).
Moreover, we also have

Corollary 2.3. Let A= (A4;,...,A,) be a commuting tuple of bounded linear
operators on a Hilbert space H. If Q is a closed joint A*-invariant subspace of ‘H, then

multc, (Q) < mults(H).

This has the following immediate (and well-known) application: Suppose A is a
commuting tuple on H. If A is cyclic, then Cg on Q is also cyclic.
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3. A lower bound for multiplicities

In this section, we first lay out the setting of joint invariant subspaces of our discussions
throughout the paper. Then we present a lower bound of multiplicities of those joint
invariant subspaces. We begin by recalling the following useful lemma (cf. Lemma 2.5,
[18]):

Lemma 3.1. If {A;}!" | is a commuting set of orthogonal projections on a Hilbert
space K, then £ ="', ranA; is a closed subspace of K, and

PL:I—ﬁ(I—Ai)

i=1

=A(I—Ay)..(I—-A4,)PA(I—-A3)...(I—-A)®...+ A, 1(I — A,) D A,.

Next, we introduce the invariant subspaces of interest. Again, we continue to follow
the notation as introduced in § 2.

Let H; be a Hilbert space, T; a bounded linear operator on H;, and let Q; be a closed
T-invariant subspace of H;, i =1,...,n. Set §; = Qi and

Pi = P5 and Qz = IH,; - Pgi,

i

for all i = 1,...,n. Recall again that

Pi=1Iy ®...01n,_, ®Ps, ® Iy, ®...® Iy, € B(H),

and
BB, — B,

for all i,j =1,...,n. By Lemma 3.1, it then follows that
S= Zranﬁ’i, (3.1)
i=1

is a joint T-invariant subspace of H. Moreover,
S=(Q1® - ®Q)"

Our main goal is to compute the multiplicity of the commuting tuple T|g =
(Tils,- .., Tuls) on S.
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For each i = 1,...,n, define X; € B(H) by
Xi=PQit1... Qn
Then X? = X; = X; and
X, X, =0,

foralli=1,...,n, and p # ¢. This implies that {X,;}7 , is a set of orthogonal projections
with orthogonal ranges. Then, by virtue of (3.1), one can further rewrite S as

S = iran]si = éranXi, (3.2)
i=1 i=1

and by Lemma 3.1, one represents Ps as

Ps = é[}xi.
i=1

Define
F =ranX; ® ran(Qng) CRERNS| ran(@l e Qn,an). (3.3)
Then, as easily seen
QiX; = X;Q;,
forall1<i<jandj=1,...,n, it follows that
ran(Q1 - QpXpr1) C ranX, 1,
forall p=1,...,n — 1, and consequently

SO F.

Our first aim is to analyse the closed subspace F and to construct n — 1 nested (and
suitable) closed subspaces {F;}7' such that

SOF 2 2DFa1=F.
To this end, first set
Fi=ranX; GranXo @ --- dranX,_1 O raun(@n,an)7
and define
Fo =ranX; @ ran(Q1Xs) @ --- @ ran(Q1 X,_1) ® ran(Q1Qpn_1X,).

We then proceed to define F;, i =2,...,n—1, as

i—1 i—1
F; =ran <X1@Q1X269~--EB <HQ1‘,> Xi®---® (HQt) Xn-1
t=1 t=1

i—1
@ (H Qt@n—l) Xn) .
t=1
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Therefore
3 i1 i1 i-1
Pr,=X19Q1X2® - & <HQt> Xi®- & (HQt) Xp1® <HQth—1> Xns
t=1 t=1 t=1
(3.4)
for all i = 2,...,n — 1. Therefore, denoting
-2\
A= (H Qt> Pi_1,
t=1
we have
Pr, ioFr = A(Xl X1 @ DX 1 D Qn—an)v (35)

forall i =2,...,n— 1. Since AX, = X,A for all p=1,...,n, the above formula yields
Pr, or, =X X1 ® X1 @ Qn71Xn)A.

Let i €{2,...,n — 1} be a fixed natural number. We claim that F; ; © F; is a joint
Pz, |TPr, ,-invariant subspace, that is

Pr, \Ti(Fi1©F) C Fii10 Fi

or, equivalently

(Pf:i—lTjP]:i—l)Pfi—19fi = P]:i—le}-iTj Fi—16Fis

for all 7 =1,...,n. There are four cases:

Case I: If j > i, then one has TjA = AT} and so
Pr, orTjPr, jor, =AXi® X1 @ ©Qua X)) (Xi @ Xi1 @ @ Qo1 X))
On the other hand, since
Pr,_\TiPr,_or, = Pr,_ ATj(X; & - ® X; &+ & Qu-1Xn),

and

i—2 i—2
Pr,,=X1®(X2) @ @ (H QtXi1> @ (H Qth')
=1 =1
i-2 -2
D---D (H QtXn—1> @ (H Qth—an> )
t=1 =1

it follows that
Pr, \TiPr, o7, =AXi1®Xi @ ®Qua X )T;(X; @ © Qu_1Xn),

as X;A=0forallt=1,...,7—2, and H;j QtA = A. Moreover, since

XiaTy = (PiaQi-+ Q-+ Qu)Tj = P aQi- - Qmj c+ Qn,
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it follows that
X T X =0,
for all ¢t =14,...,n. This leads to

Pr, \TiPr, 07 =AXi®Xi1 @ ©Quar X)) T;(X; ® X1 @ © Qn1Xy).
Case II: If j =i, then
Tini—l@]:i = A((TiNPZ‘Qi+1 o Qn) 0T X1 @ 2 TiQn 1 X0),

implies that

Pr, TiPr_er = |1 Qt) (Xi1®Xi® - @ QnaXo)TiPr,_oF,

(XieXip1®--- @ Qn—an)

i—2
= ( Qt) (Xin @ X, @@ Qn 1 Xn)TiA
X
AXi18Xi® - @QuaX)Ti(Xi @ Xip1 8-+ @ Q1 Xy)

where the next-to-last equality follows from the fact again that AT; = T} A, ( ;;? QA =
Aand X; 1 T;X, =0forall t =i,...,n.

Case Ill: Let j =i — 1. Since

i—2
Ti 1A= <H Qt) Tia Py = AT, 1 P,
t=1
by setting
i—2
A= (H Qt) TiaPi,
t=1
it follows that
Ti1Pr,_jor, = AXi @ AXip1 & @ AX,_1 © AQu—1 X,
Then Xp/i = AX,, for all p=14,...,n, and AA = A implies that

Pfi—lfi_lpfi—lefi = A(XZ D Xi-l-l & 0X, 16 Qn—an)
= Pfi—lefij;i_lpfiflefi?

where the second equality follows from (3.5) and the fact that T;_1P;—; = P;_1T;_1P;i_1.
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Case IV: Let j < i — 1. Then it is clear that
TiPr, ror, =AXi®Xi1 @ © X1 @ Qo1 Xn),
where A = TjA7 that is
A=Q - @j—lfj—'\Q/ij-&-l - Qi—aPiy.
Note that X; A = AX, for all t = i,...,n, and
AA=Qy - Qj—ng/‘fg_@ijH -+ QiaPiy.
Since X, X, = 0,qX,, for all p and ¢, it follows that
P_’Fi_ljz‘jp}'i_lefi = AA(Xi Xit1®- - DX 10 Qn—an)'
On the other hand, the representation of Tj Pr, o, above and (3.5) yields
Pfi—l@]‘-ij:‘jpfiflej:i = AA(Xi OXi1 @ - Xp 1 @ anXn)

and proves the claim. R ~
We turn now to prove that (Pg,Ti|z,,...,PrTh
i=1,...,n—1, that is

£,) is a commuting tuple for all

Pr,T,Pr,T,Pr, = Pr,T,Pr,T,Pr,,

forall s,t=1,...,n. Fixani € {1,...,n— 1} and let

Pfi:Ml@"'@Mna (36)
where M;, j =1,...,n, denotes the jth summand in the representation of Pr, in (3.4).
Recalling the terms in (3.4), we see that M; is a product of n distinct commuting orthog-
onal projections of the form Py, @; and Iy,,, 1 < k,l,m <n. For each s =1,...,n, we
set
M; = M; M; s,

where M; , is the sth factor of M; and M;, is the product of the same factors of M;,
except the sth factor of M; is replaced by I3, . Note again that M, = Ps, Qs, or Iy, .
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We first claim that
M;T, My =0, (3.7)
for all j # k. Indeed, if M; , = Qs, then M;T My = M;  M; ;T My, yields
M;ToMy = M; JTsM; My, = M; JTsM; (M; M, = M; T M; My = 0,
as QSTSQS = QSTS. Similarly, if M; s = 155, then
MT My = MMy T My, = M; My, oMy T My,s = MM T My =0,
as P, TP, = T, P,. The remaining case, M; s = st7 follows from the fact that
M;Ty My, = TsM; M.
This proves the claim. Hence the representation of Pr, TSPE simplifies as
Pr,T.Pr, = MiT,M, © - ® M, T, M,,. (3.8)

Thus,

Pr, T, Pr, Ty Pr, = MiT,M,TyM, ® - - - & M, T M, Ty M,,.
Now if s # ¢, then for each j = 1,...,n, we have
M;T,M;T,M; = M;M; T, M; ;M; /T; M, ; M;
= (M; M M ) TS Ty (M M M)
= M;T,T,M;,
and hence
(Pr,TsPr,) (P, T,Pr,) = My T, T,M, @ - - - & M, T, Ty M,,.

This completes the proof of the commutativity property of the tuple (Pf,j’1| Firenns
Pr,T,|7),i=1,...,n— 1. Furthermore, if s = ¢, then

(M;T,M;)? = M;T2 M.
Indeed, if M; , = Q,, then M;T,M; = M;T,M; , gives us
M;T,M;T,M; = M;T,M; JT,M; JM; = M;T,TsM; ,M; = M;T>M,.
Similarly, if M; ¢ = P, or st, then MjTSMj = Tij, and hence
M;TM;T,M; = M;T?M,;.

Hence we obtain

(P, ToPr,) (P, TiPr,) = MyT T, My @ - - - @ M, TS Ty M,,, (3.9)

forall s,t=1,...,n.
Therefore, with the notation introduced above, we have proved the following:
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Lemma 3.2. If S = (Q; ®---® Q,)*, then S is a joint T-invariant subspace of H
and

SOF 2 2F1=7F,
where F and F; are defined as in (3.3) and (3.4), respectively. Moreover,

P]:i—1T Fio1 — (Pfi—1T1

Fi—1r - '7P.7'-7‘,_1T’n. .7'-7‘,_1)3

is a commuting tuple and

(P]:i—ITj

Fo)(Fin©0F) CFaoF,
foralli=2,....n—1,and j=1,...,n.

We now proceed to estimate a lower bound of mult _(S). Note first that ran(P,—1Py)

is a joint T-invariant subspace and
Fi1=86 ran(Pn,lpn).
Then F is a T-semi invariant subspace, which, by Lemma 2.2, implies that

multT~|$ (S) > mU'ltP.ﬁT\Fl (.7:1)

Now consider the commuting n-tuple Pr, T|x, = (Pflflb.-l, ..., Pr,T,|7,) on Fi. Then
by Lemma 3.2 we infer that Fy © F3 is a joint Pg, T|z, -invariant subspace of F;. But
since Fy = F1 © (F1 © F2), it follows again by Lemma 2.2 that

multp 7 (F1) > multp (F2).
In general, by virtue of Lemma 3.2, we have
multy, g (Fia) 2 multy, g (F),
foralli=2,...,n— 1, and hence
multz (S) = multPF1T|]’1 (Fi)>---> multpjrn_lf‘fn_1 (Frn—1) =multp 7 (F),
where (see (3.3))
F =ranX; ® ran(Qng) ®--P ran(@l e Qn,an),

and X; = PZ-QZ»H . Qn, i=1,...,n. We summarize the above discussion in the following
theorem:
Theorem 3.3. Let Ti,...,T, be bounded linear operators on Hilbert spaces

Hi, ..., Hy, respectively. If Q; is a I} -invariant closed subspace of H;, i =1,...,n, and
S = (Q1®...®Qn)i7

then
multy (S) = multp 7 (F).
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4. Additivity of multiplicities

We now proceed to prove the reverse inequality in Theorem 3.3. We start with a simple
but useful lemma.

Lemma 4.1. Let (A4,..., A,) be an n-tuple of bounded linear operators on a Hilbert
space H. If G is a subset of H and (A1,...,A,) € C", then

[G](Al,.u,An) = [G}(Ar,\lfﬁ,...,Aannzﬁ)-
Proof. Note that, given p € C[z1,..., 2,] there exists ¢ € C[z1,. .., 2z,] such that

p(Al, ceey An) = p((Al — My + )\1[’}-{), cey (An — Moy + >\nI’H))
=q((A1 — MIn), ..., (An — \In)),

which implies that
[Gl(Ar,.an) C [GlA =M Irtsoo An—An )

The reverse inclusion follows similarly, and hence the result follows. O

Now we return to the problem of rank computation of S as in Theorem 3.3. From now
on, we will use the setting and notation introduced in § 3. Observe that, by (3.3), we have

F=M & - DdM,,

where

M, =ran | P, H Qj
J7#i

By defining M; = Pprq,, i = 1,...,n, one has (see (3.6))
Pr=M & ---®M,.
Recall, by virtue of (3.8), that
PrT Py = MiT, My @ --- @& M, TsM,, (4.1)

for all s = 1,...,n. And, finally, recall that, by Lemma 3.2, PrT P is a commuting tuple
on F. The equality in (4.1) implies that

(PFT,PF)M; CM; (s=1,...,n),

that is, M; is a joint PzT Pr-invariant subspace of F for all i = 1,...,n. Then by virtue
of (3.9), we have

n
(PfT|.7:)k :®PMLT,€|MZ (k GZ:L-)

i=1
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Now let G be a minimal generating subset of F with respect to P}-T| F. Then

F =span{(PrT|7)"(G) : k € 21} € @) Epan{ Pa, T* |, (G) : k € ZL}) C F,

i=1

and so
n

F = P Epan{ Pa, T um, (G) « k € Z1 ).

i=1
Now assume that the point spectrum o,(T}|g,) # 0, T;|s, satisfies the generating
wandering subspace property, and

dlIIl(S, O TiSz‘) < 00,
for all i =1,...,n. If we then let @; € 0,(T}|g,) and T;}v; = &;v; for some non-zero
v; € Q;, then
E; :=ran pgi@Tisi HIS(CUJ- c M;,
J#i
and
dimé&; = lel(SZ S) TzSz) = multTi‘Si (SZ),
for all i = 1,...,n. Thus, if we set
E=E@--DE,
then & C F and

dim€ = Zmultmsi (Si)-

i=1
Fix i € {1,...,n} and define (A1,...,A,) € C" by \; =0 if j =14 and \; = o if j # 0.

From Lemma 4.1, it follows that
[Pati Gl #1n, = MG (P Tt =M Lty oo Pat, Tl oty = An Tan, )

For simplicity, we denote

(Pa; Tr | mty =M I ay v Pat; Tl mty = Andag; )

in the rest of this section. Also, notice that Cv; L ran(Pg,Tjlo, —ajlg,) for all
j=1,...,n,and ranT}|s, L S; ©T;S;, so that

Pe, (P, Tjl i, = Ajlam,) =0,
for all j =1,...,n, and hence
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On the other hand, since

Pe = @ Pe,,
=1

and & C M, for all j =1,...,n, it follows that

PeGi = Pg,Gi.
Hence
£=PcF =P (@[PMiG]PMiTMi> = EBPsi [Pr. Gl 7,
that is - . . o
€ = P Pe.Gi = @ Pe.(span{G}),
and so - o

& = P¢(span{G}).
From this it follows easily that
Z dlm(SZ © TiSi) = Z multmsi (Sl)
i=1 i=1
= dim€&
< dim(span{G})
dim(span{G})

= multpff‘F(f),

where the last equality follows from the minimality assumption on G. Therefore,
Theorem 3.3 implies the following:

Theorem 4.2. Assume the setting of Theorem 3.3. If S; satisfies the generating
wandering subspace property with respect to T;|s, and T;|o, has non-empty point
spectrum for all it = 1,...,n, then

multy (S) > multy, o (S;) = dim(S; © T;S)).
=1

i=1

To proceed further, we note, by Lemma 3.1 (or, more specifically (3.2)), that

S = i ranp;.
i=1

In addition, let us assume that multr,(H;) =1, i=1,...,n. Then

multy (S) < Z multr, s (Si)-
i=1

Therefore, by Theorem 4.2, we have the main theorem of this paper as:
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Theorem 4.3. Let Hy,...,H, be Hilbert spaces, let T; € B(H;), and let Q; be a T -
invariant closed subspace of H;, i =1,...,n. Assume that Tj|g1 € B(Q;) satisfies the

generating wandering subspace property, T|g, has non-empty point spectrum and that
multy, (H;) =1 for alli =1,...,n. Then

mult+
T|(Ql®m®gn>*

(Q1®--®Qn)t = Z:mu]tmg_L (QF).
i=1 ‘

5. Applications and concluding remarks

In this section, we complement the main theorem, Theorem 4.3, by some concrete
examples and final remarks.

We first explain the notion of zero-based invariant subspaces of reproducing kernel
Hilbert spaces. Let k : D x D — C be a positive definite kernel. For each fixed w € D, let
z — k(z,w) is analytic on . Suppose Hj, C O(D) is the reproducing kernel Hilbert space
corresponding to the kernel k£ and M., the multiplication operator by the coordinate
function z, on Hj is bounded. Let us further assume that

ker(M: — M, ) = Ck(-,A) (A€ D).

Here k(-, A), for A € D, denotes the kernel function z +— k(z, ) on D.

A reproducing kernel Hilbert space that satisfies all the properties listed above is called
a reqular reproducing kernel Hilbert space.

It is easy to see that the Dirichlet space, the Hardy, the unweighted Bergman space
and the weighted Bergman spaces over D are regular reproducing kernel Hilbert spaces.

Suppose Hy, is a regular reproducing kernel Hilbert space. A closed subspace S C Hy, is
called zero-based invariant subspace if there exists A € D such that f(A\) =0forall f € S
and zS§S C S.

Now let Hj, be a regular reproducing kernel Hilbert space, and let Q be an M -invariant
closed subspace of Hj,. Suppose A € D. Then M} f = \f for some non-zero f € Q if and
only if f = ck(-, \) for some non-zero scalar ¢ € C. On the other hand, since

(g:k(-A) = 9(N) (g € Hi),

it follows that k(-,\) € Q if and only if g(\) = 0 for all g € Q+. We have therefore proved
the following:

Proposition 5.1. Let Hj be a regular reproducing kernel Hilbert space, and let Q be
a closed M -invariant subspace of Hy. Then M*|g has non-empty point spectrum if and
only if QF is a zero-based invariant subspace of H,.

As an immediate corollary of Theorem 4.3, we have now:

Corollary 5.2. Let Hy, be a regular reproducing kernel Hilbert space, multyy, (Hy,) =
1, and let Q; be a proper closed M}-invariant subspace of Hy,, i =1,...,n. If QF is a
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zero-based invariant subspace of Hy, such that
dim(Qi © 2Q;) < oo,

foralli=1,...,n, then

n

Qi@ ®Qu)t = (multy,_, (QF) =D dim(QF & 207).

i=1 i=1

muthz\<Ql®---®9n)L

Now let Hy, be the Hardy space or the Dirichlet space over I, and let Q; be a non-zero
shift co-invariant (that is, M-invariant) subspace of Hy,. By [3, 16], M.|g. satisfies the
generating wandering subspace property and the dimension of the generating wandering
subspace is one, that is

dim(Q; ©29;) = 1,

for all i = 1,...,n. Then, in view of Theorem 4.3 (and [19]) we have the following:

Corollary 5.3. Let Hy,, ¢ = 1,...,n, denote either the Hardy space or the Dirichlet
space over D. Suppose Q, is a proper closed M} -invariant subspaces of Hy,, i =1,...,n.
If QZ# is a zero-based M ,-invariant subspace of Hy,, i = 1,...,n, then,

multh\(Q1®N®Qn)L (Q1®--®Qn)* =n.

A similar argument and the generating wandering subspace property of shift invariant
subspaces of the Bergman space [1] yields the following:

Corollary 5.4. Let Hy,,7=1,...,n, be the Dirichlet space, the Bergman space or the
Hardy space over D. Let Q;, i =1,...,n, be proper closed shift co-invariant subspaces of
Hy,. If Qi is a zero based M -invariant subspace of Hy, and

dim(Qf © 2Q;") < oo,

foralli=1,...,n, then

n

multng o (@1 @@ Q) =S (multag, (QF) = 3 dim(Q} & 200

i=1 i=1
Note that the generating wandering subspace assumption in Corollary 5.4 ensures that
(see Proposition 2.1)
multh‘gL (QF) < oo,
for all i =1,...,n. At present, it is not very clear whether the generating wandering
subspace assumption can be replaced by finite multiplicity property. Our methods rely

heavily on the assumption that the invariant subspaces are zero-based and satisfies the
generating wandering subspace property.
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