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ABSTRACT
The shell type supernova remnant (SNR) Cas A exhibits structures at nearly all angular scales. Previous studies show the
angular power spectrum (C�) of the radio emission to be a broken power law, consistent with MHD turbulence. The break
has been identified with the transition from 2D to 3D turbulence at the angular scale corresponding to the shell thickness.
Alternatively, this can also be explained as 2D inverse cascade driven by energy injection from knot–shock interactions. Here
we present C� measured from archival VLA 5-GHz (C band) data, and Chandra X-ray data in the energy ranges A = 0.6−1.0
and B = 4.2−6.0 keV, both of which are continuum dominated. The different emissions all trace fluctuations in the underlying
plasma and possibly also the magnetic field, and we expect them to be correlated. We quantify this using the cross-C� between
the different emissions. We find that X-ray B is strongly correlated with both radio and X-ray A; however, X-ray A is only very
weakly correlated with radio. This supports a picture where X-ray A is predominantly thermal bremsstrahlung, whereas X-ray
B is a composite of thermal bremsstrahlung and non-thermal synchrotron emission. The various C� measured here, all show a
broken power-law behaviour. However, the slopes are typically shallower than those in radio and the position of the break also
corresponds to smaller angular scales. These findings provide observational inputs regarding the nature of turbulence and the
emission mechanisms in Cas A.

Key words: MHD – radiation mechanisms: general – turbulence – methods: data analysis – methods: statistical – ISM: super-
nova remnants.

1 IN T RO D U C T I O N

A supernova (SN) explosion is characterized by the release of a vast
amount of kinetic energy from a point in space. This energy in the
form of a shock wave travels ahead of the ejected stellar material from
the explosion. Bounded by the shock wave expanding through the
surrounding interstellar medium (ISM), a supernova remnant (SNR)
consists of the stellar ejecta and the interstellar material swept along
its way. The temporal evolution of the remnant is described in terms
of four evolutionary stages (Woltjer 1972). In the first phase, the mass
swept up by the shock is much less than the mass of the stellar ejecta
and the stellar ejecta expands at the initial shock speed. This stage
is referred to as the ‘ejecta-driven’ (ED) phase. Since the energy
radiated is still very small compared to the kinetic energy released
during the explosion, the remnant undergoes adiabatic expansion
and enters its next ‘Sedov–Taylor’ (ST) phase. In this phase, the
mass swept up by the shock begins to dominate the ejecta. Based on
a simple spherically symmetric model, the self-similarity solutions
(Sedov 1946; Taylor 1950) can explain only the adiabatic phase
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of the evolution. However, the one-dimensional self-similarity does
not remain valid for the later phases of the adiabatic evolution due
to the interaction of the ejecta with the inhomogeneities in the
ISM (Chevalier 1977). The evolution ceases to be adiabatic once
the radiative loss become significant. We now have the ‘pressure
driven snowplow’ (PDS) phase where the radiative shock is driven
by the interior pressure. Here the blast wave decelerates and the dense
shell surrounding the hot interior cools down. In the fourth phase,
the interior gas starts losing energy by ‘snowplowing’ or moving
the shell through the ISM. This is referred to as the ‘momentum
driven snowplow’ (MDS) phase. In an uniform density circumstellar
medium (CSM), the temporal evolution of the forward shock radius
follows a power-law tm, with values m = 1, 2/5, 2/7, 1/4 for these
four phases, respectively (Cioffi, McKee & Bertschinger 1988). For
Cas A SNR, it is found that CSM has a density varying inversely
with the square of the shock radius (Hwang & Laming 2009). This
indicates that the remnant is in its ST phase of evolution as the swept
up mass is much greater than that of the ejecta, but most of the X-ray
emission comes from the ejecta.

Besides the expansion studies, SNRs are studied over the entire
electromagnetic spectrum from radio to high-energy gamma bands.
Each frequency band of observation offers a different physical insight
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to the understanding of SNe and SNRs. Considering any particular
frequency, every SNR exhibits a variety of overall morphology as
well as rich structures over a wide range of scales. SNRs can be
used to probe the global properties of the galaxy as well as the
local environment in different regions. Unlike the SNRs that are
unresolved at extragalactic distances, SNRs in our Galaxy provide
us an opportunity to investigate their structures in finer details (Green
2019).

Although there have been many multiwavelength observations of
the Galactic SNRs, there have been very few systematic studies to
quantify the statistical properties of the fine-scale angular structures
associated with the remnant. Roy et al. (2009) have estimated the
angular power spectrum of the observed intensity fluctuations for two
Galactic SNRs, Cas A and Crab, using the visibility data from Very
Large Array (VLA) at frequencies 1.5 (L band) and 5 GHz (C band).
The resultant angular power spectra of both the SNRs show a power
law with index −3.24 ± 0.03. However, for the Cas A SNR, a break
in the power law was observed at large angular scales where the index
was found to change from −3.2 to −2.2. This break was attributed to
a transition from 3D to 2D turbulence on scales larger than the shell
thickness of Cas A. A similar transition was not observed for the Crab
SNR that has a filled centre structure. In Roy et al. (2009), the power
spectrum was estimated using pairwise correlations of the measured
visibilities (the Bare Estimator of Choudhuri et al. 2014). In a recent
work, Saha et al. (2019) have estimated the angular power spectrum
of the Kepler SNR using an improved estimator the Tapered Gridded
Estimator (TGE; Choudhuri et al. 2016b). This estimator reduces
the residual point source contamination from regions of the sky
away from the target source by tapering the primary beam response
through an appropriate convolution in the visibility domain. The
angular power spectrum was measured in both L and C bands using
VLA data. In both cases, the power spectrum measured across the
angular multipole � range (1.9−6.9) × 104 was found to be a broken
power law with a break at �b = 3.3 × 104, and power-law index
of −2.84 and −4.39 before (� < �b) and after (� > �b) the break,
respectively. The C- and L-band results were found to differ at � >

6.91 × 104. In this � range, the L-band power spectrum was found to
flatten out at a value that is consistent with model predictions for the
expected residual point source foreground contribution. However, the
C-band power spectrum was found to follow a power law with index
−3.07. Considering the synchrotron emitting plasma of the SNR, the
slope of −2.84 found at large angular scales is consistent with 2D
Kolmogorov turbulence, whereas at small angular scales, the C-band
power-law slope −3.07 is roughly consistent with 3D Kolmogorov
turbulence. The intermediate � range with a steep −4.39 power-law
behaviour was attributed to the complex morphology of the SNR.
Furthermore, the angular power spectrum estimates of Cas A and
Crab obtained using TGE were found to be similar with the earlier
results reported in Roy et al. (2009). In another recent work, Shimoda
et al. (2018) have analysed VLA L-band image of the Tycho SNR to
estimate the two-point correlation function of the specific intensity
fluctuations. They have reported a Kolmogorov-like magnetic energy
spectrum showing a scaling r2/3. Vishwakarma & Kumar (2020) have
carried out a similar analysis for Cas A using 410–460 MHz Giant
Metrewave Radio Telescope (GMRT) data; their results are consistent
with the above mentioned Tycho SNR results.

In this paper, we revisit Cas A considering not only radio but
also X-ray observations of this SNR. For the present analysis, we
have analysed archival Chandra X-ray data (Chandra observation
ID: 4638). Cassiopeia A or Cas A (G111.7−2.1) is located in the
constellation Cassiopeia in the second Galactic quadrant. Cas A is
a relatively young Galactic SNR that has been extensively studied

since its discovery. At the radio frequencies, Cas A SNR shows
a clear shell like structure with compact emission knots. It is one
of the strongest radio sources in the sky with a flux density of
2720 ± 50 Jy at 1 GHz. The shell structure subtends an angular
diameter of 5 arcmin at a distance of approximately 3.4 kpc (Reed
et al. 1995). The shell thickness estimated from the radial brightness
profile at radio frequencies is found to be approximately 30 arcsec.
It is most likely a remnant of a late seventeenth-century SN (Fesen
et al. 2006). Krause et al. (2008) suggest that CasA was an SN IIb.
The spectroscopic observations of Cas A SNR at X-ray frequencies
reveal that it is a strong X-ray source with the presence of different
elements in the SN ejecta. Each of these elements produces X-
rays within narrow energy ranges. In X-ray waveband, the overall
emission structure is an approximately circular region of diffuse
emission that surrounds an inner ring of clumpy emission (Charles,
Culhane & Fabian 1977; Fabian et al. 1980; Jansen et al. 1988). The
circular region has a protrusion at the northeast.

In this paper, we have extended the line of investigation started in
Roy et al. (2009) and continued in Saha et al. (2019) to present the
angular power spectrum of Cas A SNR both at low radio frequency
and at high X-ray frequency. The radio power spectrum arises mainly
from the fluctuations in the non-thermal synchrotron radiation. A
convective instability due to the interaction of the ISM and the ejecta
makes enough turbulent energy available to account for the observed
synchrotron emission (Gull 1973). The emissivity of the synchrotron
radiation depends on ∼ne B (p+1/2), where ne is the electron number
density, B is the magnetic field, and p is the power-law index of
the electron spectrum. Considering the emission from the SNRs at
X-ray frequency, this can be either thermal bremsstrahlung or non-
thermal synchrotron or a combination of both. For Cas A SNR,
Allen et al. (1997) have shown evidence for a non-thermal high-
energy tail in the X-ray continuum spectrum that is likely to be
produced by synchrotron radiation. In addition to the synchrotron
component, the high-energy tail can also have contribution from non-
thermal bremsstrahlung (Asvarov et al. 1990; Bleeker et al. 2001;
Grefenstette et al. 2015). Later, Helder & Vink (2008) argued that
about 54 per cent of the overall continuum emission (4–6 keV) of
Cas A is non thermal synchrotron radiation, while the rest is thermal
bremsstrahlung. While the radio power spectrum from the earlier
works already sheds some light on the statistics of the small scale
turbulent fluctuations in the electron density and magnetic field, we
expect the X-ray angular power spectrum to provide independent
additional inputs on this. Further, we may expect the fluctuations
in the radio and non thermal X-ray emission to be correlated as
both are related to the electron density and also the magnetic field.
In this paper, we have also estimated the cross-correlation angular
power spectrum between the fluctuations in the radio and the X-ray
emission.

Cross-correlation is a commonly used methodology in signal and
image processing. The noise and other artefacts like extraneous
background or foreground emission affecting the two different
signals are expected to be uncorrelated, and their contribution can be
avoided if we cross-correlate the two signals. Considering the radio
observations used for our analysis, the contribution from various
foregrounds like the extragalactic point sources and the diffuse
Galactic synchrotron emission (DGSE) both increase if the observing
frequency is reduced. Guided by this, we have chosen the VLA C-
band visibility data of Cas A SNR over that of the L band for the
analysis presented here. A brief outline of this paper follows.

The details of the archival VLA radio data and Chandra X-ray data
used here are briefly outlined in Section 2. The methodology of the
power spectrum estimation and its error are described in Section 3.

MNRAS 502, 5313–5324 (2021)

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/502/4/5313/6136283 by J.R
.D

. Tata M
em

orial Library, Indian Institute of Science, Bengaluru user on 22 July 2021



SNR auto- and cross-power spectrum 5315

Table 1. The values of the parameters obtained by fitting CT T
� , CAA

� , CBB
� , CT A

� , CT B
� , and CAB

� of Cas A SNR.

Band �m �b Power index β Power index β � range No. of points χ2

DOF

(� ≤ �b) (� > �b) for fitting

Radio T 1.88 × 104 6.60 × 104 −2.28 ± 0.08 �m − �b 7 0.86
−3.13 ± 0.01 8.17 × 104–1.88 × 106 18 3.44

X-ray A 1.55 × 104 (2.67 ± 0.36) × 105 −2.33 ± 0.05 −2.81 ± 0.10 �m − 6.00 × 105 16 0.89
X-ray B 7.50 × 103 (1.93 ± 0.11) × 105 −1.83 ± 0.05 −2.62 ± 0.03 �m − 6.00 × 105 20 1.23
Cross-TA 1.80 × 104 (2.67 ± 0.43) × 105 −2.27 ± 0.04 −2.83 ± 0.17 �m − 6.00 × 105 20 9.17
Cross-TB 1.80 × 104 (1.16 ± 0.08) × 105 −2.11 ± 0.05 −2.76 ± 0.03 �m − 6.00 × 105 20 3.69
Cross-AB 7.50 × 103 (2.11 ± 0.23) × 105 −2.11 ± 0.06 −2.70 ± 0.04 �m − 6.00 × 105 20 2.32

We report the results in Section 4 and modelling of the radio power
spectrum in 5, followed by its discussion and conclusion in Section 6.

2 DATA

We have used the Very Large Array (VLA) archival C-band (5 GHz)
multiconfiguration uv data (Project code: AR0435) of the Cas A
SNR. Roy et al. (2009) have calibrated and used this data to estimate
the angular power spectrum of the Cas A SNR, and the reader is
referred to table 1 of the above-mentioned paper for further details
of the data. To visualize the source structure the left-hand panel of
Fig. 1 here shows a CLEANed radio image made from the calibrated
visibilities using standard AIPS1 tasks. We see that the Cas A SNR
subtends approximately 5 × 5 arcmin2 in the radio image. We note
that the radio image here shows the specific intensity I (θ ) in units of
Jy beam−1. This can be converted into brightness temperature T (θ )
through T (θ) = (2 kB/λ2)−1 I (θ) in the Rayleigh–Jeans limit that is
applicable here.

For X-ray, we have analysed Advanced CCD Imaging Spectrom-
eter (ACIS-S) non-grating archival Chandra data of Cas A. The data
were observed on 2014 April 14 as a part of observation ID 4638
and has a long exposure time of 164.5 ks. The field of view (FoV)
corresponds to a large region of angular extent 16.9 × 8.3 arcmin2.
We analyse the downloaded data using Chandra Interactive Analysis
of Observations (CIAO) version 4.10 (Fruscione et al. 2006). We
create a reprocessed event2 file from the downloaded event1 file
using chandra repro. Using the event2 file, we generate the X-
ray spectrum that is shown in Fig. 2. For the subsequent analysis,
we have identified two different energy ranges that are free of any
strong emission lines, namely X-ray A and X-ray B (or simply A
and B) that, respectively, spans 0.6–1.0 and 4.2–6.0 keV (Fig. 2). We
expect A to be dominated by thermal emission, while B is expected
to be a mixture of thermal and non-thermal emission. The middle
and right-hand panels of Fig. 1, respectively, show the X-ray images
corresponding to A and B. Here from the X-ray images, we consider
J (θ ), which refers to the X-ray photon flux per unit energy interval
per solid angle. We note that J (θ ) is analogous to the specific intensity
I (θ ), which refers to the energy flux per frequency interval per solid
angle (Bradt 2008). As seen by comparing the different images in
Fig. 1, the angular size of Cas A is similar in radio as well as X-ray
A and B. While the radio and X-ray B images are relatively more
symmetric, the circular structure in X-ray A is incomplete with the
appearance of an arc on the southwestern side. The inner ring and the
protrusion of the remnant in the northeast are also more prominent
in the X-ray A image.

1NRAO Astrophysical Image Processing System, a commonly used software
for radio data processing.

3 M E T H O D O L O G Y

3.1 Radio power spectrum

In radio interferometric observations, the measured quantity is a set
of complex visibilities Vi that are sensitive to the angular fluctuations
in the sky signal. In addition to the sky signal component S(Ui), the
measured visibility Vi has a system noise N component ,

Vi = S(Ui) + Ni . (1)

The sky signal component S(Ui) is the Fourier transform of the
product of the telescope’s primary beam pattern A(θ ) and the
brightness temperature fluctuations δT(θ ) on the sky :

S(Ui) = Qν

∫
d2θ e2πiUi·θ A(θ) δT(θ ), (2)

where Qν = 2kB/λ2 is the conversion factor from brightness tem-
perature to specific intensity in the Rayleigh Jeans limit and kB is
the Boltzmann constant. Here we assume that δT(θ ) is a particular
realization of a statistically homogeneous and isotropic Gaussian
random field whose statistical properties are completely quantified
by the angular power spectrum CT T

� . In the flat sky approximation
adopted here, CT T

� , which is the angular power spectrum of brightness
temperature fluctuations, is defined using

〈	T̃ (U) 	T̃ ∗(U
′
)〉 = δ2

D(U − U
′
) CT T

�=2πU , (3)

where 	T̃ (U) is the Fourier transform of δT(θ ), δ2
D(U − U

′
) is the 2D

Dirac delta function, and the angular brackets 〈...〉 denote an ensemble
average with respect to different realizations of the Gaussian random
field.

The angular extent of the target source is usually smaller compared
to that of A(θ). In addition to the sky signal from the target source,
the measured visibilities Vi may have significant contributions from
other sources that lie within the angular extent of A(θ ). Therefore, it
is advantageous to restrict the sky response to a small region around
the target source. The Tapered Gridded Estimator (TGE; Choudhuri
et al. 2014, 2016a) achieves this by tapering the sky response with
a suitable window function W(θ). TGE restricts the sky response by
convolving the measured visibilities with w̃(U) that is the Fourier
transform of W(θ ). This visibility-based estimator for the radio
frequency data allow us to bypass any additional complications due
to imaging and deconvolution, which are quite challenging for strong
extended source like Cas A SNR. TGE also grids the visibilities in
order to reduce the volume of computations. The convolved gridded
Vcg are given by

Vcg =
∑

i

w̃(Ug − Ui)Vi , (4)

where Ug refers to the baseline corresponding to the different grid
points (labelled g) of a rectangular grid in the uv plane. The size
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Figure 1. Images of Cas A SNR in Radio (left-hand panel) from the VLA archival visibility data in C-band D configuration, and X-ray from Chandra archival
data spanning 0.6–1.0 (X-Ray A, middle panel) and 4.2–6.0 keV (X=ray B, right-hand panel). The images are all in J2000 coordinates.

Figure 2. Log–log plot of X-ray spectrum of Cas A SNR using Chandra
archival data (observation ID: 4638). The background has been substracted
here. We have marked the lower (X-ray A, marked with red lines) and the
higher (X-ray B, marked with blue lines) energy ranges that we have used to
derive our images for the X-ray analysis, in this paper.

of the rectangular uv grid is set by the choice of the baseline range
Umax and Umin. This is chosen such that the grid can incorporate
the visibility data of both the largest configuration and the shortest
configuration of VLA. We have chosen a grid spacing within which
the convolution in equation (4) is well represented. The uniform
grid size and spacing allows us to collapse the visibility data of the
different VLA configurations into a single grid. The angular power
spectrum estimator is defined as

Êg = (Mg)−1 ×
(

|Vcg|2 −
∑

i

|w̃(Ug − Ui)|2|Vi |2
)

, (5)

where Mg is a normalization constant and the second term in the
right-hand side is introduced to subtract out the noise bias arising
from the noise contribution present in each visibility. Here 〈Êg〉 gives
an unbiased estimate of the angular auto-power spectrum CT T

� at the
angular multipole �g = 2π | Ug |.

The value of Mg is calculated using simulated visibilities. We have
simulated visibilities corresponding to an unit angular power spec-
trum (UAPS, CUAPS

� = 1) and having the same baseline distribution
as the observational data. These simulations incorporate only the sky
signal contribution, with no system noise. We use an ensemble of

such simulations to evaluate the normalization constant ,

Mg =
〈(|Vcg|2 −

∑
i

|w̃(Ug − Ui)|2|Vi |2
)〉

UAPS . (6)

We apply the visibility based TGE to the radio visibility data of the
SNR to estimate the angular auto power spectrum CT T

� . We have
binned the estimated CT T

� values into � bins of equal logarithmic
interval.

The details of the TGE angular power spectrum estimator are
discussed in Choudhuri et al. (2014, 2016a), whereas the detailed
methodology for the TGE based CT T

� estimation for several SNRs
(Cas A, Crab, and Kepler) is given in section 3.1 of Saha et al. (2019).

3.2 X-ray power spectrum

For the X-ray data of the Cas A SNR, we consider J (θ ) that, as
discussed in Section 2, is analogous to the specific intensity I (θ ).
Here we use JA(θ ) and JB (θ) to refer to X-ray A and B, respectively.
Considering A, the X-ray image (middle panel of Fig. 1) presents
us with values of JA(θ ) on a pixelized image of angular dimensions
L × L = 
 subtending a solid angle 
. We calculate the Fourier
components 	JA(U) of the image, and calculate the X-ray auto
angular power spectrum CAA

� using

CAA
�=2πU = 
−1 |	JA(U)|2. (7)

The power spectrum CBB
� was estimated in exactly the same way

using JB (θ ).
We have also estimated the cross-power spectrum between the two

different X-ray energy bands using

CAB
�=2πU = 
−1 | [	JA(U)] [	JB (U)]∗ | . (8)

The estimated power spectra were all individually binned in � bins
of equal logarithmic interval.

3.3 Radio X-ray cross-power spectrum

We now discuss how we have cross-correlated the radio visibility
data with the X-ray A and the X-ray B image data to estimate the
cross-power spectrum CT A

� and CT B
� , respectively. Considering the

X-ray A, we have an exposure corrected image that provides us
with 	JA(U). This is available at uniformly sampled U values, and
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we may interpret the measured 	JA(U) as directly pertaining to
different Fourier components of the X-ray structure of the Cas A
SNR. In contrast, the visibility data Vi are only available at the Ui

values corresponding to the VLA baseline distribution. Typically, the
baseline distribution Ui does not span the entire Fourier domain of
our interest. Further, we cannot interpret the measured visibilities
directly as the Fourier components of δT(θ ) due to the primary beam
pattern A(θ ) that appears in equation (2). Note that the FoV of the
Chandra X-ray image is larger than the angular extent of the VLA
primary beam pattern A(θ ). In addition, we have to also consider
the window function W(θ ) if we deal with the convolved, gridded
visibilities Vcg (equation 4). It is necessary to account for these
aspects of the radio data when estimating the cross-power spectrum.
In order to overcome these issues, we have converted the X-ray A
data into X-ray A visibilities VAi

using

VAi
=

∫
d2θ e2πiUi·θ A(θ ) δJA(θ ). (9)

which are exactly analogous to the radio visibility data. Here A(θ )
is the VLA primary beam pattern, and the X-ray A visibilities have
been computed at the Ui values corresponding to the VLA baselines
distribution. We have used the X-ray A visibilities for the cross-
correlation analysis.

We have used the TGE to estimate the cross-angular power
spectrum CT A

� . In order to maintain a similar sky response from
the source in both the radio and the X-ray A, the X-ray A visibilties
VAi

were convolved with the same window function as the radio data
(equation 4),

VAcg
=

∑
i

w̃(Ug − Ui)VAi
, (10)

and the grid also is identical to that used for the radio data. We
generalize equation (5) to define an estimator for the cross-power
spectrum,

Êg = (Mg)−1 | VAcg
V∗

cg |, (11)

where Mg is the same proportionality constant as in equation (6). The
noise in the radio and the X-ray A visiblities are uncorrelated, and it is
not necessary to consider the noise bias here. We follow exactly same
procedure to calculate the cross-spectrum CT B

� using the measured
radio visibilities Vi and the estimated X-ray B visibilities VBi

. We
present the bin averaged values of the angular cross-power spectra
CT A

� and CT B
� .

3.4 Interpreting the power spectra

To interpret the radio sky signal, the observed brightness temperature
fluctuation δT(θ) of the remnant can be represented as

δT(θ) = R(θ)[T̄s + δTs(θ)], (12)

where T̄s is the mean and δTs(θ ) is the fluctuating component. R(θ )
is a dimensionless profile function of the remnant that captures the
angular profile of the remnant. This R(θ) modulates both T̄s and
δTs(θ ) and cuts off the emission beyond the finite size of the SNR.
We assume δTs(θ ) to be the outcome of a statistically homogeneous
and isotropic Gaussian random process whose statistical properties
are completely specified by the angular power spectrum C�. A similar
statistical interpretation is described in Chandrasekhar & Münch
(1952) in the context of turbulent ISM of our Galaxy.

The angular power spectrum CT T
� estimated from δT(θ ) is related

to C� (which corresponds to δTs(θ )) through a convolution:

CT T
2π|U| =

∫
d2U

′ | r̃(U − U
′
) |2 C2π|U′ |, (13)

where r̃(U) is the Fourier transform of R(θ). Considering a power
law of the form C� ∝ A �β with a negative power-law index (β <

0), we find that the estimated CT T
� has the same slope as C� at large

� (
 �T
m). In this range, CT T

� and C� differ only by

C2π|U| = B−1 CT T
2π|U|, (14)

the proportionality constant B = [∫
d2θ | R(θ ) |2] =[∫

d2U
′ | r̃(U

′
) |2

]
(Dutta et al. 2009). However, at small

� (≤ �T
m), CT T

� flattens out and the convolution (equation 13)
introduces a break at �T

m. The value of �T
m is inversely proportional

to the angular extent of the SNR. Depending on the shape of R(θ )
and power-law index β, the value of �T

m can vary.
The above interpretation has been extended to the rest of the

estimated power spectra CAA
� , CBB

� , CT A
� , CT B

� , and CAB
� as well.

We have modeled the angular profile of the SNR as a Gaussian of
the form R(θ ) = e−θ2/θ2

r . For each data, the value of θ r was chosen
separately so as to correctly reproduce the observed values of �m.

3.5 Error estimation

The error estimates δC� for CT T
� is relatively straight forward, and this

has been discussed in Saha et al. (2019) and references therein. Here
the sample variance that is the statistical fluctuation inherent to the
sky signal as well as the system noise both contribute to the errors. We
have used simulations to estimate these errors. For these simulations
we use a model input angular power spectrum CM

� that is defined
as CM

� = B−1CT T
� (equation 14) for � > �T

m. In this � range we
interpolate the estimated CT T

� to obtain CM
� as a continuous function

of �. For � < �T
m, we fit a power law to CT T

� in the vicinity of � ≈ �T
m

and extrapolate this to calculate CM
� . We construct several statistically

independent realizations of Gaussian random fields corresponding to
CM

� and multiply these with the SNR angular profile function R(θ )
discussed in the previous section. The images of the simulated SNR
were multiplied with the VLA primary beam pattern and used to
calculate (equation 2) the visibilities corresponding to the observed
baseline distribution.

We have assumed that the system noise contribution to both the real
and imaginary parts of the visibilities are Gaussian random variables
of zero mean and variance σ 2

N . We have used

σN = SEFD

ηc
√

2tint	ν
, (15)

where SEFD and ηc
2are the system equivalent flux density (Jy)

and the correlator efficiency, respectively, tint is the integration time
per visibility in seconds, and 	ν is the channel width in Hz. These
values are different for different VLA configurations for a source and
are shown in table 3 of Saha et al. (2019). The resulting simulated
visibilities, which have the simulated SNR signal and simulated
system noise, were used to determine C�. We have constructed several
statistically independent realizations of these simulations for which
the average C� matches CT T

� at � ≥ �T
m. The variance determined

from these realizations of these simulated C� is used to estimate δC�

for the measured CT T
� .

2https://science.nrao.edu/facilities/vla/docs/manuals/oss/performance/sensi
tivity.
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Figure 3. Left-hand panel: estimated angular auto power spectra CT T
� , CAA

� , and CBB
� with their respective 1 − σ error estimates. Right-hand panel: the scaled

angular auto power spectra for the � range used for fitting, along with the respective best-fitting broken power law. The values of the power-law index β are
shown. These values and the break �b are also provided in Table 1.

Considering CAA
� , in addition to the sample variance the Poisson

noise, also contributes to the errors. The Poisson noise contribution
at any pixel depends on the number of photons that contribute to the
value of JA(θ) at that pixel. Considering the Chandra observation,
we have a complicated mapping from the photon counts to JA(θ )
that is carried out by the CIAO software. This poses a difficulty for
incorporating the Poisson noise in our analysis, and we have only
considered the sample variance contribution to the errors. The sky
signal was simulated following exactly the same procedure as for the
radio, except that we have used CAA

� to determine the input model
angular power spectrum. The width of the radial profile R(θ) was also
set to a value consistent with the X-ray observation. The simulated
JA(θ ) values were obtained on an image of the same size and
resolution as the Chandra image, and these were used to estimate the
simulated CAA

� . We generate 50 statistically independent realizations
of the simulated Chandra images and the variance calculated from
these multiple estimates of the simulated CAA

� were used to compute
error δC� for the estimated CAA

� . The same technique is followed to
calculate the error δC� for the estimated X-ray B CBB

� and X-ray
cross-power spectrum CAB

� .
For the radio X-ray cross-power spectrum CT A

� , the error variance
for a measurement at a single U mode is given by

(
δCT A

�

)2 = 1

2

[(
CT A

�

)2 + (
CT T

�

)(
CAA

�

)]
, (16)

where the radio and X-ray A auto-power spectra include the respec-
tive signal and the noise contributions. The total error variance for
an � bin is also inversely proportional to the number of independent
modes that contribute to the bin. Here it is difficult to incorporate the
individual contributions in the simulations to estimate the errors. For
the present purpose, we have made a few simplifying assumptions
to estimate these errors. We assume that the errors δC� are primarily
dominated by the sample variance that is determined by the number
of independent measurements that contribute to the estimated signal.
Since the cross-correlation estimator (equation 11) has exactly the
same sky coverage and baseline distribution as the radio observations,
it is then reasonable to assume that

δCT A
� = CT A

�

CT T
�

× δCT T
� , (17)

which we use in this analysis. Similarly, we estimate the errors δC�

for CT B
� except that CT A

� is now replaced by CT B
� in equation (16)

and (17).

4 R ESULTS

We first consider the three power spectra CT T
� , CAA

� , and CBB
� ,

which are shown in Fig. 3. Throughout the rest of this paper, in
addition to C�, we have shown the scaled angular power spectrum
�(� + 1) C�/2π. For radio, we can interpret �(� + 1) CT T

� /2π as
the variance of the observed brightness temperature fluctuations
at the angular scale corresponding to �, the other power spectra
may be similarly interpreted in terms of photon number counts, etc.
Considering CT T

� first, the � range shown in the left-hand panel
corresponds to the entire baseline range of the radio observations.
The 1 − σ error bars shown in the figure are quite large at small �

where the sample variance dominates. The error bars are smaller at
large � where they are not noticeable in the figure. We see that CT T

�

flattens out at � ≤ �T
m(=1.88 × 104). This flattening can be attributed

to the convolution (equation 13) due to the finite angular extent of
the SNR. We may interpret CT T

� in the � range � > �T
m as arising

from specific intensity fluctuations within the SNR, and we restrict
the subsequent analysis to this � range. We see that in this � range
CT T

� shows a power-law-like behaviour, however a single power law
does not provide a good fit for the entire � range as there is a break at
�T

b = 6.60 × 104. We find that separately fitting two different power
laws of the form C� = A �β , one for � < �T

b and another for � > �T
b

provides a reasonably good fit that is shown in the right-hand panel of
Fig. 3. We obtain the best-fitting power-law index β = −2.28 ± 0.08
and −3.13 ± 0.01 for � < �T

b and � > �T
b , respectively. The power-

law index steepens by −0.85 as we go across the break from small � to
large �. The goodness of fit and the fitting parameters are summarized
in Table 1. We have also tried fitting a broken power law with �T

b as an
additional parameter, however this does not improve the reduced χ2.
These findings have been reported previously in Saha et al. (2019).
We note that an earlier work (Roy et al. 2009) has analysed the same
visibility data to estimate CT T

� for the Cas A SNR, however the
power spectrum estimator used there was different. The earlier work
also found a break at �T

b ∼ 6.60 × 104, with a power law having
β = −2.22 ± 0.03 at the small � values in the range 1.00 × 104–
6.28 × 104 and a different power law having β = −3.23 ± 0.09 in the
� range � > 6.28 × 104. We find that our results here are consistent
with the results reported in the earlier work.

We next consider the X-ray A angular power spectrum CAA
�

shown in the left-hand panel of Fig. 3. We see that CAA
� flattens

out for � ≤ �A
m(=1.55 × 104) whereas it is a declining function of

� for � > �A
m. Similar to radio, we attribute this flattening to the

convolution (equation 13) due to the finite angular extent of the SNR.
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Figure 4. The normalized radio and X-ray radial profiles R(θ) estimated
from the respective images in Fig. 1. The 2D profile for the simulation model
used in Section 6 is also shown.

We see that the value of �A
m is close to the value of �T

m = 1.88 × 104

obtained for radio that indicates that the Cas A SNR is expected
to have the same angular extent in radio and X-ray A (Fig. 1). To
verify this, we consider the respective radial profiles R(θ) shown in
Fig. 4. These have been determined by averaging the intensity along
various radii emanating from the centres of the respective images in
Fig. 1. The radial profiles are all normalized using

∫
R(θ) d2θ = 1.

We find that the radial profiles of the radio and X-ray A images
both peak at θ ≈ 1.8 arcmin, confirming that they have very similar
angular extents. Note that the angular extent estimated from Fig. 4
is possibly larger than the values predicted by one-dimensional self-
similar hydrodynamics models (Hamilton & Sarazin 1984; Laming
& Hwang 2003; Hwang & Laming 2012) due to projection effects.
We may interpret CT T

� in the � range � > �T
m as arising from specific

intensity fluctuations within the SNR, and we restrict the subsequent
analysis to this � range. As can be seen from Fig. 3, the error estimates
are large at � < 9.00 × 104 due to the large sample variance, the error
decreases thereafter. From the left-hand panel of Fig. 3, CAA

� appears
to hit a floor at the three largest � values. We have omitted these data
points from the subsequent analysis that is restricted to the � range
�A

m − 6.00 × 105. Like radio, here also a single power law does not
provide a good fit to the data. We have obtained a good fit using
a broken power law considering the position of the break �A

b as a
free parameter. The best-fitting values and the goodness of fit are
summarized in Table 1. We obtain �A

b = (2.67 ± 0.36) × 105 with
the power-law index values β = −2.33 ± 0.05 and −2.81 ± 0.10 for

� < �A
b and � > �A

b , respectively. The power-law slope β steepens by
−0.48 across �A

b from low to high �.
We next consider the X-ray B angular power spectrum CBB

� shown
in the left-hand panel of Fig. 3. Similar to CT T

� and CAA
� , we see that

CBB
� also flattens out at � ≤ �B

m(=7.50 × 103). The values of �T
m for

radio and �A
m for X-ray A are, respectively, 2.5 and 2.1 times larger

than �B
m for X-ray B. Taking this at face value, this indicates that

the angular extent of the SNR in the radio C band and X-ray A
are approximately 2.5 and 2.1 times smaller than that in X-ray B,
respectively. By comparing the three radial profiles (Fig. 4), and
also by directly comparing the images in Fig. 1, we see that the
angular extents are nearly the same in radio, X-ray A, and X-ray
B. The origin of the difference between the values of �T

m, �A
m, and

�B
m is not clear at present and is discussed in Section 6. Considering

CBB
� in Fig. 3, we see that the estimated error bars of CBB

� are quite
large at smaller � (� < 5.00 × 104) where we have a relatively
large sample variance, the errors decreases at larger �. Like CAA

� ,
CBB

� appears to hit a floor at the four largest � values (left-hand
panel of Fig. 3). To understand the origin of this floor, we have
simulated images of Cas A using the radial profile function R(θ )
(Fig. 4) and CBB

� as the input and having mean similar to that of the
observed X-ray B image. Next, we have applied a detailed Chandra
instrument model (marx, Davis et al. 2012) to these simulated images
to incorporate the instrumental effects like point spread function and
Poisson noise from a finite number of photons. We find that both
the effects affect the angular power spectra computed from these
images only at large � i.e. � > 6.00 × 105 where it appear flatter
than the angular power spectra calculated from the simulated images
before the application of marx. For � > 6.00 × 105 corresponding
to angular scales less than 2.16 arcsec, the point spread function (∼
0.5–3 arcsec) away from the centre can smooth out spatial structures.
We have excluded this range from the subsequent analysis. We have
used χ2 minimization to determine the best-fitting power law for
CBB

� in the � range �B
m − 6.00 × 105. Like CT T

� and CAA
� , we find

that a single power law does not provide a good fit to the data. We
have obtained a good fit to the data using a broken power law with
the position of the break �B

b also included as a free parameter. We
have used this to identify a break at �B

b = (1.93 ± 0.11) × 105. The
fit to the data is shown in the right-hand panel of Fig. 3, and the
values of the slopes and the reduced χ2 are shown in Table 1. We
have obtained the slopes β = −1.83 ± 0.05 and −2.62 ± 0.03 for
� < �B

b and � > �B
b , respectively. We find that the power-law index

steepens by −0.79 as we go across the break from small � to large �.
For the radio X-ray cross-power spectra CT A

� and CT B
� , the

respective X-ray data were converted to have exactly the same
baseline distribution as the radio data, and the binned � values
exactly match those of CT T

� . The left-hand and middle panels of
Fig. 5 show CT A

� and CT B
� , respectively. We find that CT A

� and CT B
�

Figure 5. Cross-power spectra CT A
� (left-hand panel), CT B

� (middle panel), CAB
� (right-hand panel) scaled with �(� + 1)/(2π ) along with 1 − σ error bars.

Respective best-fitting broken power laws are also shown with an offset in amplitude.
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Figure 6. Correlation coefficient (c�) for the cross-power spectra CT A
� (left-hand panel), CT B

� (middle panel), and CAB
� (right-hand panel).

both flatten out due to the convolution (equation 13) at small � below
�T A

m = �T B
m = 1.80 × 104. This value matches that of �T

m and is also
comparable to �A

m. Similar to CAA
� and CBB

� , for both CT A
� and CT B

�

we observe the presence of a floor at large �. The occurrence of this
flat region (floor) in both CT A

� and CT B
� indicates that this feature is

not due to the X-ray photon Poisson noise.The Poisson noise due to
the finite number of X-ray photons is not expected to be correlated
with the radio signal. For both CT A

� and CT B
� , we have restricted

the subsequent fitting to the � range �T A
m − 6.00 × 105. A single

power law does not provide a good fit for any of these two power
spectra. Considering a broken power law with the position of the
break as an additional free parameter, for CT A

� we obtain the best-
fitting parameters β = −2.27 ± 0.04 (� ≤ �T A

b ) and −2.83 ± 0.17
(� > �T A

b ) with �T A
b = (2.67 ± 0.43) × 105. We however note that

this does not provide a good fit to CT A
� as there appears to be several

breaks and different slopes in the � range �T A
m − �T A

b . Considering
CT B

� , we have obtained the break at �T B
b = (1.16 ± 0.08) × 105 with

slopes β =−2.11 ± 0.05 and −2.76 ± 0.03 for � < �T B
b and � > �T B

b ,
respectively. The best-fitting curves for CT A

� and CT B
� are shown in

the respective panels of Fig. 5, whereas the goodness of fit and the
best-fitting parameters are summarized in Table 1. We note that our
errors for CT B

� are possibly underestimated leading to a χ2 that is
somewhat on the higher side.

The right-hand panel of Fig. 5 shows the cross-power spectrum
CAB

� between X-ray A and B evaluated using equation (8). We see
that CAB

� becomes flat for � ≤ �AB
m (=7.50 × 103), this value is similar

to �B
m. The estimated error bars are quite large for � < 7.00 × 104;

thereafter, the errors decrease at larger �. Like the other X-ray auto-
and cross-power spectra, CAB

� too hits a floor at the largest � values.
We have restricted the � range to �AB

m − 6.00 × 105 for subsequent
fitting. We find that a single power law does not provide a good
fit across the entire � range considered here. We have fitted CAB

�

with a broken power law with the position of the break �AB
b as a

free parameter. The best-fitting broken power law is also shown in
the right-hand panel of Fig. 5, with an offset in the amplitude for
clarity. We have obtained the break at �AB

b = (2.11 ± 0.23) × 105

with slopes β = −2.11 ± 0.06 and −2.70 ± 0.04 for � < �AB
b and

� > �AB
b , respectively. The best-fitting parameters are presented in

Table 1.
We next consider the dimensionless correlation coefficient ,

cAB
� = CAB

�√
CAA

� CBB
�

, (18)

which, for a fixed �, quantifies the strength of the correlation between
the angular fluctuations in X-ray A with those in X-ray B. The corre-
lation coefficients cT A

� and cT B
� are similarly defined. The correlation

coefficients are expected to have values in the range −1 to +1, with
the value 1 occurring if the two signals are perfectly correlated. We

expect the correlation to have a values 0 and −1 if the two signals
are uncorrelated and anticorrelated, respectively. The left-, middle,
and right-hand panels of Fig. 6, respectively, show the correlation
coefficients cT A

� , cT B
� , and cAB

� . The 1 − σ error bars shown in
the respective panels of Fig. 6 account for the errors in both the
cross-power spectra as well as the auto-power spectra. Considering
cT A
� , we find that the values are positive but very small (∼10−4). In

contrast, both cT B
� and cAB

� also have positive values but the values
are relatively large (0.4−0.8), with the values of cAB

� being slightly
larger than those of cT B

� . This shows that X-ray B is highly correlated
with both radio and X-ray A. However, X-ray A has extremely weak
correlations with radio. The radio frequency emission from SNRs
like Cas A is predominantly non-thermal synchrotron radiation. For
Cas A, X-ray A is known to be predominantly thermal emission
(Vink, Kaastra & Bleeker 1996; Willingale et al. 2002). The fact that
radio and X-ray A are very weakly correlated bears out the picture
that these two originate from two different emission mechanisms.
Interestingly, X-ray B is correlated with both radio and X-ray A,
which supports a picture where X-ray B is a mixture of both thermal
and non-thermal emission.

Table 1 summarizes the best-fitting parameters obtained for the
different estimated power spectra. We find that all the estimated
power spectra, except CT A

� , can be represented by a broken power
law with a break at �b where the power-law slope β has a particular
value for � ≤ �b and a different value for � > �b. In all cases the slope
is negative (β < 0), and it steepens (change 	β < 0) from small
� to large � across the break. Considering the auto-power spectra,
for radio, X-ray A ,and B, respectively, the position of the break has
values �b = (0.66, 2.67, 1.93) × 105 with β = −2.28, −2.33, −1.83
for � ≤ �b and −3.13, −2.81, −2.62 for � > �b. We see that for � ≤ �b

X-ray A has the steepest power spectrum whereas radio is steepest
for � > �b and also overall. Considering the cross-power spectra,
we exclude CT A

� where the correlation is extremely weak and the
broken power law does not provide a good fit. For CT B

� and CAB
� the

positions of the respective breaks are �b = (1.16, 2.11) × 105 with β

= −2.11, −2.11 for � ≤ �b and −2.76, −2.70 for � > �b. Considering
the change in slope, we have 	β = −0.85, −0.48, −0.79, −0.65,
and −0.59 for CT T

� , CAA
� , CBB

� , CT B
� , and CAB

� , respectively. Here we
see that radio is somewhat unique as the position of the break �T T

b is
smallest, the slope β = −3.13 is the steepest and the change in slope
	β = −0.85 is the largest among all the power spectra estimated
here. For X-ray B, the slopes are approximately 0.5 less steeper than
radio and the change in slope 	β = −0.79 is comparable to that
for radio. For X-ray A, the slope is slightly steeper than radio for
� ≤ �b; however, the change 	β is much smaller. Considering the
cross-correlation CT B

� , we see that �T B
b is the geometric mean of �T

b

and �B
b , while the value of β is close to that of radio for � ≤ �T B

�

and it is close to that of X-ray B for � > �T B
� . Considering the cross-
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correlation CAB
� , we see that �AB

b is slightly smaller than the mean of
�A

b and �B
b ; however, the values of β are very close to those for CT B

� .

5 MO D E L L I N G TH E R A D I O POW E R
SPECTRUM CT T

�

Considering the angular power spectrum CT T
� of the Cas A SNR in

radio, we interpret this as arising from fluctuations in the synchrotron
radiation that in turn trace the fluctuations in the electron density and
the magnetic field, both of which result from MHD turbulence in
the ionized plasma of the SNR. It is likely that the contribution
from the fluctuations in the electron density is subdominant to the
contribution from the fluctuations in the magnetic field. For � > �T

m,
we find that CT T

� is a broken power law with a steepening of the
power-law index from β = −2.28 for �T

m ≤ � < �T
b to −3.13 for

� ≥ �T
b . Several earlier works (Roy et al. 2009; Saha et al. 2019)

have interpreted such a change in the power-law index in terms
of a transition from 2D to 3D turbulence at an angular scale of
θT
b ≈ π/�T

b , which turns out to have a value θT
b = 0.16 arcmin for

Cas A. The angular scale θT
b can be associated with the shell thickness

of Cas A. Recently, Choudhuri et al. (2020) have also shown that the
angular scale of the break of the observed power spectrum for a
shell-type SNR is related to its shell thickness. Using simulations,
they present a systematic study of the effect of shell geometry and the
projection of SNR on to a 2D plane, which can cause the turbulence
to change from 3D to 2D at angular scales greater than the shell
thickness. At scales smaller than the shell thickness, the SNR shell
can have Fourier modes of fluctuations in three independent spatial
directions. However, at scales greater than the shell thickness, there
will be no modes perpendicular to the shell thickness. At these length
scales, the SNR shell can have Fourier modes of fluctuations in
only two independent spatial directions. We expect this transition
to be manifested as a break in the power spectrum. Considering
incompressible 3D Kolmogorov turbulence (Kolmogorov 1941), the
energy spectrum follows a power law with slope −5/3. The equivalent
velocity power spectrum is predicted to have slopes −8/3 and −11/3
for 2D and 3D turbulence, respectively (Frisch 1995; Elmegreen &
Scalo 2004). Further, the density power spectrum is also predicted
to follow the velocity power spectrum (Goldreich & Sridhar 1995).
The values β = −2.28 and −3.13 and a difference of slope 	β =
−0.85 obtained here for Cas A are roughly consistent with these
predictions. These findings strongly indicate that the measured radio
power spectrum originates from MHD turbulence in the plasma of
the SNR, and the break is associated with the geometrical effect of
the shell thickness of Cas A. It is interesting to note that a similar
break is also found in the the angular power spectrum of H I emission
from the disc of external spiral galaxies. The location of the break
there is associated with the scale height of the disc, and this has been
used to estimate the scale height of the galaxy NGC 628 (Dutta et al.
2008).

We have carried out 3D simulations where we have implemented
a simple geometrical model to illustrate the above interpretation of
the observed CT T

� of Cas A. The simulations are in terms of 3D
angular unit r and its Fourier conjugate k for which |k| = �. We
have generated Gaussian random brightness temperature fluctuations
δT (r) inside a 3D cube of size [20.48 arcmin]3 with [1024]3 grid
points and spacing 0.02 arcmin. The simulated δT (r) corresponds to
a 3D power spectrum P(k) = Ak−3.1, which matches the observed CT T

�

at small angular scales or large �. To replicate the emission structure
as seen from the radio observation (left-hand panel of Fig. 1), we
first introduce a single spherical shell of outer radius 2.5 arcmin and

Figure 7. The 3D radial profile used to simulate the double shelled SNR
structure considered here.

thickness 0.16 arcmin, which is the value of θT
b . The shell radius

is approximately the observed size of the remnant. Here, there are
two regions, the shell and the core that is a sphere enclosed within
the inner radius of the shell. The simulated fluctuations δT (r) only
fill up the shell, we have erased the fluctuations outside the shell
as well as inside the core. The resulting cube is projected to a 2D
plane that corresponds to the plane of the sky. We have estimated
the angular power spectrum from the projected 2D brightness
temperature fluctuations. We find that the simulated C� matches the
observed CT T

� at large �, and the position of the break also is close
to the observed �T

b . However, we find that at � < �T
b , the simulated

C� is considerably steeper that the observed CT T
� and the simulated

amplitude also is larger. The position of the break can be shifted by
adjusting the shell thickness; however, we find that the mismatch in
slope and amplitude persists even when we vary the shell thickness
in the range 0.125–0.25 arcmin.

It is interesting to note that the radio image in Fig. 1 actually hints
at a double shelled structure with a bright inner shell corresponding
to the shocked ejecta and a fainter outer shell corresponding to the
shocked CSM. In order to emulate this, we have tried out different
double spherical shell structures, here we focus on one for which the
simulated C� is closest to the observed CT T

� . Fig. 7 shows the radial
structure of the 3D double spherical shell consisting of an inner shell
of radius 2.0 arcmin and thickness 0.2 arcmin and an outer spherical
shell of radius 2.5 arcmin and thickness 0.5 arcmin. We now have
three distinct simulated regions namely the empty core, the inner
shell, and the outer shell. The simulated brightness temperature
fluctuations fill the inner shell while the same fluctuations with
reduced amplitude fill up the outer shell. The fluctuations inside
the core and outside the outer shell are erased. Fig. 4 also shows
the radial profile R(θ) corresponding to the 2D projected image of
the double shelled structure. We see that the simulated R(θ) closely
matches the observed radio profile interior to the peak that occurs at
θ ≈ 1.8 arcmin; however, the simulated peak amplitude is larger and
the simulated profile drops faster at larger angles as compared to the
observed profile.

We have used several statistically independent realizations of the
simulated δT (r) to obtain the mean C� shown in Fig. 8. We find that
simulated power spectrum C� can be fitted with two different power
laws in two different � ranges, one with β = −2.45 ± 0.06 in the
range � = (2.0−7.0) × 104 and another with β = −2.99 ± 0.04 in
the range � = 8.5 × 104–7.0 × 105. At large �, the slope β = −2.99
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Figure 8. Comparison of the observed CT T
� with the model C� obtained

from the simulations. The red dotted and dashed lines, respectively, show the
best-fitting power laws to the model C� in two different � ranges.

is roughly consistent (by construction) with the observed slope of β

= −3.13. At small �, the slope β = −2.45 is still somewhat steeper
than the measured value of β = −2.28, and the simulated amplitude
also is larger. However, we note that the double shelled simulation
is closer to the measured CT T

� than is possible with a single shelled
structure. The inner shell thickness 0.2 arcmin is reflected in the
break at � ∼ 7.00 × 104, which is close to the measured value
�T

b = 6.60 × 104. Although the model considered here is not able to
accurately reproduce the observed CT T

� , the similarity between the
simulated C� and the observed CT T

� may be interpreted as indicating
that what we have observed is indeed a geometrical effect associated
with the shell thickness. The difference between the two may be
attributed to the possibility that the actual SNR structure may be more
complex than the double shelled structure considered here. The fact
that the peak in the observed R(θ) has a smaller amplitude and larger
angular extent at θ > 2 arcmin as compared to the simulation (Fig. 4)
also points to the same possibility. A better match may be possible
with more detailed modelling of the 3D shell structure, however this
is beyond the scope of this paper and we do not attempt this here.

The double cascade theory of 2D turbulence proposed by Kraich-
nan (1967, 1971) provides an alternative explanation for the broken
power-law power spectrum observed here. This theory predicts an
inverse energy cascade with an energy spectrum of slope −5/3 on
length scales larger than the length scale where energy is injected into
the system, and a direct enstrophy cascade with an energy spectrum
of slope −3 at smaller length scales. Several subsequent studies
(e.g. Lindborg 1999; Boffetta & Musacchio 2010) have validated
this scenario for 2D turbulence. Here we find that the corresponding
slopes of −8/3 and −4 predicted for the 2D velocity power spectrum
roughly match the slopes β = −2.28 and −3.13 obtained for Cas A.
Knot–shock interactions in the CSM provide a possible mechanism
for energy and vorticity injection into the SNR plasma (Beresnyak,
Jones & Lazarian 2009) at a length scale that is comparable to the Cas
A shell thickness. The validation of the above interpretation requires
detailed simulations that we intend to address in future work.

6 D ISCUSSION AND CONCLUSION

Synchrotron radiation is the dominant emission from SNRs at radio
frequencies. We have interpreted the radio angular power spectrum
CT T

� of Cas A SNR as arising from fluctuations of MHD turbulence
in the synchrotron emitting plasma. It is known that the synchrotron

emissivity depends on the electron number density and the magnetic
field component perpendicular to the line of sight. The estimated CT T

�

is expected to quantify the underlying fluctuations of both the electron
density and the magnetic field. CT T

� shows a broken power law with
the power-law index β = −2.28 at � < �T

b = 6.60 × 104 steepening
to β = −3.13 at � ≥ �T

b . The values of power-law indices and the
amount of steepening of the power-law slope 	β =−0.85 from small
� to large � are consistent with the predictions of incompressible
Kolmogorov turbulence (Kolmogorov 1941). Like in earlier works
(Roy et al. 2009; Saha et al. 2019), we have identified the angular
scale corresponding to the break θT

b ≈ π/�T
b = 0.16 arcmin with the

shell thickness of Cas A, which sets the transition scale from 2D
to 3D turbulence. We have carried out simulations to validate the
above interpretation. We find that a double shelled structure is able
to qualitatively match some of the features in the observed CT T

� ;
however, quantitative differences persist between the simulated and
observed CT T

� . The rough match indicates that the break in the power
spectrum is possibly a geometrical effect, however a more complex
shell structure is needed for the model to quantitatively reproduce
the observed CT T

� . Moreover, in a companion paper (Choudhuri et al.
2020), detailed simulations are carried out to study various effects
such as remnant’s shell thickness, projection from 3D structure on to
a 2D observational plane, presence of diffuse foreground emission,
on the observed power spectrum of an SNR.

We now discuss the X-ray properties of Cas A. The spectral
characteristics of Cas A in X-ray varies on all angular scales due to
fluctuations in the underlying radiation processes and composition
(Hughes et al. 2000), down to the resolution limit of the telescope
that corresponds to physical scales of 0.02 pc. Considering the global
spectrum shown in Fig. 2, we see that this matches Helder & Vink
(2008). Further, both X-ray A and B considered here are devoid of any
strong line emission. At X-ray frequencies, the emission from SNRs
can be broadly of two types, the thermal emission that usually refers
to a combination of bremsstrahlung and line emission and the non-
thermal emission that usually refers to X-ray synchrotron emission.
For both radio and X-ray, the synchrotron emissivity depends on the
electron density and the magnetic field component perpendicular to
the line of sight. The fluctuations in the synchrotron radiation are
probably caused mainly by fluctuations in the background magnetic
field. In contrast, the bremsstrahlung emissivity depends on the
product of the electron and ion densities (Rybicki & Lightman 1979).
Moreover, these density fluctuations are related to the magnetic field
fluctuations by flux freezing. The energy 0.5−10 keV band, which
includes both X-ray A and B, can be well fitted with a thermal model
(Vink et al. 1996; Willingale et al. 2002). However, for X-ray B,
a part of the continuum emission is non-thermal synchrotron (Vink
et al. 1999) and the contribution of synchrotron was found to be less
than one-third (Vink & Laming 2003). Later using 1-Ms data of Cas
A SNR of Hwang et al. (2004), Helder & Vink (2008) claimed that
non-thermal emission accounts for 54 per cent of the total emission
of X-ray B while the rest is thermal bremsstrahlung. Interestingly,
the size and the width of the forward shock and the inner ring of
the X-ray continuum reported in Helder & Vink (2008) are roughly
similar to the value of the radius and shell thickness of outer and inner
shell, respectively, used in the shell structure simulations that we have
conducted in this paper. Particularly for X-ray B, we understand that
it is difficult to completely disentangle thermal from non-thermal
component, even with the best data. This is in contrast with X-ray A
that is inferred to be predominantly thermal. Furthermore, accounting
for the non-thermal bremsstrahlung, Vink (2008) showed that for Cas
A it is restricted to very high energies above 100 keV, which is much
greater than X-ray A and B.
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Here we now discuss the estimated X-ray power spectra CAA
� and

CBB
� . Like the radio power spectrum CT T

� , we also model both CAA
�

and CBB
� as broken power laws in the � range �m − 6.00 × 105.

The close match between �A
m = 1.55 × 104 and �T

m = 1.88 × 104

indicates similar angular extents for the Cas A SNR in radio and
X-ray A, whereas �B

m = 7.5 × 103 indicates a larger angular extent
(nearly twice) in X-ray B. However, comparing the various radial
profiles (Fig. 4) we see that R(θ) peaks at roughly the same value
θ ≈ 1.8 arcmin, indicating very similar angular extents in radio, X-
ray A and B. However, the peak amplitude differs with X-ray A, radio
and X-ray B occurring in decreasing order. The width of the peak is
similar for all three, whereas at θ < 1.2 arcmin, the amplitude of R(θ )
for X-ray A is smaller than radio and X-ray B that have comparable
amplitude. We however note that for X-ray B R(θ) shows consid-
erable fluctuations, which indicates that the sources responsible for
this emission have a much more clumpy distribution as compared to
the radio and X-ray A. Considering CAA

� , for � < �A
b = 2.67 × 105

we have β = −2.33, which is slightly steeper (by −0.05) as
compared to CT T

� , whereas for � ≥ �A
b , we have β = −2.81, which is

shallower than CT T
� by 0.32. Considering CBB

� , we have β = −1.83
for � < �B

b = 1.93 × 105 and −2.62 for � > �B
b , which are both

shallower by approximately 0.5 as compared to the corresponding
slopes for CT T

� . Comparing the two X-ray power spectra we see that
the slope of CBB

� is shallower than CAA
� by approximately 0.5 and

0.2 at � < �b and � > �b, respectively. We note that �T
b < �B

b < �A
b .

In the earlier discussion, for radio, we have associated the break in
the power law as arising from a transition from 3D to 2D turbulence
at an angular scale comparable to the SNR shell thickness. If we
interpret the various �b in terms of the respective shell thicknesses,
we then have the largest shell thickness θT

b = 0.16 arcmin followed
by θB

b = 0.056 and θA
b = 0.040 arcmin, respectively. The analysis

in Section 5 indicates that such an interpretation may be valid for
radio and also X-ray B both of which have 	β ≈ −0.8, which is
comparable to 	β = −1, expected in a transition from 2D to 3D.
However, for X-ray A, we have 	β = −0.48, which is considerably
smaller, and this is unlikely to arise from purely geometrical
considerations.

The radio, X-ray A, and B signals all originate from the same
turbulent plasma of the SNR, and we can expect the angular fluctua-
tions in these three different signals to be correlated. However, each
may originate from a different emission mechanism and therefore
trace a different aspect of the fluctuations in the turbulent plasma and
possibly also the magnetic field. We therefore expect the correlations
between the angular fluctuations in the different radiation fields
to provide insights into the nature of turbulence and also the
emission mechanism in each of the three bands considered here.
We have considered the cross-angular power spectra , and CAB

� to
quantify the � dependence of the correlations, and the dimensionless
correlation coefficients cT A

� , cT B
� , and cAB

� to quantify the strength of
the correlations. Considering cT A

� , we see (Fig. 6) that this has very
small positive values (∼ 10−4), which indicates that radio and X-
ray A are extremely weakly correlated. Further, CT A

� shows several
breaks in the range �T A

m − �T A
b and a single power law or a power

law with a single break does not provide a good fit to the data.
In contrast, cT B

� and cAB
� both have values in the range 0.4−0.8,

indicating strong correlations between radio and X-ray B, and X-ray
A and B, respectively. Considering CT B

� , we see that this may be
fitted with a broken power law. In the range � < �T B

b = 1.16 × 105,
the power law slope β = −2.11 is close to the power law β = −2.28
observed for radio, whereas at � ≥ �T B

b , CT B
� follows β = −2.76,

which roughly matches with the power-law scaling β = −2.62 of
CBB

� . We may interpret this as indicating that the emission sources

for X-ray B roughly follow the angular distribution of the radio
sources at small � or large angular scales, whereas the radio sources
roughly follow the angular distribution of the X-ray B sources at
large � or small angular scales. Furthermore, �T B

b is approximately the
geometric mean of �T

b and �B
b . Considering CAB

� , this has a power-law
slopes β = −2.11 for � < �AB = 2.11 × 105 and −2.70 for � ≥ �AB

b .
These β values roughly match the mean values of the slopes for
X-ray A and X-ray B at low � and high �, respectively. Moreover,
�AB

b is roughly a little smaller than the mean of �A
b and �B

b . To
summarize the results of the correlation analysis, we find that X-ray
B is correlated with both radio and X-ray A while the latter two are not
correlated among themselves. It is well known that the radio emission
is predominantly non-thermal synchrotron radiation while X-ray A
is believed to be mostly thermal bremsstrahlung radiation. Our study
shows that the angular distribution of these two respective emission
sources is largely uncorrelated. This possibly originates from the fact
that the synchrotron radiation comes from the regions associated with
the forward shock while most of the thermal bremsstrahlung in X-ray
A comes from ejecta shocked by the reverse shock. Interestingly, X-
ray B is well correlated with both radio and X-ray A. This supports the
possibility that X-ray B is a combination of thermal bremsstrahlung
and non-thermal synchrotron radiation.

In conclusion, we note that nearly all of the power spectra
measured here, both auto- and cross-, can be modelled with broken
power laws where the slope steepens at � larger than the break.
The various power spectra measured here provides a wealth of
information regarding the nature of turbulence and the structure of
the SNR. For radio, we interpret this in terms of MHD turbulence
in the plasma of the SNR. Our simplistic model indicates that we
may possibly interpret the break in the radio power spectrum in
terms of the geometry of the SNR shell structure. A more detailed
modelling of the SNR taking into account inputs from all the various
power spectra measured here is beyond the scope of this work. This
requires detailed simulations and theory that will be carried out in
the future.

The theoretical prediction for 2D turbulence by Kraichnan (1967,
1971) gives an alternative description for the observed break of the
various power spectra presented here. The change of the power-law
slope can be interpreted to occur due to energy transfer in an inverse
cascade to larger length scales and a cascade of enstrophy to smaller
length scales in response to the energy injection at the break. The
ejecta and CSM interacting with the shocks possibly contributes
to the input of energy and vorticity (Beresnyak et al. 2009) at a
length scale corresponding to the shell thickness of Cas A SNR. The
verification of the above conjectures needs detailed simulations that
will be attempted in a separate work.
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