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A simple framework to d e f i i  generalivd true proportional 
navigation (GTPN) guidance laws is presented. It is shown that 

this framework subsumes many of the generalizations presented 
in the earlier literature. The capture regions of a number of 

GTPN guidance laws are obtained through a rigorous qualitative 

analysis. The method of analysis is simpler and lends itself 
directly to an  easy geometrical interpretation. A considerable 
anmunt of misinterpretation in the previous results, arising out 

of certain basic misconceptions, are corrected here. It is shown 
that a logical application of the guidance philosophy, through a 
minor modification of GTPN to take into account the direction 

of rotation of the line-of-sight (LOS), contributes substantially to 
the expansion of the capture region in the relative velocity space. 
In particular, it is shown that the capture region also extends 

to the negative closing veloaty region, thus making the nmdiEed 
GTPN alnmst comparable, so far as the domain of capturability of 

guidance laws is concerned, to the pure proportional navigation 
(PPN) guidance law. A number of new results on the exact 
bounds on the capture region are derived and illustrated through 
examples. 
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Proportional navigation (PN) has for long been 
an active area of research for the missile guidance 
community. A large body of this research concentrates 
on the linearized version of PN and its variants [l]. 
However, analysis of the nonlinear PN equations 
has been the subject of many recent papers. In its 
nonlinear form, the PN law can be categorized into 
two major classes: pure proportional navigation (PPN), 
in which the direction of the commanded missile 
acceleration is defined with respect to the missile 
velocity vector; and true proportional navigation 
(TPN), in which the direction of missile acceleration 
is defined with respect to the line-of-sight (LOS). 
Due to its analytical tractability, TPN has generated 
a large volume of literature. Quite a few of these 
papers in recent times have concentrated on various 
generalizations of TPN. The main contributions of 
the work presented here are four-fold. The first is 
the formulation of a sufficiently general framework 
which permits the solution of a large number of 
meaningful cases of generalized TPN (GTPN) and, in 
the process, corrects certain misconceptions and errors 
that have crept into these generalizations in earlier 
literature. The second contribution is the simplicity 
of the framework which makes the analysis easier to 
understand since, in addition to its theoretical rigor, it 
has an intuitive appeal and lends itself naturally to a 
straightforward geometrical interpretation. The third 
contribution of this work is concerned with the fact 
that in all the earlier literature only a portion of the 
positive closing velocity region has been considered to 
be the capture region of GTPN. We show that GTPN 
also captures from parts of the negative closing velocity 
region. Further, a minor modification incorporating 
the direction of LOS rotation expands the capture 
region even further in the negative closing velocity 
region, thus making it almost comparable to PPN. 
Lastly, we obtain exact bounds on the capture region 
of GTPN with the angle of application of the latax as 
the variable parameter. 

A survey of the literature on TPN reveals that 
Guelman’s [2] was the earliest contribution in this 
direction, in which an implicit solution of the trajectory 
parameters was obtained in the closed form and, more 
importantly, it was shown that when the guidance 
command is independent of the initial conditions, 
the capture region remains restricted to a circle in 
the relative velocity space when TPN is used against 
a nonmaneuvering target. The importance of the 
above result lies in the fact that, under reasonable 
assumptions, PPN can capture a nonmaneuvering 
target from almost all initial conditions [3, 41. This fact 
provided the impetus for further research on TPN in a 
bid to expand its capture region. This body of research 
essentially considered a generalized form of TPN and 
attempted to show that the capture area, under these 
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generalizations, expands further. The results in this 
direction are available in [5-71. 

In [2] Guelman considered the simplest form of 
TPN in which the missile commanded acceleration 
was applied normal to the LOS, and proportional 
only to the LOS rate. The resulting capture region 
was a circle. Other variations to this basic theme 
occurred when the acceleration was assumed to 
be also proportional to the initial closing velocity 
(giving rise to a sector-shaped capture region [SI), 
and the instantaneous closing velocity (giving rise to 
a significantly reduced capture region [8, 91). In [6, 
7] a GTPN guidance law was defined which used the 
angular rate of rotation of a line L in space, defined 
with respect to the LOS, in computing the missile 
acceleration which, in turn, was applied normal to 
this line. The angular orientation of L with respect 
to the LOS was assumed to be a function of the 
instantaneous LOS separation, the instantaneous LOS 
angle, and perhaps the initial conditions. In [5 and 
7] some cases were considered which generalize the 
original TPN in a straightforward manner. However, 
in doing so, certain misinterpretations and errors 
have crept in. For example, in [5] it is claimed that 
the applied missile acceleration is at a constant angle 
(defined in [5] as the angular orientation of L with 
respect to the LOS) from the normal to the LOS. 
That this is not the case can be easily seen. Further, 
in [7], the generalized guidance law was reduced to the 
special case in which the missile lateral acceleration 
is assumed to be as above. But the solution given is 
for a guidance law which is different. These points are 
discussed and clarified later in this work. 

Organization is as follows. Section I1 presents a 
mathematical formulation of the problem and provides 
a generalization of the TPN law. In Section I11 the 
guidance law is assumed to be independent of initial 
conditions, and the main capturability theorem for 
obtaining the capture region of GTPN is stated and 
proved. In Section IV this result is used to obtain the 
capture regions for some important generalizations 
of TPN, and a comparison among them is presented. 
Exact bounds on the capture region are also obtained 
here. Conclusions are found in Settion V with some 
discussion on the results and some of their possible 
extensions. 

II. PROBLEM FORMULATION AND MOTIVATION 

A. Mathematical Model 

The target T and the missile M are assumed to be 
point mass models on a plane, moving with velocities 
VT and VM, respectively (see Fig. 1). The target is 
assumed to be a nonmaneuvering one. The missile 
commanded acceleration is assumed to be applied 
at an angle r ]  from the normal to the LOS. Then the 

Fig. 1. Missile-target engagement geometry. 

equations of motion are obtained as, 

K, = r = V T  coqp - e)  - V, cos(a - e>, 

r(0) = ro, Y(0) = KO (1) 

Ve = re = VT sin(p - e> - VM sin(a - 01, 

e(0) = eo, Ve(0) = Veo (2) 

I'M = aM s h ( a  - 6 + r ] ) ,  V M ( 0 )  = VMO (3) 

d! = (a,/KM)COS(a - e + r ] ) ,  a(0) = a0 (4) 
where V, and Ve are the relative velocities of the target 
with respect to the missile, along the LOS and normal 
to the LOS, respectively. According to the original 
TPN law the missile acceleration is given by 

a, = ce (5)  

and is applied in a direction normal to the LOS (i.e., 
r] = 0 in Fig. 1). Most of the results for this case are 
available in [2, 8, 91. 

B. Generalization of TPN 

Basically, we find that when the applied missile 
acceleration a M  is offset by the angle r ]  f 0 from 
the normal to the LOS, then a~ can be expressed in 
terms of its components UM, (along the LOS) and a M e  
(normal to the LOS). In this particular case we have 
a M r  = UM sin r] and a M e  = a M  cos q. Alternatively, one 
may consider a ~ ,  and a M 0  to be independently chosen 
quantities through which the angle q is expressed as 
q = tan-'(aM,/aMe). We adopt this alternative for 
convenience in discussing the ensuing generalizations. 
Then, analogous to (5), we define 

a M 0  = ~ 1 6 ,  UM, = ~ 2 9  (6) 

with c1 and c2 being constants which may or may 
not depend on initial conditions. If c1 and c:! are 
independent of initial conditions then we may define 
a constant c > 0 as, 

c = (c: + c y  (7) 

with c1 = ccosq, and c2 = csinq. Note that the sign 
of c1 and c2 depend on q. This was the guidance law 
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which was described as GTPN in [7, p. 2011. This 
guidance law had the interpretation that the guidance 
command was applied normal to a line L, which was at 
a fixed angle q from the actual LOS (see Fig. l) ,  and 
the commanded acceleration was proportional to the 
rate of rotation of L by a constant of proportionality 
c. However, note that the solution given in [A for 
GTPN is not correct. In fact, this solution is actually 
for the case when c1 and c2 are dependent on initial 
conditions and are given by c1 = -NVrocosq and c2 = 
NVeosinq, where N > 0 is the navigation constant 
and 1c) is some arbitrary angle. The solution for this 
guidance law was presented earlier in [5]. It can easily 
be seen that $ # q in general, though in the earlier 
literature (e.g., [5]) it was implicitly (and erroneously) 
assumed that 1c, q. In fact this implicit assumption 
has led to a considerable amount of misinterpretations 
of the results and subsequent confusions. lb set the 
record straight, in [5] the angle at which the missile 
acceleration is applied from the normal to the LOS 
(denoted here as q)  has the following relation with the 
angle *, 

tanq = { ho/(-~ro)}tanlC) (8) 

which shows that 7 # 1c) in a general case, contrary 
to the assumption in [5]. And thus, GTPN in [7] is a 
different guidance law from the one given in [5]. 

Here we obtain the complete capture regions 
for all of the above cases and show the relationships 
they have with each other. Our method of solution 
is different from the one given in [5-q and places 
more emphasis on rigorous qualitative arguments, 
rather than on obtaining implicit solutions of trajectory 
parameters. 

Ill. GTPN INDEPENDENT OF INITIAL CONDITIONS 

In this section we examine the case in which the 
missile acceleration according to GTPN is generated 
independent of the initial conditions, i.e., it is given by 
(6), with c1 and c2 being arbitrary constants. 

Differentiating (1) and (2) and substituting (3), 
(4), and (6) appropriately, we obtain the following 
equations, 

V, = 4(Ve - ~ 2 )  

Ve = -6J(Vr + ~ 1 ) .  

(9) 

(10) 
From (9) and (lo), after suitable algebraic 
manipulations and assuming Ve # c:! and V, # -c1, 
we obtain 

VrVr + c~V,. + Veri0 - c~VO = 0. 

V,? + 2c1Vr + V: - 2~2Ve = k 

k = Vi + 2c1V70 + V& - 2~2V&3. 

(11) 

(12) 

(13) 

Integrating both sides with respect to time, 

with 

From (12) and (13) we get, 

(Ve - ~ 2 ) ~  + (Vr + ~ 1 ) ~  = (Veo - ~ 2 ) ~  + (v,O + ~ 1 ) ~ .  

(14) 
This equation shows that the trajectory, from any given 
initial condition (Veo, Vro) in the relative velocity space, 
remains restricted to the circumference of a circle of 
radius p ,  given by 

p = (k + C 2 ) l I 2  = {(Vro + C 1 ) 2  + (Veo - c2)2}’/2(15) 

and center at (c2, -cl). 

Multiplying r on both sides we obtain, 
Now consider (9) and (10) when Ve = 0 and r # 0. 

rVr =0, rVe = o (16) 
which implies that Ve remains at zero and Vr remains 
constant for all future time. Based on this we state the 
following lemma. 

LEMMA 1 If at any finite time the trajectory in the 
(Ve, Vr)-space reaches a point such that r # 0, and 
1) Ve = 0 and V, < Ol then capture occurs in finite time; 
2) Ve = 0 and Vr 2 Ol then capture never occurs. 

PROOF. 
the missile is on a collision course, and approaching 
the target with a constant closing velocity. Hence the 
engagement ends in a capture in finite time. 2) Under 
this condition, since the LOS rate is zero, no guidance 
command is applied. But the missile-target separation 
is either increasing or remains constant with time. 
Hence capture does not occur. 

in the (V&Vr0)-space as shown in Fig. 2. Here, 
the trajectories are shown for an q > w/4, and are 
identified by CO,. . . , C4. We may classify all possible 
trajectories for c1 > 0 and c2 > 0 as follows. 

1) Under this condition the LOS rate is zero, 

Let qe[O, x / 2 ) .  Consider some possible trajectories 

CO = {(Ve,Vr> : p = (c! + ~ i ) ~ / ~ )  
~1 = {(Ve,Vr> : p > (c: + ~ $ 1 ~ ’ ~ )  

~2 = {(Ve,Vr> : p < (c! + c;)’I2, p 2 ~ 1 ,  p 2 ~ 2 )  

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

G = {(Ve,Vr) : p < (c: + c;)lI2, p > ~ 1 ,  p < ~ 2 )  

C; = {(Ve,Vr> : p < (c: + c $ ) ” ~ ,  p < ~ 1 ,  p > ~ 2 )  

~4 = {(Ve,Vr> : p < (c? + c $ ) ~ / ~ ,  p < ~ 1 ,  p < ~ 2 ) .  

For q 5 ~ / 4 ,  instead of C3 we have a trajectory of the 
type C$ 

We now determine the direction of movement 
of a point (Ve,Vr), with respect to time, on these 
trajectories. Let r # 0. Consider the region Ve > 0, 
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V, 5 0. From (9) and (10) we see that when Ve > 
c2 and V, < -c1, I', > 0 and Ve > 0. Similarly, 
the values of I', and Ve for the various regions in 
the (Ve,V,)-spaW is given in Bble  I. Using these 
values the direction of movement of a point in the 
(Ve,V,)-space is shown in Fig. 2. Applying Lemma 
1, we immediately conclude that the capture region 
(except the points on the negative V, axis) must lie in 
the interior of the circle CO. In fact, initial conditions 
which give rise to trajectories of the nature C2 (i.e., 
those trajectories which intersect the negative V, axis) 
definitely lead to capture in finite time. Similarly, using 
Lemma 1, we conclude that initial conditions lying 
on the negative V, axis must always lead to capture. 
Thus, the whole of the negative V, axis belongs to the 
capture region. Now, consider a point on a trajectory 
of the type C1. Obviously, according to Lemma 1, 
such trajectories never lead to capture. Also, initial 
conditions lying on the negative V, axis (by virtue of 
Lemma 1) lead to capture. Consider initial conditions 
which give rise to trajectories of the type C4. Obviously, 
these also lead to capture since V, remains negative 
for all future time and hence capture must occur in 
time tf with 0 < tf 5 r/lVrmaxl: where V,,, is the 
maximum value of V, on the trajectory C4 (shown 
in Fig. 2). Now, consider initial conditions which 
give rise to trajectories of the type C3. We see that 
the value of V, is negative for some portion of the 
trajectory and positive for the rest. And since C3 does 
not intersect the V, axis (unlike C2) we cannot use 
Lemma 1 to predict termination or otherwise. Note 
that, as mentioned earlier, trajectories of the type C3 

only occur when 7 > 7r/4 and never for 7 5 s/4. In 
the rest of the section we prove that trajectories of 
the type C3 also lead to termination. We also show 
that both C3 and C4 trajectories have the property 
that though termination takes place on them, it is not 
straightforward to identify the point on the trajectory 
at which this occurs. This is unlike the trajectory C2 

where the termination point is the point of intersection 
of C2 and the negative V, axis. Before we proceed 
any further note that for 7 = 0, the above arguments 
are sufficient to identlfy the capture region of the 
original TI" [2] as the interior of CO with 7 = 0, i.e., 
the interior of the circle with radius c and center at 

V. 

Fig. 2. Tkajectories in the O/eo,Vro)-space. 

Differentiating and substituting in (23)-(25) we obtain, 

d r /d t  = -c1+ psin$ (27) 

d$/dt = ( ~ 2  + PCOS$)/~. (28) 

Eliminating t from (27) and (28) and separating the 
variables we get, 

d r / r  = {(-cl +psin$)/(c2 +pcos$)}d$. (29) 

The above equation can now be integrated using 
standard integration techniques to yield the following 
results. 

Case I: p > c2 (i.e., trajectories of the type C2). 

(0, - c).  
We rewrite (9) and (10) as 

i = V, 
V, = Ve(V, - c ~ ) / T  

rie = -Ve(V, + cl)/r. 

Now consider Fig. 2 in which the trajectory 
is parameterized by the radius p defined in 
an angle $, as 

Case 2: p < c2 (i.e., trajectories of the type 
c3 U C4). 

(23) , I  

(24) pcos$ + c2 

(25) 

of (Ve,Vr) 
(15), and 

where 

Ve = ~2 + PCOS$, V, = - ~ 1  + psin$. (26) B = d(c2 + p) / ( c2  - p). (33) 
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TABLE I 
Direction of Movement of Point in (Vgq,V,)-Space 

Slopes I 
I 

Region 

I 

I Vg<O, v,>o 

vg<o, -C1'Vr<0 

Vg<O, V,C-C1 

O < V g < c 2 ,  V,>O 

O<Vg<c2, -cl<V,<O 

i r > O  

i , ? O  

v,>o 

v,<o 

v,<o 

i r < 0  

v,>o 

V,>O 

V r > O  

Vr=O 

V,=O 

v,=o 

v,>o 

V r ( D  

v,=o 

I 
I 
I 
I 

I 

I 

I 

I 

I 

I 

I 

I 
___ . - I 

Note: Roman symbols here correspond to italic symbols in text. 

Case 3: p = c2. Note that the solution in Case 1 holds for all points 
outside a circle of radius c2 and center at (c2,-c1), 

Case 2 holds for all points interior to this circle, 
and Case 3 holds for points on this circle. In the 
following we analyze the equations further to obtain 

1 + cos$, 
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Equation (30) can be rewritten as 

Obviously, for termination to occur r (and hence, the 
left-hand side (LHS) of (35)) must become zero. This 
implies that there must be a finite tf > 0 for which the 
right-hand side (RHS) of (35) becomes zero. This can 
happen if 

tan($/2) = A = d ( p  + c2)/(p - c2) (36) 

pcos4J = -c2 (37) 

which, after simplifications, yields 

which is exactly the point at which the trajectory C2 

intersects the V, axis (see Fig. 2). However, note that 
(37) also implies that pcos$ + c2 = 0, which appears 
in the denominator of the RHS of (35). Applying 
EHospital's rule to the following function, 

we obtain 

lim ~{ tan ($ /2 )  - ~ } ~ - ' { s e c ~ ( $ / 2 > / ~ ) / ( - p  sin $1. 
c a + - ( - C z / P )  

(39) 

The denominator of (39) is not equal to zero since 
p > c2, whereas its numerator becomes zero in the 
limiting case if and only if (iff) L > 1, which implies 
that 

P <  JZZ  (40) 

is the capture condition. It proves that all trajectories 
of the type C2 lead to a capture. This result matches 
with the results of the qualitative analysis presented 
above. 

Equation (32) can be rewritten as 
Case 2: p < c2. 

- -  - [ ( PCOS'O + "2) e~(@o)]  e-M(@) 
70 pcos$ + c2 (41) 

where 

2c1 tan-'{ (l/B)tan($/2)}. (42) 
M(') = Jc:-pZ 

Here, pcos$ + c2 > 0 and finite for all values of $, 
and so the coefficient of e-M(@) in the RHS of (41) 
is always positive. Since at capture r = 0, we must 
find the condition under which e-M(@) -+ 0 as r -+ 0. 

W I  , I  I 

0 1  i n. + 2k F -412 

Fig. 3. Variation of I$' with I$. 

Obviously, this happens when M ( $ )  -+ 03 in finite 
time. Let us first consider a geometrical interpretation 
of M($). From (33) we know that B > 1 and is finite. 
Define an angle $' as 

$'/2 = tan-'{(l/~)tan(4~/2>). (43) 

Consider what happens to $' as 4J increases 
monotonically from $0 to 03. We note that if the angle 
$/2 defines the angular orientation of a vector in a 
given quadrant then $'/2 also defines the angular 
orientation of another vector in the same quadrant, 
which either lags or leads the first vector. These 
angular orientations become equal only when $/2 
takes values of na/2, n = 0,1,2,. . . . This is shown 
graphically in Fig. 3. 

Now consider (28) which shows that d $ / d t  > 0 
always (since p < cz), and hence $ goes on increasing 
with time. Suppose it so happens that $ + 03 in finite 
time. Then from Fig. 3 and the above discussion we 
know that $' -+ CO and hence M($)  -+ CO (provided 
that c1 > 0) thus ensuring termination. To prove that 
q5 -+ CO in finite time, we substitute r from (41) into 
(28) to get 

d t / d $  = {ro(pcos$o + c2)eM(@0)) 

x e-M(@)/(pcos$ + c212. (44) 
Here, we determine the value of t as $ -+ CO. From 
(42) and (43) we obtain, 

M ( $ ) =  ci$t/ J.:-p2. (45) 

From Fig. 3 we know that 4' leads or lags $ by some 
angle. The maximum angle of lead or lag is a function 
of B and is bounded by a, i.e., 

(4.6) 

Then, 

(47) 
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E = c1/dc$ - p2. (49) 

dt  5 De-'@d$. (50) 

From (48) we have 

Integrating both sides and substituting suitable initial 
conditions, we obtain 

t 5 (D/E)(e-'@O - e-'@). (51) 

As $ + CO, the RHS reaches a finite value, i.e., 

lim t 5 ( D / E ) ( e - E @ o ) .  
@+m 

Since the RHS is finite, it implies that $ -+ CO within a 
finite time and hence the termination occurs. Thus, all 
trajectories of the type C3 U C4 terminates in finite time 
with a capture of the target if cl > 0. 

Equation (34) can be rewritten as 
Case 3: p = c2. 

1/10 = {(I + cos$o)/(l+ cos$))eN(@O)e-N(@) (53) 

N ( $ )  = (c1/c2)tan($/2). (54) 
where, 

Applying CHospital's rule we observe that r 4 0  as 
$ + T.  This implies that capture occurs when the 
trajectory touches the negative V, axis. 

To summarize, the above analysis showed that, 
apart from the engagement geometries in which the 
initial condition lies on the negative V, axis, capture 
occurs only for c1 > 0. The actual analysis (Cases 1-3) 
were done for c1 > 0 and c2 > 0. However, identical 
results determining the capture conditions for c1 > 0 
and c2 < 0 can be obtained in an eliactly similar 
manner. Combining all the above results, we state the 
main capturability theorem of this paper. 

THEOREM 1 A missile pursuing a nonmaneuvering 
target with a generalized TPN guidance law given by 
(6) captures the target if 1) 'v,~ < 0 and Veo = 0; or 
2) c1 > 4 and the initial condition lies in the interior 
of a circle of radius (c: + and center at (c2, -c1) 
defined in the (Veo,V,o)-space, i.e., it lies in the interior 
of the circle given by the equation, 

(Veo - ~ 2 ) ~  + (v,O + ~ 1 ) ~  < C; + c;. (55) 

PROOF. 
above. 

Follows directly from the analysis given 

GTPN.9E (-7.3) 
I 

I 
Fig. 4. Capture region of GTPN independent of initial conditions. 

The above theorem gives rise to a number of 
interesting and new results. The foremost is that unlike 
the original TPN [l] guidance law (in which c1 > 0 
and c2 = 0), the GTPN can also ensure capture from 
some initial conditions at which the closing velocity is 
negative. This was a point which had been overlooked 
in the previous literature. Further, it should be noted 
that this theorem subsumes the results given in [5 
and 7] on GTPN and permits the analysis of other 
generalizations too. In order to obtain an easy and 
natural comparison of these generalizations with the 
original TI", let us define the constant c > 0 as in (7) 
so that 

c1 = ccosl), c2 = csinl) (56) 

with r]~(-~/2,7r/2) which ensures that c1 > 0 is always 
satisfied. This was the case mentioned in [7, p. 2011 
without the correct solution. The correct solution 
shows that the capture region is a circle of radius c 
and center at (csinl),-ccosq) in the (Ve,V,)-space. 
We observe that, for a fixed 7, the area of the capture 
region remains exactly the same as in the original TPN. 
However, for r,~ # 0, some points with negative closing 
velocity are also included in the capture region while 
some points, which were inside the capture region for 
l )  = 0, are now excluded from the capture region. If 
7 is not fixed and is a freely chosen parameter in the 
guidance law then the complete capture region is the 
union of all capture regions for each 7~[-~/2,7r/2]. 
This is shown in Fig. 4. 

IV. GTPN DEPENDENT ON INITIAL CONDITIONS 

The main result in the previous section (as given 
in Theorem 1) is sufficient to obtain capture regions 
for a number of special cases. First let us consider the 
case given at the end of the previous section (i.e., the 
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GTPN 

GTPN 

YlrN Caple te  Capture Region 
for ~ I E  (-?, T)  

tvro MGTPN Vr0 
A f I .  MGTPN 

Fig. 5. Capture region of GTPN 

GTPN 
-t 

MGTPN MGTPN 

Complete Capture Region 

for RE (-?*?) 

and MGTPN dependent only on V,O. (a) N = 0.75. (b) N = 3. 

one in [7, p. 2011). We assume that the constant of bY 
proportionality c in the guidance law is a function of 
the initial closing velocity (as in the case of the original 
TPN and also in [g), i.e., 

(-V,o)[Nsinq - J { N ( l -  cosq) + l}{N(l+ cosq) - 111 < Veo 

< (-V,o)[Nsinq + J { N ( l -  cosq) + 1}{N(1 + cosq) - l}]. 

where, N is the navigation constant. Then, from (56), 
we have 

~1 = -NV,OCOS~, ~2 = -NV,osinq. (58) 

Note that by virtue of Theorem 1, capture occurs 
only when V,O < 0 (since this ensures c1 > 0) for this 
particular guidance law. Note also that the whole of 
the negative V, axis is always included in the capture 
region no matter what the values of N and 7 are. 
In the subsequent analysis we assume this implicitly 
and by "capture region" we refer to the collection of 
capture points apart from the ones on the negative V, 
axis. Substituting (58) in the capture circle equation 
(55) in Theorem 1 we get, 

In Figs. 5(a) and 5@) a number of capture region 
boundaries for various values of qe[O,n/2) are shown 
for N = 0.75 and N = 3, in the negative Vr0 region. 
It is obvious that when qe(-n/2,0] the capture region 
is a mirror image (about the V, axis) of the capture 
region for the corresponding positive value of q. As 7 
increases from 0 to n/2 the capture region becomes 
asymmetric about the V, axis and finally migrates 
into the right side of the V, axis. For N 5 1, when 
7 = cos-1{ (1 - N ) / N }  the capture region reduces 
to a single line. This we can see in Fig. 5(a). If the 
parameter q is not fixed and can be freely chosen then, 
as in the previous section, the actual capture region is 
the union of all the capture regions for various q and 
its boundary can be found by maximizing the RHS of 

(ve0 + ~ ~ / , ~ ~ i n ~ ) 2  + (V,o - N V ~ ~ ~ ~ ~ ~ ) ~  < ~ 2 ~ 2  (61) with respect to q. This yields the result that the 
maximum boundary on the right side is obtained when 

(59) 

which can be simplified to yield q = cos-'(1/2N). (62) 

~ , 2 ,  + ~;( l -  2 ~ ~ ~ ~ ~ )  + 2 ~ ~ ~ ~ ~ ~ ~ ~ i n ~  < 0. (60) This has been used to obtain the envelope of the 
complete capture region in Figs. 5(a) and 5@) for 
qe(-n/2, n/2). These figures show that the capture 
area exists only in the region of negative V,O, though 
in the previous section (Figs. 2 and 4) there was a 
considerable capture area in the positive Vr0 region 
too. The reason for this apparent anomaly lies in 
the way in which c1 is defined in (58). In Section 111, 

Application of certain basic results in analytic 
geometry [lo] leads us to the following results about 
the capture region boundary. 1) If N < 1/(1+ cosq) 
then the capture region does not exist. 2) If N 2 
1/(1 + cosq) then the capture region exists and is a 
sector-shaped region whose boundaries are given 
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c1 > 0 was assumed regardless of the initial condition 
Vro,  but in (58) c1 < 0 when V,O is positive and thus 
there is no capture region in the positive V, region. 
Therefore, the correct way to define the guidance law 
is to define c as, 

c = NlV,ol; c1 = NIV,olcosq, c2 = NIVrolsinq. 
(63) 

We call this the MGTPN (modified GTPN). For the 
original TPN (7 = 0) this problem did not arise as the 
whole of the capture region was in the negative Vr0 
region. Note that, with this modification, the capture 
region in the negative V,o region for MGTPN remains 
the same as obtained above. But, in addition, we 
also get some capture area in the positive V,o region. 
Substituting (63) in the capture equation (55) we 
obtain, 

(Veo - NIVroIsinq)2 + ( K O  + N J K ~ J C O ~ ~ ) ~  < ~ 1 ~ 0 1 ~  

(64) 
which can be simplified further for V,o > 0 to obtain, 

Vio + V i ( l +  2Ncos7) - 2NV0oV~osinq < 0 (65) 

as the capture region. An identical analysis leads us to 
the capture area in the positive V,O region. 

1) If N < 1/(1- cosq), then the capture 
region does not exist. 2) If N 2 1/(1- cosq), then 
the capture region exists and is the interior of a 
sector-shaped region lying on one side of the Vr axis, 
and is given by, 

< V,o[Nsinq + ~ { N ( I  - cosq) - I){N(I + cosq) + I}]. 
(66) 

This capture area is also shown in Fig. 5(b) in the 
positive V,O region, for N = 3 and q = 60°. For N = 
0.75, the capture region for V,O > 0 does not exist. 
Note that the capture region of MGTPN is the same as 
the capture region of GTPN in the negative V,O region. 
Here we find that when q is not fixed, the envelope of 
the capture region for q~[O,s/2) is obtained by putting 
q = s / 2  in the RHS of (66). This is shown in Fig. 5@) 
as the envelope of the complete capture region in the 
positive V,.o region for q~(-s/2,s/2).  Note that there 
is a sector-shaped region symmetric about the Vro axis 
which has to be excluded. 

The above analysis obtains the complete capture 
region for GTPN and MGTPN guidance laws from 
the main result stated in Theorem 1. In the following 
analysis we show that the complete capture region for 
the GTPN as given in [5] can also be obtained from 
Theorem 1. For this we define (exactly as in [5]), 

c1 = -NV,ocos$, c2 = NVeosin$, (67) 

where $ is an arbitrary angle between 0 and s/2. Here 
too, capture can occur only when V,.O < 0. The actual 

6 r  

5 

i4 
3 

2 

1 

Fig. 6.  Capture conditions in the ($,N)-space for GTPN 
dependent on both Veo and Vro. 

angle, at which the missile acceleration is directed, is 
given by q in (8). Now, substituting in (55) we obtain, 

v;,(I - Nsin$l2 + V ~ ( I  - ~ c o s q ) ~  

< N ~ ( v , ~ , c o s ~ $  + Ve20sin2q). (68) 

which can be simplified to yield 

VzO(l - 2Nsin$) + VZ(1- 2Ncos$) < 0 

which, in turn, immediately leads to the capture 
condition given in [5, eqn. (14)], which however is not 
sufficient to provide all the information on the actual 
shape of the capture region in the (V&V,o)-space. In 
the following analysis, we obtain the capture region by 
determining the combinations of N and $, with N > 0, 
$~[O,n/2], for which the capture region exists. We have 
the following cases. 

(69) 

Case I: 

Case 11: 

{N > 0.5 sec q, N > 0.5 cosec $}. The 

{N > 0.5 sec $, N < 0.5 cosec $}. The 
whole of the Vr0 < 0 region is the capture region. 

symmetric sector-shaped region defined by, 

l ~ e o l <  J ( 2 ~ c o s q  - 1)/(1- 2~s in$ ) ( -~ ,o ) ,  

Vro < 0 (70) 

is the capture region. 

region defined by, 
Case 111: {N < 0.5 sec $, N > 0.5 cosec $}. The 

I V ~ O I >  J(1- 2 ~ c o s $ ) / ( 2 ~ s i n $  - I)(-v,~), 

Vro < 0 (71) 

is the capture region. 

capture region does not exist. 

In Fig. 6, these different cases of capture (or 
noncapture) are shown in terms of N and $. In 

Case I V  {N 5 0.5 sec $, N 5 0.5 cosec q} .  The 
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Fig. 7. Capture region of GTPN and MGTPN dependent on both Veo and Vr0. 

Fig. 7 we show some capture regions for N = 3 and 
various values of $. We note that in this case if 0 < 
$ < sin-'(1/2N), the capture region is sector shaped 
(q = 8' is shown in the figure), when sin-'(1/2N) 5 
$ 5 cos-'(1/2N) then the capture region is the 
whole of the negative V, region whereas when > 
cos-'(1/2N) the capture region is the negative V, 
region, excluding a sector-shaped area symmetric about 
the V, axis. 

As in the earlier analysis, here also we observe that 
the guidance law implemented in this fashion does not 
have any capture area in the positive V,O region. We 
make a similar modification to define, 

c1 = NIV,olcos$ (72) 

with c2 as defined in (67). Now, substituting in (3, 
we get, 

V,2,(1- Nsin$)2 + (V,o + NlV,olcos$)2 

< N2(1V,,12cos2$ + V,2,sin2$). (73) 

Obviously, this will give rise to the same capture 
region as before in the region V,o < 0. In the following, 
we examine the possibility of capture in the region 
V,O > 0. Then (73) can be simplified to yield, 

VZo(1- 2Nsin$) + V,20(1+ 2Ncos$) < 0. (74) 

Since (1 + 2Ncos$) > 0 for all +~[0,7~/2] the capture 
region can be obtained according to the following. 1) 
If N > 0.5 cosec $, then the capture region is given by, 

iveol > ~ ( ~ N c o s $  + 1)/(2Nsin$ - 1)V,o, 

K O  2 0. (75) 

2) If N < 0.5 cosec $, the capture region does not 
exist. 

This capture region for N = 3 and $ = 600 and So 
is shown in Fig. 7. The whole of the positive V,.O region 
excluding a sector-shaped region symmetric about the 
V,O axis is the actual capture region. The complete 
capture region is the largest capture region, obtained 
by substituting $ = 7r/2 in (75) and is also shown in 
Fig. 7. 

Note that for $~[-7r/2,0], the capture area in 
the region V,O < 0 is a subset of the capture area for 
1c) = 0, and in the region V,O > 0, it does not exist. 

From the above analyses and illustrative examples 
we can easily see that the two generalizations discussed 
above are not the same and they produce different 
capture regions in the (V&, V,O) space. Moreover, the 
logical modification of GTPN adopted above expands 
the capture region considerably in the negative closing 
velocity region. 

V. CONCLUDING REMARKS 

In this paper we propose a method for obtaining 
the capture region of GTPN guidance laws. The 
main result of this analysis is shown to be applicable 
in determining the capture regions of a number of 
generalizations of TPN available in the literature, 
and in providing an easy comparison among them. 
Some prevalent misconceptions and errors in the 
previous literature have also been corrected here. It 
is found that regardless of the generalization adopted, 
the capture region for GTPN still remains a proper 
subset of that for the PPN guidance law. This is 
well in accord with the analysis given earlier in [ll]. 
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However, in this paper we show that after a minor 
but logical modification of GTPN it becomes almost 
comparable to the PPN law in so far as the capture 
region is concerned. Another outcome of this study 
is that it presents the capture region as a natural 
and robust basis for performance comparison among 
various guidance laws. Recently this has been used for 
performance comparison in the case of maneuvering 
targets too [12, 131. Some possible extensions of this 
kind of research may involve some of the variants and 
extensions of PN, such as the augmented PN [14] and 
the modern guidance scheme [15], which have been 
designed explicitly for maneuvering targets. Their 
analysis on the same basis, in a nonlinear framework, 
is expected to yield interesting results. 
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