Supplementary Online Material

In this Supplementary material, for an EA RS code constructed from two [n, n—d,,+1, d,,]-
classical RS codes with parity check matrices ,, and H,,, we obtain the set P for various
cases of u and v, where v = (by + by — 2) mod n and u = v + 2(d,,, — 1).

The ranges of ¢ and j such that (v + ¢ + j) mod n = 0 for various cases' based on u and v

are provided in Table

Table 1: Ranges of i and j satisfying (v + i 4+ j) mod n=0.

Case Range of v and v Range of z and 3
Case 1 u<n -
Case2(@) | n<u<2nandn—v <d, ie{l,....n—v—1}, j=n—v—iy,

Case2(b) In<u<2nandn—v>d, | i€ {n—v—(dn—1),...,dn—1}, j=n—v—1iy,

ie{l,...,n—v—1}, j=n—v—iy,

<
Case 3 2n <u < 3n i€ {2n—v—(dp—1),... . dn—1}, j=2n—v—ip,

We recall that the position index sets are

Pc={n—bi—dn+3,....n—b +1}, 1)
PZ:{b2+17"'7b2+dm_1}7 (2)
Po = PxN Py 3)

From equation (1)), when an element s belongs to Px, s satisfies the following inequality:

n—b—d,+3<s<n-—>0b+1,

=n—(0b—2+(d,—1)<s<n—(by—2+1).



Thus, the general form of an element s that belongs to P is
s=n—(by —2+1), wherei € {1,...,(d,, — 1)}. 4)
From equation (2), when an element ¢ belongs to P, t satisfies the following inequality:

by +1<t<by+d, —1,

Thus, the general form of an element ¢ that belongs to P is
by +j, wherej € {1,...,(d,, — 1)} (3)

We note that the value of s and ¢ in equations (4) and (3] are considered modulo n and belong
to the range 1 to n.

We next consider an element r that belongs to P from equation (3). As Po = Px N Py,
the element r belongs to both Px and FP;. Thus, from equations and (), for some i,j €

{1,...,(d,, — 1)}, we obtain

r=n—(by—241i)and r = by + 7,
ﬁ’f’:n—(bl—Q—Fl):bg—l-],

=1 +by—2)+i+j=n. (6)

As the general form of the elements of Px and P in equations (@) and (5) are considered
modulo n, 7 = (n — (by — 2+ 7)) and r = (b + j) are also considered modulo n. As
v = (b + by — 2) mod n, the equation (6] is same as the condition (v + ¢ + j) mod n = 0
obtained in the paper to find the value of n.. Thus, i and j in equation (6) belong to the ranges
in Table [I| that was obtained using the condition (v + i + j) mod n = 0.

We note that the elements in the set Py are modulo n and range from 1 to n. We next obtain

the set Py for the various cases in Table 1| by obtaining the range of r based on the ranges of ¢
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and j as follows:

Case 1:

As n. = 0, there are no entangled qudits, and also there are no overlaps from Table [T} Thus,
Po = 0.

Case 2(a):

From Table |1} the range of ¢ and j is from 1 to (n — v — 1). In equation (4)), considering
v = (by + by — 2) mod n and the range of ¢ to be from 1 to (n — v — 1), we obtain that r satisfies

the following inequality:

n—0b—2+Mn—-v—-1)<r<n-—0b+1,

=b+1<r<n-—b+1. @)

In equation (5), considering v = (b; + by — 2) mod n and the range of j to be from 1 to

(n — v — 1), we obtain that r satisfies the following inequality:

bQ‘i‘lSTSbQ—F(TL—U—l),
b2+1§r§b2+(n—(b1+b2—2)—1),

=by+1<r<n-—b+1. (8)

From equations (7)) and (8), the element r that belongs to both the sets Px and P, also belongs
to the range from (by + 1) to (n — by + 1). Thus, Po = {bo+1,...,n — by + 1}.

Case 2(b):

From Table |1} the range of i and j is from (n — v — (d,, — 1)) to (d,,, — 1). In equation (@),

considering v = (b; 4+ by — 2) mod n and the range of ¢ to be from (n — v — (d,, — 1)) to



(dm — 1), we obtain that r satisfies the following inequality:

:>n—dm—b1+3§r§b2+dm—1. (9)

In equation (9), considering v = (b; + by — 2) mod n and the range of j to be from (n — v —

(dm — 1)) to (d,, — 1), we obtain that r satisfies the following inequality:

bo+(n—v—(d,—1)) <r<by+ (dn—1),
by + (n—(by + ba—2) — (dn—1)) <r< by + (d\,—1),

=>n—d,—b+3<r<by+d,, —1. (10)

From equations (9) and (10), the element r that belongs to both the sets Px and Py, also belongs

to the range from (n—d,,,—b1+3) to (by+d,,—1). Thus, Po = {n—d,,—b1+3, ..., ba+d,,—1}.
Case 3:

From Table 1} there are two ranges of 7 and j as follows:

1) The first range of ¢ and 7 is from 1 to n — v — 1. In equation (4), considering v =
(b1 4+ by — 2) mod n and the range of i to be from 1 to n — v — 1, we obtain that r satisfies

the following inequality:

n—(by—24n—v—1)<r<n—b;+1,
n—(b1—2+n—(b1+b2—2)— 1) ST’STL—bl—Fl,

=b+1<r<n—-0b+1. (11)

In equation (), considering v = (b; 4+ by — 2) mod n and the range of j to be from 1 to



n — v — 1, we obtain that r satisfies the following inequality:

b2—|—1§r§b2+n—v—1,
bo+1<r<by+n—(by+b—2)—1,

=b+1<r<n-—>0b+1. (12)

From equations and (12), the element r that belongs to both sets Px and Py also

belongs to the range from (by + 1) to (n — by + 1). Thus,

{bo+1,...,n—b+ 1} C Fo. (13)

2) The second range of i and j is from (2n — v — (d,,, — 1)) to (d,, — 1). In equation (@),
considering v = (b; + by — 2) mod n and the range of i to be from (2n — v — (d,, — 1))

to (d,, — 1), we obtain that r satisfies the following inequality:

n—(b1—2+(d,,—1)) <r<n—(b)—2+2n—v—(d,— 1)),
n—(b1—2+Hd,,—1)) <r <n—(bj—2+2n—(by +by—2) — (d,,—1)),

=>n—d, —bb+3<r<b+d, —1, (14)

In equation (5], considering v = (b; + by — 2) mod n and the range of j to be from

(2n —v — (d,, — 1)) to (d,, — 1), we obtain that r satisfies the following inequality:

bo+(2n—v—(dp—1) <r<by+(d,,—1),
bQ+2n—(b1+ bg—2)—(dm—1)§’l"§ b2+dm—1,
:>2n—dm—bl+3§7“§62—|—dm—1,

:>n—dm—b1+3§r§b2+dm—1, (15)

where (n — d,,, — by + 3) is obtained from (2n — d,,, — b; + 3) by considering modulo n

as the element r € P is considered modulo n.
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From equation (14) and (13), the element r that belongs to both the sets Px and Py also

belongs to the range from (n — d,,, — by + 3) to (bs + d,,, — 1). Thus,

(n—dp—bi+3,....bsg+dy — 1} C Po. (16)

Thus, for Case 3, from equations (13)) and (16)), the set Po = {bs+1,...,n—b; +1,n —
dp —b1+3,...,0+d,, — 1}.
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