ISRAEL JOURNAL OF MATHEMATICS TBD (2021), 1-70
DOI: 10.1007/s11856-021-2108-2

ENTWINED MODULES
OVER LINEAR CATEGORIES AND GALOIS EXTENSIONS

BY
MAMTA BALODI,* ABHISHEK BANERJEE** AND SAMARPITA RAY

Department of Mathematics, Indian Institute of Science, Bangalore - 560012, India
e-mail: mamta.balodi@gmail.com, abhishekbanerjeel313Qgmail.com,
ray.samarpita31 @gmail.com

ABSTRACT

In this paper, we study modules over quotient spaces of certain categorified
fiber bundles. These are understood as modules over entwining structures
involving a small K-linear category D and a K-coalgebra C'. We obtain
Frobenius and separability conditions for functors on entwined modules.
We also introduce the notion of a C-Galois extension € C D of cate-
gories. Under suitable conditions, we show that entwined modules over a
C-Galois extension may be described as modules over the subcategory &

of C-coinvariants of D.

1. Introduction

The purpose of this paper is to study a theory of modules over quotient spaces
of certain categorified fiber bundles. Suppose that X is an affine scheme over
a field K and let G be an affine algebraic group scheme with a free action
0:X xXxG— X on X. Let Y be the quotient given by the coequalizer

-

(1.1) X xG ¢ X By

p

If X — Y is faithfully flat and the canonical map can: X x G — X xy X is
an isomorphism, then X is said to be (see, for instance, [24], [28]) a principal
fiber bundle over Y with group G.
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The algebraic counterpart of (1.1) consists of an algebra A, a Hopf algebra H
and a coaction p : A — A ® H that makes A into a right H-comodule algebra.
Let

B:= A" = {ac Alp(a) =a® 1y}

be the algebra of coinvariants of A, i.e., B is given by the equalizer

(1.2) B— A jAeH.
In this case, there is a canonical map can: AQg A — A® H determined by set-
ting can(z®y) = x-p(y). If the Hopf algebra H has bijective antipode, B — A
is a faithfully flat extension and can : A ® g A — A ® H is an isomorphism,
it was shown by Schneider [28] that modules over B may be recovered as the
category of “(A, H)-Hopf modules.”

We work with a small K-linear category D, a K-coalgebra C' and an “entwin-
ing structure” v consisting of a collection of morphisms

Y ={¢Yxy : C ® Homp(X,Y) — Homp(X,Y) @ C}(x,v)con(D)>

satisfying conditions that we lay out in Section 2. We consider the cate-
gory M (1/1)703 of modules over the entwining structure (D, C,v) (see Defini-
tion 2.2). These may be seen as modules over a “categorical quotient space”
of D with respect to the coalgebra C' and the entwining ).

The notion of a C-Galois extension £ C D of categories is introduced in Sec-
tion 4. Additionally, a C-Galois extension gives rise to a canonical entwining
structure on D. Under certain conditions, we show that modules over the cate-
gory £ of C-coinvariants of D may be described as modules over the canonical
entwining structure.

Entwining structures for algebras were introduced by Brzeziriski and Majid
in [7] and it was realized in Brzeziniski [3] that entwined modules provide a
unifying formalism for studying diverse concepts such as relative Hopf modules,
Doi-Hopf and Yetter-Drinfeld modules as well as coalgebra Galois extensions.
In fact, the study of entwining structures for algebras and entwined modules
over them is well developed in the literature and we refer the reader, for instance,
to [1], [3] [5], [9], [10], [12], [21], [27] for more on this subject.

Our notion of modules over an entwining structure (D, C,+) builds on the
analogy of Mitchell [22] which says that a small K-linear category should be

seen as a “K-algebra with several objects.” In particular, the category ///(1/})%
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also generalizes the “relative (D, H)-Hopf modules” studied in our previous
work in [2], where H is a Hopf algebra and D is an H-comodule category in the
sense of Cibils and Solotar [16]. In other words, D is a small K-linear category
whose morphism spaces are equipped with a coaction of H that is compatible
with composition. When D has a single object, it reduces to an ordinary H-
comodule algebra and the relative (D, H)-Hopf modules reduce to the usual
notion of relative Hopf modules (see Takeuchi [30]).

For Doi-Hopf modules, Frobenius and separability conditions were studied
extensively in a series of papers [13], [14], [15]. Later, Brzeziriski studied Frobe-
nius and Maschke type theorems for entwined modules in [4]. In this paper, we
proceed in a manner analogous to the unified approach of Brzezinski, Caenepeel,
Militaru and Zhu [8] for studying Frobenius and separability conditions for en-
twined modules over (D, C, ).

The idea is as follows: the “categorical quotient space” of D with respect
to C and 1 may be thought of as a subcategory of D and ,///(Q/J)g plays the role
of modules over this subcategory. Although this “subcategory” of D need not
exist in an explicit sense, we would like to study the properties of this extension
of categories. In particular, we would like to know if it behaves like a separable,
split or Frobenius extension of small K-linear categories. For this, we turn to a
pair of functors

T M ()G — Mod-D, & :Mod-D —s .4 ()3,

Here .# is the left adjoint and behaves like an “extension of scalars” whereas
its right adjoint ¢4 behaves like a “restriction of scalars.” We recall here (see
[8, Theorem 1.2]) that in the classical case of an extension R — S of rings

inducing the pair of adjoint functors Mod-R % Mod-S given by extension
and restriction of scalars, we have:
R — S is split extension < Left adjoint F' : Mod-R — Mod-S
is separable,
R — S is separable extension < Right adjoint G : Mod-S — Mod-R
is separable,
R — S is Frobenius extension < (F, G) is Frobenius pair of functors.

It is therefore natural to study criteria for the separability of the functors .#
and ¢ as well as conditions for (#,¥) to be a Frobenius pair of functors.
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In this paper, we will always use the following convention: for f € Homp (Y, X)
and c € C, we write

1/)yx(c® f) = fqp X Cw S HomD(Y,X) ®C
with the summation omitted. We write h : D°? D — Vect for the canonical
D-D-bimodule h(Y, X) = Homp(Y, X). The entwining structure makes h @ C
into a D-D-bimodule by setting
(h® C)(Y. X) := Homp(Y, X)® C, ((h®C)(¢))(f®c):=¢"fd@c”,
for any (Y, X) € Ob(D? © D), ¢ := (¢/,¢") € Hompuen((Y,X), (Y, X)),
f € Homp(Y,X) and ¢ € C. We consider a collection
0 .= {9}( CR(C — EndD(X>}XeOb(D)
of K-linear maps satisfying the following conditions:
(Ox(c®d))o f :fww ) 9y(c¢ ® dd’)7
Ox(c®@di) @dy =(0x(c2®d)), ® a?,

for any f € Homp(Y, X). Let V4 be the K-space consisting of all such 6. Our
first result gives conditions for the functors .# and ¢ to be separable.

THEOREM A (see 3.7, 3.8, 3.10 and 3.11): Let D be a small K-linear cate-
gory, (C,Ac,ec) be a K-coalgebra and let (D, C, 1) be a right-right entwining
structure.
(a) Let V = Nat(¢9.7, 1//1(1&)%) be the space of natural transformations
from 9.7 to Ly (pg- Then:
(1) There is an isomorphism V = V; of K-vector spaces.
(2) The functor % is separable if and only if there exists 6 € V; such
that
Ox o Ac =¢e¢-idx VX € Ob(D).
(b) Let W = Nat(lmod-p, F¥) be the space of natural transformations
from lyioq.p to #%. Then:
(1) There is an isomorphism of K-vector spaces from W to

Wi = Nat(h, h ® C).

(2) The functor ¥ is separable if and only if there exists n € Wi such
that

(idp, ®ec)n = idy, .
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The next result gives conditions for (#,¥) to be a Frobenius pair.

THEOREM B (see 3.14): Let D be a small K-linear category, (C,Ac,ec) be
a K-coalgebra and let (D,C,v) be a right-right entwining structure. Then,
(%#,9) is a Frobenius pair if and only if there exist § € Vi and n € Wi such
that the following conditions hold:

co(d)f =) fobx(cs@d), ec(d)f=> fyobx(d @cy),
for any f € Homp(X,Y), d € C and n(X,Y)(f) =X f @ ¢;.
More generally, the D-D-bimodule h ® C' may be treated as a functor
heC:D — M)
by setting (see Lemma 2.4)
(h® C)(Y) = Homp(—,Y)®C, (h@C)(f)(Z)g®c) = fgoc,

for f € Homp (Y, X) and g ® ¢ € Homp(Z,Y) ® C. Additionally, let C be a
finite-dimensional coalgebra and let C* = Hom(C, K') be the linear dual of C.
Then, we show that there is a functor C* @ h: D — ,///(Q/J)g.

THEOREM C (see 3.19): Let (D, C,v) be an entwining structure and let C' be
a finite-dimensional coalgebra. Then, the following statements are equivalent:
(i) (#,9) is a Frobenius pair.
(ii) C* ® h and h ® C are isomorphic as functors from D to //l(w)g.

In the final part of this paper, we study coalgebra Galois extensions of cat-
egories in a manner analogous to Brzezinski [3], Brzezinski and Hajac [6] and
Caenepeel [11]. For this, we suppose that every morphism space Homp(X,Y)
carries the structure of a C-comodule

PXY ZHOIDD(X,Y)—>HOH1D(X,Y)®C, fHZfo(X)fl

This allows us to define a category € of C-coinvariants of D (see Definition 4.5).
Further, we say that D is a C-Galois extension of £ if the canonical map

cany : h ®¢ Homp (X, —) — Homp(X,-) @ C

is an isomorphism for each X € Ob(D) (see Definition 4.7). We show that a
C-Galois extension leads to a canonical entwining structure.
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THEOREM D (see 4.9): Let D be a C-Galois extension of £. Then, there exists
a unique right-right entwining structure (D, C, 1) which makes Homp(—,Y) an
object in ///(1/))703 for every Y € Ob(D) with its canonical D-module structure
and right C-coactions {pxvy } xeon(p)-

Conversely, under suitable conditions, an entwining structure (D, C,) may
be used to express D as a C-Galois extension. In that case, the category ///(1/1)%
reduces to the category of modules over the C-coinvariants of D.

THEOREM E (see 4.12 and 4.21): Let C be a K -coalgebra and D be a small K-
linear category such that Homp(X,Y) has a right C-comodule structure pxy
for every XY € Ob(D). Let £ be the subcategory of C-coinvariants of D. If
there exists a convolution invertible collection

¢ ={Pxy : C — Homp(X,Y)}x yeon(p)

of right C-comodule maps, then the following are equivalent:

(i) D is a C-Galois extension of €.

(ii) There exists a right-right entwining structure (D,C,1) such that
Homp(—,Y) is an object in ///(1/})% for every Y € Ob(D) with its
canonical D-module structure and right C-coactions {pxy } x cob(p)-

(iii) For any f € Homp(X,Y'), the morphism ), foo®, (f1) € Homg(Z,Y)
for every Z € Ob(D), where ®' is the convolution inverse of .

In this case, the categories .# (1/1)% and Mod-€£ are equivalent.

NoTATIONS. Throughout the paper, K is a field, C is a K-coalgebra with co-
multiplication A¢ and counit ec. We shall use Sweedler’s notation for the
coproduct Ac(c) = ¢1 ® ¢, and for a coaction

prv i M — M®C, py(m)=mo®m

with the summation omitted. We denote by C* the linear dual of C. Sometimes
when the coaction is clear from context, we will omit the subscript.

2. Entwining structures

In this section, we introduce a categorical generalization of entwining structures
and entwined modules. We prove that the category of entwined modules is a
Grothendieck category. We begin by recalling the definition of modules over a
category (see, for instance, [29, 23]).
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Definition 2.1: A right module over a small K-linear category D is a K-linear
functor D°P — Vectg, where Vectx denotes the category of K-vector spaces.
Similarly, a left module over D is a K-linear functor D — Vectx. The category
of all right (resp. left) modules over D will be denoted by Mod-D (resp. D-Mod).

For each X € Ob(D), the representable functors
hx := Homp(—,X) and xh:=Homp(X,—)

are examples of right and left modules over D respectively. Unless otherwise
mentioned, by a D-module we will always mean a right D-module.

Let C' be a K-coalgebra and let D be a small K-linear category. Suppose
that we have a collection of K-linear maps

P = {’l/)Xy :C ®H0mD(X, Y) — HOII]D(X, Y) ® C}(X,Y)EOb(D)Q-

We use the notation ¢¥xy(c® f) = fy @ ¢¥ for ¢ € C and f € Homp(X,Y).
We will say that the tuple (D, C, ) is a (right-right) entwining structure if the
following conditions hold:

¥

1) (9f)yp @ ¥ = gypfp @,

2) ec(c”)(fy) = ec(e)f,

3) fw®AC(Cw)=fww®Clw®C2w,

4) ’L/JX)((C@)idx):idX XK,

for each f € Homp(X,Y), g € Homp(Y, Z) and ¢ € C. Throughout this paper,

(D, C,¢) will always be an entwining structure. A morphism between entwining

structures (D', C’, ') and (D, C,v) is a pair (F#,0) where F : D' — D is a

functor and ¢ : ¢’ — C'is a counital coalgebra map such that
F(fy)@old”) = F(f)s @ o)

for any ¢ ® f' € C' @ Homp/ (X', Y’) where X', Y’ € Ob(D’).

Definition 2.2: Let M be a right D-module with a given right C-comodule struc-

ture prqyy : M(Y) — M(Y) ® C on M(Y) for each Y € Ob(D). Then, M

is said to be an entwined module over (D, C, ) if the following compatibility
condition holds:

(2:5) paaery(M(f)(m)) = (M(f)(m))o @ (M(f)(m))1 = M(fy)(mo) @ m”



8 M. BALODI, A. BANERJEE AND S. RAY Isr. J. Math.

for every f € Homp(Y, X) and m € M(X). We denote by ///(w)g the category
whose objects are entwined modules over (D, C, 1)) and whose morphisms are
given by
Hom 4 (yyo (M, N) := {n € Hompioa-p(M, N) [n(X) : M(X) — N(X)
is C-colinear VX € Ob(D)}

We now give an important example of entwining structures.

Example 2.3: Let D be a right co-H-category (see [16] or the description in [2,
Definition 2.4]) and C' be a right H-module coalgebra. Then, the triple (D, C, )

is an entwining structure, where v is given by

Yxy : C @ Homp(X,Y) — C ® Homp(X,Y) ® H — Homp(X,Y)® C® H
— Homp(X,Y) ® C.

Explicitly, we have
Yxy(c® f):=fo@cfi

for any f € Homp(X,Y) and ¢ € C. In this case, an entwined module is
precisely a right D-module with a given right C-comodule structure on M (X)
for each X € Ob(D) and satisfying the following compatibility condition:

(M(f)(m))o @ (M(f)(m))1 = M(fo)(mo) @ ma fr.

We will refer to these modules as (right-right) Doi-Hopf modules and their
category will be denoted by ///g . If D is a right co-H-category with a single
object, i.e., an H-comodule algebra, then ,///DC recovers the classical notion of
Doi-Hopf modules (see [18]). In the particular case where C' = H, the right-right
Doi-Hopf modules have been referred to as relative Hopf modules in [2, §5].

LEMMA 2.4: Let (D,C,v) be an entwining structure and let M be a right
D-module. Then, we may obtain an object M ® C € ///(1/1)% by setting
M C)(X):=MX)®C,
(M@ C)(f)(m®c) :=M(fy)(m)@c,

for X € Ob(D), f € Homp(Y,X) and m ® ¢ € M(X) ® C. In fact, this

determines a functor from Mod -D to .4 (1/1)7(’; .
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Proof. The fact that M ® C is a right D-module follows from (2.1). For
each X € Ob(D), it may be verified that M(X) ® C has a right C-comodule
structure given by

(2.6) Thx)ec(m @ c) = (idux) ®Ac)(m®c) =m @ ¢ @ ca.
It remains to check the compatibility condition in (2.5). By definition, we have
(M(fp)(m) @ c?)o@(M(fy)(m) @ c¥)1
= M(fy)(m) @ (c”); ® (c*),
= M(fy,)(m) @1’ @ cr? (using (2.3))
= (MC)(fy)(m @)@ e

LEMMA 2.5: Let (D, C, ) be an entwining structure and N be a right C-como-
dule. Then, for each X € Ob(D) we may obtain an object N @ hx € ///(1/})%
by setting

(2.7) (N ®hx)(Y) =N @hx(Y),
(2.8) (N@hx)(f)(n®yg) =n®gf,

forY € Ob(D), f € Homp(Z,Y), n®@g € N @ hx(Y). In fact, this determines
a functor from Comod -C' to .4 (w)g .

Proof. By definition, it follows that N ® hx is a right D-module. Further, for
each Y € Ob(D), we define a K-linear map

as follows:
(2.9) ONghy (V) (M ® g) =10 @ gy ©ni?.
We now verify that the map defined in (2.9) makes N ® hx (Y") a right C-co-
module. We have
(0" @ide)o"(n® g) = (0" ®@ide)(ne @ gy @ m )

=10 & Gy, @ n1¥ ®@na?
=n0 ® gy @ Ac(nlw) (by (2.3))
= (ldyghy (v) ®Ac)o"(n ® g).
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Moreover, using (2.2) we have
(idngny (v) @20)0” (N ® g) = (idyghy (2) ®c)(no @ gy © 1)
=no®@ec(m?)gy =no @ec(m)g=n®g.
It remains to verify the condition in (2.5). We have
(N @hx)(f)(n©g))o@((N @hx)(f)(n®g)h
=no®@ (9f)y @n1”
=ng ® gy fy ® n1ww (by (2.1))
= (V@ hx)(fu) (n0 @ g4) @1
= (N @ hx)(fy)(n® g)) ® (n® g),".

It follows from Lemma 2.4 and Lemma 2.5 that both hy ® C' and C ® hy are
objects in ///(1/))7(’; for every Y € Ob(D).

LEMMA 2.6: Let (D, C, ) be an entwining structure. Then, for each’Y € Ob(D),
we get a morphism ¥y : C®hy — hy®C in ,///(Q/J)g given by Uy (X) := ¢xy.

Proof. First we verify that Uy is a morphism of right D-modules. For any
f € Homp (X', X), g € Homp(X,Y) and ¢ € C, we have

(hy ® C)(f)xy(c®g) = (hy ® C)(f)gy @ *) = gyfy © " =(gf), @ c¥
=¢xy(c®gf) =vxy(C@hy)(f)(c®g).
Next, we will show that Uy (X)) is C-colinear for every X € Ob(D). We have

(¥xy(c®9))@(W¥xy(c®9))

=94 ® Ac(c?)
= gqu} & Clw & ng (by (23))
= (Yxy ®id)(c® g)y ® (¢ @ g), (by (2.9)).

We now recall from [22, §3] and [23] the notion of a finitely generated module
over a category. Given M € Mod-D, we set

dM):= [ MmE&x)
XeOb(D)

to be the collection of all elements of M. Since D is small, we note that el(M)
is a set. If m € el(M) is such that m € M(X), we will write |m| = X.
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Definition 2.7: Let D be a small preadditive category and let M be a
right D-module. For each m € el(M), we consider the corresponding mor-
phism 7, : hy, — M. A family of elements {m; € el(M)}cs is said to be a
generating set for M if the induced morphism

n: @hw — M, (0,...,0,idp,[,0,...,0) = m;
iel
is an epimorphism in Mod-D. In other words, every element m € el(M) may
be expressed as a sum m = Y., M(fi)(m;), where each f; € Homp(|m], [m;])
and all but finitely many {f;}:c; are zero.

LEMMA 2.8: Let (D,C,1) be an entwining structure and let M be an en-
twined module. We consider an element m € el(M). Then, there exists a
finite-dimensional C-subcomodule V;,, of M(|m|) containing m and a morphism
Nt Vin @ hypy — M in ,///(Q/J)g such that 10, (|m|)(m ® id|,|) = m.

Proof. By [17, Theorem 2.1.7], we know that there exists a finite-dimensional C-
subcomodule V;;, € M(|m|) such that m € V,,. Now, we consider the D-module
morphism 7, : Vi, ® hy, — M defined by setting 7, (Y )(v ® f) := M(f)(v)
for any Y € Ob(D), f € Homp(Y,|m|) and v € V,,. We also have

)N (Y)(0 @ f)) = prayy(M(f)(v))
= M(fy)(w0) @ v} = i (Y)(v0 ® fy) @ v}
= (nm(Y) ®idc)(pv,,@h,,, (v) (0 @ [)) (by (2.9)).

This shows that 7,,(Y) is C-colinear for each Y € Ob(D). Hence, n,, is a
morphism in ///(w)g such that 7, (|m|)(m ® id,) = m.

PROPOSITION 2.9: Let (D, C, ) be an entwining structure. Then, the category
///(1/})% of entwined modules is a Grothendieck category.

Proof. Given a morphism n: M — N in ///(zb)g, let Ker(n) and Coker(n)
be respectively the kernel and cokernel in Mod-D. Since Comod-C is an
abelian category, we know that Ker(n)(X), Coker(n)(X) € Comod-C for each
X € Ob(D). It is easily seen that Ker(n) and Coker(n) satisfy the compatibility
condition in (2.5), i.e., Ker(n), Coker(n) € ///(w)g. Since limits and colim-
its in ,///(Q/J)g are obtained from those in Mod-D and Comod-C, it is clear
that .# (1/1)% is a cocomplete abelian category satisfying (AB5).
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By Lemma 2.8, there is an epimorphism

@ Nm - @ Vm®h‘m|—)M

meel(M) meel(M)

for any M € ///(w)g. As such, the collection {V ® hx}, where X ranges
over all objects in D and V ranges over all (isomorphism classes of) finite-
dimensional C-comodules gives a set of generators for .# (w)g in the sense of
[20, Proposition 1.9.1].

COROLLARY 2.10: The category .45 of Doi-Hopf modules is a Grothendieck
category.

3. Separability and Frobenius conditions

Let & : A (w)g — Mod-D be the forgetful functor. The next result shows
that the functor .# has a right adjoint.

LEMMA 3.1: The forgetful functor .% : ,///(Q/J)g — Mod-D has a right adjoint
¥ : Mod-D — ///(1/})% given by

GN)=N&C

for each N € Mod -D.

Proof. From Lemma 2.4, we know that ¥(N) = N @ C € ///(1/})703 for each
N € Mod-D. We define o : Hom _yyc (M, ¥ (N)) — Homwmoqa-p(F (M), N)
by setting

a(§)(X)(m) := (idy(x) ®e0)(§(X)(m))

for each £ : M — N ®C in //l(w)g, X € Ob(D) and m € M(X).
We also define 8 : Hompiod -p(F (M), N) — Hom%(w)%(M,%(N)) by set-
ting
Bm(X)(m) := n(X)(mo) @ my

for each n: M — N in Mod-D, X € Ob(D) and m € M(X). First we check
that a(€) and B(n) are morphisms in Mod-D and ,///(Q/J)g respectively. Using
the fact that idy ®ec : N ® C — N and £ are right D-module morphisms, for
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any f € Homp(Y, X), we have

N(H)(a(E)(X)(m)) = N(f)((ida(x) @ec) (E(X)(
= (idp(y) ®ec)(N(f) ®ide)(E(X)(m))
= (idy(v) ®ec) (Y )M(f)(m))
= a(§(Y)(M(f)(m)).

We also have

N @) ) (B(X)(m))

mo) @ my¥ (by Lemma 2.4)
(

((M(f)(m))o) @ (M(f)(m))y (by (2.5))
(

Moreover, it is easy to see that 8(n)(X) is C-colinear for each X € Ob(D). We
now verify that « and § are inverses to each other:

Ba(€))(X)(m)
= a(§)(X)(mo) @ m
= (ldy(x) ®20) (§(X)(mo)) © my
= (idy(x) ®ec ®ide)(§(X) ®@ide)pax)(m)
= (Idy(x) ®ec @ ide) Ty (x)go (E(X) (M) (&(X) is C-colinear)
= £(X)(m) (by (2.6))
Further, we have a(8(n))(X)(m) = n(X)(mo)ec(m1) = n(X)(m). This proves
the result.

We now describe the unit p: 1//[(¢)% — ¥4 .7 and the counit v:.F9Y — Iod-D
of the adjunction in Lemma 3.1:

(3.1) pM): M —MeC p(M)(X)(m) =me®m,
(3.2) vIN)=idy®ec : NRC — N v(M)(X)(n®c)=cec(c)n,

for each M € .4 ()5, N' € Mod-D, X € Ob(D).
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We recall that a functor F': A — B between arbitrary categories is said to
be separable if the natural transformation

n: Hom(—,—) — Hompg(F(—), F(-))

induced by F' is a split monomorphism (see [25], [26, §1]). The following result
provides a characterization of separable functors.

THEOREM 3.2 ([26, Theorem 1.2]): Let F : A — B be a functor which has a
right adjoint G : B — A. Let u and v be the unit and counit of this adjunction
respectively. Then:

(i) F is separable if and only if there exists v € Nat(GF,14) such that
vou = 1y, the identity natural transformation on A.

(ii) G is separable if and only if there exists ( € Nat(1p, F'G) such that
v o ( = 1p, the identity natural transformation on B.

3.1. SEPARABILITY CONDITIONS. Let (D, C, ) be an entwining structure. We
now investigate the separability of the forgetful functor ¥ : .# (7/))703 — Mod-D.
Since .# has a right adjoint ¢, it follows from Theorem 3.2 that the functor % is
separable if and only if there exists a natural transformation v : 4. — 1 A )S
such that vou =1 M ()S where g is the unit of the adjunction as explained
in (3.1). Throughout Section 3,

—— ar

will denote the K-space of all natural transformations from 4.% to 1 MG We
will shortly give another useful interpretation of V. We start by proving a few
preparatory results required for this.

We recall from Lemma 2.4 and Lemma 2.5 that both hy ® C' and C ® hy are
objects in ///(7/))103 for every Y€ Ob(D). We define a functor h ® C: D H///(?/))g
as

(3.3) (he@C)(Y) :=hy ®C,
(3.4) (haC)(f)(Z2)g®c):=fg@c,

for f € Homp(Y, X), g € hy(Z) and ¢ € C. Similarly, we may also obtain a
functor h@ C @ C : D — 4 ()5,
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LEMMA 3.3: Let f € Homp(Y, X). For any v € V and ¢,d € C, we have

((idpy ®ec)v(hx @ C)(Y)(f @ c® d)

(3.5) : .
=f o ((e¢ ® idny )v(C @ hy))(Y)(c ® idy ®d).

In particular, we have

((idhy ®ec)v(hx @ C))(X)(idx ®c ® d)
Z((Ec ® idn )’U(C ® hX))(X)(C ®idx ®d).

Proof. A morphism f:Y — X in D induces morphisms hy ® C' — hx ® C
and hy  C®C — hx @ C® C in ///(w)g as explained in (3.4). Since
v:9F — 1 A (D)E is a natural transformation, it follows that the following

(3.6)

diagram commutes:

hy(V)@C®C ' shy(Y)2C®C

v(hy®C)(Y) v(hx®C)(Y)
(M ec | shx(Mec
(idn, ®ec)(Y) (idn , ®ec)(Y)
th(Y) d > hX\(/Y).

Thus, we have

f o ((idny ®ec)v(hy @ C))(Y)(idy ®c ® d)

(3.7) )
=<(ldhx ®ec)v(hx ® C))(Y)(f ®c®d).

We now consider the morphism ¥y : C ® hy — hy ® C in ///(1/1)%
given by ¥y (X) := ¢¥xy as in Lemma 2.6. Then, using the naturality of
V9T — 1 40 and (2.2) we have the following commutative diagram:

Cohy(Y)oC 2% hVyeCeC

v(C®hy)(Y)l lv(h‘,@cxn
Cohy(Y) -2Y  hy(V)eC
(ccoidn, 1) | | oy w2e2)

id
hy(v) Ry,
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Using the fact that ¢yy (c ® idy) = idy ®¢, we now have

((idhy ®€C)U(hy ® C))(Y) (idy X ® d)

(3.8) . .
=((e¢ ®idn, )v(C @ hy))(Y)(c ® idy ®d).
Combining (3.7) and (3.8), we have

(39) ((idny ®ec)v(hx @ O)(Y)(f ® c®d)
=f o ((e¢ ® idny )v(C @ hy))(Y)(c ® idy ®d).
By putting Y =X and taking f =idx, the result of (3.6) is clear from (3.9).
LEMMA 3.4: For any v € V and Y € Ob(D), we have
v(C ®C ®hy) =idec ®@v(C ® hy)
as a morphism of D-modules.
Proof. For each d € C, we define 5 : C ® hy — C ® C ® hy by
na(X)(c®g):=d®c®yg

for each X € Ob(D), g € hy(X) and ¢ € C. It may be easily verified that 4 is
a morphism of right D-modules. We now verify that

1a(X) : C @ hy(X) — C® C ® hy(X)
is right C-colinear. We have
TC@cany (x)(Ma(X)(c® g))
= 0tacany (x) (@@ c®g) = ([d®c)® gy ® (d®c),”
=d®c1® gy ® e’ = (na(X) ®ide)(c1 ® gy @ c2¥)
= (na(X) ®idc)oCgny, (x)(c® ).

Thus, ng : C ®hy — C® C ® hy is a morphism in //l(w)g. Therefore, using
the naturality of v, we have the following commutative diagram:

Cohy(X)oc 20 ooy (x)
Ud(X)®idcl lﬁd(x)
C®Cohy(X)oc 22N, oo 0@ hy (X).
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Thus, for any g € Homp(X,Y) and ¢,¢ € C, we get
V(C®CRhy)(X)(dRc®g®)
=((C®C®hy)n®ide)(X)(c@g® )

(3.10) =naov(C®hy))(X)(c®gad)
=dov(C@hy)(X)(cog®d)
= (idc@v(C®hy))(X)(d®c®@g® ).

The result follows.

We now proceed to give another interpretation of V' = Nat(4.%#,1 //1(11»%)-

We consider a collection 6 := {fx : C ® C — Endp(X)}xconp) of K-linear
maps satisfying the following conditions:

(3.11) (Ox(c@d)) o f = fy, 00y (! ®d¥),
(3.12) Hx(c®d1)®d2Z(ex(02®d))¢®clw,
for any f € Homp(Y, X). Let V4 be the K-space consisting of all such 6.

PROPOSITION 3.5: Let v € V = Nat(9.7,1 ,, ()¢ ). For each X € Ob(D), w
define a K-linear map

Ox :C®C — Endp(X), c¢®d— ((idny ®ecc)v(hx @ C))(X)(idx ®c ® d).
Then, 6 := {0x } xcob(p) is an element in V.

Proof. Since idp, ®ec : hx ® C — hx is a morphism of right D-modules, we
have

(313)  (Ox(c®@d))o f = (idny ®ec)(Y)(v(hx @ C)(X)(idx ®c®d) - f)
for f € Homp(Y, X) and ¢,d € C. Since v(hx @ C) :hx @ C®C — hx @ C
is a morphism of right D-modules, we also have
(v(hx @ CY(X)(idx ®c®d)) - f
v(hx ® O)(Y)((ldx ®c®d) - f)

vhx ® C)(Y)((hx ® C® C)(f)(idx ®c® d))
v(hx ® O)(Y)((hx ® O)(fy)(idx @c) @ d¥)

( )Y)(

( )Y)(

(3.14)

v

hx @ C)(Y)(hx(fy,)(idx) @ ¢ @ d¥)
v(hx ® C)(Y)(fy, © ¥ ®@d¥).
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The morphism fy . Y — X in D induces morphisms hy ® C — hx ® C
and hy  C®C — hx ®C®C in ///(7,/})7(’;. Therefore, we have

(Ox(c®d)) o f=(idny ®ec)(Y)(v(hx ® C)(X)(idx ®c®d)- f)  (by (3.13))
= ((idny ®ec)v(hx ® O)(Y)(fy,, @ ¢’ @ d¥) (by (3.14))
= fuy © ((idny ®ec)v(hy @ O))(Y)(idy @c” ©@d”)  (by (3.7))
= fupy 0 Oy (¥ @ d¥).
This proves (3.11). We now verify that 6 satisfies (3.12). Using Lemma 2.5,
we know that C ® hy and C ® C' ® hy belong to ///(7/))g for each Y € Ob(D).

For each X € Ob(D), it may be easily seen that C' ® hy(X) is also a left
C-comodule with coaction given by

ply(X) = AC ®ith(X) .
Moreover, it may be easily verified that the following diagram commutes:

P (X)

C @ hy(X) C®C®hy(X)

08®hy(X)J/ lgg@)C@hy(X)

X)®id

l
Cohy(X)oC 2% 00 cehy(X)oC.

This shows that pl (X) is a morphism of right C-comodules. Further, for any
g € Homp (X, X'), we have the following commutative diagram:

1 ’
Cohy(x) Y cwoohy(X)
<C®hy><g>l l(cm@hy)(g)
P (X)

C®@hy(X) 5 C®C®hy(X).

Thus, plY :C®hy — C®C ®hy is a morphism of right D-modules. This

shows that plY is a morphism in the category .# (’L/J)g. Therefore, using the

naturality of v and Lemma 3.4, we have the following commutative diagram:

Cehy(X)®C RACLLLICIN C @ hy (X)
P?(X)®idcl lp@(X)
C®Cohy(X)eC 2= 9vCO)0), - i o o gy (X).
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For any c® idx ®d € C @ hx(X) ® C, we set
a; ® fi == v(C @ hy)(X)(c®idx ®d),
Then, we have
P (X)(a; @ fi) = ain ® aip ® fi = (ide @0(C @ hx )(X))(e1 ® ¢2 ® idx @d).
Now applying the map id¢ ®ec ® idn, to both sides, we get

a; @ fi =c1 ® ((ec ®idny )v(C @ hx))(X)(c2 ® idx &d)
=1 ® ((idhy ®ec)v(hy @ C))(X)(idx ®c2 ® d)  (by Lemma 3.3)
=1 ® 9)((62 024 d)

Therefore, we have
(3.15) P(a; ® fi) = (9}((02®d))w ®c1.

Since v(C' ® hy)(X) is a morphism of right C-comodules, we also have the

following commutative diagram:

Cohy(X)pCc 2O ooy (X)
F6®hy(X)®Cl l"g(@hy(x)
Cohy(X)®Cec LCEMXBe oo p (x)eC

Thus, we have

06®hx(x)(ai ® fi) =ai1 ® fiy, ® ais"
=(v(C®hx)(X)®ide)(c®idx ®di ® da).
Now, applying the map ¢ ® idp, ® id¢ to both sides, we get

ec(ain)(fiy ® a;y)
= ((ec ®@1dny)v(C @hx))(X) (c®idx ®d1) ® da
= ((idny ®ec)v(hx ® C))(X) (ldx ®c®di) ® d2  (by Lemma 3.3).

Therefore,
(3.16) P(a; ® f;) = O0x(c®di) ® da.

It now follows from (3.15) and (3.16) that 6 satisfies (3.12).
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PROPOSITION 3.6: Let # €V;. Then, we have an element v € Nat(¥4 .7, 1//[@})%)
defined by

VM) MR@C — M, mec— M(lx(mi®c))(mo),

for M € Ob(#(4)%), X € Ob(D), m € M(X) and ¢ € C.

Proof. We need to verify that v(M) : M ® C — M is a morphism in ,///(Q/J)g
and that v is indeed a natural transformation. We first verify that v(M) is a
morphism of right D-modules. Let f € Homp(Y, X). Then, we have

M(f)(0(M)(X))(m

®c)
HM(Ox (m1 @ ¢))(mo)

)
(
((0x (m1 @ c)) o f)(mo)
(
(
(

Fuy 0O (m? © ¢¥)) (o) (by (3.11))
by (Y’ © ) M(fy,,)(mo)
by (M(fo)(m)1 ® P)M(fp)(m))o  (by (2.5))

(M)Y)(M(fy)(m) @ c”)
(M)Y)M & C)(f)(m @ c).

I
EEEEEE

e

c

We now verify that v(M)(X) : M(X) ® C — M(X) is a morphism of right
C-comodules for every X € Ob(D). For each m ® ¢ € M(X) ® C, we have

(v M)(X) ®@ide)r"(m @ ¢)
= v (M)(X)(m @ 1) @ ca
= M(ox(ml & 01))(m0) & Co

= M((6x((m1)2 @ €))y) (mo) @ (ma):" (by (3.12))
= M((6x (m1 @ ¢))y)(mo)o ® (mo)1”

= pm(x)(M(Ox(m1 @ c))(mo)) (by (2.5))
= pmx) (VM) (X)(m @ ¢)).

It remains to show that v : % — 1/”(1/})% is a natural transformation.

Let n : M — N be a morphism in //l(w)g. Then, for every X € Ob(D)
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and m ® ¢ € M(X) ® C, we have

(v(N)(n @ ide))(X)(m @ c)
= v(N)(X)(n(X)(m) & c)
= N(0x ((n(X)(m))1 @ ¢))(n(X)(m))o
=N (O0x(m1 ® c))n(X)(mo) (since n(X) is C-colinear)
= n(X)M(0x (m1 & c))(mo)
= n(X)o(M)(X)(m @ c).
This proves the result.
PROPOSITION 3.7: The K-spaces V =Nat(¥ #, 1//1(1&)%) and Vy are isomorphic.
Proof. We define o : V.— V; by setting a(v) = 6, where 6 is the collection of
K-linear maps {fx : C ® C — Endp(X)}xeon(p) defined by
Ox(c®d) := ((idny ®ec)v(hx ® C))(X)(idx ®c ® d)

for ¢,d € C. Then, « is a well-defined map by Proposition 3.5. We also define
B : Vi — V by setting 5(0) = v, where v : 4% — 1y (p)g 1s defined by

(3.17) VM) M@C — M, m®c— M(lx(mi®c))(mo),

for M € Ob(///(d))%), X € Ob(D), m®c e M(X)®C. By Proposition 3.6, 8
is well-defined. We will now verify that oo and /3 are inverses of each other. Let
6 € V1. Then, for any X,Y € Ob(D), we have

(@B(0))x (c®d)

(
(
(
(hx ((0x(ca @ d))y)(idx) ® ¢1¥) (by Lemma 2.4)
idny ®ec)(X)(hx(0x(c®di))(idx) ® d2) (by (3.12))

(

This proves that («8(6))x = 0x for all X € Ob(D). Therefore, (a3)(0) = 6.
For any v € V, we now verify that (Ba)(v) = v. We set § = a(v). Then, by
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definition we have
(Ba)(v)(M)(X)(m @ c)
((BO) (M) (X)(m @ c)
M(0x(m1 ® c))(mo)
= M((idnx ®ec)(X)v(hx ® C)(X)(idx @m1 ® ¢))(mo).
For any m’ € M(X), it may be easily verified that 7, : hx — M defined by
M (Y)(f) 1= M(f)(m)
for each f € Homp (Y, X) is a morphism in Mod -D. By Lemma 2.4, this induces
the morphism 7,y ® idc : hxy ® C — M ® C in # ()% defined by

(M @ ide)(Y)(f @ ¢) := M(f)(m") @ ¢

for f € Homp(Y, X) and ¢ € C. Since v is a natural transformation, it follows

(3.18)

easily that the following diagram commutes:

T (X)@ide ®ido

hy(X)®C®C M(X)®C®C
v(hX®C)(X)l lv(M@C)(X)
hy(X)oc e uixye o
(idn y ®50)(X)l l(idM ®ec)(X)
hx (X) T (0, M(X).

In particular, we have
M(((idny @ec)v(hx @ C))(X)(idx @my @ c))(mo)
:((ldM ®€C)’U(M ® O))(X)(mo Xm; & C).

The comodule structure on entwined modules determines a morphism in
///(1/})% as follows. We define p: M — M ® C given by

ﬁ(X) = PM(X) M(X) —>M(X)®O

for any M € Ob(///(w)g) and X € Ob(D). We first verify that 5 is a morphism
of right D-modules. For any f € Homp(Y, X) and m € M(X), we have

(M O)(f)(p(X)(m)) = (M& C)(f)(mo @m1)
= M(fy)(mo) @ m1"¥
= prmy)M(f)(m)) = p(Y)(M(f)(m)) (by (2.5)).

(3.19)
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It may be verified easily that p(X) : M(X) — M(X) ® C is right C-colinear.
Thus, p: M — M ® C is a morphism in //l(w)g. Therefore, we have the
following commutative diagram:

MX)oC MO vx)
ﬁ(X)®idcl lﬁ(X)
M(X) @ Coc MM ix)yec.

Thus, we get

oM e C)(X)((p(X) ®ide)(m ©¢))

(M ® C)(X)(mo Xm1 & C)
AX) (v (M)(X)(m @ c))
prx) (VM) (X)(m & ).

Now applying id v¢(x) ®ec on both sides, we obtain
(Ba) (V) (M)(X)(m @ ¢) = (idpm @ec)(X)v(M @ C)(X)(mo ® m; @ c)
= v(M)(X)(m @ ).

THEOREM 3.8: Let % : ///(w)g — Mod-D be the forgetful functor and
4 :Mod-D — A ()5S, N—=N®C

be its right adjoint. Then, % is separable if and only if there exists 6 € V1 such
that

Ox o Ac =¢e¢ -idx VXEOb(D).

Proof. We first recall from (3.1) that the unit of the adjunction is given by
p(M) M — MeC,  p(M)(X)(m)=mo®m,

for M € Ob(///(w)g) and m € M(X). Suppose that .7 is separable. Then, by
Theorem 3.2, there exists v € V such that vou = 1//1(1#)%' Therefore, using
Proposition 3.7, corresponding to v € V' we can obtain an element 6 € V; given
by

Ox(c® d) = ((idny, ®ec)v(hx ® C))(X)(idx ®c @ d)
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for each ¢,d € C. Moreover, we have

(Ox 0 Ac)(e) = ((idny ®e0)o(hx ® C))(X)(idx ®er @ c2)
(idny ®ec)v(hyx ® C))(X)(uthx ® C)(X))(idx ®c)
(idny ®ec)(idnyec))(X)(idx ®c)

idhy (X) ® ec)(idx ®c) = ec(c)idx

_ /S

for any ¢ € C. Conversely, suppose that 6 € V; is such that
Ox o Ac =ec¢ -idx
for every X € Ob(D). Corresponding to 6 € V; there exists v € V' defined by
VM) MRC — M, m®c— M(Ox(mi®c))(mp),
for M € Ob(.# (1)), X € Ob(D)
(v o p)(M)(X)(m)

m € M(X) and ¢ € C. Further, we have

(M)(X) ((M)(X)(m))
v(M)(X)(mo @ ma)
Ox ((mo)1 ®m1))(mo)o
0x ((m1)1 ® (m1)2))(mo)
Ox o Ac)(ma))(mo)

idx)ec(mi))(mo) = m.

I
<

M(
M(
M((
M((

This shows that vou = 1%(@%. Hence, % is separable by Theorem 3.2.

Next we investigate the separability of the functor 4 : Mod-D — # (1/1)%
given by
GN)=NxC

for any NV € Mod-D. Since ¢ is a right adjoint of #, it follows from The-
orem 3.2 that the functor ¢ is separable if and only if there exists a natural
transformation w : Ipmod-p — F¥ such that

vow = IMod-p,
where v is the counit of the adjunction as explained in (3.2). We set
W .= Nat(lMod_D, F9b)

and proceed to give another interpretation of W.
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We define h : D°? @ D — Vectg as
(3.20) hX,Y):=Homp(X,Y), (h(e))(f):=¢"f¢,

for any (Xa Y) € Ob(DOP®D)a ¢ = (¢/a ¢/I) € HomD°P®D((Xa Y)a (Xla YI)) and
f € Homp(X,Y). Similarly, we define the functor h ® C' : D°? @ D — Vectg
as

(h®C)(X,Y) :=Homp(X,Y) ® C,
(h® CYON(f @) = ¢ fl, @ c”

for any (X,Y) € Ob(D? @ D), ¢ := (¢',¢") € Hompergp((X,Y), (X', Y")),
f € Homp(X,Y) and ¢ € C. By slight abuse of notation, we will make no
distinction between functors D°? ® D — Vectx and functors D — Mod-D.
We observe that h ® C' : D°? ® D — Vecti corresponds to % o (h ® C') when
viewed as a functor from D — Mod-D.

(3.21)

Given a natural transformation n: h — h ® C, it is easy to see that
77(7, Y) :hy = HomD(f, Y) — hy®C = Homp(f, Y) ®C

is a morphism of right D-modules for each Y € Ob(D). Similarly, for each
X € Ob(D),

n(X,f) : xh = HOII]D(X, 7) — xh®C = HOIHD(X,f) ®C

is a morphism of left D-modules.
Throughout the rest of this section, we set W7 := Nat(h, h® C), the K-space
consisting of all natural transformations between the functors » and h @ C.

LEMMA 3.9: Let n € Wyp. We set n(X,X)(idx) = > ax ® cx for each
X € Ob(D) and n(Y, Z)(g) :=>_ § ® ¢4 for any g € Homp(Y, Z). Then,

n(Y, Z)(g) = Zg ®ecg = Zazgw ®cz? = Zgay ®cy.

Proof. Since n(—,Z) : hy — hz ® C is a morphism of right D-modules for
each Z € Ob(D), we have the following commutative diagram:

n(Z,Z)

hz(Z) hz(Z)®C

hz(g)l l(hz®0)(g)

n(Y,Z)

hz(Y) hz(V)®C.
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This diagram along with Lemma 2.4 gives

(Y, Z)(9) = > _((hz ® C)(g))(az @ cz)
(3.22) =Y hz(gy)(az) @ cz¥
= Z azGy @ Czw-

Since 7(Y,—) : yh — yh ® C is a morphism of left D-modules, we also have
the following commutative diagram:

yh(v) "2 hiv)ec
vhio) | | ehsor
vh(z) 2% hz)ecC
This gives
(3.23) nY,Z)(g) = (vhe C)(g (Zay@Cy) :Zgay®0y.

The result now follows from (3.22) and (3.23).

ProposiTiON 3.10: The K-spaces
W = Nat(lymod p,-F¥) and W; = Nat(h,h® C)
are isomorphic.
Proof. We define a K-linear map v : W — Wj by setting
n=vw)ih—h&C, n(X,Y) = wlhy)(X),
for any (X,Y) € Ob(D°? ® D). We now verify that the map is well-defined. Let
¢ :=(¢',¢") € Hompergp((X,Y), (X', Y7)).

Since w(hy) : hy — hy ® C' is a morphism of right D-modules, we have the
following commutative diagram:

hy (X) 200y e
(3.24) hy<¢'>l l(hy®c><¢'>
w(By ) (X7)

hy (X') @ C.
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The morphism ¢” : Y — Y’ in D induces a morphism ¢” : hy — hy of
right D-modules. Therefore, using the naturality of w, we get the following
commutative diagram:

hy (X') w(hy)(X')

hy (X')®C
(3.25) X,h(¢//):h¢,,(x/)l l(xzh(cb”)@idc):(hd)u(X')®idc)

w(hy)(X)

hy/ (X') hy (X') @ C.

We now observe that for f € Homp(X,Y), we have
(h(@)(f) = ¢"f¢' =x h(¢")(hy (¢')(f)),
(@ C)(@)(g@c)= "9y @’ = (xh(¢") ®ide)((hy @ C)(¢')(g ©¢)).

Thus, by combining the diagrams (3.24) and (3.25), we obtain the following

commutative diagram:

hx,y) 250 pxv)yec
h(% |meero
h(X, Y 2 yx v e c.

This shows that n € W;.
Conversely, let n € Wy = Nat(h,h ® C). For any Y € Ob(D),

(3.26) n(—,Y):hy — hy ®C

is a morphism of right D-modules. For any f € Homp(X,Y), the naturality of
7 gives us the following commutative diagram:

hX:HomD(f,X) M HOInD(f,X)@C:hx(X)C
(3.27) h(w‘)l lh(ﬂf)®idc
hy = Homp(—,Y) 2% Homp(—,Y)® C =hy ® C.

Now, for any M in Mod-D, we know that

M = colim h‘y‘
y€eel(M)

Similarly,

yeel(M)
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where the colimit is taken in Mod-D. Thus, the morphisms as in (3.26) induce
a morphism w(M) : M — M ® C of right D-modules. Moreover, for any
morphism M <5 N in Mod-D, the commutative diagrams as in (3.27) induce
the following equality:

(C®ide) ow(M) = w(WN) o (.
Therefore, for n € W1 we have obtained a natural transformation
w: Iyod-p — FY

in W. We will denote this K-linear map by § : W7 — W, ie., §(n) = w
determined by w(hy) :=n(—,Y) for each Y € Ob(D). It may be easily verified
that the morphisms v and § are inverses of each other.

THEOREM 3.11: Let .F : ///(1/})% — Mod-D be the forgetful functor and
4 : Mod-D — ///(1/})%, N — N ® C be its right adjoint. Then & is separable
if and only if there exists n € W, = Nat(h, h ® C) such that

(3.28) (idp ®ec)n = idy, -

Proof. Suppose that ¢ is separable. Then, by Theorem 3.2, there exists
w € W = Nat(1pod -, F¥) such that v ow = lyod.-p, Where v is the counit of
the adjunction. Using Proposition 3.10, corresponding to w € W, there exists an
element n € Wi given by n(X,Y) = w(hy )(X) for every (X,Y) € Ob(D? @ D).
The condition (3.28) now follows from the definition of the counit in (3.2).

Conversely, let n € Wi be such that (id;, ®ec)n = id,. We consider
w : Ipod-p — F Y given by w(hy) :=n(—,Y) for each Y € Ob(D). Then,

(idn, ®ec)w(hy) = (idn, ®ec)n(—,Y) = idn, .
Since .# is a left adjoint and it is clear from the definition that & preserves
colimits, we obtain that (idy ®ec)w(N) = idy for any N € Mod-D, i.e.,
(ld ®€c)w = IMod-D-

Therefore, ¢ is separable by Theorem 3.2.

3.2. FROBENIUS CONDITIONS. Let F': A — B be a functor which has a right
adjoint G : B — A. Then, the pair (F,G) is called a Frobenius pair if G is
both a right and a left adjoint of F. We recall the following characterization
for Frobenius pairs (see [8, §1]):
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THEOREM 3.12: Let F' : A — B be a functor which has a right adjoint G.
Then, (F,G) is a Frobenius pair if and only if there exist v € Nat(GF,14) and
w € Nat(1g, FG) such that

(3.29) F(v(M)) ow(F(M)) = idpar,
(3.30) ’U(G(N)) o G(W(N)) = idg(N),
for all M € A and N € B.

LEMMA 3.13: For any w€ W=Nat(1lyod-p,-F¥Y), Ne Comod-C and Y€ Ob(D),
we have

w(N @ hy) = idy Qw(hy).

Proof. For each n € N, we define (, : hy — N ® hy by

MX)(f)=nef

for any X € Ob(D) and f € Homp(X,Y). It may be easily verified that ¢, is
a morphism of right D-modules. Therefore, using the naturality of w, we have
the following commutative diagram:

hy(x) S e
0| |ensiae
N @hy(X) 2XEIO N o hy(X) @ C.

Let f € Homp(X,Y). We set

why)(X)(f) = f@c.
Then, we have
w(N@hy)(X)(n® f) = ((u(X )®idc)w(h )(X)(f)
*Z X)®ide) (f@Cf)

= Zn ® f ®cf
= (idy @w(hy))(X)(n ® f).

The result follows.
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THEOREM 3.14: Let % : ,///(Q/J)g — Mod-D be the forgetful functor and
4 : Mod-D — //l(w)g, N — N ® C be its right adjoint. Then, (%,¥9) is
a Frobenius pair if and only if there exist 6 € Vi and n € Wj such that the
following conditions hold:

(3.31) ec(d)f = fobx(cs®d),
(3.32) ec(d)f = fyobx(d ®@cy),

for any f € Homp(X,Y), d € C and n(X,Y)(f) =X f @ ¢;.

Proof. Suppose there exist § € V5 and n € Wy such that (3.31) and (3.32) hold.
Then, using the isomorphisms V' = Vi and W = W; as in Propositions 3.7
and 3.10, there exist v € V and w € W corresponding to 6 € V4 and n € Wy
respectively. We also know by Proposition 2.9 that the collection

{N ®hy},

where N ranges over all (isomorphisms classes of) finite-dimensional C-co-
modules and Y ranges over all objects in D, forms a generating set for .# (w)g.
Therefore, we first verify the condition (3.29) for

M =N @hy € 4®)S,

where N € Comod-C and Y € Ob(D). For any n® f € N ® Homp(X,Y), we
have
(Z(v(N ©@hy)) o w(F (N @ hy)))(X)(n© f)
= (N ® hy)(X)(idy Qw(hy))(X)(n® f) (by Lemma 3.13)
= v(N ® hy)(X)(idy ®n(X,Y))
)

(n®f)
=Y v(N@hy)(X)(ne fec)

(3.33) =Y (N@hy)(Ox(n@ li@c))(ne flo (by (3.17))
=Y (N@hy)(Ox(m¥ @cp))(no ® fy) (by (2.9))
=Y 0@ fyolx(m? @cy) (by (2.8))
=ngRec(n)f (by (3.32))

=nQ f.
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This proves (3.29) for the generators of .# (w)g. As explained in the proof of
Proposition 2.9, for any M in ///(z/;)g, there is an epimorphism

@ Nm - @ Vm®h‘m|—)M

meel(M) meel(M)

in ///(w)g The morphism

n:= @ Im

meel(M)
induces the following commutative diagram:

DB Z(v(Vin®h|p|))w(F (Vi ®hp))

@ j(vm o2y h\ml)

(3.34) ﬁ(n)l lﬂ“(n)
F (M) F (M)

From (3.33), it follows that
F(0(Vin @ b)) )w(F (Vi @ ) = 1dz (v, 0h),.)

for each m € el(M). Thus, by the commutative diagram (3.34), we have

(3.35) (F(v(M)) o w(F(M))) 0 F(n) = F(n).

Since % is a left adjoint, it preserves epimorphisms. Since 7 is an epimorphism,
so is .%(n). Therefore, (3.35) implies that

This proves (3.29) for any M € Ob(///(l/})g).

Next, we verify the condition (3.30). From the definition, it is clear that ¢
preserves colimits. Since any D-module may be expressed as the colimit of rep-
resentable functors, it is enough to verify the condition (3.30) for representable
functors. For any

f®d€hy(X)®C,
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we have

(v(¥ (hy))(X) 0¥ (w(hy))(X))(f @ d)
= (v(@(hy))(X) o (w(hy) ®ide)(X))(f @ d)
= (v(hy @ C)(X) o ((X,Y) @ ido))(f @ d)

=> w(hy @ O)(X)(f @ cf @ d)
= (hy @ C)Ox((f®cp1@d)(f@es)o  (by (3.17))

=Y (hy @ C)(Ox(cr, @ d)(f @ ¢py) (by (2.6))
= > by ((Ox(cr, ®d)y)(f) @ g, ” (by (2.4))
=Y folbx(cry,@d)yp@cy

=Y folbx(cy@di) @dy (by (3.12))
=co(d)f @ dy (by (3.31))
— f®d

This proves (3.30). Therefore, (#,¥) is a Frobenius pair.

Conversely, suppose (#,%) is a Frobenius pair. Then, there exist v € V
and w € W satisfying (3.29) and (3.30). Then, using the isomorphisms V' =V
and W = W; as in Propositions 3.7 and 3.10, there exist § € V; and n € W}
corrresponding to v € V and w € W respectively. We will now verify the
conditions (3.31) and (3.32). Taking

M=C®@hy
in (3.29), for any d € C' and f € Homp(X,Y) we have

d® f=(v(C®hy)(X)ow(C®hy)(X))(d® f)
= (v(C ®hy)(X) o (ido Qwny (X)) (d® f)  (by Lemma 3.13)
=v(C®@hy)(X)(d@n(X,Y)(f))
= v(C®hy)(X)(d® f@cy)

=Y (Cohy)Ox([de frec))deflo  (by (3.17)
=Y (C@hy)(Ox(dy ®cp))(di @ fu) (by (2.9))
=3 di® fy o Ox(dy ®cy) (by (2.8)).
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Applying ec ® idp, (x) on both sides, we get

ec(d)f = eold)fy o b0x(d2? @ cy)

— ch dld’ fww o 9X(d2w X Cf) (by (2-2))
= ec((d¥)) fy 0 0x((d¥)2 @ ¢f) (by (2.3))
= fuobx(d ®cy)).

This proves (3.32). Now, taking N' = hy in (3.30), we have

f@d=(v(@(hy))(X) o (w(hy))(X))(f @ d)
= (v(hy ® C)(X) o (w(hy) ®idc)(X))(f @ d)
= (v(hy ® O)(X) o (n(X,Y) ©ido))(f @ d)

=Y u(hy ® C)(X)(f @ c; @ d)
(

=> (hy @ C)(Ox((f ® c)1 @ d)(f @ ¢5)o (by (3.17))
=Y (hy @ C)(Ox (e, @ d))(f @ cfy) (by (2.6))
= hy((Ox(cry@d)y)(f) @ep,” (by (2.4))
=Y fo(x(cr,@d)yp@cpy?

= fobx(cs@dy)®dy (by (3.12)).

Applying
idhy (X) ®ec

on both sides, we get (3.31). This proves the result.

3.3. FROBENIUS CONDITIONS IN THE CASE OF A FINITE-DIMENSIONAL CO-
ALGEBRA. We continue with (D, C, ) being an entwining structure. For each
Y € Ob(D), we obtain an object Hom(C, hy ) in Mod-D by setting

Hom(C, hy )(X) := Homg (C, hy (X)),
(3.36) Hom(C,hy)(g) : Homg (C, hy (X)) — Homg (C, hy (X')) given by
Hom(C, hy)(9)(¢)(x) = (¢ - 9)(x) := ¢(2)g,

for any X € Ob(D), g € Homp (X', X), ¢ € Homg (C,hy (X)) and z € C.
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Using (3.36), we now define a functor Hom(C, h) : D — Mod-D as follows:
Hom(C, h)(Y) := Hom(C, hy),
(3.37) (Hom(C,h)(£))(Z) : (Hom(C, hy))(Z) — (Hom(C,hx))(Z) given by
(Hom(C, h)(H))(Z)(¢)(x) = (f - d)(w) := fy 0 pla),
for any f € Homp(Y, X), ¢ € Homg (C,hy(Z)) and z € C.

For the rest of this section, we assume that C' is finite-dimensional. Then, for
each Z € Ob(D), we have an isomorphism

(3.38) Homg (C,hy (Z)) 2 C* @ hy (Z).
Let {d;}1<i<k be a basis for C and {d} }1<;<k be its dual basis.

LEMMA 3.15: Let C be a finite-dimensional coalgebra. Then, we have a functor
(3.39) C*®h:D— Mod-D, Y +— C*"®hy.

Proof.  For each Y € Ob(D), it is clear that C* ® hy € Mod-D. We
consider f € Homp (Y, X) and an element ¢*® g € C*@hy (Z). By the isomor-
phism in (3.38), ¢* ® g corresponds to the element ¢e+gq € Homp (C, hy (Z))
given by ¢ergg(x) = c*(x)g for each x € C. From the action in (3.37), the
element f - ¢orpy € (Hom(C, hx))(Z) is given by

(f - Perg)(x) = fi © bergg(a¥) = " (a¥) (fy © 9).
Again, using the isomorphism in (3.38), the element in C* @ hx(Z) correspond-
ing to f - ¢c-wg is given by

k
> e (d)d; @ fug.
i=1
It may be easily verified that

is a morphism of right D-modules. The result now follows.

Since C' is a coalgebra, its vector space dual C* is an algebra with the con-

(c*ed*)( Zc x1)d
for ¢*,d* € C* and x € C. Let N be any left C -module. Then, we have a
K-linear map p : N — Hom(C*, N) defined by p(n)(c*) := ¢*n for n € N
and c* € C*.

volution product
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In general, there is an embedding N ® C < Hom(C*, N) given by

(n®x)(c") :=c*(x)n

for x € C. Since C is finite-dimensional, this embedding is also a surjection.
This gives us a K-linear map p : N — N ® C which makes N a right C-
comodule (see, for instance, [17, §2.2]). Then,

k
=Y din®d;
1=1

In particular, C* becomes a right C-comodule with

k
(3.40) po-(c?) = diec* ®d;
=1

Considering the element e € C*, the coassociativity of the coaction po« may
be used to verify that

k

k k
(3.41) DY (diedp)@did; = di @ Ady).

j=14=1 j=1

PROPOSITION 3.16: Let C' be a finite-dimensional coalgebra. Then, we have a
functor

C*@h:D—.MW)S

Proof. From (3.40), we know that C* is a right C-comodule. Applying Lem-
ma 2.5, it follows that each C* ® hy is an object in ///(zb)g. Accordingly, the
right C-comodule structure on C* ® hy (Z) for any Z € Ob(D) is given by the
following composition:

Cheony (2): O @hy(2) L2550 © C @ hy (2)

M2y, o @ hy (Z) @ C.

Explicitly, we have

k

OC-ghy(z)(C" ®9) = Zd%k'C* ® gy @ df
=1



36 M. BALODI, A. BANERJEE AND S. RAY Isr. J. Math.

for each ¢* ® g € C* @ hy (Z). We consider f € Homp(Y, X). By Lemma 3.15,
this induces a morphism C* ® hy — C* ® hx in Mod-D. In order to show
that C*®@h : D — ///(w)g is a functor, it therefore suffices to show that each
morphism

C*®hy(Z) —C*®hx(2),

3.42 k
(342 (" @g) =Y " (d))d; @ fug,

j=1

is right C-colinear. For any ¢* ® g € C* ® hy (Z), we have

—~

0Cghy(2) ([ (" ®g))

I
B

0L sny (2)(€(d) ) © fug)

<.
Il
—

H(dV)d o ds @ (fpg)y @ dY

I
M-
E

i=1 j=1
k k "

=3 e (d))diedy @ fyy9p @ df (by (2.1))
i=1 j=1
k

=3 (i, ) © fu 90 © dj, " (by (3.41))

<.
Il
—

I
E

k
a@ﬂm®mwwﬁzym%%ﬁ)
=1

<.
Il
—

d; (d;, ") (dj, ")y ® fy 90 @ df

|
AMk
.Mk

<
Il
-
o
Il
-

d((d;"))e* (d¥),)d; © fogy @ df (by (23))

I
'M”
.Mk

<
Il
—
-
Il
—

I
'M’T
'M”

<
Il
—
-
Il
—

(dfec*)(d))d; @ fpgy @ d

= (f®ide) - (i(d?w*) ® gy ®d§”>

i=1
= (f@idc) - (0¢-gny (2)(¢" © 9))-
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Since C'is finite-dimensional, the right C-comodule structure on C* @ hy (X)
induces a right C-comodule structure on Hom(C, hy (X)) for each X, Y € Ob(D)
which we now explain. Let ¢ € Hom(C,hy (X)). Then, ¢ corresponds to the
element

Y di @¢(d;) € C* @hy (X).
1<i<k
We know by Proposition 3.16 that

k k
0 gy (X) (Z dr® ¢(di)) =D died; @ (6(di))y @ dY.

i=1 j=11i=1

The element Zl 1 djed; @ (9(di))y ® d}p € C* ®@hy (X)® C corresponds to the

® (¢
element ¢y ® ¢1 € Hom(C, hy

(X)) ® C given by
k k
$1= 3> (died)(@)(p(di))y @ dY
3.43 k kE
(3.43) :ZZd 22)(9(di))y @ dY
(71 ® ¢(x2))

for z € C. It now follows from (3.36), (3.37), (3.43) and Proposition 3.16 that
we have a functor

(3.44) Hom(C,h) : D — ///(1/}) , Y — Homg (C, hy).

We also recall from (3.3) and (3.4), the functor h@C' : D — ///(1/1)%, defined
as follows:

(h@C)(Y):=hy ®C,
(heC)f)(Z)g@c) = fgae,
for f € Homp(Y, X) and g ® ¢ € hy (Z) ® C. We now set
Vo :=Nat(h ® C,C* ® h).
PROPOSITION 3.17: Let C be a finite-dimensional coalgebra. Then,
V = Nat(¢9.7, 1//[@,)0) Vi =2V, =Nat(h® C,C* @ h).
Proof. Since C is finite-dimensional, we know that

C* @ hy (X) 2 Homg (C,hy (X)) for each X,Y € Ob(D).
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We first define a K-linear map Yxy : hy (X)® C — C* ® hy (X) given by

(3.45) (Txy (f @ c)(d) := fy00x(d¥ @c)

for any f € Homp(X,Y) and ¢,d € C. In other words, we have

(3.46) Txy(f®c) Zd* (fp o b0x(d¥ ®c))

where {d; }1<i<k is a basis for C and {d} }1<i<y is its dual basis.
We now define o/ : Vi — V4 by setting o/(f) = YT with Y : h@ C — C* Qh
defined as follows:

Ty:hy®c—>c*®hy, Ty(X) =Txy,

for any X,Y € Ob(D). We now verify that o is a well-defined map. For this,
we first check that Ty : hy ® C' — C* ® hy is a morphism in ,///(Q/J)g for every
Y € Ob(D). For any g € Homp(X’, X), we need to show that the following

diagram commutes:

Ty (X)

hy (X) ® C C* @ hy (X)

<hy®0><g>l l(0*®hy)(g)
hy (X)) ¢ X,

For any f ® ¢ € hy (X) ® C, we have

C* ® hy (X')

(C*" ®@hy)(@) Ty (X)(f®c)

fZC*@)hy d*®f¢09X(d c))

:Zd?@(fwoex(df’@c))Og (by (2.8))
k

= Zd ® fuguy 0 0x(d" ® ¥) (by (3.11))

= Zd* fgw e 9X/(dw ®c ) (by (21))

= TY( N(fgp ®c?) =Ty (X)(hy ® C)(9)(f ®c).
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This shows that Yy is a morphism of right D-modules for every Y € Ob(D).

Next we verify that
Ty(X) : hy(X) ®RC — C* ® hy(X)
is right C-colinear for every X,Y € Ob(D). We have

X)(f @c))

00*®hy(x)(

OCghy (x)(d; ® fy o Ox(d} ®c))

|
.M” <

@
Il
N

ded; ® (fy 0 0x(d @)y ® df

s

&
Il
—_

|
ﬁMw

® (fyobx(di,” @)y ®di, ¥

I
ES H.Ma-
=

ZZd ® fuy 0 (Ox(diy” @ )y @ i, *"
Y S (0x((d)  es @),

k
= dr® fyobx(d @)@ e

i=1

=Ty(X)(f@c1)®co
= (Yy(X) ®@ide) (T, (x)ec(f @ ).

(by (3.40))

(by (3.41))

(by (2.1))

(by (2.3))

(by (3.12))

Finally, we verify that T is a natural transformation from h ® C to C* ® h, i.e.,

the following diagram commutes for any g € Homp (Y, Y”):

hy ©C —Y 5 C*@hy

(h®C)(9) (C*®h)(9)
! !

hY/®C L) O*®hy/
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For any f ® ¢ € hy (X) ® C, we have

(C*®h

~—

(@) (X) Ty (X)(f®¢)

(C* @ h)(9)(X)(df ® fy 0 0x(d ®¢)) (by (3.46))

|

@
Il
N

|
ﬁM?r

df(d}")d}‘ ® gwfwé'x(dg’ ®c) (by Lemma 3.15)
1

s
&
Il

[
™=

di ® gy fy o 9X<Zd2‘ (d;")d;" ® C)

i=1

<.
Il
—_

* @
dj ®g¢f¢ o HX(d;b & C)

I
B

<.
Il
—

[
W

d; @ (9f)y 0 Ox(d} ®c) (by (2.1))

<.
Il
—_

Ty (X)(gf ®¢) = Ty (X)(h @ C)(g)(X)(f ® o).

This proves that T € V5.
For the converse, we first observe that the functors C* ® h and Hom(C, h)
are isomorphic which follows from (3.38). We define 5’ : Vo — V3 by setting

p(T) =10
with fx : C ® C — Endp(X) defined as follows:
ex(c® d) = (Txx(idx ®d))(c)

for any X € Ob(D) and ¢,d € C. We will now verify that 0 satisfies (3.11) and
(3.12). For each X € Ob(D), we know that Tx : hy ® C — Hom(C,hx) is
a morphism of right D-modules. Therefore, for any f € Homp(Y, X), we have
the following commutative diagram:

hy(X) ® C % Hom (€, hx (X))
(3.47) (hx®C)(f)l lHom(Cﬁhx)(f)

Tx(Y)
=

hx(Y)®C HomK(C’,hX(Y)).
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Since T : h ® C — Hom(C,h) is a natural transformation, the following
diagram also commutes for any f € Homp (Y, X):

hy ®C —2 Hom(C, hy)
(3.48) (ha0)() | | Homen )
hy ® C —= Hom(C,hy).

Therefore, we have

Ox(c@d)o f=((

= (Txx (idx @d)) - f)(c) (by (3.36))

(hx®C )(f)(ldx ®d))(c) (by (3.47))
)

yx(fy ®d?)(0)
o ((h @ C)(fp)(Y)(idy @d”))(c)
= (fy - Tyy (idy ®d"))(c) (by (3.48))
fyy 0 (Tyy (idy @d"))(c”) (by (3.37))
= fyy 0 (Oy(c¥ ®dY)).
This proves (3.11). Further, we have
(Ox(c2®d))y ® 1
P(c1 ® Ox(c2 ®d))
¥(

Y(c1 @ (Txx(idx @d))(c2))
= (Txx(idx ®d))o(c) ® (Txx(idx @d))1  (by (3.43))
(

(Txx(idx ®d)o)(c) ® (idx ®d); (T xx is C-colinear)
= (Txx(idx ®d1))(0) ds (by (26))
= 9}((0 ® dl) ® dg.

This proves (3.12). It remains to show that o’ and 5’ are inverses of each other.
For every 6 € V; and ¢,d € C, it follows from (3.45) that

(80 a)(0))x (c ® d) = (0 (6))xx (idx ®d)(c) = bx (¢ @ d).
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Finally, for any T € Va2, f € Homp(X,Y) and ¢,d € C, we have

("o B')(1))xv(f@c) Z d;(d (B' (X)) x(df ®c))
= Zd* Txx(ldx ®C)(dw))
= fw o (Txx(idx ®c)(d*))
= (f - (Txx(idx ®c)))(d) (by (3.37))
= (Txy(f®c))(d) (by (3.48)).

This proves the result.

PROPOSITION 3.18: Let C' be a finite-dimensional coalgebra. Then, we have

isomorphisms
W = Nat(Imod.p, FY) = =Nat(h,h® C) 2 Wy := Nat(C* @ h,h® C).

Proof. Givenann:h — h®C, we want to define ® : C*®@h — h®C. For each
Y € Ob(D), we first define a K-linear map ®yy : C* @ hy (V) — hy (Y)® C
by the following composition:

idex ®@n(Y,Y) ido*ghy (v) ®Ac

C*@hy (Y) C*®hy (Y)® C C*'hy(Y)@C®C
IO hy (V)@ C® (C* @ C) <5 hy (Y) ® C,
ie.,
Dyy(c* ®idy) = Z ay ® c*(cy,)cyy,
where

> ay @ey =n(Y,Y)(idy)
as in the notation of Lemma 3.9. We observe that an element ¢*® f € C*®@hy (X)
may be written as

R f=(C"®hy)(f)(c" ®idy).

For each X € Ob(D), we now define ®xy : C* ® hy(X) — hy(X) ® C as
follows:

(3.49) Oxy(c"® f) := (hy ® C)(f)(Pyy(c" @idy)) = Y ay fu®c (cy,)ey,”

for any ¢* ® f € C* ® hy (X).
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We define v/ : Wi, — W5 by setting /() = ® with @ : C* @ h — h @ C
given by

q)ylc*®hy—>hy®c, (I)Y(X) = dxy,

for every X, Y € Ob(D). We now verify that 4" is a well-defined map. For
this, we first check that &y : C* ® hy — hy ® C is a morphism of right
D-modules for every Y € Ob(D), i.e., the following diagram commutes for any
g € Homp (X', X):

C*@hy(X) 2% he(X)eC
(c*®hy><g>l l(hx/@C)(g)
<I>y(X/)

C* ®hy(X/) _— hy(X/) ®C
We have
Oy (X)(C* @ hy)(g)(c" @ f) = @y (X')(c" @ fg) = Y _ay (fg)u @ ¢*(cv; v, ¥

= Zayfwgw X C*(Cy2)0y1ww
= (hy ® O)(g)(2y (X)(c" ® [)).

Next we verify that @y (X) : C* @ hy (X) — hy (X) ® C is right C-colinear
for any X,Y € Ob(D):

(@y (X) ®ide) (06 gny (x)(¢" @ [))

k
= Z(I)Y(X)(df-C* @ fp) @ dY
=1
k
=3 v fuy © (o) (evy)ew, ¥ @ dY
=1

k
=D > avfe, ®di(ev)c (evy)er, ¥ @ df
i=1

= ay f, @ (ov)enY @ ey,

= avfu, @ (en)(en )y’ @ (en),”
=Y avfp @ (ew)(en ), @ (en¥),
= Thy (x)ec (@Y (X)(c" @ [)).
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It follows that ®y : C* ® hy — hy ® C is a morphism in ///(w)g. To show
that ® € Nat(C* ® h,h ® C), it remains to verify that the following diagram
commutes:

C*@hy —Y hy ®C

<C*®h><g>l l(h@cxy)
C*®hy L) hy; ®C

for any g € Homp(Y, Z). For any X € Ob(D) and ¢* ® f € C* @ hy (X), we
have

0z (X)(C" @ h)(g)(X)(c" @ f)

= Z@z c(dV)d; © g4 f)
= Z N (@ )az(gef)w @ di(cz)ez,”
=1

k
= Z Z c* (d?)azgwwfw ® d: (CZZ)Czlww

i=1
=> C*(CZQw)azgwwfw ®cz, "
= c*((cz?)y)azgpfp @ (cz%); v
= Z c*(eyv,)gay fy @ (ey;)? (by Lemma 3.9)
= (h® C)(g)(X)Py (X)(c" & f).
Conversely, we define §’ : Wy — W by setting 6’ (®) = n withn : h — h@C
given by
(3.50) (X, Y)(f) == @y (X)(ec ® f)
for any (X,Y)eOb(D?®7D) and f €Homp(X,Y). We now verify that n € Wi.
Let ¢ : (X,Y) — (X’,Y’) be a morphism in D°? @ D given by ¢’ : X' — X
and ¢’ : Y — Y’ in D. Then, using the fact that ®y : C* @ hy — hy @ C
is a morphism of right D-modules, we have
(hy ® C)(¢")n(X,Y)(f) = (hy ® C)(¢') Py (X)(ec @ f)
= Py (X)(C" @ hy)(¢)(ec @ f)
= Oy (X')(ec ® f¢') = n(X",Y)(hy (¢')(f))
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for any f € Homp(X,Y). This shows that the following diagram commutes:

hy(X) 22 ho(x)ec
(3.51) hy<¢/>l l(hy®c><¢/>
n(X'Y)

hy(X/) —_— hy(X/) ®C.
Now using the naturality of ® : C* ® h — h ® C', we also have
(x'h® C)(¢")n(X",Y)(g) = (h® C)(¢") 2y (X')(ec ® g)
= Py (X)(C* ® h)(¢")(ec ® g)

k
= () (et = o

i=1
k
= By (X) ( > _ec(d)d; @ ¢”9>
i=1

= @y (X')(ec ® ¢"g) = n(X",Y")(¢"9)
=n(X",Y")(xh(¢")(9))

for any g € hy (X’). Thus, we get the following commutative diagram:

hy (X)) 2950 poxec
(3.52) x,h<¢”>l l<x/h®0><¢”>
hy (X)) 2250 4 (x e C
It now follows from (3.51) and (3.52) that the following diagram commutes:
hX,Y) "X pxv)ec
o | | meere)
hx', vy 2500 o vy e c

This shows that nn € Wa. It remains to check that 4/ and ¢’ are inverses of each
other. First we verify that

(6" 0y ) (M)(X,Y) = n(X,Y)
for all X,Y € Ob(D). For this, we set

®='(n).
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Then, for any f € Homp(X,Y), we have
(0" o)X, Y)(f) = vy (X)(ec ® f)
= (hy @ O)(f)®y(Y)(ec @idy)  (by (3.49))
= "(hy ® O)(f)(ay @ e(evy)ey;)
=Y (hy ® O)(f)(ay ®cy)
=Y avfp@ey? =n(X,Y)(f)  (by Lemma 3.9).

Next, we will show that ((7' 0 0")(®))y (X) = &y (X) for any X, Y € Ob(D).
Since C*®hy (X) and hy (X)®C are right C-comodules for any X,Y € Ob(D),
they are also left C*-modules. The left actions are respectively given by

(3.53) Zd* (dV)(dEe ™) @ fo,

(3.54) d*(f @ ) !—d*(:vz)(f ®x1),
for any d*,c* € C*, f € hy(X) and x € C. Moreover, since
Py(X):C"®@hy(X) — hy(X)®C
is right C-colinear, it is also left C*-linear. We now set 7 = &(®). Then, for
any ¢ ® f € C* @ hy(X), we have
(7' 06")(@))y (X)(c" ® f)
(Y M)y (X)(c" @ f)
:Z ay fy ® c*(ey,)ev, ¥
—Z hy ©C)(f)(¢" (ev, ) (ay ®ey,))
(O ay ®cy)) (by (3.54))
¢ (@y (V) (ec®idy)))
=(hy®C) Y)(c"(ec®idy))) (since @y (X) is C*-linear)
=(thyoC Oy (V) (c" ®idy) (by (3.53))
— 0y (X)(C* @ hy)(f)(c* ®idy)  (®y is a morphism of right D-modules)
=Py (X)(c* ® f)

f(hy®0)
(

This proves the result.
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THEOREM 3.19: Let (D,C,4) be an entwining structure and assume that C
is a finite-dimensional coalgebra. Let % : ./ (1/1)% — Mod-D be the functor
forgetting the C-coaction and ¢ : Mod-D — ///(1/})% given by N = N ® C be
its right adjoint. Then, the following statements are equivalent:

(i) (#,9) is a Frobenius pair.
(ii) There exist n € Wy and 0 € V; such that the corresponding morphisms
YY) =0:C*@h — h®C and /() =T : h@ C — C*®h given by

Pxy(c"® f) = Z ay fy ® ey, )ev, ¥,
Txy(f ©d) = Zd*®f¢oex( ®d),

where f € hy (X), ¢* € C* and d € C, are inverses of each other.
(iii) C* ® h and h ® C are isomorphic as objects of the category D///(i/})g
of functors from D to A (w)g.
Proof. (i)=(ii). By assumption, there exist n € W; and 6 € V; satisfy-
ing (3. 31) and (3.32). Then, o/(f) = T and +'(n) = ® are morphisms in
D///(i/})p in the notation of Proposition 3.17 and Proposition 3.18. Since
Txy :hy (X)®C— C*®hy(X) and ®xy : C*®@hy (X) — hy (X)®C are right
C-colinear, they are also left C*-linear. Using this fact and (3.53), we have

Txy(Pxy(c" @ f))
=Txy(@xy((C* @ hy)(f)(c* ®idy)))
= Txy((hy @ C)(f)(@yy(c* ®idy)))
= (C" @hy)(f)(Tyy(Pyy(c" ®idy)))

(
(" (Tyy(Pyy(ec @idy))))
(¢ (Tyy(n(Y,Y)(idy))))

(sz* 09x(d1”®0y))) (by (3.46))
(ZEC @”dY)) (by (3.32))

=(C*"@hy)(f)(ceec®@idy)=c"® f
for any ¢* @ f € C* @ hy(X). Thus, T o ® = idc-gh.

=(C*" @hy)(f

AA
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Using the naturality of T and ®, we have

Oxyv(Txv(f®c))
= &xy(Txy((h® C)(f)(X)(idx ®c)))
= (h@ C)()(X)(Pxx(Txx(idx ®c)))

— (h®C)(f)(X) (@Xx<id;‘ ® 0x(d; ® c)>>

=1

= (he C)(f (ZZQX (0x(d v ®d; (cX2)cX1¢’>

=(he C)(f)(X)D ax(Ox(cx, @), ®cx,”

:(h®c)(f)(X)ZaX09X(CX®C1)®02 (by (3.12))
= (h® O)(f)(X)(ec (1) idx ®ca) (by (3.31))
=f®c

for any f ® ¢ € hy(X) ® C. Thus, ® o T = idpge. This proves (ii).
(ii)=-(iii) is obvious since both ® and T are morphisms in p.# (w)g.
(iii)=-(i). Let ® : C* ® h — h® C denote the isomorphism in D///(i/})g

consider the following morphism of (D% ® D)-modules:

Aih—C*®h, Ay(X)(f):=ec®f,

. We

for any f € Homp(X,Y). We now set
n=®oAcW; and =p@ HeW

where 3’ is as in Proposition 3.17. If

Y)(f) = Z f ®cy,
then
cc® f =03y (Pxy(ec ® f))
=3y (n(X,Y)(f))
= @;(%, F c
(3.55) 2 oo

=> ( (f@cr)
=3 Zd; @ fypobx(dY @cp) (by (3.46)).
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Using the isomorphism as in (3.38) and evaluating the equality in (3.55) at
d € C, we get (3.32). We also have
dx ®d
= Cxx (P (idx ®d))
= qI>xx((o/(0))xx (idx ®d))

= Z(I)XX T®0x(d ®d)) (by (3-46))

= Z‘I’XX((C* ®hx)(0x(d; ® d))(d; ®idx))

k
= (hx ® C)(0x (d; ® d))(Pxx (d @idx))

=1

= Z (hx ® C)(0x(di ® d))(Pxx(dj - (ec ®idx)))  (by (3.53))
k

=Y (hx ® C)(0x(di @ d))(d} - Bxx (e @idx))
(since ®xx is C”*-linear)
k
=Y (hx ® C)(0x(di @ d))(d - (n(X, X)(idx)))

i=1

k
- Zz(hx ® C)(0x(di @ d))(d; - (ax ® cx))

k
=3 3 (hx © O)(6x (d: @ ) (df (ex,)(ax @ ex,)

= (hx ® C)(0x(cx, @ d))(ax ®cx,)
= Zax o(Ox(cx, ®d))y ® chw
=S ax olx(ex @dy) @ dy (by (3.12)).

By applying the map idy, (x) ®ec, we obtain

(356) Ec(d) -idx :ZaX(OX(cX@)d)).
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Now using Lemma 3.9 and (3.56), we obtain

ST F@(x(cr@d) =Y (idny (x) @0x)(f @ ¢f © d)
= (idny (x) ®@0x)((X, Y)(f) @ d)
= (idn, (x) ®0x)(fax @ cx ® d)

for any f € Homp(X,Y) and d € C. Applying to both sides the composition
Homp (X,Y) ® Homp (X, X) — Homp(X,Y'), we obtain

Y folox(es@d) =Y faxolx(cx ®d) =ec(d)f.

This proves (3.31). Therefore, (%#,%) is a Frobenius pair by Theorem 3.14.
This completes the proof.

4. Categorical Galois extensions and entwining structures

Let D be a small K-linear category. Let (D,C, ) be a right-right entwining
structure. We denote by p.#p the category of D-D bimodules, i.e., the cate-
gory whose objects are functors from D°? ® D to Vectx and whose morphisms
are natural transformations between these functors. We recall the functors h
and h ® C in pMp from (3.20) and (3.21) respectively:

(4.1) h(X,Y)=Homp(X,Y), (h(#)(f) = ¢"f¢',
(42) (h@C)(X,Y)=Homp(X,Y)®C, ((h®C)(9))(f@c)=9¢"fd|,®c"

for any (Xa Y) € Ob(DO;D ® D)a ¢ = (¢l,¢1/) € HomD°P®D((Xa Y)a(XlaYI))
and f € Homp(X,Y), ¢ € C. We refer, for instance, to [19, §2.2] for the tensor
product which makes p.Zp a monoidal category with h € p.#p as the unit
object.

Definition 4.1: A D-coring ¥ is a coalgebra object in the monoidal category
pAp. Explicitly, a D-coring is a functor € : D°? @ D — Vectg with two
morphisms

Ag:C—CRpC, e¢:C—h,
satisfying the coassociativity and counit axioms in p.#Zp. A right ¥-comodule
consists of a right D-module M equipped with a morphism py: M —M Rp €
of right D-modules satisfying

(4.3) (idM ®DA3§) opM = (pM XD idqg) o PM, (idM ®D€<g) opm =idpg .
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A morphism 71 : (M, pr) — (N, par) of right ¥-comodules is a morphism
n: M — N of right D-modules satisfying

pnon = (n®pidg)opum.
The category of right ¥-comodules will be denoted by Comod-%.

LEMMA 4.2: Let (D,C,v) be a right-right entwining structure. Then, the
functor h ® C' is a D-coring.

Proof. Tt may be verified that (h® C) @p (h® C) 2 h® C ® C. This gives us

morphisms

id, ®Ac:h®@C —h®CeC=(heC)ep (he(C),

(4.4)
idp ®ec : h® C —h,

in p.#p. Using the coassociativity and counitality of the K-coalgebra C, it
may be verified that id, ® A¢ and id, ®e¢ satisfy the coassociativity and counit
axioms in the category p.#p. Thus, h ® C' is a coalgebra object in p.#Zp.

PROPOSITION 4.3: Let (D, C,) be a right-right entwining structure. Then, the
category.# (1) of entwined modules is identical to the category Comod-(h®C).

Proof. Let M € . (¥)$. It may be verified that M ® C = M @p (h® C) as
right D-modules. Then, by Lemma 2.4, M ® C € .#(1))% and we have

paa(x) (M(f)(m)) = M(fy)(mo) @ m1¥ = (M@ C)(f)(mo @ ma)
for any f € Homp(X,Y) and m € M(Y'). We thus obtain a morphism
P M—MC=Mep (ha ()
of right D-modules given by
pm(X) = ppm(x)

for each X € Ob(D).
Applying (4.4), we have

ida @D A (hoo)=idam @ id, @A
M@p(h® () ———2—tea—" % Mep (heC)@p (h® )

(4.5) % gl

MeC dm®Ac,
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and
Mep (h® C) idpm ®2(hgo)=idm ® id) ®ec Mg h
(4.6) %l gl
MeC ddm ®ec, M

The conditions in (4.3) now follow from the fact that pr¢(x) is a C-coaction for
each X € Ob(D). Therefore, M is a right (h ® C)-comodule.

Conversely, let N' € Comod-(h ® C). Then, N is a right D-module with a
given morphism pn : N — N @p (h®@ C) = N ® C of right D-modules satis-
fying the conditions in (4.3). Thus, for each Y € Ob(D), we have a morphism
on(Y) : N(Y) — N(Y) ® C which satisfies

(idy(yv) ®Ac) 0 pn (V) =(pn (V) @ ide) 0 pir(Y),
(idy (V) ®ec) o par(Y) =idp(yy -

In (4.7), we have identified idy ® Ac =idy @ Apge and idy ®ec = idy ey
as in (4.5) and (4.6) respectively. Therefore, par(Y) defines a right C-comodule

(4.7)

structure on N(Y) for every Y € Ob(D). Since pp is a morphism of right
D-modules, we also have

(4.8) PN (X)N(f) () = (N @ O)(f)(no @ n1) = N(fy)(no) ©n1?
for any f € Homp(X,Y) and n € N(Y). Therefore, N' € .# ().
LEMMA 4.4: Let i : £ — D be an inclusion of small K-linear categories.

Then, the functor h ®¢ h : £°? @ &€ — Vecty is a D-coring, where h is the
D-D-bimodule as in (4.1).

Proof. It is immediate that the functor h ®¢ h is a D-D-bimodule. We need to
show that h ®¢ h is a coalgebra object in p.#p. We now define

A:h®eh— (h®eh) ®p (h®e h) 2 (h®e h) @ h
as follows: for (X,Y) € Ob(D? ® D), we set
A(X,)Y) :hy ®s xh —(h®¢ h)(—,Y) ®¢ h(X, —) 2 hy ®¢ h ®¢ xh,
fof wfoidzaf,

forany f®f' € hy (Z)®@xh(Z) and Z € Ob(E). It is easy to check that A(X,Y)
is well-defined. Also, it can be verified that for any morphism

(4.9)

(¢,¢"): (X,Y) — (XY)
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in D°P ® D, the following diagram commutes:

A(X,)Y
hy ®¢ xh g hy ®¢ h ®¢ xh
h¢//®g¢/hJ( lh(ﬁ//@gidh ®£¢/h
A(X)Y")

hy XRe x'h ———= hy Xe h Xe x/h.

Thus, A is a morphism of D-D-bimodules. The map ¢ : h ®¢ h — h is defined
by composition. It may be verified that A and e satisfy the coassociativity and

counit axioms respectively.

Let D be a small K-linear category and let C be a K-coalgebra. We consider
the category p.#C of left-right Doi-Hopf modules (compare Example 2.3).
Explicitly, an object in p.# € consists of a left D-module M with a given right
C-comodule structure on M(X) for each X € Ob(D) such that the following
compatibility condition holds:

(M(f)(m))o @ (M(f)(m))r = M(f)(mo) © ma

for each f € Homp(X,Y) and m € M(X). A morphism n : M — N
in p.#C is a left D-module morphism such that each n(X) : M(X) — N(X)
is right C-colinear. By definition, (h®@C)(X, —) = xh®C is a left D-module for
each X € Ob(D). The map id ®A¢ : Homp (X, Y)®C — Homp(X,Y)RCRC
gives a right C-comodule structure on (xh®C)(Y") for each Y € Ob(D). Clearly,
xh®C e D%C.

From this point onwards, we suppose additionally that each Homp(X,Y") has
a given right C-comodule structure denoted by

PXY - HOII]D(X, Y) — HOIHD(X, Y) ® C.
Definition 4.5: Let £ C D be the subcategory with Ob(£) = Ob(D) and
Home (X,Y) = Hom§oq_p(hx, hy)

= {n € Hompoa.p(hx,hy) | n is objectwise C-colinear}

={g € Homp(X,Y) | pzy (9f) = (zh @ C)(9)(pzx(f))
Vf € Homp(Z, X)}.

We will say that £ is the subcategory of C-coinvariants of D.
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Example 4.6: Let H be a Hopf algebra over K and let D be a right co-H-
category. In this case, the subcategory £ of H-coinvariants of D is given by
setting

Ob(E) = Ob(D) and Homg(X,Y) = Homp(X,Y)*H.
It follows that the right C-comodule structures
pxy : Homp(X,Y) — Homp(X,Y) ® C

induce a morphism xh — xh ® C of left £&-modules for each X € Ob(D).

Further, for every Y € Ob(D), this induces a morphism

(h®@e xh)(Y) =hy ® xh —hy ®c xh® C = (h®¢ xh)(Y) ®C,
fof =fepxz(f),

where f € Homp(Z,Y), f' € Homp(X,Z) and Z € Ob(E). It may be easily

verified that the coaction in (4.10) makes h ®¢ xh an object of p.ZC.
We obtain therefore canonical morphisms of K-vector spaces given by the

(4.10)

following composition:

{canxy : hy ®¢ xh —hy ®¢ (xh® C)
—hy ®@p (xh® C) = Homp(X,Y) ®@ C}(x,v)eob(D)>-
For each X € Ob(D), this induces a morphism in p.#Z¢ as follows:
cany : h®s xh — xh®C, canx(Y) :=canxy .

Definition 4.7: Let C be a K-coalgebra and D be a small K-linear category such
that Homp(X,Y') has a right C-comodule structure for every X,Y € Ob(D).
Let € be a K-linear subcategory of D. Then, D is called a C-Galois extension
of & if:

(i) Ob(€) = Ob(D) and Homg (X,Y) = Hom§,4.p(hx, hy).
(ii) The induced canonical morphism cany : h ®¢ xh — xh ® C is an
isomorphism in p.#¢ for each X € Ob(D).

Let D be a C-Galois extension of £. For each X € Ob(D), we define
(4.11) 7x : C — hx ®¢ xh, 7x(c) := cany (idx ®c).

We refer to these as the translation maps of the Galois extension.
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LEMMA 4.8: Let D be a C-Galois extension of £. Let
{rx : C — hx ®¢ xh}xcob)

be the associated translation maps. We use the notation Tx(c) = ¢ @ c(?)
(summation omitted). Then,
(i) Tx is right C-colinear i.e., ¢V @ ¢®y @ @1 = (¢1)M @ (¢1)? @ co.
(ii) For any f € Homp(X,Y'), we have

folf1))V @ (f1)® =idy ®f € hy ®¢ xh.
(iii) ¢cMe® =eo(c) -idx.

Proof. The C-colinearity of 7x follows from the C-colinearity of can;(lx. Ex-
plicitly, for any ¢ € C, we have

WPy = (i[dop)rx(c) = (id @p) canyy (idx ®c)

= (canyy ®idc)(id ®A¢)(idx ®c)

= (canyy ®ide)(idx ®c1 ® c2)

= can}lx(idx ®c1) ®co = Tx(c1) @ 2

= (01)(1) ® (01)(2) ® Ca.

This proves (i). Since cany' : xh ® C — h ®g¢ xh is a morphism of left
D-modules for each X € Ob(D), we also have

fo(f)M @ (/1)@ = (h@e xh)(fo)(rx (f1))
= (h®e xh)(fo)(cany’x (idx ® /1))
= canyy ((xh ® C)(fo)(idx ©/1))
= canyyy (fo @ f1) = idy ®F.

This proves (ii). Again using the definition of canx x and 7x, we have
(canxx oTx)(c) = idx ®c.

Thus,
canXX(c(l) ® c(2)) =M@y ®c?] =idy ®c

Now, by applying the map id ® e¢ to both sides, we get (iii).
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THEOREM 4.9: Let D be a C-Galois extension of £. We denote by
pxy : Homp(X,Y) — Homp(X,Y) @ C

the right C-comodule structure maps. Then, there exists a unique right-right en-
twining structure (D,C,v) which makes hy an object in ///(1/})703 for
every Y € Ob(D) with its canonical D-module structure and right C-coactions

{PXY}XeOb(D)-
This entwining structure (D, C, ) is given by

Pxy C®H0mD(X, Y) ﬂ)hy g yh®H0mD(X, Y)
—hy ®¢ Xh%HOHlp(X,Y)@C.

Proof. Using Lemma 4.8, the proof will follow essentially in the same way as
that of [6, Theorem 2.7].

LEMMA 4.10: Let D be a C-Galois extension of £. Then,
h®esh=ZhC
as D-corings.

Proof. We define can : h ®¢ h — h ® C by setting can(X,Y") := canyy for
each (X,Y) € Ob(D°? @ D). We first verify that can is a morphism of D-D-
bimodules. Clearly, can(X,—) = canx which, by definition, is a morphism of
left D-modules. Therefore, it suffices to show that can(—,Y") is a morphism of
right D-modules, i.e., the following diagram commutes for any g € Homp(Z, Z'):

(hy ®¢ h)(2/) <220,

(hy®sh)(g)l l(hy®0)(g)

(hy ® C)(Z")

can(Z,Y)
_—

(hy ®¢ h)(2) (hy ® C)(Z).

By Theorem 4.9, we know that hyy is an object in ///(w)g for each W € Ob(D).
Thus, for any f € hy (Z’), we have
(f9)o @ (foh = pzw (fg) = pzw (hw (9)(f))
= (hw ® C)(9)(fo ® f1)
= fogy ® f1¥.
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Therefore, for any f' ® f € hy (W) ®¢ z-h(W), we obtain

can(Z,Y)((hy ®¢ h)(9)(f' ® f)) = can(Z,Y)(f' ® fg)

fo(fg)o® (foh

= f'fogy ® fr¥

= (hy ® C)(g)(can(Z",Y)(f' ® f)).

It remains to verify that can is also a coalgebra morphism. First, we show
that the following diagram commutes:

h®eh LN heC

Ah@@l lﬁhezzc

(h ®e h) @p (h@e h) Z2E2% (ho C)@p (he C).
For any (X,Y) € Ob(D°? ® D) and w @ w’ € hy (W) ® xh(W), we have

Apgo(X,Y)(canyy (w @ w'))
= Ango(X,Y)(wwp @ wy) = (wwp @ wyy) @p (idx @wi,)
= (wwpy ® wy ) @p (idx @wy)
= (xh® O)(w)(pxw (wp)) ®p (idx @w})
(xh® C)(w)(hw ® C)(wp) (pww (idw))) ®p (idx @w))
= (hy ® C)(wp)((wh ® C)(w)(pww (idw))) ®p (idx ®w})

(

(wh e C)(w)(pww (idw))) - wp @p (Idx @w))
((

(

wh® C)(w)(pww (idw))) @p (wy @ w))

=(woidwo® idWl) XRp (w6 X w’l)

canwy (’LU (24 ldw) XRp Canxw(idw ®’LU/).

It may be verified easily that can is compatible with counits. Since can is a
morphism in the category of D-D-bimodules and can(X,Y) = canxy is an iso-
morphism for each (X,Y) € Ob(D°? ® D), it follows that can is an isomorphism
with inverse given by

can H(X,Y) 1= cany} .

This proves the result.
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Definition 4.11: Let D be a small K-linear category such that Homp(X,Y) is a
right C-comodule for every X,Y € Ob(D). Let ®xy : C — Homp(X,Y) and
Py z : C — Homp(Y, Z) be two C-comodule maps. Then, their convolution
product is given by
q)yz*q)xy ZC—>HOH1D(X,Z), CH@Yz(Cl)O(I)X)/(Cg).

A collection of right C-comodule maps

¢ = {Oxy : C — Homp(X,Y)}x yecon()
is said to be convolution invertible if there exists a collection

®' = {®’y : C — Homp(X,Y)} x yeon(p)
of C-comodule maps such that

(Pxy * Py x)(c) =ec(c) idy = (xy * Pyx)(c)

for every c € C.
THEOREM 4.12: Let C' be a K-coalgebra and D be a small K-linear cate-
gory such that Homp(X,Y') has a right C-comodule structure pxy for every
X,Y € Ob(D). Let £ be the subcategory of C-coinvariants of D. If there exists

a convolution invertible collection ® = {®xy : C — Homp(X,Y)} x yeob(n)
of right C-comodule maps, then the following are equivalent:

(i) D is a C-Galois extension of £.

(ii) There exists a right-right entwining structure (D, C, 1) such that hy is
an object in ///(w)g for every Y € Ob(D) with its canonical D-module
structure and right C-coactions {pxy } x cob(D)-

(i) For any f € Homp(X,Y), the morphism fy o ®,+(f1) € Homg(Z,Y)
for every Z € Ob(D), where ®' is the convolution inverse of ®.

Proof. By Theorem 4.9, we have (i)=-(ii). To prove (ii)=-(iii), we will use the
equality

(4.12) (xh® C)(Pxy () (pxx(idx)) = ¥xy(c1 @ Py (c2))
for any ¢ € C. We first give a proof of this. Since hy € .Z(1))%, we have
pxy (f) = pxv(hy(f)(idy))
(4.13) = hy (f4)(idyo) @ idy,"
= idyofy ®idy1” = (xh @ C)(idyo)(¢¥xy (idy1 ® f))
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for any f € Homp(X,Y). Also, for any ¢ € C, we have

(xh® C)(idxo)(¥x x (idx1 ® Py x (c1) Py (c2)))
(4.14) = (xh® C)(idxo)(¥xx(idx; ®ec(c)idx))
=ec(c)idxg ®idxy.

Now, using (4.14), we have

(xh® C)(Pxy ()(pxx (idx))

= (xh® O)(Pxy (c1))(ec(c2)idxo ® idx 1)

= (xh® C)(Pxy (c1))((xh ® C)(idxo)(¥x x (idx1 ® Py x (c2)Pxy (c3))))
(using (4.14))

= (xh® O)(yy (1)) ((xh © O) (idx0)(By x (c2))p (Py (c3))y © idx )
(using (2.1))
= (xh® O)( @y (1)) (idxo © (Byx (c2))(@yy-(e3))y ® idx ")
= (xh® O)(®y (e1))((hx @ C) (P (e3))(idxg o (Py x(c2))y ®idx1"))
= (xh® O)(Pxy (c1))
x ((hx ® C)(Pxy (c3))((vh ® O)(idxo)(¥yx (idx1 ® Py x(c2)))))
= (xh® O)(Pxy (c1))((hx ® C)(Pxy (c3))(py x (Pyx(c2))))
(using (4.13))
= (xh® O)(Py (c1))((hx ® C)(Pxy (ca))(Py x(c2) @ ¢3))

(since @y x is C-colinear)

Dy (c1) @y x(c2)(Pyy (ca)), © e3”
ec(cr)idy (Pyy (c3)), @ c2¥
hy ® C)(®yy (c3))(ec(c1)idy ®ca)
hy ® C)(Pxy (c2))(idy ®e1)
y(e2)y ® a1 = ¥xy(c1 ® Py (c2))

(
=
= (2%

This proves the equality (4.12).

For any f € Homp(X,Y), consider the morphism fo o &, +(f1): Z — Y
in D. Then fyo @, (f1) induces a morphism of right D-modules h; — hy
which we denote by f. We now verify that the map f(X’) : hz(X’) — hy (X’)
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is right C-colinear for each X’ € Ob(D). Since hy is an object in ///(w)g for
every Y € Ob(D), the following diagram commutes for any g € Homp (X', Z):
hy(Z) 225 hy(Z)@C
(4.15) by (o) | |mveor
hy (X') 2% hy (X))@ C.

Thus, we have

pX’Y(f(X/)(g))
=px1y (foo ®yx(f1)og)
=pxry (hy (% x(f1) © 9)(fo))
=(hy ® C)(2x (f1) 0 9)(pxv (fo)) (using (4.15))
hy ® C)(g)((hy ® C)(2%x (f1))(foo ® fo1))
hy @ C)(9)(fo(@Yx (f12)),, © f11?)
hy ® C)(9)((zh ® C)(fo)(Vzx (f11 ® Px (f12))))
)(9)(
(9)(

(
(
(
(hy @ C)(9)((zh&@C)(fo)(zh®@C)((P7x)(f1))(pz2(idz))) (using (4.12))
(hy @ C)(9)((zh & C)(fo © ®7x (f1))(pzz(idz)))
(
(
(f
(f

0
h® C)(g, foo @yx(f1))(pzz(idz))
xh®C)(foo®yx(f1)
f(X') @ide)((hz ® C)
F(X') ®ido)(px2(9))-

)((hz ® C)(9)(pzz(dz)))
(9)(pzz(idz)))

Therefore, f € Hom$;,4_p(hz,hy) = Homg(Z,Y).
For (iii)=(i), we start by showing that

canyy : hy ®¢ xh — Homp(X,Y)® C
is an isomorphism for each X,Y € Ob(D). We define

canXY Homp(X,Y)® C — hy ®¢ xh
by

(4.16) canyy (f ®c) = f o ®yx(c1) ®e Pxy(c2) € hy ®e xh
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for any f € Homp(X,Y) and ¢ € C. Then, using the C-colinearity of ®xy, we
have

(canxy o canyy )(f @ ¢) =f 0 Py x(c1) o (Pxv(c2))o ® (Pxv(c2))1
=fo®yx(c1)oPxy(e2)®cz=f®@ec
On the other hand, by assumption, we obtain
(canyy o canxy) (g ®e ¢') =996Py x (911) ®e Pxv (912)
=9 ®e 9Py x (911)Pxv (912) = g ®e ¢’

for any g®s ¢’ € hy ®¢ xh. From the definition in (4.16), it is clear that setting
cany! (Y) := canyy for each Y € Ob(D) determines a morphism in p.# ¢ which
is inverse to cany. This completes the proof.

Example 4.13: Let H be a Hopf algebra over K. If C is a left H-module category,
then the smash product category C#H (see [16]) is a right co-H-category with
the right H-coaction determined by

f#h = [f#h1 @ ha
on each Homexy(X,Y) = Home(X,Y) ® H. By definition, we know that
Ob(C) = Ob(C#H).
It is easy to see that
Home (X,Y) = Homey g (X, V)M,

We claim that C#H is an H-Galois extension of C. We first observe that for
any f#h € Homeypn(Z,Y) and f'#h' € Homey (X, Z), we have

(f#h) @c (f'#1') = (f#h)(f'#1m) @c (idx #1').
Thus, canxy : hy ®¢ xh — Home4n(X,Y) ® H has the following form:
canxy ((f#h) @c (f'#") = (f#h)(f'#1n)(idx #h}) @ hy

for each X;Y€ Ob(C#H ). Then, it may be verified that for each X;Y€ Ob(C#H),
canxy is an isomorphism with inverse can}{, :Homep (X, Y)® H—hy ®cxh
determined by

canyy ((g#k) ® k') := (g#k) (idx #S5(k})) ®c (idx #kj).
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PROPOSITION 4.14: Let D be a C-Galois extension of €. If there exists a
convolution invertible collection

¢ = {®xy : C — Homp(X,Y)}x yveon(p)
of right C-comodule maps, then
Homp (X, —) = Home(X, —) @ C € el ©
for each X € Ob(€) = Ob(D).

Proof. Let ®' be the convolution inverse of ®. Given f € Homp(X,Y), it fol-
lows from Theorem 4.12 that foo @, (f1) € Homg(Z,Y) for every Z € Ob(D).
We define

n : Homp (X, —) — Homg (X, —) @ C, n(Y)(f) := foo ®xx(f1) ® fa.

Using Definition 4.5, we see that pxy/(gf) = gfo ® f1 for any g € Homg(Y,Y”).
Hence, we have
(9)o @ (9f)1 @ (9f)2 =(d@AC)((9f)o @ (9f)1)
(4.17) =(pxy’ ®@1idc)(g9fo ® f1)
=9fo ® [1 ® fa.
Using (4.17), it may be easily seen that 7 is a morphism of left £-modules.
Using the coassociativity of the C-coactions {pxy } X,Yeob(D), it is also clear

that 7 is objectwise C-colinear. Therefore, 1 is a morphism in ¢.#€.
Conversely, we define ¢ : Homg (X, —) ® C — Homp (X, —) given by

(Y)(f'®c):=fo®xx(c) for Y € Ob(£).
It is immediate that ¢ is a morphism of left £&-modules. Moreover,
pxy (f' o @xx(c)) =(f" o Pxx(c))o® (f o Lxx(c)h

=f"0(®xx(c))o ® (Pxx(c)h
=fo®xx(c1) ®co
where the last equality follows from the fact that ®x x is C-colinear. It follows

that ((Y') is C-colinear for each Y € Ob(€) and hence ( is a morphism in ¢.# .
It may be verified that ¢ is the inverse of 7.
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Definition 4.15: Let D be a small K-linear category and £ be a K-subcategory.
Let (¢, A, e¢) be a D-coring. Then, a collection

G(€,E) = {sx € €(X,X)}xecon(e)

is said to be group-like for ¥ with respect to £ if:

(i) Ag(X,X)(sx) = sx ® sx and e¢(sx) = idx for any X € Ob(E),
(ii) For any f € Homg(X,Y), we have

(4.18) frox =C(= N)X)(sx) =C(f, -)(Y)(sy) = sy - .
Example 4.16: (i) If £ is a subcategory of D, then the collection
{idx ®idx € hx ®¢ xh}xcobe)

is group-like for h ®¢ h with respect to £.
(ii) Let D be a C-Galois extension of £. Then h ® C is a D-coring (by
Theorem 4.9 and Lemma 4.2) and the collection

{idxo ®idx; € Homp (X, X) ® C}xeon(e)

is group-like for h ® C' with respect to £. Since hy € 4 (1/1)% for each
Y € Ob(D), we have

pxv (f) =pxv (by (f)(idy)) = hy (fy)(idyo) ®idy1”
=idy ¢ fy ®idy, ¥
=(idyo ®idy,) - f
for any f € Homp(X,Y). But, if f € Homg(X,Y), then we also have

pxy(f) =pxv(foidx) = f pxx(dx) = foidxo®idx; = f - (idxo ®idx1).

PROPOSITION 4.17: Let £ C D be a subcategory and € be a D-coring. Let
{sx}xcone) be a group-like collection for & with respect to £. For a right
€ -comodule (N, pyr), the E-submodule N°¢ : £°P — Vecty of coinvariants
of N is given by
N@U(X) = {n e N(X) | pa(X)(n) = n ® sx},
NE(f)(n') == N(f) ()

for any X € Ob(&), f € Homg(X,Y) and n' € N¢¢(Y).
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Proof. We will show that for any f € Homg(X,Y"), the morphism
Nco‘ro”(f) :Nco‘ro”(y) N Nco‘za”(X)

is well-defined. Since pnr : N — N ®p € is a morphism of right D-modules,
we have the following commutative diagram:

Nx) 29 N ey, -)
N(f)l l(N®D‘®”)(f):idN ®€(f,—)
NX) 22X on €(X, ).
Let n' € N?(Y) so that par(Y)(n') = n' ® sy. Since f € Homg(X,Y),
using (4.18) we have
pn (X)N(f)(n")) =(idy &€ (f,—)) (" ®p sy)

=n'®psy - f=n"®@pf sx =N(f)(n') @p sx.

This shows that N'(f)(n') = N°C(f)(n') € N (X). The result follows.

The next result shows that in the case of a C-Galois extension £ C D, we

recover the notion of coinvariants as in Definition 4.5.

LEMMA 4.18: Let D be a C-Galois extension of £. Consider the collection
{idxo ®idx; € Homp (X, X) ® C} xeon(p)

which is group-like for h ® C with respect to £. Then,

(Homp(—,Y))*°"®C)(X) = Homg (X,Y)

for any X,Y € Ob(D) = Ob(¢).

Proof. Since D is a C-Galois extension of £, we know that there is a canonical

entwining (D, C, ) such that hy € ///(w)g. Using Proposition 4.3, hy may

be treated as an object of Comod-(h ® C). Let g € (Homp(—,Y))(h®C)(X).
Then, pxy(g9) = goidxo ®idx;. Using the fact that hy € ///(w)g we have

pzy(9f) = (hy @ C)(f)(pxv(9)) = (hy ® C)(f)(goidxo ®idx,)
=goidxgo fy ®idx,¥ = (zh® O)(g)(idxg o fy ®idx,?)
= (zh® C)(9)pzx (f)

for any f € Homp(Z, X). Therefore, g € Homg(X,Y). The converse follows
directly using the Definition 4.5.
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LEMMA 4.19: Let D be a C-Galois extension of €& and let (D,C,1) be the
canonical entwining structure associated to it. We denote by

pxy : Homp(X,Y) — Homp(X,Y)® C

the right C-comodule structure maps. Then, for any M € Mod-£, we may
obtain an object M ®¢ h € ///(w)g by setting

(Mg h)(Y) i =Meegyh, (Mcgh)(f)(m®g):=m®gf,

for f € Homp(X,Y) and m ® g € M(Z) ® yh(Z). In fact, this determines a
functor from Mod -€ to //l(w)g.

Proof. Clearly, M ®¢ h € Mod-D. For each Y € Ob(D), it may be verified
that M ®¢ yh has a right C-comodule structure given by

id
M®evh 2% M®@eyh®C, m® g me pyz(g),

for any g € Homp(Y,Z) and m € M(Z). By Theorem 4.9, hy is an object
in A (1/1)% for every Z € Ob(D) with its canonical D-module structure and
right C-coactions {pxz}xcon(p). Therefore, we have

pxz(hz(£)(9)) = (9f)o © (9f)1 = gofo © g}

for any f € Homp(X,Y). Consequently, we have

(4.19) (id®@pxz)(M®eh)(f)(m®g)) =m®(9f)o@ (9/)1 =m@ gofy g1 -
This shows that M ®¢ h € ///(zb)g.

LEMMA 4.20: Let D be a C-Galois extension of £. If there exists a convolution
invertible collection ® = {®xy : C — Homp(X,Y)}x ycon) of right C-
comodule maps, then:
(i) Homp (X, —) is flat as a left E-module.
(ii) @ xecon(p) Homp(X, —) is faithfully flat as a left £-module.
(iii) For any M € Mod-€&, there is a monomorphism M — M ®¢ h in
Mod -€ given by m — m ® idx for any m € M(X).

Proof. (i) Let i : My < Mjy be a monomorphism of right £-modules. By
Proposition 4.14, it follows that the induced map

M ®¢ Homp (X, —) — My ®¢ Homp (X, —)
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coincides with the map

i(X)®ide
—_

Mi(X)@C Mz(X)®C

for each X € Ob(E) = Ob(D). Since i(X) ® id¢ is clearly a monomorphism, it
follows that Homp (X, —) is flat as a left £-module.
(ii) This is clear from the fact that

M(X)®C = M &g Homp(X, —) = 0= M(X) = 0.

(ili) Since Dy con(p) Homp(Y, —) is faithfully flat as a left £-module, it is
enough to prove that for each Y € Ob(D), we have a monomorphism
M ®@¢ Homp (Y, —) — M ®¢ h ®¢ Homp (Y, —),

(4.20) ,
MX)yvh(X)om® f—>mRidx Qf.

This is true because the morphism in (4.20) has a section
M ®g h®¢ Homp(Y,—) — M ®¢ Homp (Y, —),

4.21
2y megef mmadf,

for any m’ € M(Z) and ¢’ ® f’ € xh(Z) ® yh(X).

THEOREM 4.21: Let D be a C-Galois extension of £ and let (D, C,1) be the
canonical entwining structure associated to it. Suppose there exists a convolu-
tion invertible collection ® = {®xy : C — Homp(X,Y)}x yeon(p) of right
C-comodule maps. Then, the categories ,///(Q/J)g and Mod-£ are equivalent.

Proof. We consider the collection {idx, ® idx; € Homp (X, X) ® C}xcone)
which is group-like for the coring h @ C' with respect to £. We define

F :Mod-£ —. ()5, M M®eh,
EE %(¢)g —Mod-E, N s Neoh®C),

Using Lemma 4.19 and Proposition 4.17, we see that the functors .# and ¢ are
well-defined. We now verify that ¢ o .# 2 idyjoq.-¢ i.e., (M ®g h)h®C) = M
for any M € Mod-€£.

From Lemma 4.10, we know that h ® C = h ®¢ h as D-corings. Under this
isomorphism, the collection {idx,®idx; € Homp (X, X) ® C} xcob(e) maps to
the collection {idy ® idx € hx ® xh}xcone) which is group-like for h ®¢ h
with respect to £. Therefore, it suffices to show that M = (M ®@g h)°(h@eh),
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By Lemma (4.20)(iii), we have an inclusion i : M — M ®¢ h of right

E-modules. It is clear that
i(M) C (M @g h)cotheh),
By definition, p = pmeen : M @ h — (M ®¢ h) @p (h ®¢ h) is determined
by
PX)m® f)=meeidy Qef Vm® feMY)® xh(Y)
for each X € Ob(D). The coinvariants (M ®g h)"h®eh) . €oP 5 Vectye are
given by
(M R h)co(h@gh) (X)
— { Z myQfy EMRxh | ﬁ(X)(Zmy@fy) Zmy®gfy®gidx}.
Y €Ob(E)

For Y my @ fy € (M ®¢ h)°®eh) (X)), we now have
ﬁ(X)(Zmy ®fy) = Zmy ®e fY Qe idX
= Zmy ®¢ idy Qe fy € (M ®¢ h) ®¢ xh.

We set P := (M ®g h)/M € Mod-£ and consider the following short exact
sequence:

(4.22)

0— M- Mech-1P—0.

Then 7 induces the morphism 7 ® idy, : (M ®¢ h) ®¢ h — P ®¢g h of right
&-modules which, for each X € Ob(D), is given by

M®idp)(X) : (M R h) ®e xh — P ®¢ xh,
m' @ f'@g =) m' e f)eg,
where m’ € M(Z), f' € Homp(Y, Z), ¢ € Homp(X,Y) and Y, Z € Ob(E).
Applying (n ® ids)(X) to (4.22), we obtain
> n(X)(my @ fr) @eidx =Y n(Y)(my @¢idy) ®¢ fy
=Y () (E(Y)(my)) ¢ fy =0.

Applying Lemma (4.20)(iii) to the inclusion P < P ®¢ h, it follows from (4.23)
that > n(X)(my ®¢ fy) =0 for every X € Ob(E). Therefore,

> my @ fy € i(M)(X).
This proves that M = (M ®¢ h)CO(h®sh)_

(4.23)
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It remains to show that .#o¥ = id (g Let N e ///(1/1)% ~Comod-(h®C).
Then, N is a right D-module with a given morphism

onN N —N&p(he@C)2N op (h®eh) XN ¢ h

in A (1/1)%. By definition, N¢°("®C) is the equalizer of the following morphisms:
. PN
(4.24) 0 — Noh®O) N ¢ N ®¢ h
J

where j is given by
J(X) : N(X) — N ®e xh, neneidy,

for every X € Ob(D). By Lemma 4.20(i), it follows that N°("®) @¢ ¢h is the
equalizer of the following morphisms:

h®C Py @id
(4.25) 0 — N @e vh — N ®¢ xh ¢ N ®@s h®e xh .
Jj®id
Comparing with (4.9), we observe that j ® id = idy ®eApgn(X,—). Using
the coassociativity of py : N — N ®¢ h, it follows from (4.25) that par(X)
factorises through A°°("®C) @¢ vh, which is denoted by
P (X) : N(X) — Noh®O) @0 vh C N ®¢ xh.

We claim that ply, : N — Nh®D @ h is an isomorphism in ///(zb)g. From
the counit property, we know that (idy @peng,.n) © par = idar. Hence, py is a
monomorphism and so is p/,. It remains to show that p/-(X) is an epimorphism
for each X € Ob(D). For each X € Ob(D), we define

C(X) : Noh®O) @0 vh — N(X),
Yo oy @fyr—= Y N(fy)(ny).

Y €Ob(D) Y €Ob(D)

Since py, is a morphism of right D-modules, we now have

P (X)((X)(ny @ fr)) = P (X)N (fy)(ny))
= (VMO ¢ h)(fy ) (ph (YV)(ny))
= (NCO(h@C) ®e h)(fy)(ny ®idy) = ny ® fy.

cO

This shows that .# o ¥ = idmw)g-
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