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A. Power Spectrum9

Here, we follow the method in Ref. [1] to calculate our10

circuit model. Our qubit Hamiltonian is (~ = 1)11

H = −∆

2
σz +

Ω

2
σx, (1)

where ∆ = ωp−ω01; ωp and ω01 are the pump frequency12

and the qubit |0〉 ↔ |1〉 transition frequency, respectively.13

The Lindblad master equation, describing the qubit14

dynamics with decoherence included, is given by15

d

dt
ρ = Lρ = −i[H, ρ] + Lγρ, (2)

where the Liouvilian Lγ is16

Lγρ = Γ1D[σ−]ρ+
Γφ
2
D[σz]ρ, (3)

in which D[c]ρ = cρc† − 1
2 (c†cρ+ ρc†c).17

In the frame rotating with ωp, the corresponding18

equations of motion for s1(t) ≡ ρ10(t) = 〈σ−(t)〉 eiωpt and19

s2(t) ≡ ρ11(t) = 〈σ+(t)σ−(t)〉 are obtained from Eq. (2)20

d

dt

s1

s∗1
s2

 = M

s1

s∗1
s2

+B, (4)

where21

M =

i∆− Γ2 0 iΩ
0 −i∆− Γ2 −iΩ

iΩ/2 −iΩ/2 −Γ1

 , B =

−iΩ/2iΩ/2
0

 .

(5)
Here, Γ1, Γφ, and Γ2 = 1

2Γ1 + Γφ are the total relaxation22

rate of the qubit, the pure dephasing rate, and the23

decoherence rate, respectively.24

The qubit reaches its stationary state for t� Γ−1
1,2, The25

stationary values, s1 = s1(∞) and s2 = s2(∞), are26

s1 =
ΩΓ1(∆− iΓ2)

2(Ω2Γ2 + Γ1(∆2 + Γ2
2))

, (6)

s2 =
Ω2Γ2

2(Ω2Γ2 + Γ1(∆2 + Γ2
2))

. (7)
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To determine the two-time correlation function of the27

atom, three quantities are defined:28

s3(τ) = 〈σ+(t)σ−(t+ τ)〉 eiωpτ , (8)

s4(τ) = 〈σ+(t)σ+(t+ τ)〉 e−iωp(2t+τ), (9)

s5(τ) = 〈σ+σ+(t+ τ)σ−(t+ τ)〉 e−iωpτ , (10)

all of which are time-independent when stationary. From29

Eq. (4), we have equations of motion for these quantities30

as31

d

dt

s3

s4

s5

 = M

s3

s4

s5

+B, (11)

with initial values s3(0) = s2 and s4(0) = s5(0) = 0. In32

the τ → ∞ limit, the stationary values are s3 = |s1|2,33

s4 = (s∗1)2, and s5 = s∗1s2. Using new variables, δsj(τ) =34

sj(τ)− sj(j = 3, 4, 5), the above equations are rewritten35

as36

d

dt

δs3

δs4

δs5

 = M

δs3

δs4

δs5

 = M ∗ δS. (12)

Here, δs3(∞) = δs4(∞) = s5(∞) = 0. Taking37

the Fourier transforms of δsj(τ) by Ij(ω) =38 ∫∞
0
dτei(ω−ωp)τδsj(τ) with partial integration, we have39

I(ω) = [M + i(ω−ωp)1]−1[ lim
τ→∞

δS(τ)ei(ω−ωp)τ − δS(0)].

(13)
Because lim

τ→∞
δS(τ)ei(ω−ωp)τ = 0,40

I(ω) = −[M + i(ω − ωp)1]−1δS(0). (14)

Specifically, I3(ω) is given by41

I3(ω) =
|s1|2 − s2

µ1

+
Ω2(s∗1)2 − Ω2(|s1|2 − s2)µ2/µ1 − 2iΩs∗1s2µ2

2µ1µ2µ3 + Ω2(µ1 + µ2)
,

(15)

where µ1 = −Γ2 + iδω01, µ2 = −Γ2 + i(ω + ω01 − 2ωp),42

and µ3 = −Γ1 + iδω01 with δω01 = ω − ω01. Combining43

the above results, the incoherent part of the spectrum is44

obtained as45

Si(ω) =
Γr

π
Re[I3(ω)], (16)
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which is the same as Ref [1].46

When the pump is on resonance with the qubit, if the47

pump power is strong (Ω� Γ1,2), s2 ≈ 1
2 and s1 ≈ −iΓ1

2Ω .48

Then, I3(ω) can be simplified to49

I3(ω) ≈ − 1

4µ1
− 1

4µ1

µ3 + Γ1

µ1µ3 + Ω2

≈ − 1

4µ1
− 1

4

{
1

Γs + i(δω01 + Ω)
+

1

Γs + i(δω01 − Ω)

}
,

(17)

where Γr = Γ1−Γn and Γs = Γ1+Γ2

2 . Therefore, Eq. (16)50

becomes51

Si(ω) ≈ 1

π

~ω01Γr

4

{
Γs

(δω01 + Ω)2 + Γ2
s

+
2Γ2

(δω01)2 + Γ2
2

+
Γs

(δω01 − Ω)2 + Γ2
s

}
. (18)

B. Asymmetric Mollow triplet52

In this section, we explain how dephasing leads to53

asymmetry in the off-resonant Mollow triplet. For the54

driven qubit, the states in the dressed-state basis can be55

written as56

|n,+〉 = sin θ|g, n+ 1〉+ cos θ|e, n〉, (19)

|n,−〉 = cos θ|g, n+ 1〉 − sin θ|e, n〉, (20)

where |g〉 (|e〉) is the ground (excited) state of the qubit,57

n is the number of drive photons, and θ is defined by58

tan 2θ = −
√

∆2 + Ω2

∆
. (21)

A sketch of the dressed states is shown in Fig. 4(a).59

To find the transition rates between the dressed states60

caused by relaxation, i.e., coupling of an environment to61

σx, we calculate the matrix elements62

〈n,+|σx|n+ 1,+〉 = sin θ cos θ, (22)

〈n,−|σx|n+ 1,+〉 = cos2 θ, (23)

〈n,+|σx|n+ 1,−〉 = − sin2 θ, (24)

〈n,−|σx|n+ 1,−〉 = − sin θ cos θ. (25)

Thus, Fermi’s golden rule gives that the transition rates63

are64

Γ++ ∝ sin2 θ cos2 θ, (26)

Γ+− ∝ cos4 θ, (27)

Γ−+ ∝ sin4 θ, (28)

Γ−− ∝ sin2 θ cos2 θ. (29)

In the case of resonant drive, ∆ = 0, we have θ = π/465

and all the transition matrix elements are equal.66

As illustrated in Fig. 4(b), the transitions caused by67

relaxation are either between or within the + and −68

subspaces. Due to energy conservation, the product69

of the transition rate from the + subspace to the −70

subspace, Γ+−, and the occupation probability of state71

this subspace, P+, equals the product of the transition72

rate from the − subspace to the + subspace, Γ−+, and73

the occupation probability of this subspace, P−:74

Γ+−P+ = Γ−+P−. (30)

If the drive is off-resonant, the transition rates are not75

the same. For δ < 0, we have Γ+− > Γ−+, and for δ > 0,76

we have Γ−+ > Γ+−, i.e., the sideband that is closest77

to the qubit frequency has the highest transition rate.78

However, the emission spectrum is still symmetric, since79

the number of emitted photons in each sideband is given80

by the product the corresponding occupation probability81

and transition rate.82

The presence of pure dephasing adds an additional83

term Hφ ∝ σz(a + a†), where a and a† are annihilation84

and creation operators for a bath, to the interaction85

Hamiltonian. The effect that this has on the dressed86

states can be understood by calculating the transition-87

matrix elements of σz between the dressed states. We88

find89

〈n,+|σz|n,−〉 = −2 sin θ cos θ. (31)

All matrix elements of σz for transitions between states90

with different number of drive photons are zero. The pure91

dephasing thus causes transitions as sketched in Fig. 4(a)92

and (b). Both upward and downward transitions are93

almost equally likely, since the corresponding transition94

energies are small compared to kBT .95

The pure dephasing thus modifies the condition for96

equilibrium from Eq. (30) to97

(Γ+− + Γφ)P+ = (Γ−+ + Γφ)P−. (32)

This means that a non-zero Γφ pushes the state of the98

system closer to P− = P+ than it otherwise would have99

been. However, since the transition rates corresponding100

to relaxation remain the same as before, the result is101

that more photons are emitted at the frequency of the102

transition with the larger transition rate. This leads to103

an asymmetric power spectrum, where more photons are104

emitted in the sideband closest to the qubit frequency105

than in the sideband furthest away from the qubit106

frequency.107

C. Reflection coefficient108

From the input-output relation, the output coherent109

field αout is the sum of the incoming coherent field αin110

and the field emitted by the atom:111

αout = αin − i
√

Γr 〈σ−(t)〉 , (33)

where αin = Ω
2
√

Γr
. Combining this with Eq. (7), the112

reflection coefficient, r = αout

αin
, becomes:113

r = 1− iΓrΓ1(∆− iΓ2)

Ω2Γ2 + Γ1(∆2 + Γ2
2)
. (34)
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In the case of a weak probe (Ω� Γ2), Eq. (34) becomes114

r = 1− iΓr

∆ + iΓ2
. (35)

For a resonant probe (∆ = 0), Eq. (35) is simplified to115

r = 1− 1
Ω2

Γ1Γr
+ Γ2

Γr

. (36)

D. Power Dissipation116

At resonance (∆ = 0), the input power is given by117

(setting ~ω01 = 1)118

Pin = |αin|2 = Ω2/(4Γr). (37)

The output power is a sum of coherent and incoherent119

contributions:120

Pout = Pcoh + Pincoh, (38)

with121

Pcoh = Pin|r|2 =
Ω2

4Γr
(1− Γ1Γr

Ω2 + Γ2Γ1
)2, (39)

Pincoh = Γr(〈σ+σ−〉 − 〈σ+〉〈σ−〉)

=
Γr

2

Ω2(Γ1Γφ + Ω2)

(Γ1Γ2 + Ω2)2
. (40)

In particular, when Γφ � Γ1, we have Pincoh ' 2Γrρ
2
11.122

The net power loss is Ploss = Pin − Pcoh − Pincoh.123

Ploss = Γn
Ω2

2(Γ1Γ2 + Ω2)
= Γnρ11. (41)

When Ω2 � Γ1Γ2, the qubit is saturated. Then, we have124

Pin ≈ Pcoh ≈ Ω2

4 , Pincoh ≈ Γr

2 , and Ploss ≈ Γn

2 .125
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