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Abstract 
A n  analytical-knowledge-based statistical method is 

developed to derive macromodels for the highly non- 
linear A.C. response functions of CMOS Op-amp cir- 
cuits. Simple circuit analysis is used to motivate the 
use of logarithmic transformations. By this transfor- 
mation, linear models are fitted over a large domain of 
the independent variables (typically, transistor widths) 
with very few circuit simulations. From circuit analy- 
sis it is deduced that poles and zeroes are appropriate 
for empirical modeling instead of directly modeling the 
response functions like Unity Gain Frequency or Phase 
Margin. W e  have demonstrated the usefulness of the 
proposed method b y  using it to model the transfer func- 
tion of a two-stage compensated CMOS Op-amp cir- 
cuit. The model is compared with SPICE3 simulations 
and shown to have excellent predictive capability, with 
a speed-up of more than 500. 

1 Introduction 
Designing analog circuits that strictly conform to 

the specifications is a complex and difficult task. It 
calls for a high level of expertise on the part of the 
designer. This expertise is not matched by fully au- 
tomated analog design tools [1],[2]. These tools are 
constrained by their inability to capture the complex 
dependence of circuit performance on the design pa- 
rameters. There have been many attempts using an- 
alytic, statistical and optimization-based approaches 
for nominal design optimization and yield maximiza- 
tion of analog circuits. Our present work is directed 
towards nominal design optimization and can be ex- 
tended for yield maximization as well, 

There are broadly two classes of nominal design 
automation tools. The first group includes tools like 
IDAC [l], and OPASYN [Z] which are based on simple 
analytic models of the design objectives as functions 
of the design variables. The advantage is that they are 
computationally very efficient. However, their draw- 
back is that circuit-knowledge-based analytic models 
cannot accurately predict the dependence of the de- 
sign objectives on the design variables over a large 
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design space. For example, the complex dependence 
of the a.c. characteristics of a circuit on the transis- 
tor parameters both through changes in the bias point 
and the small signal behavior has not been accurately 
captured by analytic models. 

The second roup of tools t ified by DE- 
LIGHTSPICE [$ and ECSTACY &[ avoid inaccu- 
rate evaluation of the design objectives by using a cir- 
cuit simulator (e.g. SPICE) to do the function evalu- 
ation. However, these tools have not had wide usage 
due to the high computational cost and lack of robust- 
ness that is associated with any tool that is crucially 
dependent on repeated circuit simulation. 

An alternative third approach for an effective 
optimization-based design methodology is the appli- 
cation of statistical methods for efficient utilization of 
limited simulation results. CENTER [5], using this 
approach, does not require any circuit knowledge as 
it models response functions as gaussian interpola- 
tions over a design domain on which optimization al- 
gorithms are applied. Though statistical methods are 
effectively used for yield estimation [SI, [7J, they have 
not been used much for design optimization. This is 
because responses are modeled as polynomials[8], with 
the accuracy of the method depending on the order of 
the polynomial. However, the number of simulations 
(O(nm), where m is the order of the polynomial and 
n is the number of variables), increases exponentially 
with the order of the polynomial. For yield estima- 
tion there are only a few (four 61 independent statis- 

are also small enough to fit a second order polyno- 
mial. But for design optimization the number of inde- 
pendent variables and their corresponding ranges are 
comparatively large. This makes the application of 
empirical modeling for design optimization difficult. 

We propose an analytical-knowledge-based statis- 
tical method to develop empirical models for nom- 
inal design optimization. The technique requires a 
small number of Simulations (O(n))  and yet provides 
a high degree of fitness. The approach uses analysis- 
based transformation selection and a new method 
called response decomposition to get empirical mod- 
els of responses over a large range of design variables. 
Response decomposition is incorporated in modeling 
highly nonlinear functions which cannot be directly 

tical variables to be considere 6. h; rther, their ranges 
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modeled by transformations for a sufficiently large de- 
sign space. The proposed approach is for macromod- 
eling of the a.c. characteristics of CMOS Op-amps. 
This is illustrated with a practical Op-amp circuit. 

The rest of the paper is organized as follows. In Sec- 
tion 2 analysis is done for a CMOS Op-amp. Trans- 
formation selection and response decomposition are 
discussed in Section 3. The steps of macromodelin of 
the a.c. characteristics of CMOS Op-amps are ela B o- 
rated in Section 4 through an example. This model is 
then evaluated in Section 5. The paper is concluded 
in Section 6 .  

2 Analysis of Op-Amp 
As mentioned previously, our work centers around 

analytical-knowledge-based transformation selection 
and response decomposition for macromodeling of the 
a.c. characteristics of CMOS Op-amps. In this sec- 
tion, we analyze a typical CMOS Op-amp circuit to 
motivate the choice of transformation for the modeling 
of Op-amps. 

I 

-V& = -5.OV 

Figure 1: Two-stage compensated stable CMOS Op- 
Amp circuit 

A two-stage compensated stable CMOS Op-Amp is 
shown in Figure-1. The first and second stages con- 
sist of Q 1 4 5  and &6-Q7 respectively. Qs and Q9 give 
stability by providing a feedback path. The capacitor 
C, serves as a pole-splitter. Through circuit analysis 
it is possible to derive approximate analytic expres- 
sions for the d.c. gain and the first pole, as shown 
below. Assuming that Q 5  and Q7 work as ideal cur- 
rent sources, the d.c. gain is given by[ll]: 

gml .gm6 
(gdl + gd3)(gd6 + gd7) 

A ( 0 )  M 

where, gmi and gd, are respectively, the transcon- 
ductance and the drain admittance of transistor &a. 

For proper operation of the circuit, all transistors 
should be in saturation. With this condition, replacing 
the gmi’s and g&’s by their corresponding expression 
from [ll]: 

where Wd is the width of transistor &a. From [ll] the 
first pole location(in radian) is 

In the above, it is assumed without loss of generality 
that the transistor lengths are constant and of min- 
imum feature size. Further, as is typical in deriving 
analytic models, it is assumed that the body effect pa- 
rameters (Ai’s), and the bias voltages are independent 
of transistor widths. All of these constants are sub- 
sumed in I< and I< , which are assumed to be constant 
over the design domain. 

3 Transformation and Response De- - 
composition 

The approximate analysis of the previous section 
indicates that both the d.c. gain and the first pole are 
special cases of functions of the form: 

N 
f = c n ( K ) o i  (3) 

i = l  

where x’s  are N design variables and C and the ai’s 
are some constants. Since the other poles and zeroes 
are difficult to model analytically, we extrapolate the 
nature of the dominant pole as enumerated in equation 
(2) and assume by intuition that the other poles and 
zeroes are also of the form of equation (3). 

A logarithmic transformation of (3) g’ ives us 

N 

g = loglo(f) = loglo(C) + Cai loglo(K)  (4) 
k 1  

Due to the highly nonlinear nature off  even second or 
higher order polynomial fit cannot provide sufficient 
accuracy for a reasonable design domain. However, 
the logarithmic transformation renders the function g 
in a linear form. Hence a simple linear model pro- 
vides adequate fitness with a significantly low number 
(O(n)) of simulations as compared to  an mth order 
polynomial fit o f f  where O(nm) simulations are re- 
quired. 

The design objectives, as for example unity gain 
frequency (U.G.F.), phase reverse frequency (P.R.F.), 
phase margin (P.M.) and gain margin (G.M.) are so 
nonlinear in nature that even transformations fail to 
model them to a reasonable approximation. All these 
functions are related to the a.c. response. We there- 
fore propose to model the a.c. response by model- 
ing the d.c. gain and the location of the poles and 
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zeroes. These quantities characterize the entire a.c. 
transfer function and hence uniquely determine the 
aforesaid functions. We refer to this technique of in- 
directly modeling the design objectives, as response 
decomposition. The intermediate quantities, i.e., d.c. 
gain, pole/zero locations, etc., are referred to as sub- 
responses. The circuit response over a wide frequency 
range of designer’s interest can be obtained through 
this modeling. 

The modeling of simple poles and zeroes has been 
previously described. For complex conjugate poles 
and zeroes the approach requires modification. The 
first attempt was to model the real and imaginary 
parts separately. This was unsatisfactory since as de- 
sign variables are changed across their ranges, a com- 
plex pole (zero) pair becomes two real poles (zeroes). 
Hence the approach described below is used for their 
modeling. The approach is based on the following in- 
tuition. Since the simple pole sps is assumed to be of 
the form (3), so is &. Note that is the coefficient 

of the first order factor 1 - in the denominator 
of the transfer function, H ( s ) .  Extending this obser- 
vation to a complex conjugate pair, we assume that 
the coefficients of the second order term correspond- 
ing to a pole pair are of the form (3). Suppose spC 
and are complex conjugate pole pair. The cor- 
responding factor in the denominator of the transfer 

( ) P’ 

function is (1 - S(SPC+S*,)  spp.8;;.P + -) . Therefore, - 

are assumed of the form (3). Hence, s p C s ~ ,  
(=pc-) and spC + S& (=pel )  are the subresponses that 
are modeled with logarithmic transformation. The 
procedure is the same for a complex conjugate pair 
of zeroes. 

The same idea is extended for higher order factors 
in the transfer function. Note that the poles and ze- 
roes are identified across the simulations by an order- 
ing of their real values. If a real pole (zero) interacts 
with a conjugate pole pair (zero pair) in such a way 
that the real pole does not have the same order po- 
sition in all the simulations, then these three poles 
are clustered together. As an example assume that a 
conjugate pole pair and a simple pole s3ps 
interact with each other. The joint contribution of 
these poles to the transfer function is the third order 
term: 

spc+slpc 
and - 

s ( S 3 P C G P C  + ( S 3 p c  + s z p c ) s 3 p s )  

- S 3 p c S z p c S 3 p s  

1 s3 s2 ( S 3 p c  + szpc + s 3 p s )  - 
S3pcS$ppcS3ps  s3pc  S:pc s3ps  

+ 
The real co-efficients of s3,  s2 and s, using the same ar- 
ument as above, are assumed of the form (3). Hence 

( S ~ ~ C S $ ~ ,  + ( ~ 3 ~ ~  + s ~ p c ) s 3 p s )  (= P31)  are the subre- 
sponses that are modeled. 

P33)j ( s 3 p c  + $:pc -k s 3 p s )  (= p32) ,  

4 Macromodeling of a CMOS Op-Amp 
In Section 2, we analyzed a two-stage CMOS Op- 

amp circuit (Figure-1), in order to motivate the choice 
of logarithmic transformation for empirical modeling. 
In this section, we apply the techniques developed in 
the previous section to the same Op-amp to model its 
a. c . char act er ist ics . 
4.1 Selection of Design Variables 

Fundamental to the proper operation of the circuit 
of Fig-1 is the requirement that all the transistors are 
in the saturation region. This restricts the range of 
design variables to a finite space as described below. 
However the ranges of the variables should also be 
large enough in order to have sufficient variation in 
the responses. The bias-condition required for all the 
transistors to operate in the saturation region renders 
several apparently independent variables into depen- 
dent ones. 

The Op-amp has been designed in the C3TU tech- 
nology in the NELSIS design environment [12]. All 
the transistor lengths are kept at their minimum fea- 
ture size of 1.6pm. In the particular topology of the 
CMOS Op-amp under consideration, Q1, Qz and Q3, 
Q4 are identical. So W1, W3, WS , We, W7 , w8, WS and 
C, are the potential design variables. 

If all the Wi’s are varied independently, in certain 
parts of the design domain of the Wi’s, the quiescent 
output voltage may be close to V& or -Vdd forcing 
Q6 or Q7 into the linear region. An obvious solu- 
tion to this problem is the reduction of the range of 
the variables. However, that does not allow sufficient 
variation of the responses over the design space. As an 
alternate solution we propose to reduce the dimension 
of the design variable space by one. We introduced a 
dependence relation among the design variables to get 
an output voltage around zero in the quiescent condi- 
tion. Since the drain current of 9 3  is half of that of 
Q5,  and the drain currents of Q 6  and Q7 are the same, 
it follows that: 

Making the simplifying assumptions that (1 - 
X p V d s 3 )  M (1 + X n V d s 5 )  and X p  M A,, the requirement 
that = Vds7 reduces (5) to the constraint: 

w6 = 2 (2) w7 

This analysis though approximate, is adequate for 
practical purposes. By imposing (6) we find that the 
d.c. output voltage is close to OV across a large design 
domain. Hence, Wl, W3, Ws, W7, W8, Wg and Cc are 
the independent variables used for empirical modeling. 

The lower limits of W1 and W3 are taken as 2.4 
(minimum transistor width in the C3TU technology f 
Their upper limit is chosen as 4 times of the lower 
limit which ensures sufficient range of variation. As 
Q5 sinks current from both Q1 and Q 2 ,  the lower limit 
of W5 is taken as 2 times of the minimum possible 
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value to keep all transistors in saturation even when 
Wl and W 3  are 9 . 6 ~ .  This requirement of keeping 
all the transistors of the first stage in the saturation 
region also restricts the upper limit of W5 which is 
kept at 3 times its lower limit. With these ranges of 
W 3  and W 5 ,  the minimum possible value of W7 is 7.2p, 
in order to guarantee that w 6 ( =  2 2 w 7 )  1 2 . 4 ~ .  Its 
upper limit is taken to be five times its lower limit. 
The lower and upper limits of w8 are 4.8p and 24p 
and those of W 9  are 2.4p and 12p. 

Variables Lower Value Upper Value 
Wl 2.4 p 9.6 p 
w 3  2.4 p 9.6 p 
WS 4.8 p 14.4 p 
w7 7.2 p 36 P 
w 8  4.8 p 24 P 
W 9  2.4 p 12 P 
c c  1 PF 10 pF 

Table 1: Ranges of the design variables 

The load capacitance CL is taken to be l O O f F ,  a 
typical value. Correspondingly a convenient range of 
Cc is 1-lOpF. The range can be expanded since it does 
not affect the bias condition. However the range cho- 
sen here allows a well balanced design domain. Table 
1 provides the ranges of the design variables. 
4.2 Response Modeling 

On the basis of circuit analysis (ref. Section 2) and 
the discussions on transformations and response de- 
composition (ref. Section 3) logarithmic transforma- 
tion is used for modeling the transfer function through 
appropriate subresponses. The transformation of vari- 
ables and subsequent normalization are done in a sin- 
gle mapping step as shown below. For uniformity, the 
design variables are denoted by vi's with the following 
relationships: 

= w 1 ,  v2 = w3, v3 = W 5 ,  h = c c ,  v 5  = w7, VI 
= w 8 ,  v7 = w 9 .  
Their ranges have been previously given in Table 1. 

The corresponding normalized variable is, 
Suppose V is a design variable with range V1--Vh. 

b l O ( V )  - [ lo910(Vh )+l09lO(V 2 11 - log10 (*) - 
t =  loglo(Vh)- logla(V')  

2 log10 (@) 
which takes on values in the range [-1,1]. With this 
mapping, equation (4) can be rewritten as 

For a linear model Fractional Factorial Design with 
Resolution 111 may be used. But for a more accurate 
linear model Fractional Factorial Design with Resolu- 
tion IV is used, where neglected two variable interac- 
tion terms introduce no errors in the calculation of the 
main effects [9]. There are 16 rows in the Resolution 
IV design matrix that we have selected [lo], each of 
which corresponds to a simulation point with design 
variables at the lower or upper limit of their ranges. 
Each simulation is a SPICE3 run with a one point 
.AC analysis to get the d.c. gain and a .PZ analysis 
to determine the poles and zeroes. 

In our example, besides d.c. gain, five poles and 
five zeroes are modeled. These poles and zeroes are 
referred to as: 

Note that there is one complex conjugate pole pair 
and one complex conjugate zero pair. Besides these 10 
poles and zeroes there are many more poles and zeroes 
reported by the .PZ analysis in SPICE3. However, 
they occur beyond the range of designer interest where 
circuit gain goes below -40dB. 

From the simulation results, it was observed that 
~ ~ 2 , s : ~  and sp4 interacted with each other. There- 
fore, following the procedure described in Section 3 
these three poles are clustered together. The corre- 
sponding subresponses that are modeled are: p33(= 

spl ,  sp2, s;2, sp4,  sp5 ,  s z l ,  s%2, sz4, sz5 

sp2s;2sp4),P32(= SpZ -k s;2 -k sp4) and p31(= (sp2 -k 

Based on the simulation results at the 16 desi n 
points, the 8 model coefficients (a i 's  of equation (8) 
for each of the subresponses (d.c. gain, spl, P31,  P32, 

2333, sp5,  s , ~ ,  221, 222,  s 2 4 ,  825) are calculated as per 
standard techniques 101. The actual model of the sub- 

mined by applying the inverse of the transformations 
used in (7). This provides us the transfer function with 
coefficients that are explicit functions of the design pa- 
rameters. Hence the evaluation of the various design 
objectives like unity gain frequency, phase margin and 
gain margin which depend on the a.c. characteristics 
is straight for ward. 

The following are the models obtained for the d.c. 
gain and the dominant pole (here and in the follow- 
ing section, the superscript """  is used to denote an 
empirical model): 

+ b P 4  + sP2s;z) 

responses in terms o I the design variables can be deter- 

w f . 4 8 1  w 0 . 5 1 7 ~ 0 . 0 2 w 0 . 0 0 0 6  
3 7 9  

d*c*gain = 138*38 ~ ~ . 9 8 9 ~ 0 . 0 0 0 7 ~ 0 . 0 0 1  
8 

(8) 

Note that unlike the analytic models (1) and (2) (suit- 
ably modified by the constraint (6)), equation [$) cap- 
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tures the dependency of the d.c gain and the domi- 
nant pole on the transistor widths both directly and 
through their effect on the bias currents and voltages. 

5 Evaluation of the Empirical Model 
The effectiveness of an empirical model is measured 

by Analysis of Variance (ANOVA)[9],[10]. In this anal- 
ysis, the quantities, sum-square-model (SS ,  , sum- 
square-error (SSe) ,  mean-square-model ( M  s) m )  and 
mean-square-error (MS , )  are computed as follows: 

i=1 
M S ,  = 9 

i = l  

where M and N are, respectively, the number of ex- 
periments and the number of variables. For the exam- 
ple, M = 16 and N = 7. Hence, the model and the 
error have 7 and 8 degrees of freedom, respectively. 
The ratio e which has an F-distribution, is used 
to measure the unusuality of the model against the 
null hypothesis. With degrees of freedom 7 and 8, 
the F-distribution has 5%, 1% and 0.1% probability 
points at 3.5, 6.18 and 12.4 respectively. 

As mentioned previously, a Resolution IV Design 
Matrix consisting of 16 points was used to estimate the 
8 model parameters. The corresponding ANOVA re- 
sults are presented in Table 2. The last column of the 
table indicates that except for sp5 and 221, the models 
have the value of the ratio more than that of the 
1% probability point. Note, however, that the varia- 
tions of sp5 and 221 over the design domain (given by 
the corresponding values of MS,) are small. Hence, 
their models are sufficient to  predict the a.c. response 
even though the corresponding values of e are not 
large. 

The values of d.c. gain and the dominant pole ob- 
tained from the empirical model and SPICE3 sim- 
ulation at the 16 design points are given in Table 
3. Note the excellent fit. Table 4 demonstrates the 
efficacy of using transfer function modeling to in- 
directly model the design objectives that are based 
on the a.c. characteristics, namely, Unity Gain Fre- 
quency(U.G.F.), Phase Margin(P.M. , Phase Reversal 
Frequency(P.R.F.) and Gain Margin 2 G.M.). In the di- 
rect model, referred to in Table 4, the design objective 
is directly modeled as a linear function of the variables 
after a logarithmic transformation in both the domain 
and range spaces. Note that in particular, U.G.F. and 
P.M. are poorly modeled directly, thereby substantiat- 
ing the use of the transfer function modeling through 
response decomposition. 

For completeness, we also compared our model with 
a direct linear model (without logarithmic transfor- 
mation) obtained from the same design points, for the 
various subresponses and responses. This direct lin- 
ear model is not surprisingly, grossly inadequate and 

makes qualitatively wrong predictions. For example, 
at some of the design points the predicted value of 
the magnitude of the d.c. gain is negative. Similar 
gross errors are also manifested for the dominant pole. 
Note that with 7 design variables and a 16-point ex- 
periment, a second-order polynomial cannot be fitted. 

In order to further demonstrate the predictive 
power of the model, we have compared it with sim- 
ulations at the origin and 16 additional vertices of the 
design domain. These 16 points which by themselves 
constitute an alternate Resolution IV design matrix, 
have been chosen to highlight the errors correspond- 
ing to neglected three-variable interaction terms. Note 
that errors due to pure quadratic terms are highlighted 
at the origin. 

Table 5 summarizes the performance of the mod- 
els at these prediction points for the different re- 
sponses and subresponses. The complete gain and 
phase curves at two of these points that are the end 
points of a diagonal of the design hypercube are com- 
pared with SPICE3 simulations in Figure 2. 

Besides their excellent predictive power , the models 
have the attractive property that they are computa- 
tionally very inexpensive. On a Sun Sparc IPC they 
are more than 500 times faster than the corresponding 
SPICE3 simulation. Note that if Asymptotic Wave- 
form Evaluation (AWE) [13] is used for the .PZ anal- 
ysis in SPICE3, our speed-up figure would be smaller. 
It should however also be noted that our technique will 
be considerably faster than AWE, since unlike AWE 
the empirical models (e.g. (8)) do not require a non- 
linear d.c. operating point analysis for each new set 
of transistor widths within the domain. Finally, the 
fact that the subresponses are linear functions of the 
transistor widths (in the transformed space) renders 
applications like design optimization or fault diagne 
sis based on the subresponses, analytically tractable 
and computationally trivial. 

6 Coilclusions 
We have introduced an efficient methodology for 

building macromodels of important and highly non- 
linear a.c. response functions of CMOS Op-amp cir- 
cuits. In brief, our method is analytical-knowledge- 
based empirical modeling. Simple circuit analysis is 
used for selecting the proper transformation. By this 
transformation, linear models are fitted over a large 
domain of design variables with very few simulations. 
From circuit analysis it is deduced that poles and ze- 
roes are appropriate for empirical modeling (with log- 
arithmic transformation) instead of directly modeling 
the design objectives like U.G.F. or P.M. It is however 
not possible to always accurately model the transfer 
function by modeling only the coefficients of first order 
factors, i.e., by modeling only poles and zeroes. Com- 
plex conjugate pole (zero) pairs are handled by empir- 
ically modeling the coefficients of the corresponding 
second order factor as a function of the design vari- 
ables. More generally, when poles (zeroes) interact, 
the coefficients of the combined higher order term in 
the transfer function are modeled. We refer to this 
procedure of appropriately factoring the numerator 
and denominator of the transfer function for the pur- 
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poses of accurate empirical modeling as Respose De- 
composition. We have demonstrated the usefulness of 
the proposed method by using it to model the transfer 
function of a two-stage compensated CMOS Op-amp 
circuit. The model is compared with SPICE3 simula- 
tions and shown to have excellent predictive capabil- 
ity, with a speed-up of more than 500. It has also been 
successfully applied to other Op-amp circuits. The 
applicability of analytical-knowledge-based empirical 
modeling for design objectives like slew rate that de- 
pend on the transient response, and also to other types 
of circuits is currently being investigated. 
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simulations at 16 design points for d.c. gain (in dB) 
and first pole (in decade of radian). 
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Table 4: Summary evaluation of models for U.G.F.(in 
decade of radian), P.M. (in degree), P.R.F. (in decade 
of radian), G.M. (in dB) at the 16 design points. 

P 3 3  ( 9 ,  

P32 ( ) )  

P31  ( 1 )  

resp./subresp. I ssm sse 
s05 (in decade) I 0.061 0.0162 

0.952 0.1647 
0.426 0.0125 
1.032 0.0268 

sz5 ( 1, ) 
524 ( 7 )  1 
277 .. 

II I 5.458 0.0019 11 
L 

0.418 0.0006 
1.136 0.2054 
0.283 0.0438 

II 271 ( S .  I 0.026 0.0191 11 
4.713 0.0049 
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Table 5 ;  
sponses and responses at the 17 prediction points. 

Summary evaluation of models for subre- Figure 2: Plot of Gain and Phase functions for two 
prediction points (U) and (6) that span the design do- 
main. 
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