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ABSTRACT
Elliptic nozzle geometry is attractive for mixing enhancement of supersonic jets. However, jet dynamics, such as flapping, gives rise to
high-intensity tonal sound. We experimentally manipulate the supersonic elliptic jet morphology by using two sharp-tipped lobes. The
lobes are placed on either end of the minor axis in an elliptic nozzle. The design Mach number and the aspect ratio of the elliptic noz-
zle and the lobed nozzle are 2.0 and 1.65. The supersonic jet is exhausted into ambient under almost perfectly expanded conditions.
Time-resolved schlieren imaging, longitudinal and cross-sectional planar laser Mie scattering imaging, planar Particle Image Velocime-
try (PIV), and near-field microphone measurements are performed to assess the fluidic behavior of the two nozzles. Dynamic Mode
Decomposition (DMD) and proper orthogonal decomposition analyses are carried out on the schlieren and the Mie scattering images.
Mixing characteristics are extracted from the Mie scattering images through the image processing routines. The flapping elliptic jet con-
sists of two dominant DMD modes, while the lobed nozzle has only one dominant mode, and the flapping is suppressed. Microphone
measurements show the associated noise reduction. The jet column bifurcates in the lobed nozzle enabling a larger surface contact area
with the ambient fluid and higher mixing rates in the near-field of the nozzle exit. The jet width growth rate of the two-lobed nozzle is
about twice that of the elliptic jet in the near-field, and there is a 40% reduction in the potential core length. PIV contours substantiate
the results.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0015035., s

I. INTRODUCTION

Effective high-speed air-breathing propulsion systems are
needed for achieving efficient means for sustained high-speed
flights that have several applications.1–3 High-speed fuel–air mix-
ing remains a challenge in the low flow residence times available
in such systems.4–7 Active and passive control of large-scale coher-
ent structures (which are the drivers of entrainment and mixing)
in jets has resulted in significant enhancement of mixing.8–13 Pas-
sive control techniques such as using non-circular nozzle geome-
tries are crucial.14–18 The dynamics of large-scale coherent structures
are also associated with jet noise and its control.19–21 The enhance-
ment of entrainment and mixing in supersonic jets has several
other engineering applications, including reducing the thermal sig-
nature of jet exhausts,22–25 improving the performance of supersonic
ejectors,26–28 and noise reduction,29–31 to name a few.

The jet from an elliptic nozzle32–36 produces a significant
enhancement in mixing despite its simple geometry. The azimuthal
variations inherent in the elliptic geometry produce interesting flow
phenomena such as axis-switching compared to axisymmetric cir-
cular nozzles.14,16 Hussain and Husain have conducted elaborate
studies on a low-speed elliptic jet using hot-wire anemometry and
DNSs.35,37–39 The larger curvature along the major axis results in a
higher self-induced velocity, while along the minor axis, the induced
velocity results in it being pushed outward, which eventually causes
the axis to switch. The streamwise location where the switch was
accomplished was termed the switch-over location. They have com-
pared unexcited and excited jets, specifically focusing on the evolu-
tion of large-scale vortex structures. When excitation was provided
at the correct Strouhal number and with sufficient amplitude, the
jet bifurcated for aspect ratios higher than 3.5. They have explained
the cut-and-connect process responsible for such bifurcation and
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the formation of rib structures. The effects of such flow processes
on time-averaged jet width, velocity profiles were elucidated. The
aspect ratio of the jet was found to be an important parameter. The
equivalent diameter De =

√
ab, where a and b are major and minor

axis dimensions, respectively, was the appropriate length scale to
describe the jet characteristics.

Compressibility effects40 become significant at high speeds,
including the impact of shock and expansion waves on the shear
layers and vortices. Morris and Bhat34 studied the stability charac-
teristics of an idealized compressible elliptic jet at supersonic Mach
numbers. An anti-symmetric flapping mode was the most unsta-
ble mode, and a symmetric mode similar to the varicose mode
in circular jets had a lower growth rate than the flapping mode.
Experimental studies have extensively observed flapping in high-
speed elliptic jets. Flapping gives rise to high-intensity tonal sound.
Rajakuperan and Ramaswamy41 observed the flapping phenom-
ena prior to the switch-over location in experimental investigations
using the pitot pressure survey and schlieren imaging of an oval
sonic elliptic nozzle at various nozzle pressure ratios. They found
that the switch-over location was dependent on the nozzle pressure
ratio.

Mitchell et al.42,43 conducted extensive optical diagnostic based
investigations on the under-expanded jet from a sonic elliptic noz-
zle. Velocity vectors from the Particle Image Velocimetry (PIV) in
the planes containing the major axis (major axis plane) and the
minor axis (minor axis plane) described the flow field. Significantly,
they observed jet bifurcation in an unexcited jet at a lower aspect
ratio than the limit specified by Hussain and Husain.35,37–39 Sev-
eral data analytic methods, such as two-point spatial correlation
and the Proper Orthogonal Decomposition (POD) techniques, were
used to reveal the multiple instability modes in the under-expanded
elliptic jet.

The supersonic jet44–46 from a convergent nozzle is always
under-expanded, while the jet from a convergent–divergent (CD)
nozzle can operate in the over-expanded, correctly expanded, and
under-expanded domains. Passive control of the elliptic super-
sonic jet is also attractive with regard to mixing enhancement and
noise control. Investigators in IIT-Kanpur47–50 have considered such
aspects and have investigated different tab configurations (rectangu-
lar, triangular, arc-shaped, corrugated, and ventilated tabs) placed
on the minor axis and major axis of the CD nozzle exit. They used
pitot pressure surveys and schlieren visualizations to observe the
effects of tabs. The potential core length Lpc has been used to com-
pare the effectiveness of tabs. An important conclusion is that tabs
placed along the minor axis are more effective in jet control than
those placed along the major axis. They observed jet-column bifur-
cation in the presence of tabs. Tabs are small protrusions placed at
the exit of the nozzle, which function as vortex generators, and they
have been studied extensively for mixing enhancement and jet noise
control.51

Lobes are a different class of nozzle geometry modification for
jet control.21,52,53 Unlike tabs, which are placed at the nozzle exit, the
lobes originate well within the nozzle, sometimes from the throat
itself. Both tabs and lobes are generators of streamwise vortices.54,55

Besides, realization of modified nozzle geometries such as lobes
has several implications in the form of manufacturing complexities,
handling uneven distribution of nozzle loads (thermal/pressure),
material erosion while using corrosive high-temperature jets,

and practical difficulties in deployment for advanced operations
such as thrust vectoring. Earlier studies on deep penetration lobes
showed rather large stagnation pressure losses, even though the
mixing enhancement was significant.56 Loss in stagnation pres-
sure is disadvantageous in applications where the recovered com-
pression or driving flow energy should be high as in the cases of
supersonic mixing ejectors, wind tunnel starting, and jet engine
thrust-augmenters.

Simple modifications to the lobe geometry from a circular noz-
zle by Rao and Jagadeesh57 through the creation of Elliptic Sharp
Tipped Shallow (ESTS) lobes enabled a significant reduction in the
stagnation pressure losses while indicating enhanced mixing. Such
nozzles are also found to be simple to manufacture and easy to inte-
grate. Numerical investigations showed that the streamwise vortex
generation from ESTS lobes is much larger in extent and strength
compared to that from chevrons (a modified form of tabs).58 The far-
field centerline velocity decay rate of the ESTS nozzle is also higher
than that of the chevron-like nozzle.59

Flow field information, for example, density gradients
(schlieren) or velocity (PIV) gathered using advanced optical diag-
nostics, when coupled with current day data analytic tools enables
the identification of large-scale coherent structures and their dynam-
ics in the flow.60 Dynamic Mode Decomposition (DMD) obtains
information on the temporal growth rate of growing or decaying
modes and the frequency of oscillatory modes. Rao and Karthick61

have obtained the DMD modes of an over-expanded supersonic
elliptic jet and showed the presence of two oscillatory modes,
which were corroborated using microphone measurements. They
also showed that provided the flow, snapshots can be considered
instantaneous; the spatial mode shape is captured correctly even
though the frequency may appear aliased in case of sub-Nyquist
capture rates.

From the brief literature review, it is evident that the elliptic
geometry is intrinsically suited for mixing enhancement. However,
the flapping mode generates tonal high-intensity sound similar to
screeching jets.62,63 Control of the elliptic jet has sought to mitigate
some of the detrimental effects while keeping the beneficial mixing
enhancement. As referred to earlier, being a passive technique, the
ESTS lobes have shown promising results in the circular geometry
context. Nonetheless, the effect of ESTS lobes on the elliptic super-
sonic jet has not been studied previously, and a detailed analysis will
shed valuable information in modifying the elliptic jet morphology,
effectively.

In the aforementioned context, we are motivated to study the
supersonic jet morphological changes while using the ESTS lobes
in comparison with the conventional elliptic convergent–divergent
nozzle. In particular, we try to answer the following questions
between the two nozzles under study: How the jet width growth
rate is modified by the lobes? Are there any changes observed in the
potential core length signifying changes in the mixing rate? How are
the flow modes of the elliptic supersonic jet affected by the pres-
ence of lobes? Are the flapping jet characteristics responsible for
distinct tonal noise production modified? These questions have not
been addressed previously in the existing literature to the best of our
knowledge.

An elliptic nozzle of aspect ratio 1.65 and designed Mach num-
ber 2.0 is considered for the present analysis. A nozzle of the same
configuration is made however with the addition of two lobes placed
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on either end of the minor axis to construct the two-lobed ESTS
nozzle geometry (hereafter called the 2L-ESTS nozzle). The lobes
are added specifically on the minor axis side due to the effective-
ness of the passive control technique. Experiments are carried out
at a nozzle pressure ratio of 7.82, which is close to the correctly
expanded jet operating condition, and the exit cross-sectional area
is kept constant.

Comparative experimental investigations using time-resolved,
high-speed schlieren, planar Mie scattering visualization in the
streamwise and cross-sectional planes, and streamwise planar Par-
ticle Image Velocimetry (PIV) are conducted for both the nozzles.
Imaging is done along the planes containing the major axis and the
minor axis for the elliptic jet and the planes containing the lobe crests
and the lobe tip for the 2L-ESTS nozzle. The schlieren images are
taken at 19 kHz using a 10 ns pulsed light source, which ensures that
the images are instantaneous snapshots.

The DMD analysis is used to extract the flow modes of the
jets from the two nozzles. The results are corroborated with micro-
phone measurements. Several measures indicating mixing such
as the growth rate of jet width (δy/x), the potential core length
(Lpc), and the cross-sectional area of spread (A/Ae) are extracted
by image processing of the planar Mie scattering images. The
fluctuations of the centroid (Δy/D) and orientation of the cross-
sectional area (θ○) extracted from the cross-sectional Mie scattering
images help in the understanding of the three-dimensional spatial
evolution of the jets. Different aspects of the flow evolution are
inferred from the mean streamwise velocity contours obtained using
PIV, in particular the results of the centerline mean streamwise
velocity decay.

This paper is organized as follows. The experimental setup and
diagnostics used are discussed in Sec. II. Modal analysis and image
processing form an essential part of the experimental data analysis,
and the different algorithms used are described in Sec. III along with
the measurement uncertainties. The results and discussions consid-
ering the experimental data and their analysis are given in Sec. IV,
followed by major conclusions in Sec. V.

II. METHODOLOGY
A. Experimental setup

The experiments are conducted at the supersonic jet facility in
the Laboratory for Hypersonic and Shock wave Research (LHSR)
located in the Department of Aerospace Engineering, Indian Insti-
tute of Science. The nozzles are supplied with dry and filtered com-
pressed air from the gas reservoirs with a total volume of 8 m3

holding a maximum pressure of 12.5 bars. A screw compressor

coupled to a refrigerated air drier ensures dry air storage in the
reservoirs. A pressure regulator coupled to a solenoid operated ball
valve assembly supplies regulated air to the stagnation chamber,
which connects to the nozzles. The stagnation pressure (p0) is mea-
sured at the stagnation chamber by IRA-PRM-300 pressure gauges,
having an accuracy of ±1%. During Mie scattering and PIV experi-
ments, the flow is seeded with passive tracers/particles at the begin-
ning portion of the stagnation chamber. The conditions are care-
fully regulated to maintain a constant nozzle pressure ratio of [p0/p]
= 7.82, which is close to the perfectly expanded jet condition for
a Mj = 2.0 nozzle.

Details of the jet conditions are tabulated in Table I. Additional
details of the supersonic jet facility can be found in the previous
works of the authors.27,57 Seeding is done using a modified-Laskin
nozzle65 based seeding unit. Acetone vapor is used as the passive
scalar during the Mie scattering experiments, and commercially
available refined-sunflower oil is used as the particle seeder during
the PIV experiments. Details of the seeding unit and particle charac-
terization are provided in Refs. 27, 66, and 67. The schematic of the
experimental arrangement is given in Fig. 1. The stagnation pressure
(p0) is first set at the pressure regulator, and then the signal to open
is sent to the solenoid operated ball valve, which initiates the flow. A
typical run time is of 5 s duration within which a 3 s steady test time
is available for data capture.

B. Nozzles
The supersonic convergent–divergent (C–D) elliptic nozzle has

a throat diameter of d∗ = 13.9 mm. The elliptic nozzle jet exit
cross section has a major axis dimension of a = 23.1 mm and
a minor axis dimension of b = 14 mm (aspect ratio AR = a/b
= 1.65). The equivalent hydraulic diameter (D) of a circle hav-
ing the same area as the exit area (Ae) is 18 mm, which is the
reference dimension used throughout this article. The area ratio
(Ae/A∗) of the nozzle corresponds to an exit Mach number of
M = 2.0. Figure 2(a) gives the complete geometrical details of the
nozzle geometry, and the corresponding dimensions are tabulated
in Table II.

The two-lobed ESTS (2L-ESTS) nozzle is depicted in Fig. 2(b).
The lobes are formed on either end of the major axis by the process
of off-center angular drilling. The lobes extend until the throat of the
nozzle with a decreasing penetration into the jet core. The 2L-ESTS
nozzle design ensures that the exit area (Ae) is the same as that of the
elliptic nozzle, and the throat area (A∗) is also maintained the same.
Hence, both the nozzles have the same exit Mach number and mass
flow rate. The details of the dimensions for the 2L-ESTS nozzle are
given in Table II.

TABLE I. Details of the almost perfectly expanded jet flow conditions for both the elliptic and two-lobed ESTS nozzles.a

[p0/p] [T0/T] [Ae/A∗] Rej(D) Mj D (mm) uj (m/s) aj (m/s) νj (m2/s) T0 (K) p (Pa)

7.82 1.8 1.69 8.97× 105 2 18 517.55 258.78 5.36× 10−6 300 90 926

ap: pressure, T: temperature, A: cross-sectional area, Re: Reynolds number, M: Mach number, D: hydraulic diameter as the refer-
ence diameter, u: axial velocity, a: sound speed, ν: kinematic viscosity, subscript: 0: total conditions, ∗: throat conditions, j, e: jet
exit conditions, and a: ambient conditions. Note: p = pa and T0 = Ta .
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FIG. 1. A schematic of the experimental arrangement used during the jet studies, specific to the planar laser Mie scattering (PLMS) imaging at two different viewing directions
(see the inset in dotted lines) and the free-range near-field microphone measurements. The schematic of the “Z-type” schlieren arrangement64 is shown already in Fig. 13.61

FIG. 2. Cross sections of the (a) elliptic and (b) two-lobed ESTS nozzles showing the geometrical details through the isometric view. The schematic is not drawn to the scale.
Vital geometrical values are given in Table II. The flow direction is along the x-axis. The origin is at the center of the nozzle exit plane.
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TABLE II. Details of the elliptic and the two-lobed ESTS nozzle dimensions corre-
sponding to Fig. 2. All dimensions are in mm.

b ARa d∗ d1 di do L L1 L2 Δd t

14 1.65 13.9 27 14 25.2 57 17 37 4.5 ≈1

aAspect ratio: ratio of the major (a) and the minor (b) axis length.

Streamwise imaging (along the xy-plane for the schlieren, Mie
scattering, and PIV methods) is conducted along the major axis
plane and the minor axis plane for the elliptic jet and the lobe crest
and the lobe tip planes for the 2L-ESTS nozzles by rotating the nozzle
fixture by 90○ about the x-axis. The planes are shown in Fig. 2. The
origin is at the center of the nozzle exit plane, the x-axis corresponds
to the streamwise direction, the y-axis is along the minor axis, and
the z-axis lies on the major axis. A similar convention is followed for
the 2L-ESTS nozzle, as shown in Fig. 2.

C. Diagnostics
1. Time-resolved high-speed schlieren

A “Z-type” schlieren arrangement64 is positioned across the jet
using 300 mm diameter concave mirrors having a focal length of
3 m. A Phantom Miro 110M camera is used to record the images
at a 19 kHz capture rate with a pixel resolution of 320 × 256 (expo-
sure time of 2 μs), giving a spatial resolution of 0.69 mm/pixel. An
SI-LUX pulsed laser light source of 640 nm wavelength with a pulse
width of 10 ns is synchronized with the camera. The extremely short
pulse duration ensures that the image captured freezes the flow fea-
tures without motion blurring effects. This is crucial for conducting
modal analysis60 on the time-resolved high-speed schlieren images
from which the spatial mode shapes and their respective oscillatory
frequencies can be obtained.61

2. Laser Mie scattering flow visualization
A commercial LaVision PIV system is used and operated in

the planar Mie scattering mode. Scattering is achieved through the
seeding of a passive scalar68 such as the acetone vapor. Both stream-
wise (view direction 1 according to Fig. 1) and cross-sectional (view
direction 2) images are recorded. Cross sections of the jet are cap-
tured at yz-planes along the different streamwise locations: [x/D]
= 1, 3, 6, and 12. The location of the planes is decided after obtaining
the schlieren images, which show distinct regions having different
flow features. A Litron Nd-YLF laser provides a 527 nm wavelength
beam at a pulse rate of 844 Hz, which is rendered into a sheet at the
required plane using a guiding arm and sheet optics. A typical sheet
thickness is less than 0.5 mm in the region of interrogation. The
laser is synchronized with the Phantom Miro 110M camera oper-
ating in the full pixel resolution of 1280 × 800 (0.26 mm/pixel).
A calibration plate is used to calibrate the visualization plane so
that the images can be corrected and transformed into global
coordinates.

3. Planar particle image velocimetry
Planar PIV measurements are made along the major axis (lobe

crest) and minor axis (lobe tip) planes for a streamwise extent of 0
≤ [x/D] ≤ 8 in two sections of 0 ≤ [x/D] ≤ 4 and 4 ≤ [x/D] ≤ 8, with 5%

overlap, respectively. The flow is seeded using the refined-sunflower
oil through a modified-Laskin particle generator. The produced par-
ticles have a particle size of diameter ∼1 μm and response time of
∼3 μs. The arrangement is the same as the streamwise Mie scatter-
ing arrangement, except that the camera is operated in the frame
straddling mode (PIV-double-frame mode). The inter-frame inter-
val is set to 0.7 μs. The PIV images are analyzed using the commercial
Davis 8.4.0 software provided by LaVision.69 All the images are pre-
processed to achieve distinct scattering that can minimize uncer-
tainty in the PIV processing. PIV image pairs are then subjected
through a double-frame time-series cross correlation algorithm to
obtain the velocity vectors. An adaptive cross correlation multi-pass
window of decreasing size from 48 × 48 pixels to 16 × 16 pixels is
utilized. Later, the obtained vectors are post-processed to remove
spurious vectors through peak correlation values and median filter-
ing. In total, 1200 PIV image pairs are used to represent flow field
statistics.

4. Microphone measurements
Microphone measurements are made at a single off-axis point

at a radial distance of [r/D] = 6.29, making an angle of ψ = 45○

with the axis line. A PCB 377A14 microphone, which has a flat
frequency response in the range of 4 Hz–70 000 Hz, is used. The sig-
nal is sampled at a 1 MHz sampling rate to capture high-frequency
components of the acoustic field. The frequencies from the micro-
phone signals are used to corroborate the DMD frequencies (αΘ)
and identify any aliasing if present in the DMD.

III. DATA ANALYSIS
A. Dynamic mode and proper orthogonal
decomposition

The standard dynamic mode decomposition algorithm is used
to carry out DMD analysis of the time-resolved high-speed schlieren
images.60,70 Details of the method used are given in the previous
work of the authors,61 and only a brief description of the algorithm
is presented here. The schlieren images are sequentially stacked
together in the snapshot matrix X = [I1, I2, I3, . . ., In], where n is
the number of images considered and I is the image vector, and 1000
images are considered for analysis. The DMD is given by

Ii = ΣαmΘmμ(i−1)Δt
m , (1)

where αm is the mode amplitude, Θm is the spatial mode shape,
and μm is the eigenvalue for the mode. X1−(n−1) and X2−n represent
two lagged matrices of X. The matrix Ã is defined according to the
following equation:

Ã = U∗X2−nVS−1, (2)

where U, V, and S are obtained from the svd of X1−(n−1) given in
Eq. (3). As the values of U, V, and S contain the energetic spa-
tial information Φn, temporal details, and energy contents, this step
could be remotely compared to the proper orthogonal decomposi-
tion71 (POD). POD modes are used to identify few of the dominant
spatial modes ranked upon the energy contents to represent and
reconstruct the majority of the flow features, effectively,

X1−(n−1) = USV
∗. (3)
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Non-zero eigenvalues (μm) of Ã are the DMD modes, and the
corresponding eigenvector is χm. The oscillatory frequency of
the mode can be obtained from the complex eigenvalue by fm
= 1/(2πΔt)I(log(μm)) and the spatial mode shape Θm = Uχm. The
mode amplitude can be calculated by considering that the recon-
struction of the DMD should retrieve the original image sequence.
DMD modes are preferred to identify the particular spatial mode in
correspondence with a selected frequency.

B. Longitudinal Mie scattering images
Two important quantitative metrics are extracted from the lon-

gitudinal Mie scattering images—(a) the jet width growth rate (δy/x)
and (b) the potential core length (Lpc).

1. Jet width growth rate
The flow visualizations of both the elliptic and the 2L-ESTS

nozzles demarcate three regions (A, B, C) in the flow, which is
explained in Sec. IV. The jet width growth rate (δy/x) from the visual
jet thickness measurement68,72 is a clear indicator of the rate of mix-
ing in the jet.57,58 δy/x for each region can be extracted from the
longitudinal Mie scattering images. Each region is found to have a
different δy/x; particularly, regions B and C are significant due to
the interesting flow physics that affect δy/x. The process of extract-
ing δy/x from Mie scattering images is graphically represented in
Fig. 3. The intensity of the Mie scattering image is a function of the
amount of tracer particles, which in this case is present only in the
core jet flow. The spread of the tracer particles and, consequently,
the intensity are directly a manifestation of the jet column dynamics
and mixing. Region B of the minor axis visualization of the elliptic
jet is used as an example to illustrate the δy/x estimation method.
The envelope of the jet edges can be found by thresholding and
edge detection. Standard MATLAB functions for the same are used,
where Otsu’s algorithm is used for determining the threshold.73

The detected top and bottom edges of the jet are marked in
red on the thresholded binary image, showing that the algorithm
accurately captures the edge of the jet. The width of the jet at each

x location is the difference in the y coordinate of the top and bot-
tom edges. The variation of the non-dimensional jet width (δy/D)
with respect to the axial distance (x/D) is plotted. In the major-
ity of the cases, the jet grows linearly, and a linear fit will yield the
slope of the curve, which is the jet width growth rate (δy/x). In some
cases, for instance, the post-flapping region of the elliptic jet shows
a non-linear growth with maximum δy/x at the beginning of the
region. In such cases, the third order polynomial fit is found to well
approximate the data, and the maximum δy/x calculated from the
differential of the curve fit at the beginning of the region is reported.
In all the cases, the goodness of fit is found to be greater than 0.9,
which implies that the curve fit is appropriate. A set of 500 images
are used to determine the envelope of the jet precisely.

2. Length of the potential core
The potential core length of the jet is also a good indicator of the

mixing process within the jet. In general, a reduction of Lpc implies
better mixing. The potential core length can be evaluated from the
longitudinal Mie scattering images by considering the intensity fluc-
tuations along the centerline of the duct (y/D = 0). The fluctuations
of intensity decrease along the centerline of the jet as it mixes with
the ambient. The mixing layers contain the greater part of the fluc-
tuations farther from the origin of the jet. This is evident from the
standard deviation image, which is computed by considering a set
of 500 images and evaluating the standard deviation of each pixel,
as shown in Fig. 4(a). The centerline variation of the fluctuations is
plotted, and the location of the potential core length is found when
the plot first approaches a value of [I/Imax] = 0.1. In this case of
the elliptic jet, the potential core length is found to be [x/D] ≈ 7.5
± 5%, as shown in Fig. 4(b). Evidently, downstream of Lpc, the fluc-
tuation of intensity along the centerline is small, as inferred from the
standard deviation image.

C. Cross-sectional Mie scattering
Mie scattering images are taken across cross-sectional planes

located at [x/D] = 1, 3, 6, and 12 from the nozzle exit for both

FIG. 3. Sequence of steps followed in extracting the jet width growth rate (δy/x) from the longitudinal Mie scattering images (xy-plane). (a) Time-averaged Mie scattering
image. (b) Gray-threshold binary image and jet-edge detection (red-color). (c) Variation of δy/x along the jet axis x/D (red-dots represent δy/x and the cyan color filled region
marks the 90% confidence bound of the linear fit—solid black line).
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FIG. 4. Sequence of steps followed in extracting the potential core length Lpc from
longitudinal Mie scattering images. (a) First, the standard deviation image is con-
structed from a set of 500 images. (b) Then, the centerline (marked as horizontal
yellow-dotted line) plot of normalized fluctuations in intensity [I/Imax] is plotted,
from which Lpc can be extracted using a criterion. Vertical dotted lines mark the
identified Lpc for the elliptic jet imaged along the minor axis plane. The red solid line
marks the instantaneous intensity variations, and the black solid line represents the
trend.

the elliptic and the 2L-ESTS nozzles. The optical setup is cali-
brated before taking the images. Therefore, the information from
the images can be recovered correctly in the global coordinate sys-
tem. Image processing techniques are applied to extract information
on the area of spread, the centroid, and the orientation at every cross
section. This is carried out by first applying thresholding using the
standard MATLAB algorithm, which employs Otsu’s method for
deciding the threshold level. A typical example of a binarized instan-
taneous image of the elliptic nozzle at the streamwise location [x/D]
= 3 is presented in Fig. 5(a). The regionprops method in MATLAB73

yields the area (A), centroid, and orientation (θ○) of the cross sec-
tion. The area of the cross section is a direct indicator of the spread
of the jet. The fluctuations of the centroid (Δy/D) give a measure
of the fluctuations in the jet column. The orientation (θ○) is cal-
culated by fitting an ellipse to the area in the image, and the angle
of the major axis is taken as the orientation. The orientation yields
information on the rotation of the jet column. This is evident in

Fig. 5, which represents three instantaneous snapshots of the ellip-
tic nozzle at the streamwise location [x/D] = 12. In Fig. 5(b)-left,
the cross section is elliptical and the major axis coincides with the
z-axis (the orientation angle is 90○ with respect to the y-axis). In
Fig. 5(b)-middle, the cross section continues to be elliptical, but now
the major axis of the ellipse has rotated clockwise (the orientation
angle is about 71○ with respect to the y-axis). On the other hand,
in Fig. 5(b)-right, the shape can be seen lying more close to the y-
axis (the orientation angle is about 3○ with respect to the y-axis).
The variation of the centroid is also indicated in the images. The
statistics on each parameter are obtained by considering 500 images
in a set.

D. Uncertainty
The uncertainty in flow conditions due to the operation of

several mechanical components, including measurement uncer-
tainty, is less than ±4%. All imaging techniques are carefully cal-
ibrated to recover linear dimensions accurately.74 For algorithmic
uncertainty, all linear dimensions extracted from image process-
ing are within ±5% uncertainty, and consequently, the area has an
uncertainty of ±7%. The velocity computed from the PIV tech-
nique is within ±6% uncertainty. All experiments are conducted
at least three times for every condition, and the results are highly
repeatable.

IV. RESULTS AND DISCUSSIONS
The instantaneous schlieren images of the supersonic free jet

from the elliptic and the two-lobed ESTS nozzle are displayed in
Fig. 6 (Multimedia view). Three distinct regions of the jet column
of the elliptic jet are evident in the minor axis plane [Fig. 6(a)
(Multimedia view)]. The streamwise location within 0 ≤ [x/D]
≤ 2 is marked region A. Shock waves emanating from the noz-
zle exit impinge upon the jet mixing layer at about [x/D] = 2.
Immediately downstream of this interaction, the jet undergoes
a dramatic transformation, as pronounced flapping is observed
in the range 2 ≤ [x/D] ≤ 6, which is marked region B in
the figure. Upstream propagating strong acoustic waves are cap-
tured sharply in the schlieren image. Downstream of region B,
there is a sudden increase in the spreading rate of the jet in
region C. The corresponding major axis plane [Fig. 6(b) (Multi-
media view)] reveals a spreading jet column. The region within
2 ≤ [x/D] ≤ 6 where flapping is observed in the minor axis
view does not indicate any remarkable changes in the major
axis plane, indicating that the flapping is a two-dimensional fea-
ture in the x–y plane. The Mie scattering flow visualizations
are able to provide greater insights into this region, particu-
larly in the major axis plane since schlieren images are line-of-
sight integrated. Quantitative comparisons of the rate of mix-
ing in region A and region B are carried out using longitudinal
Mie scattering images and are discussed in detail in Sec. IV A.
The flapping mode is the most unstable mode for an elliptic jet
and has been reported extensively in previous studies. The fre-
quency of flapping is extracted from the time-resolved high-speed
schlieren images using the DMD technique and from the acous-
tic spectra obtained from a microphone placed in the near-field
of the jet.
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FIG. 5. (a) A typical gray-threshold binarized-image taken from the case of the elliptic nozzle at a streamwise location [x/D] = 3 from the nozzle exit. (b) Temporally uncorrelated,
instantaneous cross-sectional Mie scattering images of the elliptic nozzle at a streamwise location [x/D] = 12 from the nozzle exit. Three different orientations are shown. The
calculated orientation of the ellipse containing the maximum number of pixels containing white color from the binarized-image is superimposed and shown in a yellow dotted
line. The major and minor axis lengths are marked as dotted blue lines. The area of the ellipse is shaded with semi-transparent red color. The centroid is marked by a white
marker having a black outline.

The lobe tip plane [Fig. 6(c) (Multimedia view)] of the ESTS
lobed nozzle shows a marked reduction in the flapping of the jet col-
umn (in region B) in comparison with the elliptic jet. Significantly,
the lobe crest view [Fig. 6(d) (Multimedia view)] indicates that the
jet column undergoes a bifurcation from a streamwise location of
about [x/D] = 2, where two distinct supersonic jets can be observed
in the figure. This feature is distinguishable in Mie scattering images
and PIV velocity fields. A comparative analysis of the spreading rate
of the two jets is elaborated using Mie scattering images.

The DMD spectrum obtained from the analysis of a time
sequence of 1000 instantaneous snapshots of the schlieren images

for the elliptic and the 2L-ESTS nozzle is compared in Fig. 7(a).
Two dominant modes at 8.5 kHz and 17 kHz (aliased in the
spectrum at 2 kHz) are observed for the elliptic nozzle. The 2L-
ESTS nozzle contains only one dominant mode at 8.5 kHz. These
observations are corroborated with the FFT spectrum [plotted
in Fig. 7(b)] of the acoustic signals captured using the micro-
phone. The acoustic signals also show clear peaks at 8.5 kHz and
17 kHz for the elliptic nozzle, whereas only one peak at 8.5 kHz
is observed for the 2L-ESTS nozzle. Since the schlieren images
are captured using a 10 ns pulsed light source, which effectively
freezes the flow features onto the image, the spatial mode shapes are

FIG. 6. Instantaneous schlieren images
taken along the streamwise direction
showing the variations of density gra-
dients along the x-direction (∂ρ/∂x):
(a) minor axis view of the elliptic noz-
zle, (b) major axis view of the ellip-
tic nozzle, (c) lobe tip view of the 2L-
ESTS nozzle, and (d) lobe crest view
of the 2L-ESTS nozzle. Zones A, B,
C: regions with different δy/x. Flow fea-
tures: (1) upstream propagating strong
acoustic waves,15 (2) pronounced flap-
ping of the jet column, (3) suppressed
flapping of the jet column, and (4) bifur-
cation of the jet column. Multimedia view:
https://doi.org/10.1063/5.0015035.1
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FIG. 7. Frequency spectrum of the jet column dynamics observed for the elliptic
(solid blue line) and two-lobed ESTS (solid red line) nozzles: (a) DMD frequency–
amplitude (f − αΘ) spectrum obtained from the instantaneous schlieren images
and (b) noise spectrum (sound pressure level—SPL in dB) obtained from fast-
Fourier transform (FFT) analysis of the microphone signals.

recovered exactly even if the frequency is aliased due to sub-Nyquist
sampling.61

Two distinct mode shapes for Θ1(x/D, y/D) at f Θ = 8.5 kHz
and Θ2(x/D, y/D) at f Θ = 2 kHz (actual occurrence at 17 kHz) are
obtained for the jet from the elliptic nozzle, as presented in Figs. 8(a)
and 8(b), respectively. The spatial mode shape is a representation of
the normalized covariance. Region B of the jet column, where flap-
ping is observed in the elliptic jet, is significantly highlighted in the
mode shapes. Θ1(x/D, y/D) is an anti-symmetric mode across the x-
axis with alternating blue and red structures indicating the flapping
of the jet. Θ2(x/D, y/D) is a symmetric mode containing axial bands
of red and blue along the x-axis.

Symmetric and asymmetric modes are, in general, obtained
from the decomposition of velocimetry data, especially through
mapping of spatial modes from the components of the velocity-field

FIG. 8. Normalized DMD spatial mode shapes [Θ(x/D, y/D)]: (a) first dominant
dynamic spatial mode [Θ1(x/D, y/D)] corresponding to fΘ ≈ 8.5 kHz for the jet from
the elliptic nozzle along the minor axis view, (b) second dominant dynamic spatial
mode [Θ2(x/D, y/D)] corresponding to fΘ ≈ 2 kHz for the jet from the elliptic nozzle
along the minor axis view, and (c) first dominant dynamic spatial mode [Θ1(x/D,
y/D)] corresponding to fΘ ≈ 8.5 kHz for the jet from the two-lobed ESTS nozzle in
the lobe tip view.

as in the case of the jet in cross flow, wake of a circular cylinder or
the supersonic jet itself.60,75 For the simple experimental results from
imaging alone such as schlieren/shadowgraph61,70 or Mie scatter-
ing,76 the modes could be interpreted as symmetric and asymmetric
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based on the spatial structures that are produced and the physical
quantities being imaged. The interpretation is justified using com-
plementary measurements such as the unsteady pressure measure-
ments or microphone measurements, unlike the PIV modal analysis
that is direct. In the present experiments, we use microphone mea-
surements to supplement our claim as explained in the previous
paragraph.

The authors have previously reported simultaneous occurrence
of Θ1(x/D, y/D) and Θ2(x/D, y/D) with the frequency of Θ2(x/D,
y/D) being twice that of Θ1(x/D, y/D) in the flapping elliptic jet.61

The two modes are observed in several cases of the flapping elliptic
jet.41,43 The far-field acoustic modes are also captured in the mode
shapes with the wavelength in Θ1(x/D, y/D) longer than that in
Θ2(x/D, y/D) as expected. In comparison, a modified anti-symmetric
mode Θ1(x/D, y/D) at f Θ = 8.5 kHz is observed in the case of the

2L-ESTS nozzle. The symmetric mode is absent, and the jet column
flapping is also suppressed.

A. Longitudinal Mie scattering imaging
In Fig. 9, the instantaneous (left, I) and the corresponding mean

(right, II) longitudinal Mie scattering images of the minor axis and
major axis planes of the elliptic nozzle and the lobe tip and lobe
crest planes of the 2L-ESTS nozzle are presented. Only the jet core is
seeded, and the dynamics of the jet column and the spread of the jet
are sharply captured.

The minor axis plane of the elliptic nozzle exhibits the three
regions A → 0 ≤ [x/D] ≤ 2, B → 2 ≤ [x/D] ≤ 6, and C → [x/D] > 6,
distinctly in the Mie scattering images. The flapping phenomenon
in region B is also evident by the snaky jet column (along the x-axis)

FIG. 9. Planar laser Mie scattering
images: instantaneous (left, I) and
time-averaged (right, II) imaging along
the streamwise direction (xy-plane): (a)
minor axis plane of the elliptic nozzle,
(b) major axis plane of the elliptic nozzle,
(c) lobe tip plane of the 2L-ESTS nozzle,
and (d) lobe crest plane of the 2L-ESTS
nozzle.
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seen in the instantaneous image. The dramatic increase in the mix-
ing rate of the post-flapping region is visible in the corresponding
mean image, which is a more accurate representation of the envelope
of the jet. The instantaneous major axis plane image shows band-like
structures in the z direction in region B. The band-like structures are
present across the width of the jet. If the corresponding mean image
is viewed in region B, long dark streaks are observed at the loca-
tion [z/D] ≈ ±0.4 across the jet centerline from 4 ≤ [x/D] ≤ 7. These
streaks correspond to low velocity regions observed in the major axis
plane PIV velocity contours.

The most interesting flow physics found in the jet column of the
2L-ESTS nozzle is evident in the lobe crest view [Fig. 9(d)], where
the jet is found to bifurcate about the centerline. This process begins
by about [x/D] = 2, and a clear separation of the jet column is vis-
ible from [x/D] = 5. A greater amount of the ambient fluid is now
brought into the jet core due to this bifurcation process. In the cases
of the ESTS lobed nozzle discussed earlier,57,58 this effect was local
and was termed pinching of the jet. In this case of the 2L-ESTS noz-
zle, the effect is global wherein the jet column itself is split into two.
The lobes are generators of large-scale streamwise vortices, which
must have interacted with the intrinsic instabilities of the elliptic jet
column to have produced this bifurcation. This can also be inferred
from the fact that the bifurcation process occurs in region B, which
corresponds to the flapping region in the elliptic nozzle. Thereby,
the bifurcation process aids mixing in the lobe tip plane [Fig. 9(c)]
since it is able to bring about a closer interaction of the jet core fluid
with the ambient fluid, which would otherwise not have occurred in
a non-bifurcated jet. Quantitative inferences on the rate of mixing
are compared using the jet width growth rate and the length of the
potential core.

The highly fluctuating components of the images get smeared,
and relatively steady features get highlighted in the mean image. The
rate of growth of the jet envelope gets registered in the mean image.
Changes in the rate of growth of the jet width are readily visible in
the minor axis plane of the elliptic jet and the lobe tip plane of the
2L-ESTS nozzle. Shock structures are clearly seen in all the images.
The lobe crest plane of the 2L-ESTS nozzle shows a single jet with
an associated shock structure at the exit of the nozzle, which then
proceeds to bifurcate into two jets. The shock cells in the two jets
are visible for a distance of [x/D] = 6. Initially, in region A, oblique
shocks are observed in shocks in both the elliptic nozzle and the
2L-ESTS nozzle. Consequently, the jet column undergoes a reduc-
tion in the cross-sectional area due to the compressive effects of the
shocks. The flapping phenomenon and the bifurcation phenomenon
and their effects are dominant in region B and region C. Therefore,
the jet width growth rate δy/x is compared in these regions. The jet
width growth rate is highest in the minor axis plane (lobe tip plane);
hence, only the minor axis plane is considered. The value of δy/x
is tabulated in Table III. The bifurcation process begins early for
the 2L-ESTS nozzle enabling a closer mixing between the ambient
and the core flow; therefore, δy/x of the 2L-ESTS nozzle in region
B (0.32) is about 1.8 times higher than the corresponding rate for
the elliptic nozzle (0.18). The flapping phenomenon brings about a
dramatic increase in the mixing rate for the elliptic nozzle. The post-
flapping mixing rate is three times higher for region C (0.55) when
compared to region B for the elliptic nozzle. In comparison, the
gains for the 2L-ESTS nozzle in region C (0.36) when compared to
region B are modest. The bifurcation process is the most dominant

TABLE III. A comparison of the jet width growth rate (δy/x) in regions B and C and
a comparison of the potential core length [Lpc/D] for the elliptic and the 2L-ESTS
nozzle.

Nozzle [δy/x] in region B [δy/x] in region C [Lpc/D]

Elliptic 0.18 0.55 7.9
2L-ESTS 0.32 0.36 4.8

phenomenon for the 2L-ESTS nozzle, and it occurs much upstream
in comparison with the flapping process for the elliptic nozzle. Thus,
the mixing rate enhancement occurs well upstream for the 2L-ESTS
nozzle. The trend in the potential core length Lpc as tabulated in
Table III also supports these inferences. Lpc of the 2L-ESTS noz-
zle (4.8D) is shorter by 40% in comparison with that of the elliptic
nozzle (7.9D). Lpc for the 2L-ESTS nozzle lies downstream of the
jet bifurcation, while for the elliptic nozzle, it is downstream of the
flapping region.

B. Cross-sectional Mie scattering
Figure 10 compares the instantaneous cross-sectional Mie scat-

tering images at four different cross sections downstream of the
nozzle exit for the elliptic and the 2L-ESTS nozzle. The cross sec-
tions have been chosen such that planes in all the three regions
A, B, and C seen in the longitudinal images are represented. Plane
[x/D] = 1 belongs to region A, planes [x/D] = 3 and [x/D] = 6
belong to region B, and plane [x/D] = 12 belongs to region C. From
the extent of the image as represented by the z-axis and y-axis, the
spread of the jet is evident in both the sequences of the image. The
mean area occupied by the cross section is tabulated in Table IV.
The computed cross-sectional area (A) is non-dimensionalized by
the exit area (Ae) of the nozzles. At [x/D] = 1, the cross-sectional
shape of the exit of the nozzle is maintained. The area calculated
from the images is the same for both the nozzles. Moving down-
stream, the area occupied by each cross section increases due to
the spread of the jet. The differences in the cross-sectional area at
different cross sections are 11%, 9%, and 7% at [x/D] = 3, 6, and
12, respectively. Considering that the uncertainty is 7%, these dif-
ferences are small, implying that eventually, both the jets evolve to
produce more or less the same jet spread. There are local differences
in the evolution of the jets, as is evident from the longitudinal images
and the jet growth rate parameter, but the overall effect remains
the same. The cross-sectional shape of the jet at [x/D] = 6 of the
elliptic nozzle is a distinct snaky “S” shape, which leaves its foot-
prints on the major axis plane PIV velocity contours (Sec. IV C).
Similarly, in the 2L-ESTS nozzle, two distinct bright regions can be
observed at [x/D] = 6 corresponding to the bifurcated jet. Impor-
tant information on the flow physics of the jet column is obtained by
examining the fluctuations of the centroid and the orientation of the
cross section.

The fluctuations of the centroid (Δy/D) about the y-axis are
significant, particularly for the elliptic nozzle, which exhibits the
flapping phenomena. Figure 11 compares the fluctuations at the
four different streamwise locations for the elliptic and the 2L-ESTS
nozzles. A sequence of 500 images is considered, which corre-
sponds to a duration of 0.6 s within the test time. At every cross
section, the amplitude, as well as the rapidity of the fluctuation,
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FIG. 10. A comparison of instantaneous cross-sectional planar laser Mie scattering images from the (a) elliptic and (b) 2L-ESTS nozzles along the spanwise direction
(yz-plane). The cross sections are located at [x/D] = 1, 3, 6, and 12 from the nozzle exit.

is more severe for the elliptic nozzle compared to the 2L-ESTS
nozzle.

The histograms of the cross-sectional orientations (θ○) for
every streamwise location are constructed using 500 samples in a
set for both the nozzles. The cross section of both the nozzles is
approximately elliptical, and the orientation refers to the angle the
major axis makes with the y-axis. Orientation is important because
the elliptical jets are prone to rotation and axis-switching. From the
histogram plots, it is evident that at [x/D] = 1 and [x/D] = 3, the
cross section of both the jets is aligned to the z-axis (the orientation

TABLE IV. A comparison of the non-dimensional cross-sectional area for the elliptic
and the 2L-ESTS nozzle at locations 1D, 3D, 6D, and 12D from the nozzle exit.

Nozzle [A/Ae]x/D=1 [A/Ae]x/D=3 [A/Ae]x/D=6 [A/Ae]x/D=12

Elliptic 0.99 2.38 5.73 16.97
2L-ESTS 0.99 2.11 5.22 18.14

is 90○). At [x/D] = 6, the elliptic jet shows a tendency of rotation as
a few of the samples lie within the band of 70○–80○. This observa-
tion could arise due to the snaky “S” shape, which flip-flops about
the z-axis. The region within 2 ≤ [x/D] ≤ 6 of the elliptic jet lies
in region B where the jet column is flapping. Evidently, during the
flapping motion, there is no change in the orientation of the jet col-
umn, indicating that the flapping is largely a motion about the y-axis.
Post-flapping, there is a significant increase in the changes in the ori-
entation of the elliptic jet column (see the figure at [x/D] = 12). On
the other hand, for the 2L-ESTS nozzle, the variation of the orien-
tation is small in comparison with that for the elliptic nozzle. The
bifurcation of the 2L-ESTS nozzle results in a suppression of both
the flapping and the change in the orientation.

C. Particle image velocimetry
The contours of the time-averaged streamwise velocity u for

two different planes having a total extent of [x/D] = 8 for the ellip-
tic and the 2L-ESTS nozzle are presented in Fig. 12. For each plane,
the extent of [x/D] = 8 is covered in two stretches of 0 ≤ [x/D] ≤ 4
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FIG. 11. A comparison of temporal fluctuations (t/s) in the centroid location (Δy) about the y-axis at the four locations [(a) and (e)] [x/D] = 1, [(b) and (f)] [x/D] = 3, [(c) and (g)]
[x/D] = 6, and [(d) and (h)] [x/D] = 12 for the elliptic [(a)–(d)] and the 2L-ESTS [(e)–(h)] nozzles.

FIG. 12. A comparison of the normalized time-averaged streamwise velocity [u/aj] for an extent of [x/D] = 8 from the nozzle exit of the elliptic (a) minor axis plane, (b) major
axis plane and the 2L-ESTS (c) lobe tip plane, (d) lobe crest plane.

and 4 ≤ [x/D] ≤ 8, respectively. The overlap between the two win-
dows is about 5%. The contours begin about [x/D] = 0.5 downstream
of the nozzle exit. The laser sheet is not incident on the nozzle exit
to avoid parasitic reflections. Hence, the velocity is evaluated just
downstream of the nozzle exit. Only the core jet flow is seeded, so the
velocity within the jet and the mixing layers at the periphery of the jet
is captured. The velocity of the ambient flow due to entrainment is
not captured in this set of experiments. The jet column in the minor
axis [Fig. 12(a)] and the lobe tip [Fig. 12(c)] planes undergoes a
reduction of cross section due to the presence of shock waves. Alter-
nating reduction and increase in velocity due to alternating shock
and expansion waves are evident in the contours. From the minor
axis plane of the elliptic jet, the sudden increase in the thickness of
the mixing layers is apparent after [x/D] = 6, which is the begin-
ning of region C (post-flapping region); however, the core of the jet
continues to have a significant velocity of the order of 400 m/s. On
the other hand, the velocity in the core of the jet drops to less than

300 m/s after [x/D] = 4.5 for the 2L-ESTS nozzle. The change in the
mixing layer growth is also apparent from [x/D] = 5.5 onward for
the 2L-ESTS nozzle.

The major axis plane [elliptic nozzle, Fig. 12(b)] and the lobe
crest plane [2L-ESTS nozzle, Fig. 12(d)] show alternate bands of
low and high velocity across the width of the jet (z-axis) until about
[x/D] = 2.

The elliptic jet contains long alternate streaks (extending along
the streamwise direction, x-axis) of high velocity at the periphery
and the center and low velocity in between, in the region within
5 ≤ [x/D] ≤ 7 where the flapping of the jet is at its peak. The
cross-sectional Mie scattering image at [x/D] = 6 (Fig. 10) shows
that the shape of the jet cross section has a snaky “S” character,
which flip-flops about the z-axis. The flip-flop could be attained
by a coupling of oscillations about the y-axis due to flapping and
a small degree of rotation about the z-axis, which is indicated
in the orientation histogram of the [x/D] = 6 cross section. The
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FIG. 13. Schematic illustration of the flip-flop motions observed in the cross section at [x/D] = 6 of the elliptic jet. The resulting time-averaged planar Mie scattering image
shows a “+” shaped envelope, and the streamwise velocity profile (u) from PIV shows a trident shape with a hump and a valley on either side of the central peak. The pale-

pink filled region marks the extrema of the streamwise deviations in velocity fluctuations,
√

u′2 about the time-averaged streamwise velocity, u (solid green color markers).
Multimedia view: https://doi.org/10.1063/5.0015035.2

mean cross-sectional Mie scattering image shows a “+” shape in the
envelope indicating this flip-flop motion. The schematic of these
motions and the mean Mie scattering images is shown in Fig. 13
(Multimedia view).

Hussain and Husain37 have described the mean jet velocity pro-
file (u) for a bifurcated vortex ring structure consisting of two vortex
rings lying on either end of the major axis connected by thread vor-
tices. The jet velocity profile described by them shows the same

FIG. 14. A comparison of the normalized first ten dominant energetic spatial modes [Φ1−10(y/D, z/D)] from the POD analysis showing the flip-flop events observed in the
elliptic jet at [x/D] = 6 from the instantaneous planar Mie scattering images along the spanwise direction (yz-plane).
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FIG. 15. A comparison of histograms of cross-sectional orientations about the y-axis at the four locations [(a) and (e)] [x/D] = 1, [(b) and (f)] [x/D] = 3, [(c) and (g)] [x/D] = 6,
and [(d) and (h)] [x/D] = 12 for the elliptic [(a)–(d)] and the 2L-ESTS [(e)–(h)] nozzles.

alternating high velocity–low velocity–high velocity nature mov-
ing from the periphery to the center of the jet. The velocity pro-
file obtained from PIV measurements at [x/D] = 6 is plotted in
Fig. 13 (Multimedia view), which has a trident shape having a hump
and a valley on either side of the central peak. This indicates that
this region where the velocity field has a streaky nature is domi-
nated by such two ring vortices coupled by the thread vortex fea-
ture, implying a bifurcation. The snaky “S” shape of the [x/D] = 6
cross section can be a manifestation of this flow feature. The POD
modes [Φ(x/D, y/D)] obtained from the cross-sectional Mie scatter-
ing images shown in Fig. 14 indicate oscillations about the y-axis
[Φ1,2,4(x/D, y/D)], flip-flop motion having an “S” shape [Φ3,5,8,9(x/D,
y/D)], and bifurcation [Φ6,7,10(x/D, y/D)]. Supportive evidence is
also found in the mean longitudinal Mie scattering image, where
alternate streaks of high and low intensity are observed indicative of
the bifurcation process. This result reinforces earlier observations of
Mitchell et al.42 wherein bifurcation was observed in an unexcited
supersonic elliptic jet at a lower aspect ratio of 2 (in comparison
with the minimum limit of 3.5 set by Ref. 35). Here, bifurcation is
observed at an aspect ratio further lower at 1.65. The bifurcated vor-
tex ring structure is three-dimensional with the ring vortices lying in
the yz plane and the thread vortices lying in the xz plane, which can-
not be well-captured by the planar investigations carried out here.
The bifurcation observed in the elliptic jet is different from the one
observed in the 2L-ESTS nozzle. The elliptic jet continues to show
higher rotation in region C (refer to the histogram of orientation,
Fig. 15 at [x/D] = 12) in comparison with the 2L-ESTS nozzle. More
studies, preferably using the tomo-PIV technique, are required to
resolve the dynamics of this region.

On the other hand, for the 2L-ESTS nozzle, a “<” shaped pinch
of the velocity contour about the centerline is evident at [x/D] = 2. At
[x/D] = 3, two cells of high velocity appear with a significant trough
of velocity at the centerline. This feature continues to enlarge, and
by [x/D] = 3.5, two distinct high-speed streams separated by low
velocity in the middle are visible. By [x/D] = 5, two jets with their
shock cells (about four shock cells are visible from 3 ≤ [x/D] ≤ 8)
can be unmistakably identified. The velocity contours clearly show
that the single supersonic jet at the exit splits into two through the
bifurcation process by [x/D] = 5.

The variation of the centerline velocity is indicative of the mix-
ing process in the jet. Figure 16 plots the mean centerline streamwise
velocity u non-dimensionalized by the local acoustic speed (aj) for all
the data represented in Fig. 12. The value of aj is calculated assuming
that the flow process along the centerline has a constant stagnation
enthalpy, which is a reasonable assumption. The centerline velocity
extracted from the minor axis plane (similarly, the lobe tip plane)
and the major axis plane (similarly, lobe crest plane) agrees well
with each other, indicating the consistency and accuracy of the PIV

FIG. 16. Normalized time-averaged streamwise velocity along the centerline (y/D
= 0) extracted from the PIV data represented in Fig. 12. The filled region in the
semi-transparent color (blue: elliptic nozzle, red: two-lobed ESTS nozzle) marks

the extrema of the streamwise deviations in velocity fluctuations,
√

u′2 about the
time-averaged streamwise velocity, u (solid and dashed lines). The dotted lines
at [u/aj] = 1 represent the sonic condition, and the dotted lines at [u/aj] = 2
represent the designed operation condition.
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results. The plot shows that the subsonic velocity is achieved in the
2L-ESTS nozzle by [x/D] = 4, but the centerline velocity remains
supersonic even until [x/D] = 8 for the elliptic nozzle. The center-
line velocity plots give credibility to the results on the potential core
length Lpc discussed in Sec. IV A, where Lpc for the 2L-ESTS nozzle
was 4.5D.

D. Discussions
Both the elliptic nozzle and the 2L-ESTS nozzle have enhanced

mixing rates. However, the mechanisms driving the enhanced mix-
ing are different, which have been brought out through this study
using multiple optical diagnostic tools.

The phenomenon of the jet column flapping is the most dom-
inant feature of the elliptic jet. The flapping of the jet gives rise to
relatively stronger acoustic waves. The DMD analysis of the time-
resolved high-speed schlieren images shows two modes, an anti-
symmetric mode at f Θ = 8.5 kHz and a symmetric mode at f Θ
= 17 kHz, which characterize the flapping of the jet, and these results
are corroborated by the acoustic spectrum obtained from the micro-
phone signals. The flapping occurs in region B of the jet from about
2 ≤ [x/D] ≤ 6 along the streamwise direction. The mixing rate is
lower (about half) in comparison with that in the 2L-ESTS nozzle
in region B. There is a dramatic increase (three times higher) in the
mixing rate immediately after region B for the elliptic nozzle. From
the analysis of the longitudinal and cross-sectional visualizations of
the jet column, the flapping is found to produce an up and down
motion of the jet column in the y-axis without changing the orien-
tation of the jet column. However, during flapping, the jet column
shows a snaky “S” shaped character along the spanwise direction,
which is registered in the cross-sectional Mie scattering images at
[x/D] = 6. The major axis plane of the PIV results shows stream-
wise high-speed and low-speed regions as the plane cuts through this
snaky “S” shape structure. Evidence strongly points toward a bifur-
cation of the vortex ring into two ring vortices connected by thread
vortices. In region C, the histogram of the orientation of the jet col-
umn cross section at [x/D] = 12 shows increased rotation of the jet
column. The mean centerline velocity reduction is much slower than
that for the 2L-ESTS nozzle since the core of the jet does not inter-
act with the ambient fluid. Consequently, the potential core length is
also longer at 7.9D.

The 2L-ESTS nozzle has one sharp-tipped lobe placed at each
of the opposite ends of the minor axis. The lobes produce concen-
trated streamwise vortices that interact with the inherent instabilities
of the elliptic jet. The consequence is a bifurcation of the supersonic
jet into two jets, which begins by about [x/D] = 2, and a clear sep-
aration is observed from [x/D] = 5. The lobe crest plane velocity
contours clearly demarcate the beginning of the bifurcation process
at [x/D] = 2. Thus, bifurcation of the jet is the most dominant feature
of the 2L-ESTS nozzle. This development also causes a suppression
of the flapping mode. The DMD modes and the acoustic spectrum
show only one prominent peak at f Θ = 8.5 kHz corresponding to
an anti-symmetric mode. As a consequence of the bifurcation, the
ambient fluid is brought into close contact with the core of the
jet. Hence, the 2L-ESTS nozzle shows larger mixing rates in the
vicinity of the jet exit itself, i.e., region B. Furthermore, the poten-
tial core length is 4.5D, and the mean centerline velocity reduction
is rapid. When considering the overall spread of the jet from the

area of cross-sectional Mie scattering images, both the jets behave
similarly.

The 2L-ESTS nozzle is an attractive option to enhance mixing
rapidly near the exit of the jet without having large acoustic loads
associated with the flapping phenomena of the elliptic jet.

V. CONCLUSIONS
We have experimentally studied the flow evolution from an

elliptic nozzle and a nozzle that contains one sharp-tipped lobe on
either end of the minor axis of the ellipse (two-lobed ESTS nozzle)
using multiple optical diagnostic techniques—schlieren, Mie scat-
tering, and PIV. The resulting dataset is analyzed using data driven
tools such as DMD and image processing techniques. The experi-
ments are carried out using a nozzle of design Mach number 2.0 at
a nozzle pressure ratio of 7.82. The flow evolution from the nozzle
is constructed from longitudinal and cross-sectional flow visualiza-
tions and planar PIV velocity contours. Derived metrics such as the
jet width growth rate, potential core length, area of spread, fluctua-
tions of the centroid, and orientation of the jet column cross section
are used to comment on the dynamics and mixing of the jet column.
Significant conclusions are as follows:

● From the modal analysis of the schlieren images and from
the microphone measurements, the flapping elliptic jet col-
umn is shown to be producing strong acoustic waves and
results in significant enhancement of mixing downstream
of the flapping region. Two dominant modes, an anti-
symmetric mode at f Θ = 8.5 kHz and a symmetric mode at
f Θ = 17 kHz, are identified.

● From the planar and cross-sectional Mie scattering and
streamwise PIV experiments, flapping is shown to be an up
and down sinuous motion of the jet column without change
in the orientation. However, the jet cross section from Mie
scattering is seen to develop a snaky “S” shape character,
which corresponds to a bifurcation leaving its signature in
the streamwise PIV velocity contours as well.

● The introduction of lobes to the elliptic geometry in the 2L-
ESTS nozzle results in a suppression of flapping and an evi-
dent bifurcation of the jet column. As a result, only one dom-
inant mode at f Θ = 8.5 kHz is manifested. The bifurcation
process begins at [x/D] = 2 and is completed by [x/D] = 5
and can be clearly distinguished in streamwise flow visual-
izations from both schlieren and Mie scattering, as well as
from the PIV velocity contours.

● Closer contact of the ambient fluid with the jet core due
to bifurcation in the jet column results in greater mixing
enhancement rates in the near-field of the 2L-ESTS noz-
zle jet. The jet width growth rate—a quantity to indicate
the mixing rate obtained from the Mie scattering images—
is indeed found to be about twice in the 2L-ESTS nozzle in
comparison with the elliptic nozzle in the near-field of the
jet.

● Another indicator of the jet spread and mixing characteris-
tics is the potential core length, which is identified through
the analysis of Mie scattering images. The jet’s potential core
length is also observed to be shorter by 40% in the 2L-ESTS
nozzle in comparison with the elliptic nozzle.
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● Quantitative tools such as the streamwise PIV measure-
ments corroborate the existing findings through the obser-
vation of centerline velocity decay, which is rapid for the jet
from the 2L-ESTS nozzle than the elliptical nozzle.
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