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Abstract: We show Zeeman-like splitting in the energy of spinors propagating in a background
gravitational field, analogous to the spinors in an electromagnetic field, otherwise termed the
Gravitational Zeeman Effect. These spinors are also found to acquire a geometric phase, in a
similar way as they do in the presence of magnetic fields. However, in a gravitational background,
the Aharonov-Bohm type effect, in addition to Berry-like phase, arises. Based on this result,
we investigate geometric phases acquired by neutrinos propagating in a strong gravitational
field. We also explore entanglement of neutrino states due to gravity, which could induce
neutrino-antineutrino oscillation in the first place. We show that entangled states also acquire
geometric phases which are determined by the relative strength between gravitational field and
neutrino masses.

Keywords: geometric, dynamic or topological phases; relativity and gravitation; neutrino mass and
mixing; non-standard-model neutrinos, right-handed neutrinos, etc.; neutrino interactions

1. Introduction

It is well known that if the time dependence in the Hamiltonian arises through certain parameters,
namely adiabatic parameters, then the system develops a non-dynamic phase, called the Berry phase [1].
Spinors propagating in the magnetic fields are known to acquire such a Berry phase. Interestingly,
a neutrino propagating through a medium also develops such a system, while the varying matter
density corresponds to the adiabatic parameter. Importantly, although originally Berry phase was
found in the context of adiabatic, unitary and cyclic evolutions of time-dependent quantum systems,
later it was re-established for non-adiabatic, non-unitary and non-cyclic cases with its generalized
definition [2–4].

Several authors have studied the geometric phases in neutrino oscillations. Although it was
argued in an earlier work that the Berry phase plays no role in two-flavor neutrino oscillations in
matter [5], the work was restricted to a limited region in the parameter space. However, it was shown
by exploiting the spin degree of freedom that the interaction of neutrinos with the transverse magnetic
field can lead to a geometric effect [6–9]. Later on, it was argued [10] that the Berry phase can only
appear in the presence of non-standard (e.g., R-parity violating supersymmetry) neutrino-matter
interactions for the particular case of two-flavor oscillations in matter. Essentially, all of the above
papers argued that geometric phases do not arise in the two-flavor neutrino oscillation probabilities
with CP conservation in vacuum or in matter, in the absence of any non-standard neutrino-matter
interactions. It was, however, furthermore argued [11] that even in the absence of CP violation,
neutrinos in two-flavor oscillation in vacuum in a period can acquire an overall phase consisting of a
dynamical phase and a phase depended on mixing angle only. The second part of the phase, which is

Universe 2020, 6, 160; doi:10.3390/universe6100160 www.mdpi.com/journal/universe

http://www.mdpi.com/journal/universe
http://www.mdpi.com
https://orcid.org/0000-0002-3020-9513
http://www.mdpi.com/2218-1997/6/10/160?type=check_update&version=1
http://dx.doi.org/10.3390/universe6100160
http://www.mdpi.com/journal/universe


Universe 2020, 6, 160 2 of 19

of geometric origin, was called Berry phase. Note that this phase does not arise due to slowly varying
parameters leading to adiabatic evolution, rather due to Schrödinger evolution of the system giving
a closed loop in the Hilbert space. As the phase is a global phase at the amplitude level, it does not
appear in measurable quantities like probabilities of appearance or survival of neutrinos. These cyclic
geometric phases were furthermore extended by the later authors [12] to obtain non-cyclic phases for
two- and three-flavor neutrinos in vacuum, which remain unobservable because of the same reason as
before. Also, the geometric phases for neutrinos propagating in varying magnetic fields have been
reported [13].

It is interesting to note that [14] the Berry phase has a connection to the phase discovered by
Pancharatnam [15]. In fact, both of the phases can be described under the same platform [3]. Unlike the
Berry phases obtained in the above work, it has however been established [16] that Pancharatnam
phase can appear in detection probabilities and hence can be observed directly even in an effective
two-flavor approximation. There are many other explorations over the years in various contexts of
geometric phase and entanglement in neutrinos, including those with CPT violation and fluctuating
matter, non-linear refraction, magnetic field, dissipative matter, etc. [17–24].

However, none of the works above considered the effects of gravity in the calculations,
except one [24] which considered Newtonian self-gravitational interaction; whether the interaction
of spinors and then neutrinos with gravitational field causes any effect or not. This issue particularly
arises due to the fact that neutrinos interacting with background gravity may not preserve CPT [25,26],
which may be shown as a natural candidate for governing the Berry phase, even in the evolution of
neutrinos due to the split of dispersion energy between neutrino and antineutrino. Indeed, within
the pure standard model of particle physics, the neutrino oscillations cannot be understood and
hence relaxing the CPT conservation through gravitational interaction is one of the natural steps
forward to beyond standard model. While the Berry phase arises in the presence of non-standard
matter-neutrino interactions, neutrino spin and magnetic field interactions, it is a natural question if
the coupling between spin of neutrino and in general spinor and spin connection to the background
gravity generates any geometric effect.

Two-flavor neutrino oscillation in the background gravity has been discussed in various
astrophysical contexts. One of the current authors explored possible Lorentz and CPT violations
in the neutrino sector in the presence of background gravity and its astrophysical consequences [25–29].
Earlier, the analogy of solar neutrino oscillations with the precession of electron spin in a
time-dependent magnetic field was discussed [30]. Then based on the evolution of a statistical ensemble,
oscillations for neutrinos from supernovae or in the early universe in the presence of mixing and matter
interactions in a thermal environment were shown to be viewed in terms of precession [31]. It was
also observed [32] that spin flavor resonant transitions of neutrinos emanating from active galactic
nuclei may occur in the vicinity of black holes due to gravitational effects and due to the presence
of a large magnetic field. Interestingly, the matter effects therein become negligible in comparison to
gravitational effects.

In the present paper, we start by recapitulating the origin of Berry phase in spinors in the presence
of external magnetic fields in Section 2. Then we show the analogous effects in the presence of
background gravitational fields, namely gravitational geometric phase in spinors in the same section.
The subsequent plan is to apply this result in the neutrino sector. To do so, we first recapitulate the basic
solutions of previous work discussing neutrino oscillations in curved spacetime [25,26] in Section 3,
which are used in subsequent sections. Based on these neutrino states evolving in the gravitational
background, we explore any geometric (as well as dynamic) effect/phase arising due to gravity in
Section 4. Subsequently, our aim is to explore the possible entanglement of neutrino states coupled
with background gravitational field and to compute the geometric phase arising in their evolution
in Section 5. Finally, we discuss how the geometric phases actually vary with gravitational field in
Section 6 and summarize results in Section 7.
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2. Geometric Phases in the Presence of Electromagnetic and Gravitational Fields

2.1. In Electromagnetic Field

The Dirac equation, describing dynamics of spinors, in the presence of electromagnetic field
and the underlying dispersion energy, Zeeman splitting and geometric/Berry phase are well-known.
However, for the ease of understanding their similarities and also dissimilarities with those in the
gravitational field, which is the main target here, we first recall the Dirac equation in the presence of
electromagnetic field given by

[
iγµ

(
∂µ − ieAµ

)
−m

]
ψ = 0, (1)

where the various components of γµ, where µ = 0, 1, 2, 3, are Dirac matrices with their usual
meaning, e is the electric charge, m is the mass of the spinor and Aµ is the electromagnetic
covariant 4-vector potential. Here, we choose units c = h̄ = 1. For the non-trivial solution for
ψ, the energies/Hamiltonians of the spin-up and spin-down particles are given by

(H + eA0)
2 = ( p̂− e~A)2 + m2 + e~σ · ~B, (2)

where A0 is the temporal component of Aµ which is basically the Coulomb potential, p̂ is the quantum
mechanical momentum operator −i∇, and ~σ is the Pauli spin matrix. In the non-relativistic limit,
where m2 is much larger than the rest of the terms in the R.H.S. of Equation (2), it reduces to

H = −eA0 ±
[
( p̂− e~A)2

2m
+ m +

e~σ · ~B
2m

]
. (3)

Apart from the split due to the positive and negative energy solutions, clearly there is an additional
split in the respective energy levels. This is basically Zeeman-splitting governed by the term with
Pauli’s spin matrix, in the up and down spinors for the positive and negative energy spinors induced
by magnetic fields, whether we choose relativistic or non-relativistic regimes. The same governing term
involved with~σ is also responsible for the Berry phase if ~B is varying. For convenience, ~B is generally
considered in the parameter space and is decomposed as ~B = |~B|

(
r̂ sin θ̃ cos φ̃ + ˆ̃θ sin θ̃ sin φ̃ + ˆ̃φ cos θ̃

)
.

Hence, the Berry phase at a fixed r is given by

Φg = i
∮
〈ψ|∇|ψ〉.d~R =

φ̃

2
(1− cos θ̃), (4)

where ~R ≡ (r, θ̃, φ̃), the coordinate vector of the underlying Poincaré sphere. When ~R is constant,
Φg = 0.

Figure 1 represents the energy splitting given by Equation (3). While the primary splitting
corresponds to positive and negative energy solutions, the secondary splitting corresponds to the
interaction between the spin and magnetic fields.

Recapitulation of all of the above results will be useful to explore and understand the consequences
of the dynamics of spinors in the gravitational field. As we will show below, although there are certain
similarities between the effects of electromagnetic and gravitational fields to the spinors, there are
some unique consequences in the latter.
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+
(

(~p−e ~A)2

2m +m
)
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Figure 1. Zeeman-splitting in the electromagnetic case.

2.2. In Gravitational Field

Dirac equation in the presence of background gravitational fields has already been shown to have
many consequences (see, e.g., the work by one of the present authors [25,26,28,33,34]) and is known to
have the form (see, e.g., [26,34–36])

[
iγµ∂µ −m + γ5γµBg

µ

]
ψ = 0, (5)

where Bg
µ is the gravitational covariant 4-vector potential (gravitational coupling with the spinor),

given by

Bg
µ = ed

µBg
d = εabc

d ebλ

(
∂aeλ

c + Γλ
γµeγ

c eµ
a

)
, (6)

where eλ
c -s and Γλ

γµ are various components of vierbeins and Christoffel connection with Greek and
Latin indices respectively indicating curved and local flat coordinates, εabcd is the 4-dimensional
Levi-Civita symbol and γ5 = γ5 = iγ0γ1γ2γ3 as usual. Here we do not repeat the calculation
to obtain the reduced form of the Dirac equation given by Equation (5), which is available in the
existing literature, see, e.g., [28,29,37] for details. The form of Equation (5) is easy to understand
in local inertial coordinates, where the Dirac γ−matrices and their relations are straight forward.
However, it is not difficult to explore Dirac equation in general curvilinear coordinates (see, e.g., [38]).
Nevertheless, in our first exploration of the geometric phase of spinors and neutrinos in gravitational
background, for the convenience of developing the idea, we stick to the local inertial coordinates.
This helps to compare results easily with geometric/Berry phase arising in the presence of magnetic
field without losing any important physics. In the future, we will report geometric/Berry phase
in gravitational field in global coordinates. Considering the problem in local coordinates, in brief,
while expanding various terms of the Dirac Lagrangian (and equation) in curved spacetime, one obtains
a Hermitian-like and anti-Hermitian-like parts, apart from the part already there in Minkowski
spacetime. Hence, considering total Lagrangian consisting of that of particle and anti-particle
(and corresponding equation), the anti-Hermitian part drops out and one obtains Equation (5) given
above (see [37] for details). It can also be seen as the choice of an appropriate basis system [39],
particularly clearer when we explore it in global non-inertial coordinates. Nevertheless, the appearance
of the anti-Hermitian-like part (which need not always be anti-Hermitian, depending on the
underlying spacetime) is independent of the Hermitian-like term [33] that alone could lead to the



Universe 2020, 6, 160 5 of 19

axial-vector term given by Equation (5), which is the basic building block of the following discussion.
Hence, for simplicity, here we do not consider the apparent anti-Hermitian term.

Now, like the case of electromagnetic fields, for the non-trivial solution of ψ in the spacetime
not explicitly dependent on time (except the case where time dependence arises only via scale factor,
like in an expanding universe, and the exploration is in a particular epoch or the interest is in the
local-inertial coordinates), in the local coordinates, the energies/Hamiltonians of the spin-up and
spin-down particles from Equation (5) are given by

(H −~σ · ~Bg)2 = p̂2 + Bg
0

2
+ m2 + ( p̂ · ~Bg) +~σ ·

[
( p̂Bg

0 ) + 2Bg
0 p̂ + (∇× ~Bg)− 2~Bg ×∇

]
, (7)

where Bg
0 is the temporal component of Bg

µ and p̂ = −i∇. In the regime of weak gravity and when m2

is much larger than the rest of the terms in the R.H.S. of Equation (7), it reduces to

H =~σ · ~Bg ±
[

p̂2 + Bg
0

2
+ ( p̂ · ~Bg)

2m
+ m +~σ ·

{
( p̂Bg

0 ) + (∇× ~Bg)

2m
+

Bg
0 p̂− ~Bg ×∇

m

}]
. (8)

Equation (8) brings in a new effect due to the presence of an axial-vector term in the Dirac
equation in the gravitational background as opposed to the case with electromagnetic effects involved
with a vector term shown by Equation (3). The new effect induced by the axial-vector involves the
spin–momentum coupling of the particle, apart from spin–gravity coupling, and other related terms,
provided the background gravitational potential is non-zero. As in general gravitational potential is
not constant (even if locally gravitational field is constant), the eigenfunction of Equation (8) cannot be
plane-wave typed. However, if Bg

µ is slowly varying and time-independent, then the solution can be of
the form

ψ = f (~x,~p)exp[i~p ·~x], (9)

where f (~x,~p) is a slowly varying function. This leads the Hamiltonian to the form

H =~σ · ~Bg ±


~p2 − ∇2 f (~x,~p)

f (~x,~p) −
2i(∇ f (~x,~p))·~p

f (~x,~p) + Bg
0

2 − i(∇ · ~Bg)

2m
+ m

+~σ ·




−i(∇Bg

0 ) + (∇× ~Bg)

2m
+

Bg
0~p− i~Bg × ~p− iBg

0
∇ f (~x)
f (~x,~p) −

~Bg×∇ f (~x)
f (~x,~p)

m






 . (10)

As f (~x,~p) is determined by the variation of background gravitational potential, we can suitably
choose f (~x,~p) in terms of Bg

µ and ~p in such a way that the above Hamiltonian is Hermitian and terms
involved with f (~x,~p) are removed, given by

H =~σ · ~Bg ±
[
~p2 + Bg

0
2

2m
+ m +~σ ·

{
∇× ~Bg

2m
+

Bg
0~p
m

}]
, (11)

where f (~x,~p) satisfies

∇2 f (~x,~p) + i

(
2~p +

Bg
0

m
~σ

)
· ∇ f (~x,~p) +~σ ·

(
~Bg ×∇ f (~x,~p)

)

+i

{
∇ · ~Bg +~σ ·

(
∇Bg

0
2m

+
~Bg × ~p

m

)}
f (~x,~p) = 0. (12)

Note that the solution for f (~x,~p) will turn out to be complex and its imaginary part may need to
be adjusted by modifying ~p of the solution. Obviously, this is one of the possible solutions and is a
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gauge choice, not unique. However, this will suffice for the present purpose when the aim is to show
the existence of geometric phase and a possible new effect in gravitational background.

From Equation (11), there is a two-fold split in dispersion energy, governed by two terms
associated with the Pauli spin matrix, between up and down spinors for the positive and negative
energy spinors induced by gravitational fields, whether the field is weak or strong. The same governing
terms are also responsible for the Berry phase, as is for electromagnetic fields, which in the parametric
space with coordinates ~R ≡ (r, θ̃, φ̃) at a fixed r is given by

Φg = i
∮
〈ψ|∇|ψ〉 · d~R =

φ̃

2
(1− cos θ̃), (13)

which was briefly introduced by one of us earlier [40].
The first term in the curly bracket of Equation (11) is the magnetic-equivalent contribution

from gravitational field. Interestingly, even if Bg
µ is constant but non-zero, but ~p is varying—at least

changing direction due to whatever reason, e.g., the presence of constant magnetic field which however
does not produce any geometric phase—Φg survives, as seen from the last term in Equation (11).
The contribution from the first term in Equation (11) adds up to Φg if Bg

µ varies (i.e., potential varies but
field need not necessarily vary) and that from the second last term if ∇× ~Bg varies. Hence, while in
electromagnetic fields the magnetic potential and hence field has to be varying, in gravitational field
even the constant (but non-zero) gravitational potential (and also constant gravitational field) still
would produce geometric/Berry phase.

Figure 2 represents the energy splitting given by Equation (11), which was already introduced
briefly by one of us [34,40] (note, however, a typo in the notation of the first splitting in those works).
Here, the splittings are different to those in electromagnetic case. The total splittings are involved
with the interaction between the spin, background gravitational potential and gravitational field.
Hence, the gravitational “Zeeman-effect” appears to be different to the conventional electromagnetic
Zeeman-effect. While the electromagnetic Zeeman-effect and geometric phase depend on the
underlying magnetic field only, their gravitational counter-parts in general involve both gravitational
potential and field. Therefore, gravitational effects reveal an Aharonov-Bohm type effect in addition to
Berry-like phase. Nevertheless, the total energy of the system of particles remains conserved in both
electromagnetic and gravitational cases (which indeed should be in the time-independent spacetime).
Also, in the local inertial frame, at a given epoch if the process is considered in expanding universe,
gravitational potential Bg

µ appears to be constant, acting as a background effect.

E

(
|~p|2+Bg

0
2

2m +m
)

−
(
|~p|2+Bg

0
2

2m +m
)

+
∣∣∣B

g
0 ~p

m +
~∇× ~Bg

2m + ~Bg
∣∣∣

−
∣∣∣B

g
0 ~p

m +
~∇× ~Bg

2m + ~Bg
∣∣∣

+
∣∣∣B

g
0 ~p

m +
~∇× ~Bg

2m − ~Bg
∣∣∣

−
∣∣∣B

g
0 ~p

m +
~∇× ~Bg

2m − ~Bg
∣∣∣

Figure 2. Gravitational “Zeeman-splitting”.
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Note that Bg
µ can be computed for various spacetime metrics, as given by previous work [25–29,33].

In order to have a non-zero Bg
µ, spherical symmetry has to be broken and hence in the Schwarzschild

geometry (and hence for the spacetime around a non-rotating black hole), it vanishes. On the other
hand, in the Kerr geometry (and hence for the spacetime around a rotating black hole), it survives
independent of the choice of coordinates: in the Boyer-Lindquist as well as the Kerr-Schild [25,27].
Also, it survives in other natural spacetimes breaking spherical symmetry, e.g., in early universe
under gravity wave perturbation, the Bianchi II, VIII and IX anisotropic universe, in the Fermi-normal
coordinates up to second order correction [25,26,29,33]. In the Kerr-Schild coordinates, the temporal
part of gravitational potential reads as [25,26]

Bg
0 = −4a

√
Mz

ρ̄2
√

2r3
, (14)

where ρ̄2 = 2r2 + a2− x2− y2− z2, r is the radial coordinate of the system and M and a are respectively
the mass and the angular momentum per unit mass of the black hole. Naturally, Bg

0 survives (and is
varying with space coordinates) for any non-spinning black hole leading to gravitational Zeeman
effect and Berry phase independent of spatial part ~Bg. Similarly, non-zero ~Bg leads to gravitational
Zeeman effect and Berry phase (when ~Bg has to be varying as well), independent of Bg

0 . In the Bianchi
II spacetime with, e.g., even equal scale-factors in all directions, Bg

0 survives as [25,29]

Bg
0 =

4 + 3y2 − 2y
8 + 2y2 , (15)

leading to both gravitational Zeeman splitting and Berry phase even though ~Bg = 0.
Also see similar exploration in varied contexts [41–44]. Hence, the axial vector term in Equation (5)

and the related terms involving with~σ in Equation (8) contribute as long as the spacetime naturally
has some handedness, independent of the choice of coordinates.

3. Neutrino States in the Presence of Gravitational Field

As discussed in the Introduction, over the years there have been several explorations of neutrinos
in the presence of gravitational field. For the present purpose, we particularly use some of earlier
results [26] obtained by one of the present authors and further modify as required.

3.1. Neutrino–Antineutrino Mixing

Recalling the work by Sinha and Mukhopadhyay [26] describing the mixing of neutrinos (ψ) and
antineutrinos (ψc) in the presence of gravitational coupling, based on the formalism discussed above,
let us write down the mass eigenstates ν1 and ν2 for a particular flavor at t = 0

|ν1(0)〉 = cos θ |ψc(0)〉 + eiφ sin θ |ψ(0)〉 (16a)

|ν2(0)〉 = − sin θ |ψc(0)〉 + eiφ cos θ |ψ(0)〉, (16b)

when
tan θ =

m

B0 +
√

B2
0 + m2

, φ = arg(−m), (17)

where B0 is the gravitational scalar coupling potential and m the Majorana mass of the neutrino.
Henceforth, by Bµ we will mean Bg

µ itself, defined in the previous section, in order keep the same
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notation as of previous papers. The large B0 corresponds to θ → 0, hence no mixing and thence no
oscillation. However, at an arbitrary time t the mass eigenstates are

|ν1(t)〉 = cos θ e−iEψc t |ψc(0)〉 + eiφ sin θ e−iEψt |ψ(0)〉 (18a)

|ν2(t)〉 = − sin θ e−iEψc t |ψc(0)〉 + eiφ cos θ e−iEψt |ψ(0)〉, (18b)

where Eψ and Eψc are dispersion energies of neutrino and anti-neutrino respectively, in local coordinates
neglecting their variation, given by (see also, e.g., [34])

Eψ =
√
(~p− ~B)2 + m2 + B0,

Eψc =
√
(~p + ~B)2 + m2 − B0, (19)

where ~B is the gravitational vector coupling potential and ~p the momentum of the neutrinos. In the
absence of a gravitational field, neutrinos and antineutrinos mix in the same angle, hence there is no
neutrino–antineutrino oscillation. This is indeed in accordance with the experimental finding [45].

The underlying oscillation length can also be recalled, for ultra-relativistic and non-relativistic
(or weakly gravitating) neutrinos, as

λ =
π

B0 − |~B|
and

π

B0
respectively. (20)

This depends only on the strength of the gravitational field. If we consider neutrinos to be coming
out off the inner accretion disk, of few factors times Schwarzschild radii, around a spinning black hole
of mass M = 10M�, where M� is the mass of Sun, then B0 − |~B| = B̃ = 10−19 GeV [25], which clearly
argues neutrinos not to be influenced by the gravitational field of black hole as m >> 10−10 eV.
However, for B̃ << m the energy difference also turns out to be 2B0 (which is 2B0 − 2|~B| for
ultra-relativistic neutrinos), which leads to λ ∼ 10 km. If the disk is around a supermassive black hole
of M = 108M�, i.e., in an Active Galactic Nucleus (AGN), then λ may increase to 108 km. Therefore,
an oscillation between mass eigenstates may complete from a few factors to hundreds of Schwarzschild
radii in the disk, depending upon the size of the inner edge where neutrinos come out and angular
momentum of the black hole. This may produce copious antineutrinos over neutrinos and may cause
overabundance of neutrons and positrons, which may further have consequences in core-collapse
supernovae. However, neutrinos around a primordial black hole of mass Mp ∼ 1017 gm 1 in the
site of temperature 1 MeV are ultra-relativistic and could lead to an oscillation length as small as
λ ∼ 10−16 km. Note that (ν1, ν2) is just the transformed spinor of original (ψc, ψ).

3.2. Mixing of Mass Eigenstates

Following previous work [26], neutrino and anti-neutrino states can also be in principle written
as a linear combination of suitable mass states at t = 0 as

|ψc(0)〉 = cos θ |ν1(0)〉 − eiφ sin θ |ν2(0)〉 (21a)

|ψ(0)〉 = sin θ |ν1(0)〉 + eiφ cos θ |ν2(0)〉 (21b)

and at an arbitrary time t as

|ψc(t)〉 = cos θ e−iE1t |ν1(0)〉 − eiφ sin θ e−iE2t |ν2(0)〉 (22a)

|ψ(t)〉 = sin θ e−iE1t |ν1(0)〉 + eiφ cos θ e−iE2t |ν2(0)〉, (22b)

1 Note that the corresponding temperature Tp ∼ 10−20 M�/Mp GeV [46].
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where in ultra-relativistic limits the energies of the mass eigenstates are

E(1,2) ≈ |~p|+ |~B|+
m2

(1,2)

2|~p| , (23)

when the corresponding masses

m1 = mn −
√

B2
0 + m2, m2 = mn +

√
B2

0 + m2, (24)

in the presence of lepton number conserving mass (mn) and violating mass (m). Here, |~p| ∼ E, the mean
energy of the neutrinos, and θ and φ are the same as in Equation (17). The oscillation length is

λn =
πE

mn

√
B2

0 + m2 + |~B|E
, (25)

which indicates that only for B0 >∼ m (when |~B| is very small, as could be in a certain spacetime,
e.g., Bianchi II universe with equal scale factors, shown above), the gravitational field could affect
the oscillation, which is again in accordance with experiments done in the laboratory [45]. However,
this condition could easily be satisfied in few factors to few tens of Schwarzschild radii away from a
primordial black hole of mass <∼ 1024–1020 gm.

3.3. Flavor Mixing

As each flavor acquires two mass states through particle–antiparticle mixing, a two-generation
electron–muon neutrino system effectively will have four flavor states, governing the Lagrangian
density [26]

(−g)−1/2Lm = − 1
2

(
ν†

e1me1νe1 + ν†
e2me2νe2 + ν†

µ1mµ1νµ1 + ν†
µ2mµ2νµ2

− ν†
µ1mµeνe1 − ν†

e1mµeνµ1 + ν†
µ2mµeνe2 + ν†

e2mµeνµ2

)
, (26)

in the presence of a mixing mass mµe. From Equation (24)

m(e,µ)1 = mn −
√

B2
0 + m2

e,µ, m(e,µ)2 = mn +
√

B2
0 + m2

e,µ, (27)

which no longer are the definite masses of electron and muon neutrinos due to the presence of mµe.
In terms of mass states |χi〉, when i = 1− 4, the sets of two Majorana neutrino flavor eigenstates are
described as

|νe1〉 = cos θ1|χ1〉 − eiφ1 sin θ1|χ2〉 (28a)

|νµ1〉 = sin θ1|χ1〉 + eiφ1 cos θ1|χ2〉 (28b)

and

|νe2〉 = cos θ2|χ3〉 − eiφ2 sin θ2|χ4〉 (29a)

|νµ2〉 = sin θ2|χ3〉 + eiφ2 cos θ2|χ4〉, (29b)

where the corresponding mixing parameters are given by

tan θ1,2 =
∓2mµe

(me(1,2) −mµ(1,2)) +
√
(me(1,2) −mµ(1,2))

2 + 4m2
µe

, φ1,2 = arg(∓mµe). (30)
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At an arbitrary time t, |χ1,3(0)〉 → |χ1,3(t)〉 = e−iEe(1,2)t|χ1,3(0)〉 and |χ2,4(0)〉 → |χ2,4(t)〉 =
e−iEµ(1,2)t|χ2,4(0)〉, when Ee(1,2) =

√
|~p|2 + m2

e(1,2) and Eµ(1,2) =
√
|~p|2 + m2

µ(1,2).

The oscillation lengths can be recalled as [26]

λ f g1 =
4πE

|M2
1 −M2

2|
, λ f g2 =

4πE
|M2

3 −M2
4|

, (31)

where

∆M2 = |M2
1,3 −M2

2,4|
=
(√

B2
0 + m2

µ(1,2) +
√

B2
0 + m2

e(1,2)

)

×
√{(√

B2
0 + m2

µ(1,2) −
√

B2
0 + m2

e(1,2)

)2
+ 4m2

eµ

}
, (32)

which indicates that only for B0 >∼ me(1,2), mµ(1,2), the gravitational field could affect the oscillation.
For B0 >> m, mixing is maximum and the oscillation length turns out to be λ f g1,2 ∼ πE/B0meµ.
For other quantitative details see [26].

In the more realistic three-flavor case, the above discussions remain valid, but with the emergence
of three sets of mass eigenstates. All the underlying masses will also be modified by the gravitational
coupling term, similar to those given by Equations (24) and (27). Accordingly, mixing angle will
become complicated and also the oscillation probability, but the influence of gravitational field will
remain there, depending on, e.g., the black hole mass.

4. Dynamic and Geometric Phases

Let us consider the wavefunction Ψ(t) of a system evolving over a time interval t ∈ [0, τ],
where Ψ(0) is its initial state and Ψ(τ) being the final. The total phase accumulated over the entire
evolution is given by Φt = arg(〈Ψ(0)|Ψ(τ)〉) and the corresponding dynamic phase is given by
Φd = −

∫ τ
0 〈Ψ(t)|i∂t|Ψ(t)〉dt. The difference between the two phases is defined as the geometric

phase [4], given by

Φg = arg(〈Ψ(0)|Ψ(τ)〉) +
∫ τ

0
〈Ψ(t)|i∂t|Ψ(t)〉dt. (33)

In a situation where the system could oscillate back-and-forth between Ψ(t) and Ψ̃(t) (which is
antiparticle of Ψ(t)), e.g., the case of neutrino oscillation, we define new total and dynamic phases
respectively given by Φto = arg(〈Ψ̃(0)|Ψ(τ)〉) and Φdo = −

∫ τ
0 〈Ψ̃(t)|i∂t|Ψ(t)〉dt. We term them as

respective oscillation phases, where the geometric oscillation phase is given by

Φgo = arg(〈Ψ̃(0)|Ψ(τ)〉) +
∫ τ

0
〈Ψ̃(t)|i∂t|Ψ(t)〉dt. (34)

Below we use these definitions to evaluate various phases in the neutrino sector. More precisely,
we evaluate Φt, Φd, Φg and Φto, Φdo, Φgo for various neutrino states recalled in the previous section.

The phases, as we show below, depend on Bµ, which furthermore is determined by the nature
of underlying spacetime and the corresponding parameter values. For the explicit computations of
Bµ, see previous papers, e.g., [25–29,33]. Nevertheless, for the present purpose we do not consider the
contribution due to the spatial variation of neutrino states at t = 0, which is obvious from Section 2.
Our interest rather is the contribution to the geometric phases due to mixing and oscillation of states,
which arise due to the effect of spacetime curvature on to the time evolution of neutrino states.
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4.1. Neutrino-Antineutrino Mixing

The total phase for |ν1〉 is

Φt1 = arg (〈ν1(0)|ν1(τ)〉) = tan−1

(
− cos2 θ sin Eψτ + sin2 θ sin Eψc τ

cos2 θ cos Eψτ + sin2 θ cos Eψc τ

)
(35)

and for |ν2〉

Φt2 = arg (〈ν2(0)|ν2(τ)〉) = tan−1

(
− sin2 θ sin Eψτ + cos2 θ sin Eψc τ

sin2 θ cos Eψτ + cos2 θ cos Eψc τ

)
. (36)

The other phase is given by for |ν1〉 as

−Φd1 =
∫ τ

0
〈ν1(t)|i∂t|ν1(t)〉dt = −φ sin2 θ +

∫ τ

0

(
Eψ cos2 θ + Eψc sin2 θ

)
dt (37)

and for |ν2〉 as

−Φd2 =
∫ τ

0
〈ν2(t)|i∂t|ν2(t)〉dt = −φ cos2 θ +

∫ τ

0

(
Eψ sin2 θ + Eψc cos2 θ

)
dt, (38)

when θ is independent of time. Even if θ is not constant, the part outside the integral in either of the
Equations (37) and (38) always contributes to Φg1 and Φg2 respectively, revealing a τ-independent
phase, as long as φ in the neutrino states is not constant. For θ = 0 which corresponds to B0 >> m,
the total geometric phases for ν1 and ν2 turn out to be nπ and nπ− φ respectively with n = 0, 1, 2, 3 · · · .
For θ = π/4 which corresponds to B0 << m, they are nπ−φ/2. However, generally speaking neutrino
mass does not vary with time and hence φ remains fixed throughout the propagation. Thus, all the
terms associated with φ actually vanish and any geometric contribution to the phase arises from other
terms in, e.g., Φt1 −Φd1.

For the oscillation between mass eigenstates, total phase

Φto1 = arg (〈ν2(0)|ν1(τ)〉) =
π

2
− (Eψ + Eψc)τ

2
(39)

and the other phase is given by

−Φdo1 =
∫ τ

0
〈ν2(t)|i∂t|ν1(t)〉dt = φ cos θ sin θ +

∫ τ

0

(
Eψ − Eψc

)
cos θ sin θ dt. (40)

As before, the term outside the integral in Φdo1 survives only if φ varies with time, which generally
may not be the case as the neutrino mass is fixed.

From previous work [25,28], B0 can be computed for the spacetime around black holes as

B0 ∼ 10−18 M�
M

GeV. (41)

Therefore, for a black hole in an X-ray binary with M = 10M�, B0 << m, when the Majorana
mass of a neutrino m ∼ 10−2eV. In this case, there is apparently no effect of gravity on the geometric
and dynamic phases and Φdo1 turns out to be τ-independent and arises due to the Majorana nature
of the neutrino because Eψ = Ec

ψ. This is purely the consequence of the mixing of neutrino and
antineutrino, which occurs due to the presence of Majorana mass. The same is true for black holes at
the center of AGNs.

For primordial black holes with M ≤ 1024 gm, on the other hand, B0 ≥ 1 eV so that B0 >> m.
Therefore, θ → 0 and hence the part outside the integral of Φd1 → 0 and and that of Φd2 → −φ.
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Moreover, Φdo1 → 0. In this case, gravitational field removes any possibility of mixing and then
oscillation, which however affects geometric and dynamic phases.

When the mass of a primordial black hole increases to M = 1026 gm, B0 ∼ m, which alters the
mixing angle compared to that in the absence of gravitational effect, and hence affects the phases.
An important point to note is that the larger the mass of black hole, the larger its radius, and hence
the smaller the density in the surrounding disk. Therefore, in order to affect geometric and dynamic
phases due to gravitational effect, the gravitational mass should not be more than ∼10−6M�.

4.2. Mixing of Mass Eigenstates

In this case, for |ψc〉 the total phase

Φt1 = arg (〈ψc(0)|ψc(τ)〉) = tan−1

(
− cos2 θ sin E2τ + sin2 θ sin E1τ

cos2 θ cos E2τ + sin2 θ cos E1τ

)
(42)

and the dynamical phase containing a term which does not explicitly depend on τ due to non-zero
neutrino phase φ, given by

−Φd1 =
∫ τ

0
〈ψc(t)|i∂t|ψc(t)〉dt = −φ sin2 θ +

∫ τ

0

(
E2 cos2 θ + E1 sin2 θ

)
dt. (43)

Similarly, for |ψ〉

Φt2 = arg (〈ψ(0)|ψ(τ)〉) = tan−1

(
− sin2 θ sin E2τ + cos2 θ sin E1τ

sin2 θ cos E2τ + cos2 θ cos E1τ

)
, (44)

−Φd2 =
∫ τ

0
〈ψ(t)|i∂t|ψ(t)〉dt = −φ cos2 θ +

∫ τ

0

(
E2 sin2 θ + E1 cos2 θ

)
dt. (45)

For neutrino-antineutrino oscillation, the total phase

Φto1 = arg (〈ψc(0)|ψ(τ)〉) = π

2
− (E1 + E2)τ

2
(46)

and the other phase

−Φdo1 =
∫ τ

0
〈ψc(t)|i∂t|ψ(t)〉dt = φ cos θ sin θ +

∫ τ

0
(E1 − E2) cos θ sin θ dt. (47)

Here θ is assumed to be independent of time. If, in general, θ is not a constant, then other terms
will contribute to Φd1,2 and Φdo1. For B0 >> m, Φdo1 → 0, while for m >> B0, all parts of the phases
survive. Oscillation is also possible for m >> B0, as long as mn 6= 0. Simultaneously, oscillation and
modified geometric and dynamic phases due to gravity are revealed, only when B0 ∼ m, mn, which is
possible in the site of, e.g., primordial black holes. Note that θ and φ are the same as that for the cases
of neutrino-antineutrino mixing for the various parameters of spacetime, e.g., the mass of the black
hole. More so, as mentioned before, any term in the phase associated with φ does not survive if φ is not
a time-varying function, which generally is the case for neutrinos whose mass is assumed to be fixed.

4.3. Flavor Mixing

In this case, the total phase for |νe1,2〉

Φt1 = arg
(
〈νe(1,2)(0)|νe(1,2)(τ)〉

)
= tan−1

(
−

cos2 θ1,2 sin Ee(1,2)τ + sin2 θ1,2 sin Eµ(1,2)τ

cos2 θ1,2 cos Ee(1,2)τ + sin2 θ1,2 cos Eµ(1,2)τ

)
(48)
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and the other phase containing a τ-independent part, given by

−Φd1 =
∫ τ

0 〈νe(1,2)(t)|i∂t|νe(1,2)(t)〉dt = −φ1,2 sin2 θ1,2 +
∫ τ

0

(
Ee(1,2) cos2 θ1,2 + Eµ(1,2) sin2 θ1,2

)
dt. (49)

For |νµ(1,2)〉, they are

Φt2 = arg
(
〈νµ(1,2)(0)|νµ(1,2)(τ)〉

)
= tan−1

(
− sin2 θ1,2 sin Ee(1,2)τ+cos2 θ1,2 sin Eµ(1,2)τ

sin2 θ1,2 cos Ee(1,2)τ+cos2 θ1,2 cos Eµ(1,2)τ

)
, (50)

−Φd2 =
∫ τ

0 〈νµ(1,2)(t)|i∂t|νµ(1,2)(t)〉dt = −φ1,2 cos2 θ1,2 +
∫ τ

0

(
Ee(1,2) sin2 θ1,2 + Eµ(1,2) cos2 θ1,2

)
dt, (51)

when θ1,2 are independent of time. As before, for θ1,2 not being constant, other complicated dynamical
terms will contribute to Φg1,2, and the phases associated with φ would not contribute eventually as the
neutrino mass does not vary with time in general.

For oscillation, total phase

Φto1 = arg
(
〈νµ(1,2)(0)|νe(1,2)(τ)〉

)
=

π

2
−

(Ee(1,2) + Eµ(1,2))τ

2
(52)

and other phase

−Φdo1 =
∫ τ

0 〈νµ(1,2)(t)|i∂t|νe(1,2)(t)〉dt = φ1,2 cos θ1,2 sin θ1,2 +
∫ τ

0 (Ee(1,2) − Eµ(1,2)) cos θ1,2 sin θ1,2 dt, (53)

where Ee(1,2) − Eµ(1,2) = ∆M2/2|~p| and Ee(1,2) + Eµ(1,2) = 2|~p|+ (m2
e(1,2) + m2

µ(1,2))/2|~p| in the weak
gravity limit. When B0 >> mn, me(1,2), mµ(1,2), interestingly θ1,2 given in Equation (30) become constant
and equal to ∓π/4 (when the lepton number conserving mass mn is the same in both the electron
and muon sectors). This brings the part outside the integrals in Φd1,2 and Φdo1 as a constant which
furthermore turns out to be the same as the geometric phase Φg1,2. They are independent of whether the
spacetime is stationary (e.g., around a rotating black hole) or time-dependent (e.g., of early universe).
Note that in the absence of gravity (B0 << mn, me1,2, mµ1,2), θ1,2 depend on specific values of neutrino
masses. However, if me1,2 = mµ1,2, then again θ1,2 = ∓π/4 (when the lepton number conserving mass
mn is the same in both the electron and muon sectors). Also, the dynamical parts of flavor oscillation
phase survive whether B0 dominating neutrino masses or otherway round, however their variation
depends on the value of B0.

5. Entanglement of Neutrino States and Corresponding Geometric Phases

We begin by showing that neutrino (ψ) and antineutrino (ψc) combined system, as given by
Equation (21) (also Equation (16)), forms entanglement. As ψc = −iσ2ψ∗, and if ψc is purely spin-down
with only one component non-zero then ψ is purely spin-up,

(
ψc

ψ

)
= c

(
0
1

)
⊗
(

1
0

)
− c∗

(
1
0

)
⊗
(

0
1

)
, (54)

where c is the non-zero component of ψ and we choose Weyl representation for convenience. As it
stands, the first and second terms cannot be decomposed into the direct-product of two independent
states, hence they entangle. Similarly, the combined mass eigenstates in the presence of gravitational
field and Majorana mass, given by Equation (16), can be shown to exhibit entangled states.

Now in the presence of flavor mixing, as given by Equations (28) and (29), the states νe1 and νµ1

are orthogonal to each other and the states νe2 and νµ2 do so. Also without mixing term, νe1 and νe2

form two orthogonal mass eigenstates for neutrino–antineutrino mixing in the electron sector and νµ1

and νµ2 in the muon sector (when we consider only two flavors for simplicity).
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Interestingly, it is clear from Equations (18) and (19) that gravitational field converts νe1

(and νµ1) to νe2 (and νµ2) by oscillation, leading to both of them being present at an arbitrary time.
Hence, Equations (28) and (29) show that gravitational effect brings out two independent sets of flavor
neutrinos, {νe1, νµ1} and {νe2, νµ2}, satisfying respective orthogonality conditions between electron
and muon neutrinos in the respective Hilbert spacesH1 andH2 independently. Hence, the neutrino
states in H1 should entangle with those in H2 which are non-interacting. Therefore, following the
conventional approach (e.g., [47]) we can construct the entangled states at t = 0

|ψ1(0)〉 = cos α |νe1(0)〉|νe2(0)〉+ eiβ sin α |νµ1(0)〉|νµ2(0)〉, (55a)

|ψ2(0)〉 = − sin α |νe1(0)〉|νe2(0)〉+ eiβ cos α |νµ1(0)〉|νµ2(0)〉, (55b)

|ψ3(0)〉 = cos α |νe1(0)〉|νµ2(0)〉+ eiβ sin α |νµ1(0)〉|νe2(0)〉, (55c)

|ψ4(0)〉 = − sin α |νe1(0)〉|νµ2(0)〉+ eiβ cos α |νµ1(0)〉|νe2(0)〉, (55d)

when |νe1〉 and |νe2〉 (and |νµ1〉 and |νµ2〉) in Equation (55a) are two points on the Poincaré sphere and
so on for others equations. The angle α determines the degree of entanglement. As is the case in the
Poincaré sphere of a single spin−1/2 particle, the above equation suggests that α and β parameterize a
two-sphere called Schmidt sphere.

Note that various quantum correlations of the system of basic one-flavor and two-flavor neutrino
and antineutrino states in the presence of gravitational field and hence gravitational Zeeman splitting,
as described in Section 3, were already explored by one of the present authors [34]. Flavor entropy has
been used therein to probe the entanglement in the system, which gets suppressed with the increase of
gravitational field.

At an arbitrary time t, the entangled states, defined in Equation (55a–d), go to |ψ1,2,3,4(t)〉 which
have the same form as in Equation (55a–d), except |νe1,2(0)〉 and |νµ1,2(0)〉 replaced by |νe1,2(t)〉 and
|νµ1,2(t)〉 respectively, as given by Equations (28) and (29) in terms of |χ1,3(t)〉 and |χ2,4(t)〉 generically.

Therefore, based on the definitions given in the beginning of Section 4, the total, dynamic and
geometric parts of the phases in the evolution of entangled states ψ1,2,3,4 can be obtained from

Φt1,2,3,4 = arg (〈ψ1,2,3,4(0)|ψ1,2,3,4(τ)〉) , −Φd1,2,3,4 =
∫ τ

0
〈ψ1,2,3,4(t)|i∂t|ψ1,2,3,4(t)〉dt. (56)

Explicitly, for α = π/4 and β = 0, we obtain

Φt1,2π/4 = tan−1
[
− cos2 θ∓12{sin(Ee1+Ee2)τ+sin(Eµ1+Eµ2)τ}+sin2 θ∓12{sin(Eµ1+Ee2)τ+sin(Eµ2+Ee1)τ}

cos2 θ∓12{cos(Ee1+Ee2)τ+cos(Eµ1+Eµ2)τ}+sin2 θ∓12{cos(Eµ1+Ee2)τ+cos(Eµ2+Ee1)τ}

]
,

(57)

Φt3,4π/4 = tan−1
[
− sin2 θ±12{sin(Ee1+Ee2)τ+sin(Eµ1+Eµ2)τ}+cos2 θ±12{sin(Eµ1+Ee2)τ+sin(Eµ2+Ee1)τ}

sin2 θ±12{cos(Ee1+Ee2)τ+cos(Eµ1+Eµ2)τ}+cos2 θ±12{cos(Eµ1+Ee2)τ+cos(Eµ2+Ee1)τ}

]
,

(58)

when cos2 θ∓12 = cos2(θ1 ∓ θ2) and sin2 θ∓12 = sin2(θ1 ∓ θ2). For θ1 = θ2 and θ1 = −θ2, respectively for
Φt1,4π/4 and Φt2,3π/4 , the phases furthermore reduce to

Φt1,2,3,4π/4 = −
(
Ee1 + Ee2 + Eµ1 + Eµ2

) τ

2
or π −

(
Ee1 + Ee2 + Eµ1 + Eµ2

) τ

2
. (59)

For constant and arbitrary α, θ1, θ2

−Φd1 =

cos2 α
[
−φ1 sin2 θ1 − φ2 sin2 θ2 +

∫ τ
0

(
Eµ1 cos2 θ1 + Ee1 sin2 θ1 + Eµ2 cos2 θ2 + Ee2 sin2 θ2

)
dt
]
+

sin2 α
[
−φ1 cos2 θ1 − φ2 cos2 θ2 +

∫ τ
0

(
Eµ1 sin2 θ1 + Ee1 cos2 θ1 + Eµ2 sin2 θ2 + Ee2 cos2 θ2

)
dt
]

−β sin2 α

(60)



Universe 2020, 6, 160 15 of 19

and −Φd2 is the same except cos2 α and sin2 α are interchanged. Similarly,

−Φd3 =

cos2 α
[
−φ1 sin2 θ1 − φ2 cos2 θ2 +

∫ τ
0

(
Eµ1 sin2 θ1 + Ee1 cos2 θ1 + Eµ2 cos2 θ2 + Ee2 sin2 θ2

)
dt
]
+

sin2 α
[
−φ1 cos2 θ1 − φ2 sin2 θ2 +

∫ τ
0

(
Eµ1 cos2 θ1 + Ee1 sin2 θ1 + Eµ2 sin2 θ2 + Ee2 cos2 θ2

)
dt
]

−β sin2 α

(61)

and −Φd4 is the same except cos2 α and sin2 α are interchanged.
For α = π/4, Φd1,2,3,4 reduce as

−Φd1,2,3,4π/4
=

1
2

[
−φ1 − φ2 +

∫ τ

0

(
Ee1 + Ee2 + Eµ1 + Eµ2

)
dt− β

]
. (62)

For oscillation between entangled states, the total phases Φto1 = arg(〈ψ2(0)|ψ1(τ)〉) and Φto2 =

arg(〈ψ4(0)|ψ3(τ)〉), for α = π/4 and β = 0, are

Φto1,2π/4 =
π

2
−
(
Ee1 + Ee2 + Eµ1 + Eµ2

) τ

2
. (63)

The other phases, containing a τ-independent part during oscillation, −Φdo1 =∫ τ
0 〈ψ2(t)|i∂t|ψ1(t)〉dt and −Φdo2 =

∫ τ
0 〈ψ4(t)|i∂t|ψ3(t)〉dt, are given by

−Φdo1,2 =

− cos α sin α
[
cos 2θ1

{
φ1 +

∫ τ
0

(
Ee1 − Eµ1

)
dt
}
± cos 2θ2

{
φ2 +

∫ τ
0

(
Ee2 − Eµ2

)
dt
}
+ β

]
.

(64)

For varying mixing parameters, the terms appearing outside the integral in all Φd-s will also
always contribute to the respective phases. Note interestingly that

Φd1 + Φd2 = Φd3 + Φd4 = −
(
Ee1 + Eµ1 + Ee2 + Eµ2

)
τ + (β + φ1 + φ2) . (65)

Like the cases in previous section, as neutrino mass is not expected to vary with time, the phases
associated with φ do not contribute generally.

6. Variation of Mixing Angles with Gravitational Field

The phases independent of τ are associated with mixing angles and phases of neutrinos,
e.g., θ1, θ2, α (also θ) and φ1, φ2, β (also φ). Therefore, depending on θ-s, which are determined by
gravitational field and the physical nature of spacetime geometry, the τ-independent parts of phases
vary. In the absence of gravitational field and in the presence of lepton number violating interaction
and hence Majorana mass, neutrino and antineutrino mix with θ = π/4. Figure 3 shows that
how the mixing angle of the basic neutrino-antineutrino states changes with gravitational coupling,
which furthermore controls the geometric Berry-like phases associated with Φt1,2 − Φd1,2 given in
Sections 4.1 and 4.2. While a stronger gravity effect kills oscillation, it still leads to a non-zero
geometric phase.

In the presence of very strong gravitational effect (B0 >> me, mµ) (see, e.g., [25,26]), θ1,2 → π/4
and for entangled states Φdo1,2 → β cos α sin α. Similarly, the τ-independent part of Φd1,2,3,4 of
entangled states survives even at a very strong gravitational field for an arbitrary α. Figure 4
shows that θ1 and θ2 decrease with the increase of |B0|, which furthermore controls geometric
Berry-like phases associated with entangled states given in Section 5. Figure 5 shows how the
corresponding τ-independent part of Φd1 varies with the change of the strength of gravitational
coupling. This confirms that while θ1,2 decrease with increasing B0, mixing and also various phases
still survive.
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Figure 3. Variation of mixing angle in radian of basic neutrino–antineutrino mixing as a function of
gravitational coupling in units of eV with m = 0.05 eV.
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Figure 4. Variation of flavor mixing angles in radian as functions of gravitational coupling in units of
eV with me = 0.01 eV, mµ = 0.1 eV and mµe = 0.05 eV.
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Figure 5. Variation of τ-independent part of Φd1 for entangled states as a function of gravitational
coupling in units of eV with me = 0.01 eV, mµ = 0.1 eV and mµe = 0.05 eV, and φ1 = φ2 = β. From top
to bottom, lines are for α = 0, π/6, π/4, π/3 and π/2.

7. Summary

Spinors interacting with background gravity of arbitrary strength in an arbitrary spacetime are
known to be split in energies between up and down spinors and furthermore into the states of positive
and negative energies. The only requirement is that the spacetime should not be spherically symmetric.
It has been shown that such spinors acquire a geometric phase due to background gravitational field
in the same way as they do in a magnetic field. The necessary condition for such a situation is either
the spacetime curvature coupling to the spinor (gravitational 4-vector potential) is not constant or
the momentum of the spinor is not constant, along with a non-zero (even constant) temporal part of
curvature coupling.

Neutrinos, as a class of spinors in nature, are shown to acquire geometric as well as dynamic
phases during their propagation under background gravitational field. To have a non-trivial phase
induced by the gravitational field of compact objects (e.g., black hole), the mass of the object producing
gravitational fields must not be more than a millionth of a solar mass, i.e., primordial in nature.
There are many missions to constrain the evidence for primordial black holes, e.g., observing specific
small interference patterns within gamma-ray bursts by the Fermi Gamma-ray Space Telescope could
be the indirect evidence for primordial black holes.

In the flavor sector, when the background gravity is much stronger than the lepton number
violating (Majorana) masses, the mixing parameters θ1,2 become a constant equal to π/4,
hence maximum mixing, which could lead to φ-dependent geometric phases if φ varies. However,
for a weak background gravity, θ1,2 are found to depend on the specific values of the neutrino
masses. The combined neutrino–antineutrino states form an entangled system whose phases have also
been calculated.
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