SUPPLEMENTAL MATERIAL
APPENDIX A The double box

We give here the explicit expressions of the 44 terms that constitute the series represen-
tation of the double box in Eq.(14). The first 26 terms in the list below correspond, in order,
to the set of 26 terms of the hexagon given in Appendix B from the differential equation (13)
point of view, that they satisfy, individually. Note that several of the D; are in fact zero
because of the occurence of a diverging gamma function in their denominator. However it is
necessary to keep them in order to check the differential equation.

The Srivastava-Daoust notation [9] does not yield shorter expressions. As an example, the
D, series given in Eq.(4) can be written, in the latter notation, as
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We therefore stick to a more usual notation for the series in the following.
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F(=b—c—d+2D —e— f—2l+n3+ns+ng+ ng) (25)

B T - —wawg /wg)™
Dsogs = (w1) P77 (ws) ™ (ws) "¢ (wo) I PHASH E 2 /

n1=0 ng=0

"2 (—wiwewyg / (wsws)) (—w1w7/w8)"5 (—wywg /wg)"

n3 g

(—wiwy/ws)

. (Fwswy/ws)

19! ns! 74! 15! ng!
% (—wlwg/w5)"7 (—wg)”s (—wl)”9 Tr (C +n1+n4+ns5+ n6)
e ng! Ng! F(—d+D—e—f—l—n2—n7—n8)

xI(f+ng+ny+ng+ng) ' (=b+ D — 1+ ny +ng+n3+ng + ns + neg + ny + ng + ng)

><F(b—D—i—e—i—l—ng—n4—n5—ne—n7—n9)F(—d+D/2—e—f—ng—n7—ng)

XxT'(—c—d+D—-e—f—1—n1 —ng—ng —ng—ny—ng) [ (d+ ny + ng + ng + ny)
(26)

_ —e— —e— —e— —wWawWs wgwg
D3786: (wl) b+D—e l(wg) c—d+D—e l(w5)c D+e+l Z E / ))

n1=0 ng=0

"2 (—wywe/(w3wg))™ (—wiwr /wg)™ (—wzwy/ws)" (—UA%/U%)H6

o (—wiwy/ws)

ng! ng! ny! ns! ng!
(—wi/ws)"" (—wi/ws)"™ (—wiws/ws)" I (¢ + n1 + n3g + ng + n7)

ny! ng! ng! I'(c+n1+ng —ns +ny)
F'(c—=D/24+1l+n+n3—ns+n7))L'(b—D+e+1—ng—mn3—ng —ny —ng —ng)
F'(—c+D—-—e—1—ny+n2+ns+ne+ns+ng) L (f+ne+ny+mnsg+ng)
I'(-b—c—d+2D—e—f—2l4+ny+ng+ns+ ng)
IF'(c+d—D+e+1+ny+n3—mns—ng—ng) (27)



bt D—e— et D—e— —wjwawy/ (wawsg))™
Duysso = (wl) b+D—e l(w2) c+D—e l(wg) wS —D+e+l Z Z / ))

n1=0 ng=0
. (Fwaws/ (wsws))™ (—wiwe/(wsws))"™ (—wiwy/ws)™ (—wzw9/w8)"5 (—wa/ws)"
TLQ! n3! n4! n5! n6!
(—wi/ws)"" (—wiwa/(wzws))" (—wiwa/ws)"™
n7! TZS! n9!
L'(d+ny+ne+ns+ng) ' (D/2—e+ny+n2+ns+ng+ ny+ng+ng)
I'(D—e—1+4+mny+ng+n3g+ng+nr+ng+ng)
( —e—l—l—m+n2—|—n3+n4+n5+n6+n7+ng+n9)

(b D+e+l—n1—n3—n4—n7—n8—ng)
I'(
I'(

X

f+ne+nr+ng+ng) L (=b—c—d+2D —e— f—2l+ny+ng+ns+ng)
C—D+e+l—n1—ng—n5—n6—ng—ng) (28)

wg D/2+l Z Z w2)n2 (_wg)ng (_w4)n4 (_w5)n5 (_wﬁ)nﬁ

19! ns3! 14! ns! ng!
n1=0 no—=0 n2 3 4 5 6

" (—w7 /wg)"™ (—wg/wgy)"s (—wg)”9F(—D/2+e+f—n4—n5—n6—ng)

ny! ng! ng! I'(D/2—1—ng)
xI'(=b—c—d+D—-e—1l—n1 —ng—n3—ns —ng —ng) ' (d+ns+ng + ns + ng)
xI'(D/2 — f 4+ n1+na+ns+ng+ns +ng +ng) I (c+ n2 + ng + ny + ng)
xI'(D/2—=14n7+ng—ng) L' (b+1+4+ny+ns —ny+ng— D/2) (29)

b e —wiwg/wg)™ (—wawg/wg)"™?
Dig = (wg) ¢ Do (g )petd— 3D/2+e+2lz Z 1 9/ 8)"t (—wawg/wg)

|
n9o:
n1=0 ng=0 2

o (Zwswy/ws)"™ (—wa)™ (—wswy/ws)" (—wewy/ws)"™ (—w7/w9)"7 (—ws/wy)"s (—wy)"
n3! 7”L4! 715! 716! 77,7! ngl ng!
'(-b—d+D—e—1—n; —n3—ns+ ny+ng)
I'b+1 — —D/2
X T(D/2 1~ no) (b+1+n1+ns —n7+ng /2)
xT'(D/2—=f+ni+ny+n3+ng+ns+ne+ng) ' (=D/2+e+ f—ng—ns—ng—ng)
xDb+c+d—D+e+1l+n +ny+ng+ns+mng—ng) I (d+ nsg+ng+ns + ng)

xI(=b—c—d+3D/2—e—2l—n3 —ng —n3 —ns —ng + n7r +ng —ng) (30)

Dag = (wr)?~ P2 (w Z Z w1w7/w9 L (mw2)™ (—wy)"™ (—wa)™ (—wswr/wy)"™

| | | |
n=0 ng—0 2 3 4 5

X (—we)" (—ws/wg)"™ (—wr/wy)" (—107)’19 I'(D/2 — f4+n1+n2+n3 +ng + ns + ng + ny)

ng! ny! ng! ng! I'(D/2—1—ny)
XxTD(b+c+1l+n +ng+ns+ng+ny+ng+ng—D/2)T (d+ nzg + ng + ns + ng)
'(-D/2+e+f—ng—ns—ng—ng) L' (=b+D/2—1—ny; —ns —ng —ng)
xI'(=b—c—d+D—-e—1l—ny—nyg—ng—ns —ng—ny) ' (b+ni +ns +ny +ng)
(31)



_ b e —wiwy /wg)™ (—wawy/wg)"™?
Dy = (w7)b D/2+l(w8) b—c—d+D—e l( c+d D+e+l Z Z / ( / )

79!
n1=0 ng=0 2

o (Twswo/ws)"™ (—wa)™ (—wswr/ws)" (—wewy/ws)"™ (—7~U7/7~U9)"7 (—ws/wy)"™ (—wr)™
n3! 7”L4! n5! TLG! 77,7! TLg! ng!
I'(d+ n3 + ng + ns + ng)
T(D/2—1— ng)
xIT'(=b+D/2—1—n1—n5—n7—ng)I'(—c—d+ D —e—1—ny —n3—neg+n7+nsg)
'(—d+D/2—e—ng+ny+ng+ng) ' (=D/2+e+ f—ng—ns —ng—nyg)

F'b+c+d—D+e+1+ny+ng+ng+ns+ng—ng)

><F(D/2—f—|—n1+n2+n3+n4+n5+n6+n9) (32)
e e —wiwy/wg)™ (—ws/wg)™? (—ws/wg)™3
Dip = (wg) "¢~ ()b~ P/2H Z Z 1 7/ oS- ¢ 31/216) ( 31/316)

ni=0 ng=0

(—wg)™ (—wswy/wg)"™ (—wewy/wg)"® (—wewr/ws)"™ (—w6)"8 (—wr)™
n4! n5! n(;! n7! TLS! Tlg!
F'b+ny+ns+ne+n7)L(—c—d+3D/2—e— f—1+n1+ng+ ns+ neg+n7+ng+ ng)
F(D/Q—l—ng)

XT'(—c+D—e—1l—nag+ng+ns+ng+ny+ng) ' (—d+ D/2 —e—ng+ ny + ng + ny)
xT'(c+d—D+e+l+nes+ng—ng—ny—ng) ' (=b+D/2—1—n1 —ns —n7y — ng)
xT(c+d+2e+ f+1+ny+n3 —nsg—ns —neg —ny —ng —ng — 3D/2) (33)

—b—d+D—e— —w1 /ws)™ (—wawy /wg)™? (—ws/ws)™3
Dano = (ws) b=+ D=1 (1)~ wch/2+zZ Z 1/5 ( 27;;{ 8)™ ( 3;22'5)

n1=0 ng=0
(—wa)™ (—wewg/ws)"™ (—wswr/ws)" (—ﬂ)f)“@/ﬂ&%)”7 (—ws)"™ (—wg)™
4! 75! 1! hd ng! g
F(c+n2+n5+n6+n7)
F(D/Q—l—ng)
><F(b+d—D—|—e+l+n1—|—n3—n6—n7—ng)F(—c+D/2—l—n2—n5—n7—n9)
xI'(b+d+2e+ f+14+n1+n3—ng—ns —ng—ny—ng—ng —3D/2)
F(—b+D—e—l—n1+n4+n5+n6+n7+n8)F(—d+D/2—e—n3+n7+ng+ng)
(34)

F'(—b—d+3D/2—e— f—1+mny+ng+ns+neg+ny+ng+ ng)

_ —e _ c C —wiwr/wg)™
Daps = (ws) P27 (1 )= D/2H () b=+ D271 gy ye=D/2H Z Z 1 7/ 8)

n1=0 ng=0

o (Twawg/we)"? (—wa)™ (—wswr/ws)"™ (—wewy/ws)™ (~wzwr/ws)"™

77,2! n3! 7”L4! n5! n6!
" (—wswg /wg)" (—ws3)™ (—wswrwg/wg)™ T' (=b+ D/2 —1—ny —ng —ng —ng)
ny! ng! ng! ['(D/2—1—ny)

['(D/2—e+n3+ng+n5+ng+ny+ng+ng) ' (=D/2+e+ f—n3—ng—ns —ng)
I'(—c+D/2=1—ny—ns—n7—ng)I'(d+e—ng—n7—ng—ng —D/2)
F'(—d+D—e— f+4+n1+ns+n3+ng+ns+neg+ny+ ng + 2ng)

L(b+c+1l+n1+ng+ng+ns+ne+ng+ng —D/2) (35)
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D1ogs =

)—d+D/2—e(

)=+ D 2 (D= D/2H Z Z w1w7/w8 " (—wa /we)"™?

= (w3 7o)

We
n1=0 ng=0

(—wa)™ (—wswr/ws)"™ (—wewy/ws)" (—wzwr/ws)" (—w3/we)"7 (—ws)™®
ns! Ty 75! ng! e ng!

% (—w3w7/w6)"9 r (b+ ny+ng +ns + nﬁ)

n9! I‘(D/2—l—n9)

><F(d+e—n6—n7—n8—ng—D/2)F(C—D+e+f+l+n2—n3—n4—n5+n7)

xI'(=c+D—-e—1l—nyg+ng+ng+ns+ng+ng) ' (c+1+n2—mns+ny;+ng—D/2)

XxI'(—c—d+3D/2—e— f—1+n1+n3+ns+ns+ne+ ng+ no) (36)

X

L'(—b+D/2—1—n3 —ng—ng—ng)

oo 0o
_ (wg)—d+D/2—e(w6)—D/2+e+f(w7)b—D/2+1(wg)—b—c—O—D—e—f—l(wg)c—D+e+f+l Z Z
n1=0 ng=0

" (—waws/(wewy))"* (—wswr/(wewy))" (—wswr/ws)"

 (Fwiwr/ws)™ (—wawy/ws)™

nl! n2! n3! n4! n5!
o (—w3wg /wg)" (—wewy/ws)"" (—ws3)"® (—wswr/we)" T (f +ns + ng + n7 + ns)
ng! ny! ng! ng! L'(D/2—1—ng)

d+D/24+n;+ny+ns+ns+nr+ng+ng) L' (=b+D/2—1—ny —ng —ns —nyg)
d+e—ns—ng—ng—ng—D/2)T(D/2 —e— f+ng+ng—ny+ng)
c+D—-e—f—1l—ng+ng+ns—mng—nr)
b+c—D+e+ f+1+ny+ne—ns+ns+ng+ny) (37)

(-
I'(
(-
I (

= (1) D2 (3 ) ~H+D /2L (1 )¢ (1)~ D/ 2H UJ1/UJ5 " (—wawg /wg)"?
(15) (w5) 4P/ )~ MZO ngzo o
(—wa)™ (—wewg/wg)"™ (—wswr/ws)"™ (—wsz/ws)" (*w?ﬂUQ/wa"7 (—w3)"® (—wswg/w5)"
ns! 4! 75! ng! 7! ng! Tg!
F(c+n2+n4+n5+n7)
F(D/Q—l—ng))
X F(b—l—l—i-m —n5+n6—|—ng—D/2)F(d—|—e—n6—n7—n8—n9—D/2)
xI'(b—D+e+f+l+n—n3—ng—ns+neg) [ (—c+D/2—1—ny—ng —ny —ng)
xT'(=b—d+3D/2—e— f—1+ny+n3+ns+ns+ny+ng+ng) (38)

F'(—b+D—e—1—n1+n3+ng+ns+nr+ng)

(1)~ D2 (g5 ) ~b+D/21 () =e+ D21 (1 ) =D/ 2+ Z Z wl/w5 "
n1=0 ng=0

(—w2/we)"? (—wq)"™ (—wswr/wg)™ (—wewe/wg)™ (—w3/ws)" (—w3/w6)”7

7”L2! TL3! 714! n5! n6! 7”L7!
% (_w3)n8 (—wg/(w5w6w8))”g T (D/2 —1 +ng +n5 — ng)
ns! TLg! F(D/2—l—n9)

F(c+l+ny—ns+nr+ng—D/2)T(=b—c—d+2D —e— f—2l+n3+ng+ns+ ng)
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xI'(d+e—ng—n7—ng—ng—D/2)T (b+1+ny —ng+neg+mng —D/2)
xI'(=b—c+3D/2—e—2l—n; —ng+n3+ng + ns +ng —ng)
xT'(b+c+e+ f+2l4+n +ng—n3—ng —ns +neg+ny +ng —3D/2) (39)

Di112 = (w3)7d+D/2fe( )fb+D/271(w6)be+e+f+l (wg)fbcherefffl(wg)b+cf3D/2+e+f+2l

5 Z Z w1W6w9/ wswg))" (—wawe/ws)"? (—wiws/(wewg))™ (—wswr/(wewg))™

| | |
n1=0 ng=0 2 3 4

. (Fwswewy/(wsws))" (—wwe)/wss)% (—wewg/ws)"™ (—w3)"® (—wzwy/ws)"™
75! ng! rd ng! Tg!
L (f+mns+ng+ ny+ng)
F(D/Q—l—ng)
I'(—d+D/2+n1+ny+ns+ng+nyr+ng+ng) L' (b+14+n; —ng+ns+ng— D/2)
xF(d+e—n5—n6—ng—ng—D/2)F(—b+D—e—f—l—n1+n3+n4—n5—n7)
xT'(=b—c+3D/2—e— f—2l—ny —ng+n3+ng—ns —ng —ny —ng) (40)

F'b+c—D+e+ f+1+4+n1+n2—n3+ns+ ng+ nr)

Di330 = (wg)fdJrD/Zfe( )b+ch+e+f+l(w6)7b70+D/271(w7)be/2+l (wg)ib

n2

y Z Z w1IU4UJ7/ wewy))" (—wawy/we)"™ (—wawswr/(wewy))"

19! ns!
n1=0 ng=0 2 3

o (Fwaws/(wewy))™ (—ws’w4w7/(10611)9))”5 (—wzwa/we)" (—wy)"" (—w3)" (—wzwr/we)"™

n4! ns! ng! nr! ng! ng!
['(b+n1 +n3 +ng +ns)
I'(D/2—1—-ng)
XT(f+ns+ns+n7+ng) L' (—=d+ D/2+ny +na+ ns + ng + ny + ng + ny)
F'(=b+D/2—1—n1 —n3—n5 —ng)I'(d+e—ns —ng —ng —ng — D/2)
XTI (b+c+1+4+mn1 +n2+n3+ns+ns+ne+ng—D/2) (41)

'(-b—c+D—-e—f—1l—n3 —ng—ng —ns —ng —ny)

Diga9 = (wg)—d+D/2—e(w4)b+c—D+e+f+l(ws)—b+D/2—l(w6) ’wg —D/2+l1 Z Z w1w4/w5 n1
n1=0 ng=0
. (Fwawa/we)" (—wswr/ (wewg))™ (—waws/(wew))™ (—wzwa/ws)"™ (—ukfswzi/%)”6
7”L2! 7”L3! n4! n5! nﬁ!
(—w4)"7 (—wg)”S (—wgwg/w5)”9 r (C + N9 +n3 +ng + 77,6)
7‘L7! ng! n9! F(D/Q—l—ng)
L(—d+D/24+n1+ny+ns+ng+n7r+ng+ng) ' (D/2—1+n3g+ng —ng)
xID(b+1l+n —ng+ns+ng—D/2)T (d+e—ns —ng—ng —ng —D/2)
xI'(=b—c+D—-e—f—1l—n1—ng—ng —ns —ng —nry) (42)

n2

F(f+n5+n6+n7+ng)
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—wiwr7/wg )™
Digar = (wa) TP (wg) ™ (wr)"~ D/QH Z Z 1 7/ 2

n1=0 ng=0
(—ws3/we)"? (—waws/we)™ (—wawswr/(wews))"™ (—1112109/11%;)”5 (—wowr /wg)"®
TLQ! n3! n4! n5! TLG!
o (Fw2/we)" (—wa)"™ (—wy)™ I' (b+ m1 + n4 + 15 + ng)
ny! ng! ng! I'(D/2—1—ny)
xT(=b+D/2—=1—n1—ng—ng—ng)I'(c—D+e+1—n3—ng—ns —ng—ny —ng)
'(—d+D/2—e—na+ng+ng+ng)l'(d+e+ f+na+n7—ng—D/2)
XxI'(—c—=d+3D/2—e— f—1+n1+n3+n4+ns+ng+ng+ng) (43)

I'(d+ng + ng +ng+n7)

)fc+Dfefl(w3)fd+D/2fe(wﬁ)fD/2+e(w7)b D/2+l Z Z wlw'?/wg ni

n1=0 ng=0

o (Fw2ws/we)"? (—wawswy/(wews))™ (—wawy/ws)™ (—wawzwr/we)" (—’wza/’lUG)"6

Doyze = (w2

712! n3! n4! 715! n6!
o (—wa/we)" (—waws/we)"™® (—wzwy/we)™ I (b+ n1 + n3 + ng + ns)
ny! ng! ng! I'(D/2—-1-ng)

xT'(D/2—e+na+ns+ns+nsg+n;+ng+ng) L' (=b+D/2—1—n1 —n3—ns —ng)

xI(d—D/24+e—n5—ng—ng—ng) L' (c—D+e+1—ny—ng—ng—ns—ny —ng)

xI(—c—d+3D/2—e— f—1+n1+ns+n3s+ng+mns+ns+ng) L (f+ns+ne+ny+ns)
(44)

— —e— - c c —wawy/wg)"!
Dsogo = (w1) 2= (w5) = (ws) = (wy D””Z Z : 9/ !

n1=0 ng=0

(—wsz/ws)™ (—wiwa/ws)™ (—wiwewg / (wsws))™ (*wlw?/ws)"5 (—wiwy/wg)"e

X
na! ns! 14! ns! !
(w1 /ws)"" (—w1)"® (—wy)"™ I (¢ + n1 + n4 + n5 + ng)
8 I'(d
ny! ng! ng! I'(D/2—1—ng) (d 4+ ng 4+ n3 4+ ng + ny)

XxI'(—c+D/2—=1—n1—ng—ng—ng)'(—d+ D/2 —e—ny+ng+ ng + ng)
><F(b—D+e+l—n3—n4—n5—n6—n7—ng)F(d—D/2+c+f+n2+n7—ng)
I'(-b—d+3D/2—e— f—1+n1+n3+ns+ns+neg+ ng +ng) (45)

- —e— — —e — e c c —wawg /ws)"!
D3806:(w1) b+D l(w;>,) d+D/2 (w5) D/2+( ) w D/2+1 Z Z 2 9/ 8

n1=0 ng=0

. (Fwiwa/ws)"? (—wiwewy /(wsws))"™ (—wiwy/ws)™ (—ws/ws)" (*w1w3w9/(w5w8))n6

19! ns! 74! ns! ng!
" (—w1/ws)" (—wiws/ws)"™ (—wawy/ws)"™ T' (¢ + ny + nz + ng + ne)
TL7! ngl n9! F(D/2—l —ng)

xI'(D/2—e+ng+n3+mns+ng+ny+ng+ng) ' (—c+D/2—1—n1 —ng —ng — nyg)
><F(d—D/2+e—n5—nG—ng—ng)F(b—D+e+l—n2—ng—n4—n6—n7—n8)
F(—b—d+3D/2—e—f—l+n1+n2+n3—|—n4+n6+n8+n9)F(f+n5+n6+n7+n8)
(46)
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APPENDIX B The hexagon

We give here the explicit expressions of the 26 series that constitute the series represen-
tation of the hexagon in Eq.(15).

Z Z (—w2)™ (—w3)"™ (—wq)™ (—ws5)"™ (—we)"® (—wr)"" (—ws)"™® (—wg)"
=0 na! ng! ng! ng! ng! ny! ng! ng!
xT'(D/2 — f 4+ n1+na +n3+ng+ns + ng + ny + ng + ng)
I'(b+n1 +ns5 +ng+ng) ' (¢ +ng + ne + ny 4+ ng) I' (d + n3 + ng + ns + ng)
I'D/2—b—c—d—e—ny —ng—n3 —ns —ng — ng)
e+ f—D/2—n4—ns—ng—mny—ng—ng) (47)

Hy = (o) D/ Z Z —wg)"? (—w3)" (—wg/wg)"™ (—ws/wg)"® (—we/wg)"®

2! ’I’L3! TL4! n5! n6!
n1=0 ng=0

(—wr/wg)"" (—ws/wy)" (—wg)”9
7”L7! ngl n9!
Fb+e+f—D/24n1 —ng—ng—n7+ng) T (D/2—e— f+ng+ns+ng+ny+mng—ng)
xI'(=b—c—d+D/2—e—n1 —ng—ng—ns —ng—ng) (e +n1+n2 + ng + nog)
(48)

I (c+n2 +ng+n7+nsg) ' (d+ ng + ng + ns + ng)

H9 _ (wg) —b—c—d—e+D/2 Z Z ’LU1/’LU8 n1 (—wg/ws)nz (_wg/ws)ﬂ?, (_w4)n4 (_w5/w8)n5

no! ng! 14! nsg!
=0 a0 2 3 4 5

—_ ne (_ — 8 (— ng
><( we/ws)" (—wr)" (—wo)™ ’U)g) Fb+c+d+e+ni+ng+ng+ns+ng—ng—D/2)
1! d ng! Tg!
xI'(d+ng+ng+ns+ng) L (=b—d+ D/2—e—n3 —nz —ns +ny + ng)
xI'(-c—d+D/2—e—ng—nzg—ng+ng+ng)l'(-b—c—d+D —e— f+ng+n7+ng+ng)

xI'(b+c+d—D+2e+ f+n+ny+ns—ng —ny —ng —ng) (49)

h—c—d— —w1wWg wg ™M (—wowg /wg)™ (—wswg /wg)™?
H15 _ (wg) b—c—d e+D/2( )b+c+d+2@+f D Z Z / ( / ) ( / )

ng! ns!
n1=0 ng=0 2 3

(—wa/wg)™ (—ws/ws)"™ (—we/ws)™ (—wr/wg)" (—109)"8 (—ws/wg)"
4! 75! ng! rd ng! 7!
xI(d+ng+ng+ns+ng) L (=b—c—d+ D —2e— f—ny —ng —ng+ng +ny —ng + ng)
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