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1. Introduction and the main results

The study of spherical means has received considerable attention in the last few

decades. In 1976, Stein first considered the spherical maximal function on R™ defined by
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Mf(a) = suplf s (@) =sup| [ f@ = y)du (0
r>0 r>0

lyl=r

where g, is the normalised measure on the Euclidean sphere of radius r. In [18], for
n > 3 he proved that

IMfll, <C|fll, if and only if p > %
Later Cowling-Mauceri [7] revisited this and proved Stein’s result using completely dif-
ferent arguments. In 1986, Bourgain [3] settled the case n = 2. On the other hand, as
proved by C. P. Calderon [4], the lacunary spherical maximal function

Miqc f(x) = sup | f x pas ()]
jEL

turned out to be bounded on LP(R"™) for all 1 < p < oo. Recently, M. Lacey has come
up with a new idea to prove these two results and much more. In [13] he has obtained
sparse bounds for both M and M;,. leading to new weighted norm estimates.

Our aim in this paper is to prove sparse bounds for the lacunary spherical maximal
functions on the Heisenberg group. Recall that the Heisenberg group H” := C™ x R is
equipped with the group operation

(z,t).(w,s) == (z+w,t+ s+ %%(zu?)), V(z, 1), (w,s) € H".

On this group, for every r > 0, we have a family of non-isotropic dilations defined by
§-(2,t) :== (rz,7%t), V(z,t) € H™ These §, are automorphisms of the group H". The
Koranyi norm of (z,¢) in H" is defined by

(2 8)] = (Je]* +16t%)7

and it is easy to see that |0,.(z,t)| = r|(z,t)|, i.e., the norm is homogeneous of degree 1
relative to these non-isotropic dilations. The Haar measure on H"™ is simply the Lebesgue
measure dzdt. As in the Euclidean case, this Haar measure has a polar decomposition.
Let Sk := {(z,t) € H™ : |(z,t)| = 1} be the unit sphere with respect to the Koranyi
norm. Then there is a unique Radon measure ¢ on Sk such that for every integrable
function on H™ we have

/f(z,t)dzdt-]o/f(é,«w)rQ1do’(w)dr (1.1)
Fin

0 Sk

where @ = (2n + 2) is known as the homogeneous dimension of H™.
Let us fix some more notations first. Given f on H", its dilation d,. f is simply defined
by §,f(z,t) = f(6-(2,t)), V(z,t) € H™. More generally, if U is a distribution on H",
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then its dilation 6,.U is defined by (6,.U, ¢) := (U, d,¢), Vo € C*(H"™). We let 0, = §,0
and define the spherical mean value operator A, by

Af(2) = frov(z) = / b,y V)do(y).
lyl=1

The associated spherical maximal function My~ f(z) = sup,¢ |A-f(z)| was studied by
M. Cowling in [5] where he established the following result.

Theorem 1.1. The spherical mazimal function Myn is bounded on LP(H™) for all p >

2n+1
2n

This is the Heisenberg analogue of Stein’s theorem on R™ but Cowling used an entirely
different approach in proving this. He used a very clever idea of expressing o, as a
weighted integral of Riesz potentials which are easy to handle, see Theorem 3.2 below.
Other proofs of the above theorem are also available in the literature. By adapting Stein’s
second proof of the Euclidean case [19] (Corollary 3 in XI, section 3), Oliver Schmidt, in
his still unpublished work [17], studied maximal functions on stratified groups associated
to hyper-surfaces with a non vanishing rotational curvature, giving another proof of
the above theorem of Cowling. Also in [10], using a square function argument, Fischer
proved the boundedness of the spherical maximal operator on functions on free step two
nilpotent Lie groups which includes the above result of Cowling.

In this paper we are interested in establishing an analogue of Calderon’s theorem for
the Heisenberg group. Though the methods used in [4] are adaptations of the original
idea of Stein [18], it is unlikely that a proof along similar lines is possible. This is mainly
because the group Fourier transform of the measure o, is not known explicitly. To state
our main result, we fix § € (0,1/96) and let

Mge f(z) = sup |Age f ()]
keZ

stand for the lacunary spherical maximal function on H™. We prove:

Theorem 1.2. Let n > 2. The lacunary spherical mazimal function MIS is bounded on
LP(H™) for all 1 < p < 0.

This is the analogue of Calderon’s theorem for the spherical averages on Koranyi
spheres. In view of the work by Fischer [10], it is natural to ask if the above theorem
can be proved in the more general context of free step two nilpotent Lie groups. For
reasons we just mentioned before the statement of the theorem, it is going to be very
difficult to prove such a result using spectral methods. In proving the above theorem for
the Heisenberg group, we combine the idea of Cowling along with a recently formulated
strategy of Lacey [13] in the Euclidean context that has turned out to be fruitful in
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handling several maximal functions. We believe that our proof can be suitably adapted
to handle at least the case of H-type groups, we restrain ourselves from doing so in order
to keep the proofs elegant. We plan to take up the general case of free step two groups
in a future work.

As mentioned above, we establish Theorem 1.2 by closely following Lacey [13]. The
main idea of Lacey in reproving Calderon’s theorem on R"™ is to establish a sparse
domination for the spherical means. In order to do so, he required two main ingredients:
(i) the LP improving property and (ii) the continuity property, of the spherical means.
These ingredients are then used to control the spherical maximal function in terms of
certain dyadic maximal functions.

Once a sparse domination for the lacunary spherical maximal function is obtained, it
is then a routine matter to deduce weighted and unweighted LP bounds. Theorem 1.2,
as well as certain weighted versions that are stated in Section 5 are easy consequences of
the sparse bound stated in Theorem 1.3, which is the main result of this paper. In order
to state the result we need to set up some more notation, see [13].

As in the case of R™, there is a notion of dyadic grids on H", the members of which
are called (dyadic) cubes. A collection of cubes S in H"™ is said to be n-sparse if there
are sets {Fg C S : S € S8} which are pairwise disjoint and satisfy |Eg| > n|S| for all
S € S. For any cube @ and 1 < p < oo, we define

Ner=(1g Q/ |f<x>f’dx)1/p, e =15 Q/ F@)ldz.

In the above, © = (z,t) € H™ and dx = dzdt is the Lebesgue measure on C™ x R, which,
as we have already mentioned, is the Haar measure on the Heisenberg group. Following
Lacey [13], by the term (p, ¢)-sparse form we mean the following;:

Aspalf.9) =D 1S1(f)sp{9)s.0-

Ses

Theorem 1.3. Assume n > 2 and fix 0 < § < 9—16. Let 1 < p,q < 0o be such that (1, %)

2n n )
2n+17 2n+1/"

Then for any pair of compactly supported bounded functions (f,g) there exists a (p,q)-
sparse form such that (MESf, g) < CAspq(f,9)-

belong to the interior of the triangle joining the points (0,1),(1,0) and (

We remark that as in the Euclidean case we can take any 6 > 0 in Theorem 1.3, in
particular we can choose 6 = 1/2. In order to prove the main ingredients in our case, we
make use of the idea of Cowling along with analytic interpolation. Once we have these
two ingredients in our hand, the method of Lacey can be adapted to the Heisenberg
group setting to obtain sparse domination. This has been already done in a joint work
of the second author [1] where a different kind of spherical maximal function is studied
on the Heisenberg group.
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The spherical maximal function mentioned in the previous paragraph is associated to
the spherical means taken over complex spheres S, o = {(z,0) € H" : |z| = r} which were

initiated in the work of Nevo and Thangavelu. In [16], they showed that the corresponding

Zn—1 T ater Narayanan-Thangavelu in
2n—2

[15] and independently Miiller-Seeger in [14] improved that result and proved that the

2n
2n—1"
[1] have proved the analogue of Calderon’s theorem for the associated lacunary spherical

maximal function is bounded on L?(H") for p >

maximal function is bounded on LP(H") if and only if p > Recently, Bagchi et al.
maximal function by obtaining a sparse bound as in Lacey [13].

Let p, stand for the normalised surface measure on S, = {z € C" : |z| =r} C C"
which can be considered as a measure on H"”. The associated spherical maximal function
is then given by sup, ¢ | f*p, (2, t)|. Even though the measure y, is more singular than o,
its group Fourier transform is explicitly known, given in terms of the spherical functions
associated to the action of the unitary group U(n) on H™. These spherical functions
are given by Laguerre functions for which very precise estimates are available in the
literature. Thus the spectral method turns out to be useful in studying the maximal
function sup,.q | f * it (2,t)| as can be seen from all the three works [16], [15] and [1] (see
also [21]). Having said this, we remark that it may be interesting to see if Calderon’s
approach can be adapted to study the lacunary maximal function associated to the
spherical means f * p,. In [1] the authors were interested in proving sparse bounds which
immediately gives Calderon’s theorem as a corollary. Consequently, they did not make
any attempt to prove Calderon’s theorem using spectral methods. However, the spectral
theory of the spherical means cannot be avoided completely. Even in our case, we will see
that information on the Fourier transform of o, plays an important role in establishing
LP improving and continuity properties of the spherical means f * o,..

We conclude the introduction by briefly describing the plan of the paper. After collect-
ing some relevant results from the harmonic analysis on Heisenberg groups in Section 2
we establish the LP improving properties of the spherical averages in Section 3. In Sec-
tion 4 we study the continuity properties of the same. Finally in Section 5 we sketch
the proof of the sparse domination (i.e. proof of Theorem 1.3) and deduce weighted and
unweighted inequalities.

2. Preliminaries
2.1. Fourier transform on H™

In this section we collect some basic results from the harmonic analysis on Heisenberg
groups that will play important roles in the study of the spherical maximal function.
General references for this section are Folland [11] and Thangavelu [23]. The Heisenberg
group H" introduced in the previous section is a nilpotent Lie group which is non-
commutative and yet with a very simple representation theory. For each non zero real
number \ we have an infinite dimensional representation 7y realised on the Hilbert space
L?(R™). These are explicitly given by
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(2, )p(€) = eMel@EF V(e 4y,

where z = x + iy and ¢ € L?(R™). These representations are known to be unitary
and irreducible. Moreover, upto unitary equivalence these account for all the infinite
dimensional irreducible unitary representations of H" (see [11]). As the finite dimensional
representations of H" do not contribute to the Plancherel measure we will not describe
them here.

The Fourier transform of a function f € L*(H") is the operator valued function
obtained by integrating f against my:

foy = /f(z,t)w,\(z7t)dzdt.
H~

Note that f(\) is a bounded linear operator on L2(R™). It is known that when f €
L' N L%(H™) its Fourier transform is actually a Hilbert-Schmidt operator and one has

/ |z D2zt = (2m) " / 1O sI A

Hn

The above allows us to extend the Fourier transform as a unitary operator between
L?(H") and the Hilbert space of Hilbert-Schmidt operator valued functions on R which
are square integrable with respect to the Plancherel measure du()\) = (27) "~ A\|"dA.

2.2. The Heisenberg Lie algebra

We let h,, stand for the Heisenberg Lie algebra consisting of left invariant vector fields
on H™. A basis for b,, is provided by the 2n + 1 vector fields

o 1 0 o 1 0

8yj 2%815’ J

Sy Y = 1,2,...n

P o, 2%

and T = %. These correspond to certain one parameter subgroups of H™. Recall that
given such a subgroup I' = {7(s) : s € R} one associates the left invariant vector field

Xf(9) = |, _oF(g ().

Associated to each such X we also have a right invariant vector field X defined by

d

)Z'f(g):£

oS (V(5)9).

It then follows that any (z,y,t) € H" can be written as (z,y,t) = exp(z- X +y-Y +tT)
where X = (X1,...., X,,), Y = (Y1, ....,Y,,) and exp is the exponential map taking b,, into
H™. From the above definition right invariant vector fields can be explicitly calculated
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X@layalﬁ

I an, 2%a T gy 2o

they agree with the left invariant ones at the origin. The representations w) of H™ give
rise to the derived representations dmy of the Lie algebra b,,. These are given by

d
dmy(X)p = o |S:07T)\(exp sX)e.

For reasonable functions f and any right invariant vector field X, it is known that

(X f) = dma(X)ma(f)

where dmy, is the derived representatlon of the Heisenberg he algebra corresponding to my.
It is also well-known that dry (X;) = i\, and dmy (Y;) = 36 . Now writing Z; = X;+4Y},

Zj =X j— ij and using the above results we have

mA(Z;f) = i4;(Nma(f) and w(Z;f) = iA5(N)ma(f)

where A;(A) and Aj(A) are the annihilation and creation operators given by

A400 = (- +zA§j) A;(A)—( +iXg).

(95] 0¢;

We make use of these relations in the proof of the continuity property of the spherical
means, see Section 4.

2.3. The measure on the Koranyi sphere

Let Sk = {(z,t) € H™ : |(2,t)] = 1} be the Koranyi sphere of radius 1. Then it is
well known that there is a Radon measure o on K which gives rise to the following polar
decomposition of the Haar measure on the Heisenberg group:

/ f()dz = 7( / F(6,)dor ()12 dr
0

Hn

where ) = 2n+2 is known as the homogeneous dimension of H". For any r» > 0 we define
the measure o, = ¢, and note that it is supported on K, = {(z,t) € H" : |(z,t)| = r}.
We also have another polar decomposition of the Haar measure given by

/ f(z,t)dzdt =
Hn

é\g

O/ / flrw, t)dp(w))r®* = drdt

|w]=1
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where p is the surface measure on the unit sphere in C™. If we let u, stand for the
surface measure on the sphere S, = {(z,0) € H" : |z| = r} and ¢, for the Dirac measure
on R supported at the point ¢ then the measure p,: = p, * §; is supported on the set
Syr = {(z,t) € H" : |z| = r}. The measure o, can be expressed in terms of the measures
rt as follows (see Faraut-Harzallah [9]):

I“(n 1) /2
Or = ﬁ//Z Nm/m,iﬂ sin (COS e)n—lde

2.4. Fourier transforms of radial measures

The unitary group U(n) has a natural action on H"™ given by k.(z,t) = (k.z,t),k €
U(n) which induces an action on functions and measures on the Heisenberg group. We
say that a function f (measure u) is radial if it is invariant under the action of U(n). It is
well known that the subspace of radial functions in L*(H") forms a commutative Banach
algebra under convolution. So is the space of finite radial measures on H™. The Fourier
transforms of such measures are functions of the Hermite operator H()\) = —A + A?|x|2.

In fact, if H(A) = Y 7o o(2k+n)|A|Py(\) stands for the spectral decomposition of this
operator, then for a radial measure u we have

AN = Re(A, 1) Pe(N).
k=0

More explicitly, P.(A\) stands for the orthogonal projection of L?(R™) onto the kth
eigenspace spanned by scaled Hermite functions ® for |a| = k. The coefficients Ry, (), p1)
are explicitly given by

El(n —1)!

B ) = =

/ N (2)du(z, ).

Hn

In the above formula, ¢} are Laguerre functions of type (n —1):
Ny LR 2) e 3
vi(2) = L (G121 )e

where L}~ " denotes the Laguerre polynomial of type (n — 1). We refer the reader to [22]
for the definition and properties. In particular, for the measures o, we have

w/2
F(nTH) k'(ni 1)' A iAirZsing n—1
Ri(\ 0,) = N ACICEEY] / op(rvcosf)e' s (cos 0)"~1do.
—m/2
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Though the above integral cannot be evaluated in a closed form, it can be used to study
the maximal function associated to the spherical means f x ... See the work of Fischer
[10] where the spherical maximal function in a slightly general context has been studied.

3. LP -improving property of the spherical means

In this section we prove certain LP — LY bounds for the spherical means operator
A,. In order to prove the required estimates we embed A, into an analytic family of
operators and then appeal to Stein’s analytic interpolation theorem. First we obtain
the following representation of the measure o, as a superposition of certain operators
which can be handled easily. In what follows we let Pi(z) = cg t (¢* + |x|2)_% and
L(z) == C(Q,7)|z|~ 9T, z € H",t > 0,7 € R where cg is defined by the condition

co /(1 Fle)- e =1
Hn

and C(Q,~) = cnf(%)z/F(%). In the proof of the next theorem which gives a
representation of o, in terms of P, and I, we make use of the following simple lemma.

Lemma 3.1. Let F'(t) = CQ(1—|—62t)’%th and let F'(v) stands for the Euclidean Fourier
transform of F. Then

Proof. By the definition of the Fourier transform

oo

cQ
V2T

A

F(y) =

(1+ eﬂ)f%e@e*“”dt
which after the change of variables ¢! = r leads to
o0
CQ/ 1+ r? 7%7@717”&.
0

Another change of variables (1 —t) = (1 + r2)~! converts the above integral into the
Beta integral

DN | =

1 . .
- - 1 F(Q—z'y F(1+27)
/1—t L g = 3 R
0
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Consequently we obtain

Observe that, by the definition of c¢g we have

. 1
1= V 27TF(O) = §CQ

which leads to the conclusion 27 F(v) = completing the proof. O

The following result is the analogue of a theorem by Cowling and Mauceri [7] proved
in the context of R™. We provide the details in the Heisenberg setting for the convenience
of the reader. We define another constant d(Q,~) by the requirement

D(%52)r ()

r($)r)

Theorem 3.2. Fort > 0 the following representation holds in the sense of distributions:

1

Ut:Pt+2ﬂ_

/ d(Q, )t "L, dy.

Proof. Let u € C°(1—4§ < |z| < 1+446). Then by using polar decomposition of the Haar

measure,

/ (@) |z da = 7 / w(B,w)r o (w)dr.

H~ 0 Sk

By defining u(r) = |,

g, Worw)do(w) we rewrite the above as

[ vl i = [ atryeotar
0

H~

But by a change of variables we have

/ﬂ(r)r”fldrz /ﬂ(et)e”tdt.
0 —00

Hence by the Fourier inversion formula we obtain
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/ (/u(x)|x|‘@+ﬂdx>d'y = 27u(1l) = 2n (o, u). (3.2)
s Hn

We now consider the following equation:

([ d@navu = [ ([ ad@nc@le @) u@ds.
Hr —oo

— 00

Now changing the order of the integration and using (3.1) and (3.2) we get

L Gl YRSTRTELP PACS

([ 4@ =2eton - [ ([ SEIE

—o00  H»

Now we simplify the second integral in the above equation. Using polar decomposition

we have
3 Q—iy\ 1 ( L+iy
//F( QQ)F(12 ) ( )|:L'| QJFWd:L‘d"y
i L(3)r(z)

e

0
/ PESITCS) a5yt ().

We now make use of Lemma 3.1 and obtain

/ / 7 1 % F((;)%M)ei"td’y)u(éetw)da(w)dt

— 00

_\/_// / ”'Ydfy) (Oetw)do(w)dt

— 00

— 00 S}(

—00 Sy
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— (27) 7 / P u(Sorw)do(w)dt

— 00 SK

= (2m)cg / /(1 + T%f%u(érw)rQ*ldrda(w).
Sk 0

As the last integral in the above chain of equations is nothing but (27) [i, u(x)Pi(z)dz
we have proved

[ [D(EF)r () Qi gy —
// (1) u(z)|z| 9TV dzdy = (27)( Py, u). (3.4)

r()re

— oo Hn
Combining (3.3) and (3.4) we obtain the following equality which holds in the sense of
distributions:

o0

o=P +2m)! / d(Q, 7)1, dy.

—0o0
As oy is obtained from o by dilation, the theorem is proved. 0O
We would like to embed the spherical means A, into an analytic family of operators.

As in the Euclidean case, this is achieved by observing that the distributions given by
the functions

r—@ |z|?\ a1
bralt) = 2 (1-5%), - R >0
converge to o, as o — 0. In the Euclidean case the Fourier transform of ¢, (z) is
known explicitly, given in terms of Bessel functions, which allows immediate extension
as a homomorphic family of distributions. In the case of the Heisenberg group we do not
have a useful formula for the (group) Fourier transform of ¢, .. Hence we make use of
the following representation similar to the one proved for o, in the preceding theorem
in holomorphically extending the operator f * ¢, 4.

Proposition 3.3. Let r > 0, Re(a) > 0. Then for any Schwartz function f on H", we
have

T

f* bral@) = 2i/ (1-5)" @ e pyar

I(a)
0
LI PR (- ISR
27‘( Y F(OZ + Qgify) Y ’7

— 00
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Proof. By definition of convolution on Heisenberg group we have

f ¥ bral /f:vy J6r.a(y)dy

As ¢, o is radial, integrating in polar coordinates we get

8

f*¢ra =2

2
DIV :—z)iflda(w»tQ*l dt

—Q 9
= ; / (1- t—)afthflf * oy (x)dt.
0

Making use of the representation
1 iy
f*at:f*Pt—F% dQ, Mt " f x I,dy

proved in the previous theorem we get f * ¢y o = Sy of + Tr.of Where

Spaf(z) = QTQ/T (1 - ﬁ)a_thflf % Py(x)dt

I'a) r?
0
and
1 T o7 - O—1,—i
Tof@ =5 [ (i / (1= 5)" 9o ) Qo « @)y
—o0 0

The inner integral can be explicitly calculated:

1

2
T

0 0

which reduces to a beta integral and yields

r=Q [ f2ya-1 o T(a)(5R)
- _ Q-1ly—iy gy _ “\"/"\ 2 J
2F(a)/(1 r2) Q1474 N 2 )
0

Consequently, we obtain the representation

13
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)f * I’Y(x)d,%

17 ,
o —iry
Toofi= 5= [ d@yr

proving the theorem. 0O

If we define A, o f = f * ¢y q, then by the above proposition we have A, of = Sy o f +
T, o f where the above holds under the assumption that R(«) > 0. But both S, and
T, o have analytic continuation to a larger domain of a. Indeed, 7}, can be extended
to the whole of C as an entire function and S, , extends holomorphically to the region
R(a) > —n. Thus A, is an analytic family of operators and when a goes to 0 we
recover f x o,.. We remark that the LP-improving property of this generalised spherical
mean A, o f on the Euclidean space has been studied by Strichartz [20].

In order to study the LP improving property of the spherical mean value operator
f — f*o0, we use analytic interpolation. It is enough to prove an LP-improving property
for the operator 1) o by studying the family 7;. ,. We shall show that for o = 1 4473, the
operator T, , is bounded from L' to L™ for any ¢ > 0 and for some negative value of
R(«), it is bounded on L?(H"). By a dilation argument, we can assume that r = 1 and
hence we deal with T;, := T} o. To handle the L? boundedness, we need the following
Fourier transform computation.

Proposition 3.4. For A # 0, the Heisenberg group Fourier transform of the distribution
|.|=9F s given by

[7GF () = (2m)" A =/2
This has been proved in the work of Cowling and Haagerup [6]. From the above
proposition it is now easy to prove the following:
Proposition 3.5. Assume that n > 1. Then for any a € C with Re(a) > —n+ 5 we have
[Ta fllz < C(S(a))[|f[]2
where C(S(«)) has admissible growth.

Proof. Note that if we write a(Q,~) := d(Q,~)C(Q,~) we have

(oo}

T.f@) = [ a(@yr "

— 00

fol |79 (@) dry.

V3 )
[(a+ 957)

It is therefore enough to show that



P. Ganguly, S. Thangavelu / Journal of Functional Analysis 280 (2021) 108832 15

/|acz, (

where b(Q,7) is the norm of the operator f — f |- |~9%" on L2(H") so that we have
the inequality

2 40.) dy < C(3(0)

=)

1F 1 1795 12 < 8@, N fll2-

In view of Plancherel theorem for the group Fourier transform on H"™ we have the estimate

b(Q,7) < ngp [[.|=@+r (N

Using the computation in the previous proposition, we have

I-eFv ) < ¢ SUp :
NG =) % D3+ 2| INC Ik
Thus we only need to show that
( 70| IT(F)l
la(@,7) — ; dy < C(S(w)).
/ + SN -1
In order to prove the above, we first recall that
(L= ( 1ty
a(Q,7) = (1_ ( 2Q) (1 : ))
L(3)r(3)
and hence a(@,~) has a zero at v = 0. Consequently,
|a(Q F(Q )I T+ 9]
/ 2l 4y < i (S(a)
Iv\ |F D)EE =1

as long as R(a) > —n — 1. To prove the integrability away from the origin we make use
of the following asymptotic formula for the gamma function: for |v| large

D(u+iv) ~ v 27T‘l/|‘u71/2€7%ﬂ'|u‘.

So using this formula, a simple calculation shows that for |y| > 1

—_

|a(@,7)| IF(Q )I (1 +
D+ 5[0 -

;L < Co(S(a)) |12,

A3 ely



16 P. Ganguly, S. Thangavelu / Journal of Functional Analysis 280 (2021) 108832

Therefore, it follows that

.

—_

Q—iy iy
[ @) LD MO+ PL o0

bl (e + S50 ~ I

[v|>1

for all ®(a) > —n + 1/2. This completes the proof of the proposition. O

Proposition 3.6. For any 8 € R and p > 1 we have,

[T14isflloo < CB) fllp-

Proof. For any p > 1, to prove LP — L estimate, first note that in view of the
Proposition 3.3, for any 8 € R we have

1
Titipf(x) = f* ¢1,148(2) 1+zﬁ / 1—t tQ‘lf*Pt(x)dt. (3.5)
0

So for any x € H" we have

1
1 o
Ty vigf ()| < |f * d114ip(w)] + T <) O/t Y f o Py(x)|dt. (3.6)

Now see that

If * d11408(2)] < !

| < mm * X5, (z) < CB) fllp-

As we have P;(z) =t~ 9P, (6; 'z) it follows that for any p > 1,

If * Po(x)| < 9 £l ( / Py(5; ) da) 7 < o £ .

Consequently, the integral in (1.2) is bounded by || f||,. Finally, these two estimates
together with (3.6) we get

[T1tigflloe < CB) Sl O

By using the above two propositions and an analytic interpolation argument, we now
prove the following result.

Proposition 3.7. For any 0 < § < 1, we have Ty : LP*(H™) — L% (H"™) where ps =
(1+6)22E=0 and gs = (2n+1 - 9).
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1

O,1)

(an% 2n,231 )

2r 1
(i me1)

- —
P

SRR

Fig. 1. Triangle L’
on the right.

».» on the left side, shows the region for L? — L? estimates for A;. The dual triangle L,, is

Proof. Given § > 0 we consider the holomorphic family of operators 77y, where L(z) =
(—n+12i5)(1 z)+z. In view of the Propositions 3.5 and 3.6, Stein’s interpolation theorem

gives

Ty : LPW(H™) — L9 (H")
where p(u) =1y 145 and q(u = 2(1 — ). Solving for L(u) = 0 we get u = 32;}:2
and simplifying we get p(u) = ps = (1 + )29 and q(u) = ¢s = (2n+1-6). O

The following result which follows from the above end point estimates by means
of analytic interpolation describes the LP improving properties of the spherical mean
operator A,.

Theorem 3.8. Assume that n > 1. Then we have
1_1
1A fllg < Cr@G=2)| 711,

whenever (1 1) lies in the interior of the triangle joining the points (0,0),(1,1), and
( 2n

Tt 1 2n+1) as well as the straight line joining the points (0,0), (1,1).

Proof. An easy calculation shows that 0. 1A4;4, = A, and hence we can assume that
r = 1. With ps and g5 as in the proof of Theorem 3.7, we first show that

A, LPS(H™) — L% (H™). (3.7)

Recall that from the Proposition 3.3 we have
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2

1
£ 01.0(0) = 3 /(1 )01 f oy (2)dt 4+ T f(2).
0

Note that A; is recovered from f*¢; o by letting o tend to 0. As the first term converges
to fxPy(x) we have the equation A; f(z) = f+P(z)+Tof(z). Since P; € LP forany p > 1
in view of Young’s inequality we get || f * Pi||q; < C|f|lp,- Hence using Proposition 3.7
we see that the same is true of A;. Since A; is bounded on LP(H") for any 1 < p < oo
Marcinkiewicz interpolation theorem shows ||A1fly < || f|l, Wwhenever (%, %) belongs to
the triangle As with vertices at (0,0), (1,1) and ((1+5)(§Z+1_5), (2n+11_5)). The theorem
is proved by letting 0 go to 0 (Fig. 1). O

Remark. It is possible to use the explicit formula for the measure o, stated in the pre-
liminaries to get LP — L? estimates for the spherical means. However, we only get the

1

estimates for ( E) coming from a smaller triangle.

1
D )
4. The continuity property

Our aim in this section is to prove the following theorem which is known as the
continuity property of the spherical mean operator A,. For a € H" let 7, f(7) = f(za™1)
be the right translation of f by a. We prove:

Theorem 4.1. Assume that n > 2. Then for any a € H™ with |a| < r and for (1/p,1/q)

lying in the interior of the triangle joining the points (0,0), (1,1) and (25%, 2n1+1), we
have
| A, — Apmallirsra < CTQ(l/qfl/p)|5;1a|n
for some 0 < n < 1.
In view of the relation A, — A,7a = 6, (41 — A175;13)5r we can assume r = 1

without loss of generality. Also in view of Riesz-Thorin interpolation theorem it is enough
to prove the case p = 2. It is therefore natural to use the Plancherel theorem for the
Fourier transform. Since we do not know the group Fourier transform of o, explicitly,
we proceed as in the case of the proof of the LP improving property by making use of
the integral representation for the measure. For the purpose of proving continuity it is
convenient to work with the following family rather than A, . used earlier.

For R(a) > 0 and r > 0 we define

D, (z):=4

r=9 ( Els

a—1
AL, Hn
(o) = )+ e

which converges to o, as a goes to 0. Given a € H" consider the equation
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1 1
Taf * @ra(T) — [+ Qp ol /fxy a ), . (y)dy — /fxy P, 0(y)dy.

By making a change of variables and using fundamental theorem of calculus we can
rewrite the above as

[ 1 e at@uy - [ sy = [ ( j 20, o((5,2)y)ds ) dy.

Hn Hn H~

We are thus led to calculate the derivative of @, o ((dsa)y) which is given in the following
lemma. Let

o 1 0 Y:iflx.g i=12..n

X = 2 42y v
1= 0z, T2Yiae T oy, 2% ar

and T = % be the (2n + 1) left invariant vector fields giving an orthonormal basis for
the Heisenberg Lie algebra b,,. It then follows that any (x,y,t) € H" can be written as
(z,y,t) =exp(z- X +y-Y +tT) where X = (X1,...., X,,) and Y = (Y7, ..., Y,,) and exp
is the exponential map taking h,, into H™. We can then check that

%}Szow(exp(és(a, bo)(z,y, 1) = (a- X +b-Y +cT)p(x,y, t)

where X = ()Z'l, ,)?n) and Y = (371, ....,}7”), with

c_ 0,10
Byj 2 JBt'

We remark that these are the right invariant vector fields agreeing with the left invariant
ones at the origin.

Lemma 4.2. Let a = (a,b,c) € H" be fized. Then for any r > 0 and R(«) > 1 we have

1
Taf * @ o(x) — f* Dpo(x) :/(/T%af(xy*l)(a X +b-Y 42esT)®,0(y )dy)ds
0 H~

Proof. In view of the foregoing calculations we have

D, . ((d )ds) dy.

&=~

Taf * @po(z) — f* Doz /f Ty~ /1
0

We note that
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d d
%q)r,a((dsa)y) T uzoq)na(((ssﬂza)y)v

(0s1wa)y = (ua, ub, (u* + 2su)c)(sa, sb, s%c)y
which can also be written in the form
exp (u(a- X +b-Y) + (u? + 2su)cT) (6,a)y.

Therefore, taking derivative with respect to u at 0 and making use of the calculations
done before the lemma we get the result. O

In order to obtain a usable expression for (a- X +b-Y + 2¢sT)®, o (y) we make use
of the following simple lemma.

Lemma 4.3. Let ¢o and g be smooth functions on R and let p(x) = gﬁo(\x|4) and
¥(x) = Yo(|z|t). Then for any vector field Z on H™ we have Zp(z) = S00(|§I4§Zw(av). In

¥o(]
particular,
1 . _
Z(|xl (@) = 7(=Q + 1+ in)la|*Z(je[) I, ().
Taking ¢o(u) = %(1 - :f—j)i_l and 9o(u) = u in the above lemma we get the
following.

Lemma 4.4. Assuming that (o) > 1 we have

n

(a-X+b-Y 42esT)®, 0 (y) = cr> (2651/;0(;5) + ) (ap(x) + bj¢j(x))) D, 1 ()

j=1
where @; and ; are homogeneous of degree three whereas vy is of degree two.

Indeed, we only have to take

(@) = X;(|=[*), v;(x) = Y;(|z|"), vo(z) = T(jz|*)

and note that as X ; and 17J are homogeneous of degree one and 7' is homogeneous of
degree two these functions have the right homogeneity stated in the lemma.

We want to estimate the norm of A,7,f — A, f which will be obtained as the limit
of Taf * @, o(z) — f * D, o(x) as a goes to 0. Since the expression in the above lemma
is proved under the assumption that $(a) > 1 we need to holomorphically extend the
integral

/ 92y )y 0y (0)(a- X +b- ¥ + 2esT)(Jy]*) dy
Hn
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for smaller values of o before passing to the limit. Assuming r = 1 we consider the
operator

/ Fay™)®1 a1 (1) (v)dy.
H?L

We now obtain the following representation for the above integral which allows holomor-
phic extension.

Proposition 4.5. For any o with R(«) > 1 we have
[ 1 0 s )iy = S 1 (@) + Tosf ).
H~

Here T, ; is entire and Sy, ; has a holomorphic extension to the region R(c) > —% +1.

Proof. Integrating in polar coordinates we have
/f(fcy‘l)%a—l(y)w(y)dy

:%j/f(x.éuw_l)(l—u‘l)a *uQt2 0, (w)do (w) du

N
0 Sk

1

a — 1 / 1 —ut Q+2f ( )u(z)du

0

Making use of the representation of the representation of o, given in Theorem 3.2, we
have

£ (io)ule) = £+ Pug(o) + o [ d@um 1 L @)y

where P, ;(z) = P,(z)p;(z)|z|~3 and I, j(x) = I,(z)p;(z)|z| 3. Using this expression

we have

/ Fay ™)1 01 (4)0y (9)dy = Sa i f(2) + Ta i f ()

Hn

where S, ; f is given by
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1

Suif () / (1—u")*2uQ¥2f 4 P, j(x)du

0

and T, ; f by the integral

1 [e%s)
.1 = g / R / QA+ I,y (@) ) du.

Holomorphic extension of S, ; f is a routine matter: we integrate by parts by writing

1
Sa f() = ﬁ /UQ_lf * Pu,j(x)%(l — ") du.

0

Under the assumption that R(«) > 1 the above leads to the formula

1
)" d
Saif(@) = F_l / ' u( u?t fx Py () du.
0

Q-1
1

The above procedure can be repeated as long as R(«) > + 1. For example, one

more integration by parts gives

1

d
Sa,jf(x) = s 1 / u 3@(UQ_1JC * Pu’j(x)))du,

0

valid for (o) > 0. Having taken care of S, ;f we now turn our attention towards the
other term, namely Ty, ; f. Interchanging the order of integration in the defining integral
of T, ; we get

00 1

To;f(z) = % / d(Q,7) / (1—u") aT2uQt2 _”du>f>k1%j(:c)d'y.

—o00 0

A simple calculation shows that

F(QH?;Z"V)
M- 1+ Z55)

1
1 / l—u 2R+ 2y~ gy =

T(o—

0

Thus we have proved the representation
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1 Q+3—iy
To,jf(z =9 /d (1 +4Q+:2 m)f 7. (@)dy.

Observe that the above is well defined and holomorphic on the whole of C as % is an
entire function. 0O

As we have already remarked, in proving Theorem 4.1 we assume p = ¢ = 2 and
r = 1. In view of Lemma 4.2 and Proposition 4.5 we are led to show that the operators
So,; and Ty ; are bounded on L?*(H™). Note that these operators are defined using the
function ¢;. We also need to prove the L? boundedness of operators defined in terms of
1; and ¥g. As the proofs are similar we only treat Sy ; and Tp ;.

The boundedness of Sy ; is something very easy to check. Recall that

1
d( _5d
Sojf(@) = i/E(u*i’»%(u@lf*a,j(x)))du
0
1
d d
= (@ 1 Pus(w) 00  + 2P(0)
0

which under the assumption that n > 2 reduces to

(Q—=1)f x Prj(z) + [+ K;(x))

W~ =

Sojf(x) =

where Kj(z) = 4|,_1P, ;(z) is an integrable function. It is now clear that S ; is
bounded on L?(H"). We use the Fourier transform to prove the L? boundedness of Tj ;.
The following formula has been proved by Cowling and Haagerup [6].

Proposition 4.6. For all0 < R(s) < (n+1) the Fourier transform of the function |z|~9+2s
s given by

oo 2k+n+1 s)
c7’|>\| ° n+1 s 2 Z 2k+n+1+s Pk()\)

Proposition 4.7. For alln > 2 and j = 1,2, ...,n the operator Ty ; is bounded on L*(H™).

Proof. In view of the representation

i I(Q+3=iy
T0,6(6) = 5 [ QA pg=  + Lledn
— 00 4

we only have to show that
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Qi3-in))
/|dcz, L S el
177

where ||1, ;|| stands for the norm of the operator f — f * I, ; on L*(H"). In order to
estimate the norm of this operator we use Plancherel theorem for the Fourier transform,

namely
17115 = (2m)~ (Y / LF ) FrsI A" dA

where f(A) = mz(f) the Fourier transform of f at A. In view of the relation my(f * g) =
FV3(N) it follows that

1f * Iy jll2 < sup [[1y,;(A)|
A#£0

where ||1{7\J()\)H is the operator norm of 1{7\]()\) In order to calculate the Fourier trans-
form of I, ; we recall that I, ;(x) = |z|=3p;(z) L, (x) where ¢;(z) = X;(|z|*). In view of
Lemma 4.3 we have

4 ) _ 40(Q,7) X (||~ Q+1+iv
Ly j(x) = Coxi+i) X;(] |IV($))_—(—Q+1+Z'7)X(‘ [mQFE),

This allows us to calculate the Fourier transform of I, ; in terms of the Fourier transform
of |#|~@F1* which is known explicitly.

For reasonable functions f it is known that mx(X;f) = dmx(X;)ma(f) where dry is
the derived representation of the Lie algebra , corresponding to . It is also known
that d7r,\()?j)<p(§) = iA;p(€) where p € L*(R™). Rewriting the above in terms of the
annihilation and creation operators A;(\)* = % + A&, A;(N) = _a%j + A&, we have

oy 2i0(Q,7)

: m(Aj(/\) + A (N )ma (|7,

If we let H () stand for the (scaled) Hermite operator —A + A?|£]? on R™ then it is well
known that the operators A;(A\)H(A)~'/2 and A}(A\)H(X)~"/? are bounded on L*(R™).
Hence we are led to check the boundedness of the operator H ()Y 27y (|z|~9+*7). From
Lemma we infer that

_ . (o) Sr(e oy 0
ma(ja] ") = N2 2 N2 (),
PG T 4 )

As H(N'Y2P,(\) = ((2k + n)|A\|)*/?Px()\) the operator norm of ZY\J(A) is a constant
multiple of
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1C(Q,7)] IT(H42)]

12 |F<2k2+n + 1—41'“/
- - sup ( 2k +n T )
[(=Q+1+iy)| |r(L=Ur) 2 jen ( ) D (2t 4 340

In view of Stirling’s formula for large k& we have

D2+ 50| D3 4+ 52 /M (35 - ) (35 - )
D(gn 4 ) || T(3hge 4 0 T (25 + ) T (34 + )
2k+n iy 1/4
<C (2 A’lv) 3/4°
(25 + )
From the above it is clear that
Sup ((2/€+n)1/2| ( ;4Z’Y>|) S O
kEN ‘F(2k+n+%)|

and consequently the operator norm of 1{,;\] (\) is bounded by a constant multiple of

1C(Q,7)] D7)
[(=Q + 1+ iy)| p(&=ttiny 2

Finally we are left with checking the finiteness of the following integral:

+3—iy 14iy
/‘d@ i I (20 I LN -0

D) [(-Q + 1+ )] \r(ﬂn

Recall that

Q—iy 14iy
C(Q,7)d(Q,7) = a(Q,y) = (1 _ L(%57)r (=5 ))

We now make use of the following asymptotic formula for the gamma function: for |v|
tending to infinity

T(p + iv) ~ 2|yt~ /227,

In view of this it follows that a(Q,~) is a bounded function of v and

r Q+3 iy r(*iv
D] PCED oy
E==3] PGP

as || tends to infinity. Consequently, the integral under consideration converges under
the assumption that n > 2. 0O
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5. Sparse bounds and boundedness of the maximal functions

Our aim in this section is to sketch a proof of the sparse bounds for the lacunary
spherical maximal function stated in Theorem 1.3. In doing so we closely follow Bagchi
et al. [1]. We equip H"™ with a metric induced by the Koranyi norm which makes it a
homogeneous space. It is well known that on such spaces there is a well defined notion
of dyadic cubes and grids with properties similar to their counter parts in the Euclidean
setting. However, we need to be careful with the metric we choose since the group is
non-commutative.

Recall that the Koranyi norm on H"™ is homogeneous of degree one with respect to
the non-isotropic dilations. Since we are considering f * o, it is necessary to work with
the left invariant metric dr,(z,y) = |z~ y| = d (0,27 'y) instead of the standard metric
d(z,y) = |zy~t| = d(0,zy~1), which is right invariant. The balls and cubes are then
defined using dy. Thus B(a,r7) = {x € H" : |a~'z| < r}. With this definition we
note that B(a,r) = a - B(0,r), a fact which is crucial. This allows us to conclude that
when f is supported in B(a,r) then f % oy is supported in B(a,r + s). Indeed, as the

support of o is contained in B(0, s) we see that f o, is supported in B(a,r)- B(0,s) C

a-B(0,r)- B(0,s) C B(a,r + s). We have the following result by Hytonen [12].

Theorem 5.1. Let 6 € (0,1) with § < 1/96. Then there exists a countable set of points
{zbe v e Ap), k€ Z, a=1,2,...,N and a finite number of dyadic systems D :=
UrezDg, D == {Q%* : v € A} such that

(1) For every a € {1,2,...,N} and k € Z we have
i) H" = Ugepe @ (disjoint union,).
i) Q,PeD*= QnPe {0 PQ}
iii) QP € D* = B(zh, L6%) C Qb C B(2h,46%). In this situation 25 is
called the centre of the cube and the side length £(Q%*) is defined to be 6%.
(2) For every ball B = B(x,r), there exists a cube Qp € U,D* such that B C Qp and
U(Qp) = 6%, where k is the unique integer such that 61 < r < §F.

Once we have the above theorem we can proceed as in Bagchi et al. [1] to establish
the sparse bounds. The main ingredients in the rather long proof are the LP improving
property of the spherical means A, and their continuity property which we have estab-
lished already. The proof presented in [1] can be repeated verbatim to get the sparse
bounds. We refer the reader to [1] for all the details.

Theorem 5.2. Assumen > 2 and fit 0 < 6 < %. Let 1 < p,q < oo be such that (%, %)

2n 2n )
2n+17 2n+41/"

Then for any pair of compactly supported bounded functions (f,g) there exists a (p,q)-
sparse form such that (MES f,g) < CAspqo(f,9)-

belongs to the interior of the triangle joining the points (0,1),(1,0) and (
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Sketch of proof: First we will reduce the case of getting sparse bounds for M2 to a
simpler case. For this we need to set up some notations. For each k € Z and a cube @ in
H" with [(Q) = 6% writing Vg = Upev, P where Vo = {P € D} 4 : B(zp,6*"!) C Q}
we define

AQf = A5k+2 (f]‘VQ)'
From this definition it is not hard to see that
N
Apnf 3 Y Af
a=1QeDy

and also whenever supp(f) C @, supp(Aqgf) C Q. Hence it is enough to prove sparse
bound for each of the maximal function defined by

Mpef = sup Agf foreach a=1,2,...,N.

QeDe

)

Now we use standard trick to linearize the supremum. Suppose (g is a cube in D and
Q be the collection of all dyadic subcubes of Qy. We define

Eg:={r€Q:Aqf(z) > = sup Apf(z)}
PeQ

DN | =

for @ € Q. Note that for any z € H" there exists a Q € Q such that

and hence z € Eq. If we define Bg = Eg \ Ug'ogE¢, then {Bg : Q € Q} are disjoint
and also, UgegBg = UgegFq. Observing that {Bg : Q € Q}, for any f,g > 0 an easy
calculation yields

(sup Agf.g) <2 (Aqgf.gls,)-
QeQ Qco

Now we will make use of the following lemma which is the main ingredient in proving
the sparse bound.

Lemma 5.3. Let 1 < p,q < oo be such that (%, %) in the interior of the triangle joining

the points (0,1),(1,0) and (%, 25—11) Let f =1 and let g be any bounded function

supported in Qq. Let Cy > 1 be a constant and let Q be a collection of dyadic sub-cubes
of Qo € D for which the following holds

sup sup Hew < Cp. (5.1)

Q€0Q:Q'cQcQo (flQop
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Then there holds

> (Aaf,90) < 1Q0l(Faor(9)Qo.a-
QeQ

Using the continuity property, we have established in the previous section, this lemma
can be proved using exactly the same argument as in Bagchi et al. [1]. We refer the reader
to [1] for the proof of this lemma.

Now once we have this lemma, the sparse domination result is immediate. Since f is
compactly supported, we may assume that the support of f is contained in some cube
Qo- Also we can take f to be non-negative. Then notice that for a fixed dyadic grid D
we have

Mpf = Mpnq,f= sup [Aqfl.
QeDNQo
Hence we need to prove a sparse bound for

Z <AQf7g]'BQ>

QeDNQo

Using the previous lemma we first prove for a special case when f = 1p where F' C Q.
We consider the following set

Eq, := {P maximal subcube of Qo : {f)rp > 2(f)Qu.p}

Let Eq, = Upeeg, - For a suitable choice of ¢, > 1 we can arrange |Eq,| < $|Qo|. We
let Fio, = Qo \ Eq, so that |Fg,| > $|Qo|. We define

Q={QeDnNQ:QNEq, =0} (5.2)

Note that when @ € Qq then (f)g,p < 2(f)q,,p- For otherwise, if (f)q,p > 2(f)q,,p then
there exists P € £g, such that P D @, which is a contradiction. For the same reason, if
Q' € Qpand Q' C Q C Qo then (f)op < 2(f)q,,p- Thus

sup sup <f>Q7p < 2<f>Qo7p-
Q'€Q0 Q:Q'CQCQo

Note that for any @ € DN Qo, either @ € Qg or @ C P for some P € £g,. Thus

> (Aafiglsy) = > (Aof.glpy)+ >, Y (Aqf.gls,)

QEDNQo Q€EQo Pe&g, QCP

for any @ € Qo, Q C Fg, and hence

Z <Avag]-BQ> = Z <Avag]-FQ0]-BQ>'

QEQo QEeQo
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Applying Lemma 5.3 we obtain

Z <AQf791BQ> < C|Q0‘<f>Q0,P<91FQO>Q0’¢I‘
QEQo

Let {P;} be an enumeration of the cubes in £g,. Then the second sum above is given
by

j=1QeP;ND

For each j we can repeat the above argument recursively. Putting everything together
we get a sparse collection S for which

Y (Aafig1sy) <C Y IS splgles) s (5-3)

QEDNQo Ses

This proves the result when f = 1p.
Now we will prove the above result (5.3) for any non-negative, compactly supported
bounded function f. Here we modify the definition of £g, as follows

&g, = {P maximal subcube of Qo : (f)rp > 2(f)qo.p Or (9)Pp > 2(9)Q0.p}

Now defining Eg,, Fg, and Qy same as before, we have

sup sup  (f)gp < 2(f)qop and sup sup  (9)Q.q < 2(9)Qp.q-
Q'EQ0 R:Q'CQRCQo Q'€Q0 Q:Q'CQRCQo
Now we will decompose f in the following way so that we can use the sparse domination
already proved for characteristic functions. We write f = " f,, where f,, = flg,,
and E,, := {z € Qo : 2™ < f(x) < 2™*1}. For each m applying the sparse domination
to 1g, , we get a sparse family S, such that

> (AQlp,., 9lr18,) <C Y 1S[(1p,)sp(91kg, )5
QEQuND SESm

Hence using the fact that for any Q € Qp, Q@ C F, we have

> (A fm,glpy) < C2™H N [S[(1p,)sp(91Fg, ) s
QeQo SeS,

Now it is clear that if SN F, = ¢ then (glr, )s,q = 0. Also when SN Fg, # ¢, using
the definition of £g, and Qp one can easily show that (glr, )s,q < C(g)Q,,q- Hence we
make use of the following lemma proved in [13] (see also [1]):
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Lemma 5.4. Let S be a collection of sparse sub-cubes of a fixed dyadic cube Qo and let
1 <s<t<oo. Then, for a bounded function @,

D (9)0slQl S (9)qo.elQol-

Qes

For some p; > p we have

> (A fms 91Bg) < C2™H9) 04 (15,) Q0.0 | Qol-
QEQo

But we know that f =" f,. So, finally we obtain

Z <AQf7ngQ> < C<9>Q0,Q|Q0| Z 2m<1Em>Q0;P1'
QEQo m

Note that a simple calculation yields Y 2™(1g, )Qo.p < C||f||Lp1,1(Qoyﬁdm) where
IllLe1. denotes the Lorentz space norm. Also it is a well-known fact that for any p > py,
L1 (Qo, mdaﬂ)—norm is dominated by the L”(Qo, |Q—1O‘dx)—norm. Hence we have

S (Aaf 918,) < C9)Qo.al Qol{f) qu.p-
QEQo

Now proceeding same as in case f = 1z, we get the following sparse domination

(Mpf.g) < C > 1S1{f)s.0(9) 5.0

SeS

which proves the theorem. 0O

As consequences of the sparse bound we get some new weighted and unweighted
inequalities for the lacunary maximal function under consideration. We now use the
above sparse domination along with the following well-known boundedness property of
the sparse forms proved in [8]:

Proposition 5.5. Let 1 <r < s’ < co. Then,

Ars(f,9) S W llzellgllpe s 7 <p<s'.
We have thus proved the following result which is the main theorem in this article.

Theorem 5.6. For n > 2, the lacunary spherical maximal function Mtec 4s bounded on

LP(H"™) for all 1 < p < co.



P. Ganguly, S. Thangavelu / Journal of Functional Analysis 280 (2021) 108832 31

Weighted norm inequalities are also well studied in the literature. To state the
weighted boundedness properties of the sparse form we need to mention the following
terminologies about classes of weights. A weight w is a non-negative locally integrable
function defined on H". Given 1 < p < oo, the Muckhenhoupt class of weights A,
consists of all w satisfying

[w]a, = sup(w)o(w! PV < oo
Q

where the supremum is taken over all cubes @) in H™. On the other hand, a weight w is
in the reverse Holder class RH,, 1 < p < oo, if

[w]rm, = Sgp<w>§1<w>cg,p < o0,

again the supremum taken over all cubes in H". The following weighted inequality for
sparse form has been proved in [2].

Proposition 5.7. Let 1 < pg < g < oco. Then,

Apo,qo (f,9) < {[w]Ap/po ’ [w]RH<q6/p)/}a”fHLP(w)”g”LP’(o)v Po <p < qé)v

. |
with a = max{—ll, 1y }
p—1’ q—p

Using this result we have the following weighted boundedness property for the lacu-
nary maximal function:

Theorem 5.8. Let n > 2 and define

1 1 2
1 _ 1 - 2npo’ 0< ;0 S 2n7-&l-1’
- 1 2n 1
o1/p)  \2n(1-1)), 25 <l <1

Then Mig¢ is bounded on LP(w) for w € Appo N RH(4(1/pey /py and all 1 < pg < p <

(¢(1/po))".
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