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The three-loop QED mass-dependent contributions to the g − 2 of each of the charged leptons with two
ð6Þ

1 m1
internal closed fermion loops, sometimes called A3 ðm
m2 ; m3 Þ in the g − 2 literature, is revisited using the
Mellin-Barnes (MB) representation technique. Results for the muon and τ lepton anomalous magnetic

ð6Þ

ð6Þ

moments A3;μ and A3;τ , which were known as series expansions in the lepton mass ratios up to the first few
terms only, are extended to their exact expressions. The contribution to the anomalous magnetic moment of
ð6Þ

the electron A3;e is also explicitly given in closed form. In addition to this, we show that the different series
representations derived from the MB representation collectively converge for all possible values of the
masses. Such unexpected behavior is related to the fact that these series bring into play double
hypergeometric series that belong to a class of Kampé de Fériet series which we prove to have the same
simple convergence and analytic continuation properties as the Appell F1 double hypergeometric series.
DOI: 10.1103/PhysRevD.101.116008

I. INTRODUCTION
The Mellin-Barnes (MB) representation method, a
well-known computational tool of perturbative quantum
field theory, can be used to derive series representations
of Feynman diagrams and related quantities in terms
of multiple hypergeometric series. In general, once the
dimensionally regularized Feynman diagram or quantity of
interest has been represented by a multifold MB integral, a
standard residue calculation shows that several of such
series representations, converging in different parts of the
parameter space, can be derived and these series are, as a
rule, analytic continuations of one another (see [1] for a
systematic exposition of the twofold case). However, even
at the level of twofold MB representations the convergence
regions of these analytic continuations do not collectively
cover, in general, the whole parameter space of the
computed quantity. This implies that one has to find
alternative (and sometimes nontrivial) analytic continuation
methods in order to obtain analytic expressions valid in the
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particular regions of the parameter space where none of the
series derived from the standard residue computation of the
MB representation can be used. We call these inaccessible
regions the “white regions” in what follows.
A well-known example involving triple series is the twoloop massive sunset Feynman diagram. In [2], two different
triple series representations of the latter, derived from its
threefold MB representation have been given in closed
ð3Þ
form as combinations of Lauricella FC triple series, and
two others can also be obtained, either from the MB
ð3Þ
representation or by using the invariance of the FC series
under any permutation of its variables. These four series
representations, analytic continuations of one another,
converge in different regions of the three-dimensional
2

m2 m2

ðmp 2 ; m12 ; m22 Þ parameter space of the sunset diagram (where
3

3

3

p is the external momentum and the mi are the masses of
the involved particles), but there remains a “white” region,
which includes regions of phenomenological interest, that
cannot be reached by any of them. We have shown in [3]
how one can analytically continue some of these series to
get new series representations of the sunset diagram that
can be used to analytically evaluate the latter in several
important parts of its white region.
In this paper, we go further on our exploration of the
analytic continuation properties of Feynman diagrams
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FIG. 1. The three-loop QED Feynman diagram corresponding
ð6Þ
to A3 ðm1 =m2 ; m1 =m3 Þ.

and related quantities by revisiting what is possibly the
simplest class of QED contributions to the anomalous
magnetic moment of each of the charged leptons that can
be represented by a twofold MB integral. These threeloop QED mass-dependent contributions with two internal
closed fermion loops (see Fig. 1 for the corresponding
ð6Þ
Feynman diagram), often denoted A3 ðm1 =m2 ; m1 =m3 Þ in
the g − 2 literature, can then involve at most double
hypergeometric series, and we show that they have an
unexpected behavior. Indeed, the analytic continuation
properties that these g − 2 contributions satisfy are, surprisingly, the converse of what one faces when one deals
with, for instance, the sunset diagram case because the MB
ð6Þ
representation of A3 ðm1 =m2 ; m1 =m3 Þ does not give rise to
any white region. This interesting result has encouraged us
to probe what is special about the double hypergeometric
series involved in our final expressions. Studying the
specific form of these series, we observe that they have
the same simple convergence and analytic continuation
properties as the Appell F1 double hypergeometric series.
Furthermore, we show that the latter and the former both
belong to a class of Kampé de Fériet series for which we
prove, from their MB representation, the absence of white
regions.
As another motivation for studying these particular
g − 2 contributions it should be noted, and as emphasized
in [4], that in contrast to all other three loop QED
contributions to the muon anomalous magnetic moment,
ð6Þ
A3;μ ðmμ =mτ ; mμ =me Þ is the only one whose exact analytic
form has not been derived so far. Results were first
presented in [5] in terms of the first few terms of a series
expansion in powers and logarithms of the mass ratios,
using large-momentum, heavy mass, and eikonal expansions techniques. These results have then been checked and
extended in [6] using the MB representation method. In the
present paper, we have derived them in their entirety and
present their exact expressions, in terms of generalised
hypergeometric and Kampé de Fériet double hypergeometric series. In the case of the electron, we have not
been able to find any analytic result for these contributions
in the g − 2 literature, although some numerical evaluations

of these have been given, for instance in [7]. We will
show in the following that the exact expression of
ð6Þ
A3;e ðme =mτ ; me =mμ Þ has a simple and compact form.
The τ lepton case is more intricate and has been considered
a long time ago in [8]. The latter reference gives, to our
knowledge, the only available non-numerical result for
ð6Þ
A3;τ ðmτ =mμ ; mτ =me Þ. The result of [8] corresponds to the
leading term in the double series expansion of the exact
expression which we will present in the following. The
numerical evaluation of this leading term, presented
in [9], does not agree with the numerical evaluation of
ð6Þ
A3;τ ðmτ =mμ ; mτ =me Þ given in [7]. We show here that this
mismatch can be solved once one adds some sub-leading
terms to the expression of [8,9].
In view of all the considerations spelt out in the foregoing, we now give the outline of this paper. In Sec. II, a
short review of the QED contributions to the anomalous
magnetic moment of charged leptons is given. In Sec. III,
we present the MB representation for the three-loop
contribution to g − 2 coming from the Feynman diagrams
of Fig. 1 and then calculate it for the cases with external
electron, muon and τ lepton. Detailed expressions for each
of these are listed in the Appendix. In Sec. IV, we present
the checks of our formulas and give a brief numerical
analysis, and in Sec. V, we discuss the analytic continuation
properties of the class of Kampé de Fériet series mentioned
above. We conclude with Sec. VI, where a short discussion
of the results and future work are presented.
II. SHORT QED LITERATURE REVIEW
The anomalous magnetic moment of the charged leptons
is defined as al ≡ ðgl − 2Þ=2, where gl is the Landé factor
and l ¼ e, μ, τ. In the Standard Model, contributions to al
arise from electroweak and strong processes. The anomalous magnetic moment of charged leptons has a distinguished place in elementary particle physics. Historically,
the electron anomalous magnetic moment has been among
the most important tests of quantum electrodynamics
(QED). During the last decade, a persistent discrepancy
between the Standard Model theoretical predictions and
experimental results in the case of the muon, now reaching
a 3.5σ level, has spurred a new experiment at Fermilab,
from which a 5σ deviation could well be obtained in the
near future [10] (see however [11]). Due to these reasons,
over the decades a huge amount of theoretical effort has
been devoted to computing this quantity (see [4] for a
recent and comprehensive review in the muon case), with a
great deal of activity being directed at computing hadronic
contributions to it. We recall that, due to the larger mass of
the muon, it is usually accepted that the muon anomalous
magnetic moment is more sensitive to new physics than the
electron. The very short lifetime of the τ lepton prevents the
experimental measurement of its anomalous magnetic
moment, which explains why the theoretical study of the
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latter is less well developed (see [12] for a review of the τ
lepton case). The best experimental limits are −0.052 <
aτ < 0.013 (95% C.L.) [13].
The QED contributions to the anomalous magnetic
moment of the charged leptons can be expressed perturbatively as

aQED
¼ A1;l þ A2;l
l

ml
ml0




þ A2;l

ml
ml00




þ A3;l

ml ml
;
ml0 ml00



ð1Þ
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ð6Þ

ð6Þ

A2;μ and A2;e , up to order ðmμ =me Þ0, are given. Expressions
for all the individual graphs (such as for Fig. 1) are however
not presented. Reference [52] completes the calculation of
all the logðmμ =me Þ terms by computing light-by-light
scattering diagrams, numerical estimates for which are to
be found in [53,54]. The electron light-by-light scattering
ð6Þ
graph contributions to A2;μ are calculated in [55], and the
expansion presented there is extended to higher order in
[56]. Reference [36] continues the expansion given in [51]
to order ðmμ =me Þ0. In [57] close form analytic results for
ð6Þ

with
Ai;l ¼

ð2Þ
Ai;l

ð2nÞ

 
 2
 3
α
ð4Þ α
ð6Þ α
þ Ai;l
þ Ai;l
þ ;
π
π
π

ð2Þ

where Ai;l is the sum of the nth loop contributions,
ð2Þ
ð2Þ
ð4Þ
and A2;l ¼ A3;l ¼ A3;l ¼ 0.
The A1;l are mass independent and thus equivalent for all
three lepton flavors. Up to Oðα3 Þ, these contributions are
ð8Þ
known in closed analytic form, while A1 and higher-loop
ð2Þ
contributions are only known numerically. That A1 ¼ 1=2
ð4Þ
has long been known [14], as has the value of A1 [15–17].
ð6Þ
A numerical value of A1 is given in [18], and after work
spanning several decades in calculating the various diað6Þ
grams that constitute A1 (e.g. [19–25]), the calculation
was finalized and the exact close form analytic result was
ð8Þ
presented in [26]. Purely numerical calculations for A1
can be found in [27–33], and a result to 1100 digit
precision, accompanied by a semianalytic fit to the result,
ð10Þ
is presented in [34]. A numerical value for A1 is given
in [32,33].
ð4Þ
The mass dependent terms A2;l have been calculated as a
series expansion in the small mass ratio [5,35–37], as an
exact result for small mass ratios [38], and finally as a
closed form analytic result for all values of the mass ratio
[39]. As the diagrams under consideration in this work can
contribute at the three-loop level when two of the three
ð6Þ
involved leptons have the same flavor, we discuss A2;l in
greater detail below. The fourth and higher loop results
were known primarily numerically, e.g. [32,33,40],
although some analytic results are also available, e.g.
[41–45].
ð6Þ
One of the earliest calculations of A2;μ was done in [46],
where an expansion including some of the leading log and
analytic terms was presented. This expansion was extended
in [47], and a result for Fig. 1, with l1 ¼ μ and l2 ¼ l3 ¼ e
was given with log contributions up to order ðmμ =me Þ0
included. In [19,48–50] calculations and results for some
ð6Þ
ð6Þ
diagrams making up A2;μ and A2;e are presented. In [51]
analytic results for vacuum polarization contributions to

the vacuum polarization diagrams contributing to A2;μ are
given, as are expansions in mass ratios (up to a certain
order) that can be used to calculate the equivalent conð6Þ
ð6Þ
tributions to A2;e and A2;τ . The exact expression given in
[57] is also expanded in the small mass ratio in [58], but to a
higher order than in the former, and which is then used to
calculate and compare with numerically evaluated values
ð6Þ
of A2;e .
The three loop contribution that we are primarily
concerned with in this work is the lowest order nonzero
ð6Þ
term consisting of three masses (or two mass ratios), A3;l .
ð6Þ
In [36], an integral representation is given for A3;l and
numerically evaluated for l ¼ μ [we have noted that
Eqs. (32) and (33) of [36] do not match numerically
because of a 2 overall factor that is missing in the rhs of
ð6Þ
Eq. (32)]. Another numerical evaluation of A3;μ is given in
ð6Þ

[57]. For A3;μ, [5] gives an expansion up to the first few
terms, based on asymptotic and eikonal methods, while in
[6] these results are slightly extended, using the MellinBarnes technique. In [40], results for QED contributions to
muon g − 2 up to the tenth order are given, which includes
ð6Þ
ð6Þ
numerical values for A3;μ and A2;μ . The integral of [36] is
evaluated for the electron case, and a numerical value for
ð6Þ
A3;e is given in [58]. Numerical results for the same, as well
ð6Þ

as for A2;e, but based on an older set of mass value inputs, is
given in [42]. And [32] gives numerical results for QED
contributions to electron g − 2 up to the tenth order,
ð6Þ
ð6Þ
including values for A3;e and A2;e . [9] reviews and updates
all contributions to the muon and τ lepton g − 2 up to its
date of publication, and based on the results of [8], gives an
ð6Þ
expression for A3;τ as an expansion up to its leading term,
which corresponds to our Rf3;1g result, see Sec. III C,
Table V. Its numerical value is 2.75316 [9] and can be
ð6Þ
compared to the numerical value for A3;τ given in [59]:
ð6Þ

1.679. The numerical result for A3;τ calculated in [58] (see
also [12]) is 3.34797, which therefore disagrees with those
of [9,59] but agrees with our own calculated value as shown
later on in this work. Since the result of [59] is precisely
half of the one of [58], we suppose that, as mentioned
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above, the factor of 2 missing in the rhs of Eq. (32) of [36]
is at the origin of this discrepancy, since the authors of [36]
are also those of [59]. Concerning the discrepancy with
[8,9], as already said in the Introduction, adding a few
subleading terms allows to obtain agreement with [58].
For a recent review of the theory and experimental status
of the g − 2, see [10] ([60] is also useful). For a comprehensive review of QED contributions to all the leptons’
g − 2, see [58,61]. A review of the muon g − 2 is given
in [4,39,62–64], and a review of contributions to τ lepton
g − 2 is presented in [12].
ð6Þ pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃ
A3;l ð r1 ; r2 Þ

III. THREE-LOOP QED CONTRIBUTIONS
WITH TWO INTERNAL LOOPS
We will now give the exact expressions of the contrið6Þ
butions A3;l to the anomalous magnetic moments of the
electron, muon and τ lepton coming from the Feynman
diagram of Fig. 1 (and the symmetric diagram obtained by
an exchange of the internal loops).
The MB representation of these contributions may be
found in [6]. Defining r1 ≐ m2l1 =m2l2 and r2 ≐ m2l1 =m2l3 ,
it reads

pﬃﬃﬃ Z
π
ds
dt −s −t
¼
∧
r r ΓðsÞΓð−sÞΓðtÞΓð−tÞΓð2 − sÞΓð2 − tÞ
8 γþiR2 2iπ 2iπ 1 2
×

Γð12 − s − tÞΓð1 − s − tÞΓð2 þ s þ tÞ
;
Γð52 − sÞΓð52 − tÞΓð3 − s − tÞ

where γ ≐ ðReðsÞ; ReðtÞÞ ∈ − 1; 0½× − 1; 0½ (see the
yellow region in Fig. 2).
From the rules described in [1,65] it is clear that we are in
a so-called degenerate case (Δ ¼ 0), where several convergent series representations of the integral coexist, being,
as a rule, analytic continuations of one another.
Since the MB integral is fully symmetric under the
exchange of r1 and r2 (or s and t) one can avoid about half
of the calculations that would be necessary to perform in
order to derive all the possible convergent series representations in the case of a non symmetrical integral. This

ð3Þ

symmetry, which comes from the symmetry of the
Feynman diagram under the exchange of l2 and l3 , is also
reflected in the singular structure of the integrand (see
Fig. 2) and in the picture showing the convergence regions
of the series representations in the first quadrant of the
ðr1 ; r2 Þ-plane (see Fig. 4).
It is easy to find the different sets of residues (cones)
associated to each convergent series (see [1] for details on
the general procedure). There are six such cones, plotted in
Fig. 3 and, as just explained, the series representations
associated to only three of them have to be computed (the
blue cones), the others (coming from the red cones) being
obviously derived from the latter by exchanging r1 and r2
in the final results.
We show in Fig. 4 the convergence regions of the series
representations deduced from each of the cones and, in
Table I, we show to which of the cones the possible
physical situations are associated. The mass independent
case can be computed from any of the cones, as can be seen
in Fig. 4.
A. The electron case (cone 1)
ð6Þ

FIG. 2. Singular structure of the integrand of Eq. (3). The red
dots indicate points where the singularity has been canceled, and
the blue dots indicate points where the order of the singularity has
been reduced, due to factors in the denominator of Eq. (3).

Let us begin with the simplest case, namely A3;e : a muon
and a tau in the internal loops and an electron on the
external legs of the Feynman diagram shown in Fig. 1, and
its symmetric counterpart. We will see that the exact
analytic expression of these contributions to the anomalous
magnetic moment of the electron is more compact than the
corresponding expressions for the muon and tau cases. As
mentioned in the Introduction, we have not been able to
find any analytic result for this contribution in the g − 2
literature.
A convergence analysis to be presented below shows that
the series representation corresponding to the electron case
comes from cone 1 (or cone 4 for the symmetric diagram)
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FIG. 3. The cones associated to the MB integral of Eq. (3).

in Fig. 3. One can see on Figs. 3 and 2 that this cone is
simpler than cone 2 and cone 3, since there are only four
different subsets of residues to compute and because there
is no interference between the gamma functions of the
numerator and those of the denominator in the integrand of
Eq. (3). With m and n any non-negative integer, the
coordinates of the associated poles in Fig. 3 are
(i) Single series contributions: ð−2 − m; 0Þ, ð−3 − m; 1Þ.
(ii) Double series contributions: ð−4 − m − n; 2 þ mÞ,
ð−1 − m; −1 − nÞ.
1. Exact result
The series representation of these contributions to
the anomalous magnetic moment of the electron is
expressed in closed form in terms of the generalized

FIG. 4. Convergence regions of the series representations of
Eq. (3) labeled by their associated cone.

hypergeometric series 4 F3 and the Kampé de Fériet double
2∶3;2
hypergeometric series F2∶3;3
2∶2;2 and F2∶2;1 , and the final
expression reads
ð6Þ pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃ
A3;e ð r1 ; r2 Þ ¼

r2 ¼

pﬃﬃﬃ X
π 4
R
;
8 i¼1 f1;ig

where r1 ¼

m2e
:
m2μ

m2e
;
m2τ
ð4Þ

TABLE I. The different combinations of charged leptons and
corresponding cones. l1 is the external lepton (see Fig. 1).
l1

l2

l3

Cones

me
me
me
me
me
me
me
me
mμ
mμ
mμ
mμ
mμ
mμ
mμ
mμ
mτ
mτ
mτ
mτ
mτ
mτ
mτ
mτ

mτ
mμ
me
mμ
me
mτ
mμ
mτ
mτ
me
mμ
me
mμ
mτ
me
mτ
mμ
me
mτ
mμ
mτ
me
me
mμ

mμ
mτ
mμ
me
mτ
me
mμ
mτ
me
mτ
me
mμ
mτ
mμ
me
mτ
me
mμ
mμ
mτ
me
mτ
me
mμ

1
4
4,5
1,2
4,5
1,2
1,4
1,4
2
5
2,3
5,6
4,5
1,2
3,6
1,4
3
6
2,3
5,6
2,3
5,6
3,6
3,6
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TABLE II. Cone 1 results (simplified). Expressions for the
hf1;ig can be found in Eqs. (A1)–(A4) of the Appendix.
Singularity

Label

Residue

ð−1 − m; −1 − nÞ

Rf1;1g

∂
½∂α
hf1;1g α¼0

ð−2 − m; 0Þ

Rf1;2g

∂
½ð2π3 þ ∂α
2 Þhf1;2g 
α¼0

ð−3 − m; 1Þ

Rf1;3g

∂
½∂α
hf1;3g α¼0

ð−4 − m − n; 2 þ mÞ

Rf1;4g

∂
½∂α
2 hf1;4g 
α¼0

2

2

2

The residues Rf1;ig are given in Table II as well as their
correspondence to the singular points listed above. As
the expressions for some of the residues is lengthy,

we have introduced some functions, hf1;jg , in the Table,
whose explicit forms are given in the Appendix; see
Eqs. (A1)–(A4).
Due to the presence of nonsimple poles in the singularity structure of Eq. (3), many of its residues involve
polygamma functions, which come from derivatives of the
gamma function. As these polygamma terms arise from an
application of the residue theorem, they are derivatives of
gamma functions appearing in the hfi;jg of the concerned
singularity. Therefore, it is always possible to express the
residues solely in terms of gamma functions and to
express the polygamma factors as derivatives of those
gamma functions. As an example, the explicit form of
Rf1;2g is

∞
Γðm þ 2ÞΓðm þ 52ÞΓðm þ 4Þ rm
2r2 X
1
Rf1;2g ¼ − p1ﬃﬃﬃ
3 π m¼0
m!
Γðm þ 92ÞΓðm þ 5Þ


 


9
r
5 2
− log 1 −
× −ψ ð0Þ ðm þ 2Þ þ ψ ð0Þ ðm þ 3Þ − ψ ð0Þ ðm þ 4Þ þ ψ ð0Þ m þ
2
3
4r2



2
9
π
31
þ þ
:
þ ψ ð1Þ ðm þ 2Þ − ψ ð1Þ ðm þ 3Þ þ ψ ð1Þ ðm þ 4Þ − ψ ð1Þ m þ
2
9
3

ð5Þ

The above was obtained by applying the following Cauchy’s theorem operator:
1 ∂2
∂2
1 ∂2
−
þ
2
2 ∂s
∂s∂t 2 ∂t2

ð6Þ

to
Γð1 − sÞΓðs þ 1ÞΓð1 − tÞΓð2 − tÞΓðt þ 1ÞΓðm − s þ 2ÞΓðm − s þ 4Þ
Γð52 − tÞΓðm − s þ 3ÞΓðm − s þ 92ÞΓðm − s − t þ 1ÞΓðm − s − t þ 5Þ


5
× Γð1 − s − tÞΓðs þ t þ 1ÞΓ m − s − t þ Γðm − s − t þ 3Þ;
2

Hðs; tÞ ¼ −r1m−sþ2 r−t
2

ð7Þ

and thereafter setting s ¼ t ¼ 0 (see [1] for details on the general computational procedure). Rf1;2g can therefore be
expressed more compactly as



1 ∂2
∂2
1 ∂2
Hf1;2g
−
;
þ
2 ∂α2 ∂α∂β 2 ∂β2
α¼β¼0

ð8Þ

where
Γð1 − αÞΓð2 − αÞΓð4 − αÞΓðα þ 1ÞΓð1 − βÞΓð2 − βÞΓðβ þ 1ÞΓð52 − α − βÞ
r2−α
1
β
Γð3 − αÞΓð92 − αÞΓð52 − βÞΓð5 − α − βÞ
r2
 

1; 2 − α; 4 − α; 52 − α − β; 3 − α − β 
r1 ;
× Γð3 − α − βÞΓðα þ β þ 1Þ5 F4

3 − α; 92 − α; 1 − α − β; 5 − α − β

Hf1;2g ¼ −

ð9Þ

and where we have replaced the variables s and t by the parameters α and β, and expressed the sum over m in terms of the
generalized hypergeometric function, 5 F4 . The advantage of this notation is that it is concise, and that by expressing the
single series as p Fq , or the double series as Kampé de Fériet series one may perform analytic continuations on these results
easily if needed.
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Furthermore, if we define

TABLE III. Cone 1 results (nonsimplified). Expressions for the
Hf1;ig can be found in Eqs. (A5)–(A8) of the Appendix.

ω¼

Singularity

Label

Residue

ð−1 − m; −1 − nÞ

Rf1;1g

∂
½∂α
Hf1;1g α¼0

ð−2 − m; 0Þ

Rf1;2g

∂
∂
1 ∂
½ð12 ∂α
2 − ∂α∂β þ 2 ∂β2 ÞH f1;2g α¼β¼0

ð−3 − m; 1Þ

Rf1;3g

∂
∂
½ð∂β
− ∂α
ÞHf1;3g α¼β¼0

ð−4 − m − n; 2 þ mÞ Rf1;4g

2

2

2

2

2

2

∂
∂
1 ∂
½ð12 ∂α
2 − ∂α∂β þ 2 ∂β2 ÞH f1;4g α¼β¼0

ð10Þ

where
pﬃﬃﬃ αþ2
π r1 Γð2 − αÞΓðα þ 2ÞΓðα þ 4Þ
¼−
32 rα2 Γð52 − αÞΓðα þ 3ÞΓðα þ 92Þ
 

3; 2 þ α; 4 þ α; 52 
 r1 :
× 4 F3
5; 3 þ α; 92 þ α 

ð11Þ

In the rest of this paper, we have chosen to express the
results in the most compact notation possible. However, for
illustrative purposes, we have given both forms (i.e.
simplified and nonsimplified) of the results in the electron
case (see Table II and Table III).
The hf1;ig and the Hf1;ig are given in the Appendix.
2. Convergence region: External electron
The region of convergence of the corresponding series
representation is straightforward to derive from the convergence properties of generalized hypergeometric and
Kampé de Fériet series [66].
For the generalized hypergeometric series,
 
∞
X
α1 ; …; αp 
ðα1 Þn …ðαp Þn zn
z ¼
;
ðβ Þ …ðβ Þ n!
β ; …; β 
1

q

n¼0

1 n

p
X

αj ;

ð13Þ

j¼1

then the p Fq series, with p ¼ q þ 1 is
(i) absolutely convergent for jzj ¼ 1 if ReðωÞ > 0,
(ii) conditionally convergent for jzj ¼ 1, z ≠ 1 if −1 <
ReðωÞ ≤ 0,
(iii) divergent for jzj ¼ 1 if ReðωÞ ≤ −1.
For the Kampé de Fériet double hypergeometric series
(with the following notation in the lhs of Eq. (14):
ðap Þ ≐ ða1 ; …; ap Þ,
 
ðap Þ∶ðbq Þ; ðck Þ 
x; y
ðαl Þ∶ðβr Þ; ðγ s Þ 
Qp
Qq
Qk
∞
X
ðcj Þn xm yn
j¼1 ðbj Þm
j¼1 ðaj Þmþn
Ql
Qr
Qj¼1
≐
;
s
j¼1 ðβj Þm
j¼1 ðαj Þmþn
j¼1 ðγ j Þn m! n!
m;n¼0


ð12Þ

ð14Þ

we have
(i) Convergence for jxj < ∞ and jyj < ∞ if p þ q <
l þ m þ 1 and p þ k < l þ n þ 1.
(ii) If p þ q ¼ l þ m þ 1 and p þ k < l þ n þ 1, the
1
1
convergence is for jxjðp−lÞ þ jyjðp−lÞ < 1 if p > l, or
for maxfjxj; jyjg < 1 if p ≤ l.
From the results above and Table II it is easy to find that
the convergence region of the rhs of Eq. (4) is simply
 
r 
Re ¼  1  < 1 and jr2 j < 1 :
r2

ð15Þ

This region is plotted in Fig. 4 with the label “cone 1.” In
the case where the three different leptons are involved, r1 ¼
m2e
m2e
and r2 ¼ m
2 is the unique possibility to satisfy these
m2
τ

p Fq

βj −

Fp∶q;k
l∶r;s



 2
2π
∂2
;
þ 2 hf1;2g
3
∂α
α¼0



q
X
j¼1

It is in some cases possible to further simplify the results
and express them in terms of a single parameter. For
example, Rf1;2g may be expressed as

hf1;2g
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μ

constraints.
Note that it is in fact possible to include the boundaries in
the convergence region of Eq. (15), i.e. for rr12 ¼ 1 or r2 ¼ 1.
For this one has to consider each of the two generalized
hypergeometric series of Eqs. (A2) and (A3) in the
Appendix and see that condition (i) after Eq. (13) applies.
A similar analysis can be performed on the double series of
Eqs. (A1) and (A4) by writing each of the latter as sums of
generalized hypergeometric series in either one or the other
variable and check that condition (i) is also satisfied.

q n

B. The muon case (cone 2)
they read (assuming that none of the parameters is zero or a
negative integer):
(i) Convergence for jzj < ∞ if p ≤ q,
(ii) Convergence for jzj < 1 if p ¼ q þ 1,
(iii) Divergence for all z ≠ 0 if p > q þ 1.

The muon case corresponds to cone 2 in Fig. 3.
Therefore, the different sets of singularities to consider
in the ðReðsÞ; ReðtÞÞ-plane are the following, where as
before m and n are any non-negative integers:
(i) Isolated terms: ð−1; 0Þ, ð−1; 1Þ, ð−1; 32Þ, ð−2; 1Þ.
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(ii) Single series contributions: ð−2 − m; 0Þ, ð−3 − m; 1Þ,
ð−3 − m; 2 þ mÞ, ð−2 − m; 2 þ mÞ, ð−1 − m;
2 þ mÞ, ð−1 − m; 3 þ mÞ.
(iii) Double series contributions: ð−4 − m − n; 2 þ mÞ,
ð−1 − m; 4 þ m þ nÞ.
Three of them have already been considered during the
calculation of cone 1, in the electron case. One should
however keep in mind that in cone 2, their corresponding
transformation law [1] will not be the same as in cone 1 so
that these three sets of residues will not give the same
analytic expression in cone 1 and cone 2.
1. Exact result
The series representation extracted from Eq. (3) by
summing the residues of cone 2 is
pﬃﬃﬃ X
m2μ
π 12
ð6Þ pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃ
A3;μ ð r1 ; r2 Þ ¼
Rf2;ig where r1 ¼ 2 ;
8 i¼1
mτ
r2 ¼

m2μ
:
m2e

ð16Þ

As in the electron case, the correspondence of the singularity points and their residues Rf2;ig are presented in
Table IV, the explicit forms of some of the residues being
relegated to the Appendix for lack of space in the main
body of the paper [see Eqs. (A9)–(A16)].
2. Convergence region: External muon
Using the results presented in Sec. III A 2, it is easy to
conclude that the convergence region of the rhs of Eq. (16) is
Rμ ¼ fjr1 j < 1 and jr2 j > 1g:

ð17Þ

TABLE IV. Cone 2 results. Expressions for the hf2;ig can be
found in Eqs. (A9)–(A16) of the Appendix. The leading contributions are Rf2;1g , Rf2;5g , and Rf2;2g .
Singularity

Label

Residue

ð−1; 0Þ

Rf2;1g

− 13516pﬃﬃπ r1 ð12 − logðr2 ÞÞ
16
pﬃﬃ r1
r

ð−1; 1Þ

Rf2;2g

ð−2; 1Þ

Rf2;3g

ð−1; 3=2Þ

Rf2;4g

ð−2 − m; 0Þ

Rf2;5g

ð−3 − m; 1Þ
ð−3 − m; 2 þ mÞ
ð−2 − m; 2 þ mÞ
ð−1 − m; 2 þ mÞ

Rf2;6g
Rf2;7g
Rf2;8g
Rf2;9g

ð−1 − m; 3 þ mÞ

Rf2;10g

ð−4 − m − n; 2 þ mÞ

Rf2;11g

ð−1 − m; 4 þ m þ nÞ

Rf2;12g

15 π

2

r2

− 1058pﬃﬃπ r12
3=2

− 32π45
2

2

r1
r3=2
2

∂
∂
½ð12 ∂α
2 − ∂α∂βÞhf2;5g 
α¼β¼0
∂
½∂α
hf2;6g α¼0
∂
½∂α hf2;7g α¼0
∂
½∂α
hf2;8g α¼0
∂2
½∂α2 hf2;9g α¼0

∂
½∂α
2 hf2;10g 
α¼0
2

∂
½ð12 ∂α2 − ∂α∂β
Þhf2;11g α¼β¼0
∂
½∂α
hf2;12g α¼0

m2

situation which satisfies Eq. (17) is when r1 ¼ mμ2 and
τ

m2

r2 ¼ mμ2 .
e

C. The τ lepton case (cone 3)
The τ lepton case falls in the convergence region
associated to cone 3 (see Fig. 3), and it is the hardest
from the computational point of view for two reasons: there
are a lot of different types of singularities in this cone, and
here one also has to take care of the cancellation, or
reduction of multiplicity, of different sets of singularities
due to gamma functions in the denominator of the MB
integrand (a cancellation also happened in the muon case
but only for one set of singularities).
With m and n any positive integer, one may as usual
exhibit all sets of singularities contributing to the cone.
There are 25 different sets to consider:
(i) Isolated terms: ð0; 0Þ; ð0; 1Þ; ð0; 2Þ; ð− 12 ; 1Þ; ð−1; 32Þ;
ð12 ; 0Þ; ð12 ; 1Þ; ð1; 0Þ; ð1; 1Þ; ð32 ; 0Þ; ð32 ; 1Þ; ð2; 0Þ.
(ii) Single series contributions: ð0; 3 þ mÞ; ð− 12 ; 2 þ mÞ;
ð−1 − m; 2 þ mÞ; ð−1 − m; 3 þ mÞ; ð 12 ; 2 þ mÞ;
ð1; 2 þ mÞ; ð 32 ; 2 þ mÞ; ð2 þ m; 1Þ; ð 52 þ m; 0Þ;
ð3 þ m; 0Þ.
(iii) Double series contributions: ð− 32 − m; 2 þ m þ nÞ,
ð2 þ m; 2 þ nÞ, ð52 þ m; 2 þ nÞ.
1. Exact result
The series representation extracted from Eq. (3) by
summing the residues of cone 3 is
ð6Þ pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃ
A3;τ ð r1 ; r2 Þ

pﬃﬃﬃ X
π 25
¼
R
8 i¼1 f3;ig

r2 ¼

where r1 ¼

m2τ
;
m2μ

m2τ
:
m2e

ð18Þ

As in the preceding electron and muon cases, the correspondence of the singularity sets and their residues
Rf3;ig are presented in Table V, and the explicit forms of
some of the residues is relegated to the Appendix [see
Eqs. (A17)–(A31)].
2. Convergence region: External tau lepton

2

∂2

See Fig. 4 for a plot of this region (labeled “cone 2”). As in
the electron case, it is possible to include the boundaries
in this convergence region. In the case where the three
different leptons are involved, the only phenomenological

Once more, using the results presented in Sec. III A 2,
one concludes that the convergence region where the series
representation associated to cone 3 is valid is
 
r 
Rτ ¼  1  < 1 and jr1 j > 1 :
ð19Þ
r2
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TABLE V. Cone 3 results. Expressions for the hf3;ig can be found in Eqs. (A17)–(A31) of the Appendix. The
leading contributions are Rf3;1g , Rf3;4g , Rf3;6g , Rf3;7g , and Rf3;10g .
Singularity

Label

Residue

(0,0)

Rf3;1g

(0,1)

Rf3;2g

8 ﬃﬃ 25
1
2π 2
p
½ð − logðr1 ÞÞð25
6 − logðr2 ÞÞ þ 4 þ 3 
9 π 6
2
pﬃﬃ 1 ½ð13 − logðr1 ÞÞ2 þ 259 þ 2π 
− 316
6
36
3
π r2

(0,2)
ð12 ; 0Þ

Rf3;3g
Rf3;4g

ð12 ; 1Þ

Rf3;5g

(1,0)

Rf3;6g

ð32 ; 0Þ

Rf3;7g

(1,1)

Rf3;8g

ð32 ; 1Þ

Rf3;9g

(2,0)
ð− 12 ; 1Þ

Rf3;10g
Rf3;11g

ð−1; 32Þ

Rf3;12g

ð0; 3 þ mÞ

Rf3;13g

ð− 12 ; 2 þ mÞ
ð−1 − m; 2 þ mÞ

Rf3;14g
Rf3;15g

ð−1 − m; 3 þ mÞ

Rf3;16g

ð12 ; 2 þ mÞ
ð1; 2 þ mÞ
ð32 ; 2 þ mÞ
ð2 þ m; 1Þ
ð52 þ m; 0Þ
ð3 þ m; 0Þ

Rf3;17g
Rf3;18g
Rf3;19g
Rf3;20g
Rf3;21g
Rf3;22g

ð− 32 − m; 2 þ m þ nÞ
ð2 þ m; 2 þ nÞ

Rf3;23g
Rf3;24g

ð52 þ m; 2 þ nÞ

∂
½∂α
hf3;23g α¼0
2
∂
½∂α∂β hf3;24g α¼β¼0

Rf3;25g

hf3;25g

hf3;3g
3=2
r1
− 4π1=2 ½14
3 þ logð16r2 Þ
3r1

15π 3=2
r1=2
r2
1
32
1
3
− 3pﬃﬃπ r1 ½ð2 − logðr1 ÞÞð12 logðrr12 Þ þ 17
12Þ
2
3=2
r
20π
½73 þ logð16r1 2 Þ
3r3=2
1
− p32ﬃﬃπ r11r2 ð56 þ logðr1 ÞÞ
3=2
− 35π3=2
6r1 r2

hf3;10g
3π 3=2 r1=2
1
2r2
3=2
− 32π 3=2r1
45r2

2

∂
½∂α∂β
hf3;13g α¼β¼0

∂
½ð− 56 þ ∂α
Þhf3;14g α¼0
2
∂
½∂α2 hf3;15g α¼0
2

∂
½∂α
2 hf3;16g 
α¼0
∂
½ð3 þ ∂α
Þhf3;17g α¼0
∂
½∂α
hf3;18g α¼0
2
∂
½ð3 þ ∂α
Þhf3;19g α¼0
∂
½∂α hf3;20g α¼0
hf3;21g
2

∂
½∂α∂β
hf3;22g α¼β¼0

See Fig. 4 the region labeled “cone 3.” As in the two
previous cases, it is in fact possible to include the
boundaries in this convergence region. Here we see that
2
2
τ
τ
with r1 ¼ m
and r2 ¼ m
the convergence constraints of
m2
m2
μ

2

þ π3 − 58

instance, [1,2,67,68] where there were always white
regions in the parameter space which could not be
reached.

e

IV. NUMERICAL ANALYSIS AND CHECKS

Eq. (19) are satisfied.
D. Other cones
As already mentioned, due to the symmetry of the MB
integral, it is possible to obtain the results of the other three
cones by a simple interchange of r1 and r2 in the results that
we have already obtained. One then sees in Fig. 4 that the
whole first quadrant of the ðr1 ; r2 Þ-plane may be reached.
Values at the boundaries of the different cones may be
evaluated by using expressions of either cone. This is
discussed further in Secs. IV and V.
This behavior is therefore completely different from
what can be found in the examples considered in, for

Using the CODATA 2018 lepton mass ratios values [69]:
mμ =me ¼ 206.7682830ð46Þ, mμ =mτ ¼ 5.94635ð40Þ × 10−2 ,
me =mμ ¼ 4.83633169ð11Þ × 10−3 , me =mτ ¼ 2.87585ð19Þ×
10−4 , mτ =me ¼ 3477.23ð23Þ and mτ =mμ ¼ 16.8170ð11Þ,
ð6Þ

we get the following values for the A3;l :
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ð6Þ

A3;μ ¼ 5.27737ð71Þ × 10−4
ð6Þ

A3;τ ¼ 3.34778ð17Þ
ð6Þ

A3;e ¼ 1.90972ð25Þ × 10−13 :

ð20Þ
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We performed several internal and external checks to
ensure the validity of our expressions. The first consistency
check was to compare values obtained by a high precision
numerical integration of Eq. (3) and its Feynman parametrization against our analytic results. For each cone, we
have tested our expressions by ensuring that there is
agreement between the integral and our full analytic result,
both computed numerically, to at least 6 orders of magnitude beyond the order of magnitude of the smallest
contributing set of residues of that cone.
The second consistency check was to compare our
results for cone 2 and cone 3 against another set of analytic
expressions derived by analytically continuing the residues
of cone 1, i.e., Rf1;ig for i ¼ 1; …; 4. This results
P in a set of
series that are numerically equivalent to
Rf2;ig and

hf1;1g ¼

r1 r1−α
2 Γð1
×

2

2

− αÞ Γðα þ 1Þ

Z
γ4

þiR2

P

Rf3;ig , but which are different in their analytic form.
These were numerically evaluated and shown to agree with
P
ð6Þ
ð6Þ
the A3;μ and A3;τ computed directly from the
Rf2;ig and
P
Rf3;ig , respectively, to at least 19 decimal places. Let us
briefly describe this approach on the example of the first
electron residue Rf1;1g (see Table II), which involves a
Kampé de Fériet series. The latter has the following MellinBarnes type integral representations [70]:


Rf1;1g

∂
h
¼
∂α f1;1g


;

ð21Þ

α¼0

where

ds
dt
∧
ð−r1 Þs ð−r2 Þt Γð−sÞΓð−tÞ
2iπ 2iπ

5
2

Γðs þ t þ − αÞΓðs þ t þ 3 − αÞΓðs þ 1Þ2 Γðs þ 3ÞΓðt þ 1ÞΓðt þ 1 − αÞΓðt þ 3 − αÞ
Γðs þ t þ 1 − αÞΓðs þ t þ 5 − αÞΓðs þ 2ÞΓðs þ 72ÞΓðt þ 2 − αÞΓðt þ 72 − αÞ

and γ 4 ≐ ðReðsÞ; ReðtÞÞ ∈ − 1; 0½× − 1; 0½ (for α < 0).
Solving this MB representation in appropriate cones
yields the desired analytic continuations for that particular
series.
The convergence regions of the series expansions
obtainable from a direct residue calculation of Eq. (22)
following the method of [1] are shown in Fig. 5 and labeled
by their associated cone. [Note that we use roman numerals
to label and distinguish the cones of Eq. (22) from those of

FIG. 5. Regions of convergence of the series representations of
the MB integral of Eq. (22) and associated cones.

ð22Þ

Eq. (3)]. The sum of residues of cone i obviously reproduce
the Kampé de Fériet series of Rf1;1g . For the muon case,
where r1 ¼ m2μ =m2τ ∼ 10−3 and r2 ¼ m2μ =m2e ∼ 104 , the
residues of cone iv have to be calculated. For the tau case
where r1 ¼ m2τ =m2μ ∼ 102 and r2 ¼ m2τ =m2e ∼ 107 , those of
cone v need to be calculated.
By performing a similar calculation on Rf1;2g , Rf1;3g and
Rf1;4g , and summing the results of the appropriate cones,
the results of cone 1 (external electron legs) of Eq. (3) may
be analytically continued to obtain the results of cone 2
(external muon legs) and cone 3 (external tau legs) of the
same integral; see [71] for details and results of the
complete calculation. This results in series representations
that are numerically equivalent, but different in form, to
those obtained from a direct calculation of Eq. (3). This
process did not yield expressions that were simpler than
those obtained by a direct evaluation. However, results
obtained by this analytic continuation approach could well
confer advantages, such as simplicity of form, in other
cases than the g − 2.
We also checked our results externally by numerically
comparing them with results from the literature.
For the muon, our expressions evaluated with the
CODATA 2010 [72] mass ratios yield the same value of
ð6Þ
A3;μ as given in Eq. (9) of [40]. Similarly, we get agreement
with Eq. (22) of [57] evaluated using the values of the 1992
PDG [73], and with Eq. (16) of [39] evaluated using
CODATA 2002 [74] inputs, the latter of which is based on
the first few terms of the asymptotic and eikonal expansion
derived expressions of [5]. Our expression differs numerically from the value given in Eq. (33) of [36] at the sixth
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decimal place. The same integral is evaluated in [12,58]
ð6Þ
with CODATA 2006 [75] mass ratios to yield A3;μ , values
with which our expressions are in agreement. Our results
ð6Þ
for A3;τ , however, yield a numerical value that differs from
the older literature values [9,59] but agrees with [58], as
already mentioned in the Introduction and in Sec. II. For the
ð6Þ
electron, our A3;e expression agrees numerically with the
value given in [58], based on the integral of [36] and 2004
CODATA values, as well as with the result given in Eq. (12)
of [42] that uses the PDG 2012 values as inputs. And
finally, within the latter’s uncertainty range, we obtain the
same result as [32] using the CODATA 2010 [72] mass
ratios.
Note that the diagram of Fig. 1 appears in the expansion
ð6Þ
of al not only as A3;l , but also as one of the several
ð6Þ

ð6Þ

diagrams that constitute A2;l ðml =ml0 Þ and A1;l . Table I
gives, among others, the various mass configurations
possible for Fig. 1 with two masses, and the cones
corresponding to their evaluation. As all these cases lie
on the boundary of the convergence regions of two cones
(in passing, the mass independent case can be computed
with any of the six different series representations) the
convergence of the series can be slow. However, by
comparing the literature values of these diagrams with
our expressions, we obtain another check of the latter. Note
that for the cases where there are identical leptons in the
loops, an overall factor of 1=2 is required in front of Eq. (3).
By setting all masses equal, we obtain the scaleless
ð6Þ
diagram A1;l , which corresponds to the “triple point” (1.0,
1.0) in Fig. 4. Despite the slow convergence of our series at
this point, we find that as the number of terms in the sums is
increased, the results of all cones numerically tend to the
value given by Eqs. (8) or (9) of [57] or more explicitly by
4π 2
Eq. (4.43) of [44]: 83 ζð3Þ − 135
− 943
324. The same equations of
the paper [57] give the closed form result for the cases
where both leptons in the internal loops are identical, but
different from the one on the external legs, and where only
one of the leptons in the internal loops is the same as the
one on the external legs. And Eqs. (12), (13), (16), and (17)
of [57] give the expansions in the mass ratio of Eqs. (8) and
(9). For the case where the muon is on the external legs,
with two internal electron loops, we get from our expression a fast converging numerical agreement with the value
calculated using Eq. (8) of [57]. With two internal tau loops
the agreement is also very good, but we use Eq. (16) of [57]
to compare because imaginary contributions appear when
using Eq. (8). With only one internal electron or tau loop,
we get values that are converging in a slower way to those
obtained using Eq. (9) of the aforementioned paper as we
increase the number of terms in the sum. The same is true in
case of tau external legs, where we get very good and fast
converging numerical agreement with Eqs. (8) or (9) of [57]
for loops with two electrons or two muons, and slower
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convergence towards the literature values otherwise. For the
case with electron masses in the external legs, we do not use
the closed form expressions of Eqs. (8) and (9) of [57], but
rather the expansion in the mass ratios given in Eqs. (16)–
(17) of the same paper. As with the other cases, we get very
good agreement when the two fermionic loops carry the
same mass, and slower convergence otherwise. All these
“two masses” results are also in agreement with the
numerical integration of the Mellin-Barnes representations
given in Eqs. (4.23) and (4.25) of [44].
V. CONVERGENCE AND ANALYTIC
CONTINUATION PROPERTIES OF KAMPÉ
DE FÉRIET SERIES DERIVED FROM
MELLIN-BARNES INTEGRALS
The analysis of the previous sections showed that, for
all possible numerical values of the mass ratios r1 and r2 ,
at least one of the six different series representations
derived from the MB representation can be used. As
already briefly mentioned, this fact is unusual since in
general Feynman diagrams having N-fold MB representations with N > 1, depending on some parameters
r1 ; …; rN , result in cones and series representations whose
associated convergence regions do not collectively cover
the entire possible ðr1 ; …; rN Þ-space: some (“white”)
regions exist such that none of the series representations
extracted from a standard residues computation of the MB
integral will converge (nor be diverging asymptotic
expansions). We recall that a few examples of such
integrals can be found for instance in [1,2,67,68] and
that for this kind of integrals, it is necessary to analytically
continue the results of a particular cone with an alternative
method in order to derive results valid in the unreachable
white region, as done for instance in [3].
The white regions do not appear for Feynman diagrams
whose MB representation is onefold, because in this case
the corresponding series are made of generalized hypergeometric series whose analytic continuations can be
trivially derived from the MB integral and cover the entire
parameter space (except possibly when the absolute value
of the parameter is equal to unity).
In our present case of study, where N ¼ 2, it is then clear
that the lack of white regions is related to the particular
properties of the double series that appear in the series
representations derived in the previous sections. A quick
look in the Appendix shows that there are two different
types of double series in all the mathematical expressions
derived from the different cones, namely the Kampé de
Fériet series,
F2∶3;3
2∶2;2
and
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a1 ; a2 ∶b1 ; b2 ; b3 ; c1 ; c2 ; c3 
x; y

α ; α ∶β ; β ; γ ; γ
1

2

1

2

1

2

ð23Þ
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F2∶3;2
2∶2;1



 
a1 ; a2 ∶b1 ; b2 ; b3 ; c1 ; c2 
x; y :

α ; α ∶β ; β ; γ
1

2

1

2
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ð24Þ

1

These Kampé de Fériet double series also appear in our
formulas with different arguments, but one can perform the
analysis of this section to these cases also and the
conclusions will be the same. Note that Eq. (24) can in
fact trivially be transformed to the form of Eq. (23) by
3 Þn
including a ðc
ðc3 Þn factor in the sum over n of the definition of
Eq. (24) given in Eq. (14). Therefore, let us focus
on Eq. (23).
From Sec. III A 2, one can deduce that the convergence
region of F2∶3;3
2∶2;2 is the simple region jxj < 1 ∧ jyj < 1. And
in Sec. IV we have seen that from the MB representation of
F2∶3;3
2∶2;2 [given in Eq. (22) for specific values of its coefficients, which have no consequence on the convergence
properties], one can show that the convergence regions
associated to each of the possible series representations
derived from the MB integral are those of Fig. 5, where
there is no white region.
In fact, the convergence and analytic continuation
properties of the Kampé de Fériet F2∶3;3
2∶2;2 double hypergeometric series are exactly the same as those of the Appell
F1 double hypergeometric series. It is easy to show this
from the MB representation of the latter. The similarity
between the Appell F1 and the Kampé de Fériet F2∶3;3
2∶2;2
series should not come as a complete surprise because
Kampé de Fériet series are generalizations of Appell series
in the same way as generalized p Fq hypergeometric series
are generalizations of the Gauss 2 F1 hypergeometric series.

F1þi∶1þk;1þl
1þi∶k;l



Obviously, in the latter case there is only one series to
generalize, whereas in the Appell case, there are four
different ones which do not satisfy the same convergence
and analytic continuation properties. In particular, F1 is the
only Appell function whose MB integral representation
gives birth to some series representations, analytic continuations of one another, whose convergence regions are able
to collectively cover the whole ðjxj; jyjÞ-space (except
possibly on some boundary lines at which the convergence
depends on the values of the coefficients). Indeed, for the
other Appell F2 , F3 and F4 functions, there are white
regions in each of the corresponding convergence regions
plots of their series representations derived from the usual
residue evaluation of their MB representations.
From the similarities between the representation of F1 as
a Kampé de Fériet function,
 


1∶1;1 a∶b; c 
x; y ; ð25Þ
F1 ða; b; c; α; x; yÞ ¼ F1∶0;0
α∶−; − 
and Eqs. (23) and (24), it is natural to conjecture that the
more general Kampé de Fériet function of the type,
 


1þi∶1þk;1þl a1 ; …; a1þi ∶b1 ; …; b1þk ; c1 ; …; c1þl 
F1þi∶k;l
x; y ;
α1 ; …; α1þi ∶β1 ; …; βk ; γ 1 ; …; γ l 
ð26Þ
do not have white regions in their convergence picture,
which we now prove.
The Mellin-Barnes representation of the Kampé de Fériet
function shown in Eq. (26) can be easily derived from [70]
and reads

Q
Q
  Q1þi
Z
Γðαj Þ kj¼1 Γðβj Þ lj¼1 Γðγ j Þ
ða1þi Þ∶ðb1þk Þ; ðc1þl Þ 
ds
dt
j¼1
x; y ¼ Q
∧
ð−xÞs ð−yÞt Γð−sÞΓð−tÞ
Q
Q
1þi
1þk
1þl
2
2iπ
2iπ
Γða
Þ
Γðb
Þ
Γðc
Þ
ðα1þi Þ∶ðβk Þ; ðγ l Þ 
γþiR
j
j
j
j¼1
j¼1
j¼1
Q1þk
Q1þl
Q1þi
j¼1 Γðaj þ s þ tÞ
j¼1 Γðbj þ sÞ
j¼1 Γðcj þ tÞ
;
ð27Þ
× Q1þi
Qk
Ql
j¼1 Γðαj þ s þ tÞ
j¼1 Γðβj þ sÞ
j¼1 Γðγ j þ tÞ

where we recall that ða1þi Þ ≐ ða1 ; …; a1þi Þ.
To simplify our presentation, we suppose that the aj , bj
and cj are nonzero positive numbers. This allows us to deal
with straight contours and γ ≐ ðReðsÞ; ReðtÞÞ therefore
belongs to the non empty fundamental polygon defined
by the positivity constraint of each of the real parts of the
gamma functions in the integrand. We also suppose that the
singular structure of the integrand has no poles of multiplicity greater than 1, and that the values of the αj , βj and γ j
cannot make the gamma functions of the denominator
interfere with those of the numerator.
Following the method of [1] it can be shown that this
MB integral has five different cones and therefore five
different double series representations. We list the sets of

singularities for each cone in Table VI (m and n can be any
positive integer or zero).
In the g − 2 case, the MB integral of Eq. (3) is symmetric
under the exchange of r1 and r2 , and therefore of the total
number of series, three of them could be trivially obtained
from the three others using that symmetry. Here, one can
still use this symmetry, although since k ≠ l and bj ≠ cj
generally in Eq. (27) one has to exchange, in addition to r1
and r2 , the values of the coefficients bj and cj as well as k
and l. Since cone 1 obviously gives the common series
representation of the Kampé de Fériet functions given in
Eq. (26), it is sufficient to compute the series representations associated with cone 2 and cone 3, the two others
being deduced from them.
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Let us begin with cone 2 which has only two different types of contributions (see Table VI). In this case, one obtains
 
ða1þi Þ∶ðb1þk Þ; ðc1þl Þ 
x; y
ðα1þi Þ∶ðβk Þ; ðγ l Þ 
Q1þk
Q1þi;
Q1þi
Qk
X
1þi
Γðbr − aj Þ
r¼1 Γðar − aj Þ
r¼1 Γðαr Þ
r¼1 Γðβr Þ
¼ Q1þi
Qkr¼1
Γðaj Þ Q1þi
Q1þk
r¼1 Γðαr − aj Þ
r¼1 Γðβ r − aj Þ
r¼1 Γðar Þ
r¼1 Γðbr Þ j¼1



aj ; ðð1 − β þ aj Þk Þ∶ðc1þl Þ; ðð1 − α þ aj Þ1þi Þ  y 1
−aj 1þk∶1þl;1þi

;
× ð−xÞ F1þk∶l;i
ðð1 − b þ aj Þ1þk Þ∶ðγ l Þ; ðð1 − a þ aj Þ1þi Þ  x x
Q1þk;
Q1þi
1þk
X
r¼1 Γðbr − bj Þ
r¼1 Γðar − bj Þ
Γðbj Þ Qk
þ
Q1þi
r¼1 Γðαr − bj Þ
r¼1 Γðβ r − bj Þ
j¼1
Q
Qk
Q1þl



∞ X
∞
X
1
1 m n 1þi
r¼1 ðar − bj Þn−m ðbj Þm
r¼1 ðcr Þn
r¼1 ð1 − β r þ bj Þm
−bj
× ð−xÞ
;
y Q1þi
Q1þk;
Ql
m!n! x
m¼0 n¼0
r¼1 ð1 − br þ bj Þm
r¼1 ðαr − bj Þn−m
r¼1 ðγ r Þn

F1þi∶1þk;1þl
1þi∶k;l



ð28Þ

Q
where the  superscript means that, for instance, the r ¼ j case is not considered in the product 1þi;
r¼1 Γðar − aj Þ, and
that ðð1 − a þ aj Þ1þi Þ ¼ ð1 − a1 þ aj ; 1 − a2 þ aj ; …; 1 − aj−1 þ aj ; 1 − ajþ1 þ aj ; …; 1 − a1þi þ aj Þ.
It is easy to see, in the analytic continuation formula Eq. (28), that the first series, being a Kampé de Fériet double
hypergeometric series, converges in the region j yx j < 1 ∧ j 1x j < 1.
The second series in Eq. (28) is not a Kampé de Fériet series, but by the cancellation of parameters method [66], one finds
that it converges as a Horn G2 double hypergeometric series, i.e. in the region j 1x j < 1 ∧ jyj < 1, so that the convergence
1þi∶1þk;1þl
region of the analytic continuation of F1þi∶k;l
associated to cone 2 and given in Eq. (28) converges for
1
j x j < 1 ∧ jyj < 1. This region corresponds to the green region plotted in Fig. 5.
One can now proceed to the presentation of the results associated with cone 3. In this case, one gets
 
ða1þi Þ∶ðb1þk Þ; ðc1þl Þ 
x; y
ðα1þi Þ∶ðβk Þ; ðγ l Þ 
Q1þk
Q1þi;
Qk
Q1þi
X
1þi
Γðbr − aj Þ
r¼1 Γðar − aj Þ
r¼1 Γðαr Þ
r¼1 Γðβr Þ
¼ Q1þi
Γðaj Þ Q1þi
Qkr¼1
Q1þk
r¼1 Γðαr − aj Þ
r¼1 Γðβr − aj Þ
r¼1 Γðar Þ
r¼1 Γðbr Þ j¼1



aj ; ðð1 − β þ aj Þk Þ∶ðc1þl Þ; ðð1 − α þ aj Þ1þi Þ  y 1
−aj 1þk∶1þl;1þi

× ð−xÞ F1þk∶l;i
;
ðð1 − b þ aj Þ1þk Þ∶ðγ l Þ; ðð1 − a þ aj Þ1þi Þ  x x
Q1þk;
Q1þl;
Q1þi
Ql
1þk X
1þl
X
r¼1 Γðbr − bj Þ
r¼1 Γðcr − cp Þ
r¼1 Γðar − bj − cp Þ
r¼1 Γðγ r Þ
Q
Q
Γðbj ÞΓðcp Þ Q
þ Q1þl
1þi
k
l
r¼1 Γðαr − bj − cp Þ
r¼1 Γðβr − bj Þ
r¼1 Γðγ r − cp Þ
r¼1 Γðcr Þ j¼1
p¼1



ðð1 − α þ bj þ cp Þ1þi Þ∶bj ; ðð1 − β þ bj Þk Þ; cp ; ðð1 − γ þ cp Þl Þ  1 1
 ;
× ð−xÞ−bj ð−yÞ−cp F1þi∶1þk;1þl
1þi∶k;l
ðð1 − a þ bj þ cp Þ1þi Þ∶ðð1 − b þ bj Þ1þk Þ ; ðð1 − c þ cp Þ1þl Þ  x y
Q1þk;
Q1þl
Q1þi;
1þi
X
Γðcr þ bj − ap Þ
r¼1 Γðar − ap Þ
r¼1 Γðbr − bj Þ
Qk
Ql r¼1
Γðbj ÞΓð−bj þ ap Þ Q1þi
þ
r¼1 Γðαr − ap Þ
r¼1 Γðβr − bj Þ
r¼1 Γðγ r þ bj − ap Þ
p¼1
Q




∞ X
∞
1þl
X
1
y m 1 n
r¼1 ðcr þ bj − ap Þm−n
Q
× ð−xÞ−bj ð−yÞbj −ap
m!n! x
y ð1 þ bj − ap Þm−n lr¼1 ðγ r þ bj − ap Þm−n
m¼0 n¼0
Q
Q

ðbj Þm kr¼1 ð1 − βr þ bj Þm 1þi
r¼1 ð1 − αr þ ap Þn
:
× Q1þk;
Q1þi;
r¼1 ð1 − br þ bj Þm
r¼1 ð1 − ar þ ap Þn

F1þi∶1þk;1þl
1þi∶k;l



ð29Þ

A convergence study similar to the one performed above shows that one finally obtains, for the series representation
presented in Eq. (29), the same convergence region as the one plotted in orange in Fig. 5, i.e. the region
j yx j < 1 ∧ j 1x j < 1 ∧ j 1y j < 1.
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The different sets of singularities of the five cones of Eq. (27).

Cone 1

Cone 2

Cone 3

ðm; nÞ

ð−aj − m − n; mÞ, j ∈ ½1; 1 þ i

ð−aj − m − n; mÞ, j ∈ ½1; 1 þ i

j ∈ ½1; 1 þ k
(−bj − m; bj − ap þ m − n)
p ∈ ½1; 1 þ i

j ∈ ½1; 1 þ k
(−bj − m; −cp − n),
p ∈ ½1; 1 þ l

ð−bj − m; nÞ, j ∈ ½1; 1 þ k

Cone 4

Cone 5

ðm; −aj − m − nÞ, j ∈ ½1; 1 þ i

j ∈ ½1; 1 þ l
ðcj − ap þ m − n; −cj − mÞ,
p ∈ ½1; 1 þ i

j ∈ ½1; 1 þ k
ð−bj − m; −cp − nÞ,
p ∈ ½1; 1 þ l

ðm; −aj − m − nÞ, j ∈ ½1; 1 þ i
ðm; −cj − nÞ, j ∈ ½1; 1 þ l

It is straightforward to show that the series associated
with cone 4 and cone 5 will converge, respectively, in the
purple and in pink regions of Fig. 5, and one can check that
our conjecture that there are no white regions for the class
of Kampé de Fériet functions considered in Eq. (26) is
correct. Therefore, we see that if one finds these objects in
some Feynman diagrams calculations, one will not need to
perform nontrivial analytic continuations in white regions,
such as is needed for those of [3] (see also [76]).
We conclude this section by noting that a similar
analysis can be performed in order to extract other
classes of Kampé de Fériet series that have common
convergence and analytic continuation properties to the
three other Appell series (and therefore also the same
white regions, at the function level). We do not perform
such an analysis here but instead give two examples of
Feynman diagrams taken from some of our recent work
where there are similarities between the Kampé de
Fériet series found in their analytic expressions and
the Appell F3 and F4 series. The two-loop box diagonal
calculation presented in [77] involves a Kampé de Fériet
F2∶2;2
3∶0;0 function which has the same white region as the
Appell F3 function. Let us recall that
 


0∶2;2 −∶a; b; c; d 
x; y :
ð30Þ
F3 ða; b; c; d; α; x; yÞ ¼ F1∶0;0
α∶−; − 
The example related to the Appell F4 function comes
from the chiral perturbation theory sunsets studied in [67]. In
the H̄ πKKη pion and H̄ηKKπ eta sunsets analytic expressions,
one can find the Kampé de Fériet F3∶1;1
1∶2;2 double hypergeometric function, which has the same white region as
 


2∶0;0 a; b∶−; − 
x; y : ð31Þ
F4 ða; b; α; β; x; yÞ ¼ F0∶1;1
−∶α; β 

These two examples related to F3 and F4 need analytic
continuation procedures alternative to the traditional MB
representation in order to be analytically computed using
convergent series representations in their white regions.
The discussion of the present section draws attention to the
fact that the “Appell F1 ” class of Kampé de Fériet double
hypergeometric series presented in Eq. (26) has a particularly
simple analytic continuation behavior, and it suggests that
these nice properties are also very probably satisfied by
extensions of Kampé de Fériet series. Such a higher order
class of Kampé de Fériet multiple series would then include
ðnÞ
the FD Lauricella series as the simplest series of its set.
VI. CONCLUSION AND DISCUSSION
The aim of this work was twofold: to present complete
analytic results for the three loop contributions to leptonic
g-2 with two internal loops, and to use these calculations to
further our understanding of the convergence and analytic
continuation properties of multiple hypergeometric series
that can appear in quantum field theory calculations.
In the first part of this work, we have calculated and
presented complete analytic results for the three-loop QED
contributions to the g − 2 of all charged leptons with two
internal loops, i.e. for all three possibilities of external legs in
the Feynman diagram of Fig. 1, denoted in the literature by
ð6Þ
A3;l for l ¼ e, μ, τ. In the muon case, this was the last missing
piece in the puzzle of the exact results at three loop level [4].
Furthermore, to our knowledge, in the electron and τ lepton
cases, analytic results were unknown but for the leading term
in a double expansion in the mass ratios for the τ lepton case
given in [8,9]. Therefore, this work presents the first complete
ð6Þ
and exact analytic result for A3;l for all l ¼ e, μ, τ.
We have performed several checks of the expressions
given in this paper. These included numerical comparisons
with values from the literature, as well as consistency
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checks. One such consistency check involved the calculation of the diagram of Fig. 1 with two or three of the
leptons being identical, i.e. the contributions of Fig. 1 to
ð6Þ
ð6Þ
A1;l and A2;l . The use of only two distinct masses, or one
single mass, in expressions consisting of two mass ratios
lands us on the boundaries of the convergence regions,
which may be reached by two or more distinct series.
Finding numerical agreement for expressions that were
different in form was one consistency check (note that for
these cases we have also found agreement with numerical
results derived from the analytic expressions given in [57]
and from the numerical integration of the Mellin-Barnes
representations of [44]). The same principle was the basis
for our other self-consistency check. In this check, we have
calculated a second set of expressions by analytic continuation of the results obtained in the electron case (see [71]
for a complete listing of these expressions) and then
compared them to Eq. (16) and Eq. (18), which are
numerically equivalent but have a different form.
Our tool for performing the calculation was the MellinBarnes representation, which produced results in the form
of a linear combination of isolated terms and infinite single
and double series consisting of products of gamma and
polygamma functions, that can then be expressed in terms
of generalized hypergeometric and Kampé de Fériet series
and their derivatives. These series in turn become the
objects of study of the second part of this paper.
The second part of our work involved studying the
analytic continuation of a class of Kampé de Fériet series.
Indeed, the generalized hypergeometric and Kampé de
Fériet series converge in a range of values of their variables.
By analytic continuation, one is able to extend this range.
But for the double hypergeometric series, when this
analytic continuation is performed by means of the series
derived from standard residues computations of MB
representation, there usually exists a range of values (the
white region) for which it is still not possible to derive some
converging series. However, for the series appearing in the
g − 2 calculation of this paper, we find no white regions.
Inspired by this unusual analytic continuation property, in
this paper we prove that for a class of Kampé de Fériet series,
namely those of type F1þi∶1þk;1þl
, no white region can
1þi∶k;l

hf1;1g

appear, and that it is possible to analytically continue these
series using their MB representation to obtain convergent
series for all values of their variables (except possibly,
depending on the values of the parameters, on the boundaries
of the convergence regions). The convergence and analytic
continuation properties of the F1þi∶1þk;1þl
series parallel
1þi∶k;l
those of the Appell F1 series. We also give examples of some
Feynman diagrams that indicate that other classes of the
Kampé de Fériet series, whose convergence and analytic
continuation properties mimic those of the other Appell
series, may be found in physical situations.
In this work, therefore, we present complete analytic
ð6Þ
results at the three-loop level for the A3;l contribution to the
important physical quantity g − 2, and in the process of the
calculation extend our understanding of the convergence
and analytic continuation properties of the Kampé de Fériet
series. Further investigating these properties for other
classes of Kampé de Fériet series and multiple series of
higher order, of which relatively little is known, is an
important direction for future research.
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APPENDIX: hfi; jg AND Hfi; jg EXPRESSIONS OF
TABLES II, III, IV AND V

Γð52 − αÞΓð3 − αÞ2
16 r1
¼ pﬃﬃﬃ α−1
F2∶3;3
15 π r2 Γð2 − αÞΓð72 − αÞΓð5 − αÞ 2∶2;2

1. Electron case (simplified results, see Table II),

5
2



− α; 3 − α∶1; 1; 3; 1; 1 − α; 3 − α 
r1 ; r2
1 − α; 5 − α∶2; 72 ; 2 − α; 72 − α 

ðA1Þ

 

pﬃﬃﬃ αþ2
3; 2 þ α; 4 þ α; 52 
π r1 Γð2 − αÞΓðα þ 2ÞΓðα þ 4Þ
r
¼−
F
32 rα2 Γð52 − αÞΓðα þ 3ÞΓðα þ 92Þ 4 3 5; 3 þ α; 92 þ α  1

ðA2Þ

 

pﬃﬃﬃ αþ3
3; 3 þ α; 5 þ α; 52 
π r1
Γðα þ 3ÞΓðα þ 5Þ
r1
¼−
4 F3

16 r2αþ1 Γð32 − αÞΓðα þ 2ÞΓðα þ 4ÞΓðα þ 11
5; 4 þ α; 11
þ
α
2Þ
2

ðA3Þ

hf1;2g

hf1;3g
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1
5
1 r1αþ4 Γðα þ 12ÞΓðα þ 2ÞΓðα þ 4ÞΓðα þ 6Þ 2∶3;2 4 þ α; 6 þ α∶1; 2 þ α; 2 þ α; 2 ; 3  r1
¼ pﬃﬃﬃ αþ2
F2∶2;1
 r ; r1 :
32 π r2 Γðα þ 1ÞΓðα þ 3ÞΓðα þ 5ÞΓðα þ 13
5 þ α; 13
2
2Þ
2 þ α∶1 þ α; 3 þ α; 5

ðA4Þ

2. Electron case (nonsimplified results, see Table III),

Hf1;1g ¼ hf1;1g
Γð1 − αÞΓð2 − αÞΓð4 − αÞΓðα þ 1ÞΓð1 − βÞΓð2 − βÞΓðβ þ 1ÞΓð52 − α − βÞ
r2−α
1
Γð3 − αÞΓð92 − αÞΓð52 − βÞΓð5 − α − βÞ
rβ2
 

1; 2 − α; 4 − α; 52 − α − β; 3 − α − β 
 r1
× Γð3 − α − βÞΓðα þ β þ 1Þ5 F4

3 − α; 92 − α; 1 − α − β; 5 − α − β

ðA5Þ

Hf1;2g ¼ −

Γð1 − αÞΓð3 − αÞΓð5 − αÞΓðα þ 1ÞΓð1 − βÞ2 Γðβ þ 1Þ2 Γð52 − α − βÞ
r3−α
1
3
Γð4 − αÞΓð11
rβþ1
2 − αÞΓð2 − βÞΓðβ þ 2ÞΓð5 − α − βÞ
2
 

1; 3 − α; 5 − α; 52 − α − β; 3 − α − β 
 r1
× Γð3 − α − βÞΓðα þ β þ 1Þ5 F4

−
α;
1
−
α
−
β;
5
−
α
−
β
4 − α; 11
2

ðA6Þ

Hf1;3g ¼ −

H f1;4g ¼

Γð1 − αÞΓð4 − αÞΓð6 − αÞΓðα þ 1ÞΓð1 − βÞ2 Γðβ þ 1ÞΓðβ þ 2ÞΓð52 − α − βÞ
r4−α
1
1
Γð5 − αÞΓð13
r2þβ
2 − αÞΓð2 − βÞΓðβ þ 3ÞΓð5 − α − βÞ
2



4 − α; 6 − α∶1; 12 þ β; 2 þ β; 1; 52 − α − β; 3 − α − β  r1
2∶3;3

× Γð3 − α − βÞΓðα þ β þ 1ÞF2∶2;2
 r ; r1 :
5 − α; 13
2
2 − α∶1 þ β; 3 þ β; 1 − α − β; 5 − α − β

ðA7Þ

ðA8Þ

3. Muon case (see Table IV),

Γð1 − αÞΓð2 − αÞΓð4 − αÞΓð1 þ αÞΓð1 − βÞΓð2 − βÞΓð1 þ βÞΓð52 − α − βÞ
r2−α
1
Γð3 − αÞΓð92 − αÞΓð52 − βÞΓð5 − α − βÞ
rβ2
 

1; 2 − α; 4 − α; 3 − α − β; 52 − α − β 
r1
× Γð3 − α − βÞΓð1 þ α þ βÞ5 F4
3 − α; 92 − α; 1 − α − β; 5 − α − β 

hf2;5g ¼ −

 

1; 3 − α; 3 − α; 52 − α 
2 Γð5 − αÞΓð3 − αÞ2 Γðα þ 1Þ
 r1
F
hf2;6g ¼ pﬃﬃﬃ 2α−3
4 3

π r1 r2 Γð4 − αÞΓð11
−
α
1 − α; 4 − α; 11
2 − αÞ
2
hf2;7g

ðA10Þ

 

1; 3; 5; 12 þ α; 2 þ α  r1
256r31 Γð32 − αÞ

¼
pﬃﬃﬃ
5 F4
r
1
11
Γð
−
αÞΓð4
−
αÞΓðα
þ
3Þ
945 π r2þα
;
1
þ
α;
3
þ
α
4;
2
2
2
2

ðA11Þ

 

1; 2; 4; 12 þ α; 2 þ α  r1
16 r21 Γð1 − αÞ2 Γðα þ 2Þ2

¼ − pﬃﬃﬃ 2þα
F
35 π r2
Γð3 − αÞΓðα þ 3Þ 5 4 3; 92 ; 1 þ α; 3 þ α  r2

ðA12Þ

hf2;8g

hf2;9g ¼ −

ðA9Þ

 

1; 1; 3; 12 þ α; 2 þ α  r1
8
r1 Γð−α − 12ÞΓð1 − αÞ3 Γðα þ 1ÞΓðα þ 2Þ

pﬃﬃﬃ αþ2
F
5 4
15 π r2
Γð12 − αÞΓð2 − αÞ
2; 72 ; 1 þ α; 3 þ α  r2
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hf2;10g

hf2;11g ¼
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1; 1; 3; 32 þ α; 3 þ α  r1
8
r1 Γð−α − 32ÞΓð1 − αÞ2 Γðα þ 1Þ3 Γðα þ 3Þ

¼ pﬃﬃﬃ αþ3
5 F4
15 π r2
Γð−α − 12ÞΓðα þ 2Þ2
2; 72 ; 2 þ α; 4 þ α  r2

ðA14Þ

Γð1 − αÞΓð4 − αÞΓð6 − αÞΓðα þ 1ÞΓð1 − βÞ2 Γðβ þ 1ÞΓðβ þ 2ÞΓð52 − α − βÞ
r4−α
1
1
Γð5 − αÞΓð13
rβþ2
2 − αÞΓð2 − βÞΓðβ þ 3ÞΓð5 − α − βÞ
2



4 − α; 6 − α∶1; 2 þ β; 12 þ β; 1; 52 − α − β; 3 − α − β  r1
 ; r1
× Γð3 − α − βÞΓð1 þ α þ βÞF2∶3;3
2∶2;2
r
5 − α; 13
2
2 − α∶1 þ β; 3 þ β; 1 − α − β; 5 − α − β

hf2;12g

16 r1 Γð−α − 52ÞΓðα þ 1ÞΓðα þ 4Þ 2∶3;3
¼ pﬃﬃﬃ 4þα
F2∶2;2
15 π r2
Γð−α − 32ÞΓðα þ 3Þ2

5
2



þ α; 4 þ α∶1; 1; 3; 1; 1 þ α; 5 þ α  r1 1
 ;
:
3 þ α; 5 þ α∶2; 7 ; 3 þ α; 7 þ α  r r
2

2

2

2

ðA15Þ

ðA16Þ

4. Tau case (see Table V),

8 1
1
2
1
p
ﬃﬃﬃ
−log2 ðr1 Þ logðr2 Þ − logðr1 Þ logðr2 Þ − π 2 logðr1 r2 Þ þ log3 ðr1 Þ
hf3;3g ¼ −
3 π r22
3
3
3

13
25
68
5π 2 301
− log2 ðr1 Þ − logðr1 Þ − logðr2 Þ þ 12ζð3Þ −
−
6
18
9
9
3

8 1
14
2
1
p
ﬃﬃﬃ
hf3;10g ¼ −
− log2 ðr1 Þ logðr2 Þ − logðr1 Þ logðr2 Þ − π 2 logðr1 r2 Þ þ log3 ðr1 Þ
3 π r21
3
3
3

13
5
88
5π 2 1847
þ log2 ðr1 Þ þ logðr1 Þ − logðr2 Þ þ 12ζð3Þ −
−
6
6
9
108
3
Γð2 − αÞΓðβ þ 3ÞΓð−α − β − 52Þ
Γð52 − αÞΓð−β − 12ÞΓðβ þ 2ÞΓðβ þ 4ÞΓðα þ β þ 3Þ
 
 3
1; 2 þ β; 3 þ β; 1 þ α þ β; 5 þ α þ β  1

× Γðα þ β þ 1ÞΓðα þ β þ 5Þ5 F4
2 þ β; 4 þ β; 3 þ α þ β; 72 þ α þ β  r2

ðA17Þ

ðA18Þ

−β−3
hf3;13g ¼ −r−α
1 r2

 

αþ1
1; − 12 ; 12 þ α; 72 ; 2 þ α  1
45π r1 2 Γðα þ 12ÞΓðα þ 2Þ

¼
F
8 4α r2αþ2 Γðα þ 1ÞΓðα þ 3Þ 5 4
1 þ α; 32 ; 3 þ α; 2  r2

ðA20Þ

 
 1
1; 2 þ α  r1
Γðα þ 12Þ
2 r1þα
1

¼ pﬃﬃﬃ 2þα
F
π r2 Γðα þ 72Þ 2 1 72 þ α  r2

ðA21Þ

 

1; 1 þ α; 32 þ α; 3 þ α; 3 þ α  r1
4 r1αþ1 Γðα þ 1ÞΓðα þ 32ÞΓðα þ 3Þ2

¼ − pﬃﬃﬃ αþ3
F
π r2 Γðα þ 2Þ2 Γðα þ 72ÞΓðα þ 4Þ 5 4 2 þ α; 2 þ α; 72 þ α; 4 þ α  r2

ðA22Þ

 
 1
α−1
1; 2 þ α; 12 ; 2 þ α; 92  1
35π r1 2 Γðα þ 12ÞΓðα þ 2Þ

¼
F
8 4α r2αþ2 Γðα þ 1ÞΓðα þ 3Þ 5 4 1 þ α; 52 ; 3 þ α; 3  r2

ðA23Þ

hf3;14g

hf3;15g

hf3;16g

ðA19Þ

hf3;17g

 
 1
1; 2 þ α; 2 þ α; 5 þ α  1
Γðα þ 12ÞΓðα þ 2ÞΓðα þ 5Þ
2

F
hf3;18g ¼ − pﬃﬃﬃ αþ2
4 3
Γðα þ 3Þ2 Γðα þ 72Þ
π r 1 r2
3 þ α; 3 þ α; 72 þ α  r2
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ðA24Þ
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 3 11 1
α−3
1; 2 ; 2 ; 2 þ α; 2 þ α  1
7π r1 2 Γðα þ 12ÞΓðα þ 2Þ

¼
F
8 4α r2αþ2 Γðα þ 1ÞΓðα þ 3Þ 5 4 72 ; 4; 1 þ α; 3 þ α  r2

ðA25Þ

 

1; 2 þ α; 5 þ α; 12 þ α  1
2
1 Γð−α − 52ÞΓðα þ 2ÞΓðα þ 5Þ

p
ﬃﬃﬃ
¼
4 F3
π r2 r1αþ2
Γð12 − αÞΓðα þ 3Þ2
3 þ α; 3 þ α; 72 þ α  r1

ðA26Þ

hf3;19g

hf3;20g
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hf3;21g ¼

14π 3=2
3r5=2
1


4 F3

 
1; 1; 12 ; 92  1

3
; 3; 7  r
2

2

ðA27Þ

1

Γðα þ 3ÞΓð2 − βÞΓð−α − β − 52Þ
Γð−α − 12ÞΓðα þ 2ÞΓðα þ 4ÞΓð52 − βÞΓðα þ β þ 3Þ
 
 3
1; 2 þ α; 3 þ α; 1 þ α þ β; 5 þ α þ β  1

× Γðα þ β þ 1ÞΓðα þ β þ 5Þ5 F4
2 þ α; 4 þ α; 3 þ α þ β; 72 þ α þ β  r1

r−β
hf3;22g ¼ −r−α−3
2
1

αþ3
Γðα þ 12ÞΓðα þ 32ÞΓðα þ 2ÞΓðα þ 72Þ
r1 2
3=2
hf3;23g ¼ −π
αþ2
5
r2 Γð2 − αÞΓðα − 32ÞΓðα þ 1ÞΓðα þ 52ÞΓðα þ 3ÞΓðα

1

þ α; 2 þ α∶1; 32 þ α; 72 þ α; − 32 ; 52  r1 1
2∶3;2 2

× F2∶2;1
r ;r
1 þ α; 3 þ α∶ 52 þ α; 4 þ α; 12
2
2

hf3;24g ¼

þ 4Þ

Γð1 − αÞΓðα þ 2ÞΓð1 − βÞΓðβ þ 2ÞΓð−α − β − 72ÞΓðα þ β þ 2ÞΓðα þ β þ 6Þ
r−α−2
1
Γð12 − αÞΓðα þ 3ÞΓð12 − βÞΓðβ þ 3ÞΓðα þ β þ 4Þ
rβþ2
2



2 þ α þ β; 6 þ α þ β∶1; 12 þ α; 2 þ α; 1; 12 þ β; 2 þ β  1 1
2∶3;3

;
× F2∶2;2
4 þ α þ β; 92 þ α þ β∶1 þ α; 3 þ α; 1 þ β; 3 þ β  r1 r2
hf3;25g ¼

99π 3=2

−
F2∶3;2
5=2 2 2∶2;1
320r1 r2
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