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Abstract
The unsteady flow separation of two-dimensional (2-D) incompressible shear flow past three
identical square cylinders arranged in vee shape is studied in this paper, using theoretical
structural bifurcation analysis based on topological equivalence. Through this analysis, the
exact location and time of occurrence of bifurcation points (flow separation points) associated
with secondary and tertiary vortices on all cylinders are studied. The existence of saddle points
is also studied during primary flow separation. Different gap ratios between the downstream
cylinders, s/d = 0.6–3.0 (where s is the gap between cylinders, d is the length of cylinder
side) with fixed gap 2d between upstream and downstream cylinders for different shear
parameter (K ) values ranging from K = 0.0 to 0.4 are considered at Reynolds number
(Re) 100. In this process, the instantaneous vorticity contours and streakline patterns, centerline velocity fluctuation, phase diagram, lift and drag coefficients are studied to confirm
the theoretical results. Computations are carried out by using higher order compact finite
difference scheme. Present study mainly investigates the effect of K and gap ratio on unsteady
flow separation and vortex-shedding phenomenon. All the computed results very efficiently
and very accurately reproduce the complex flow phenomenon. Through this study, many
noticeable and interesting results are reported for the first time for this problem.
Keywords Unsteady shear flow · Square cylinders in vee shape · Vortex shedding · Flow
separation · HOC scheme · Structural bifurcation
Mathematics Subject Classification 65N06 · 65Z05 · 65Y99
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List of symbols
d
Side length of square cylinder
s
Vertical distance between downstream cylinders
Xu
Upstream distance
Xd
Downstream distance
Yh
Distance to upper and lower boundary from cylinder surface
Uc
Centerline velocity
ũ, u
Dimensional and dimensionless horizontal velocities
ṽ, v
Dimensional and dimensionless vertical velocities
τ
Dimensional time
t
Dimensionless time (= τ Uc /d)
Re
Reynolds number
ν
Kinematic viscosity of the fluid
K
Non-dimensional shear rate (= Gd/Uc )
G
Dimensional transverse velocity gradient
x, y
Cartesian coordinates
ψ̃, ψ
Dimensional and dimensionless stream functions
ω̃, ω
Dimensional and dimensionless vorticities
p
Dimensionless pressure
CL
Lift coefficient
CD
Drag coefficient
P ∗, T ∗
Structural bifurcation point and time
∅◦
Phase difference between lift coefficients

1 Introduction
In many cases of science and engineering practice, the groups of bodies often appear, e.g.,
groups of buildings, chimneys, stacks, chemical reaction-towers, offshore platforms, etc. Due
to the mutual interference, the aerodynamic characteristics, such as pressure distributions and
vortex-shedding patterns on each member of the group are completely different from those
of an isolated one. Offset-strip and louvered fin exchangers can be approximated as flow
around periodic array of individual fin elements. The flow-induced vibration in this type
arrangement may not only reduce the life of an equipment, but even lead to serious accidents
as well. In the past three decades, most of the research focused on uniform flow around single
or multiple square/circular cylinders in various arrangements, but rarely on shear flow around
multiple square cylinders. In this paper, a vee-shape arrangement of three square cylinders
of the same size in shear flow is investigated as it is one of the most common elements in
engineering application. It is well known that flow separation occurs at very early stages of
flow past square cylinders due to the sharp corner effect. Therefore, it is very important to
understand the mechanism of vortex shedding caused by unsteady flow separation and flowinduced-vibration of each cylinder in the vee-shape arrangement of three square cylinders
and flow characteristics around them.
In order to enhance the understanding of the flow phenomenon around three cylinders, the
flow phenomenon of flow past two cylinders should also be considered. The experimental
study of Zdravkovich (1977, 1987) and Igarashi (1981) on the flow pattern around two cylinders in tandem with different spacing ratios show that the flow characteristics of the cylinders
significantly affected by spacing ratios. Mittal et al. (1997) studied the incompressible flow
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past a pair of circular cylinders in tandem and staggered arrangements at Reynolds number 100, 1000. The computations are carried out by using a finite element formulation for
three different arrangements of cylinders. The results show that flow phenomenon and forces
strongly depend on arrangements of cylinders and Reynolds number. An experimental examination of vortex shedding generated by two cylinders arranged in a staggered configuration
has been done by Li and Sumner (2009). From the study, the measured Strouhal number
is found to be same for closely spaced cylinders, which is the indication of single cylinder
behavior. The sound generated by two tandem square cylinders placed in a uniform flow is
studied by Inoue et al. (2006). The results show the effect of s/d ratios on the mechanism of
the sound generation. The studies discussed till now mainly focused on uniform flow around
cylinders. Lankadasu and Vengadesan (2007) studied the interference effect of two square
cylinders in tandem in planar shear flow for Re = 100. The effect of s/d ratio and shear
parameter(K ) on vortex-shedding phenomenon is discussed in their study. The wake of the
upstream cylinder significantly affects the vortex shedding behind the downstream cylinder.
These effects vary as a function of K and s/d ratios. Further, several studies on shear flow
around single square/circular cylinder is available in the literature (Kiya et al. 1980; Hawang
and Sue 1997; Kang 2006; Cheng et al. 2007; Luo et al. 2003; Saha et al. 1999, 2000, 2001;
Lankadasu and Vengadesan 2008, 2010; Kumar and Ray 2017). Saha et al. (1999, 2000,
2001) have been given the complete description of effect of inlet shear on the vortex dynamics in cylinder wake. No such study based on shear flow past three square cylinders in the
vee-shape arrangement is available in the literature.
Till date, some numerical and experimental investigations of uniform flow around three
cylinders have been carried out by a group of researchers. Gu and Sun (2001) study the effect
of spacing ratio on flow properties of three cylinders arranged in an equilateral-triangular
fashion at Re = 1.4 × 104 by wind tunnel tests. A numerical simulation of flow past three
circular cylinders in a triangular arrangement at low Reynolds number is done by Bao et al.
(2010). Computations are done for six gap spacings(s) from 0.5 to 4.0 and for three incidence
angles α = 0◦ , 30◦ and 60◦ . The computed results show that the interference effect plays an
important role in the variation of the forces and Strouhal number. Moussaoui et al. (2011)
study the flow phenomena and heat transfer around three heated square cylinders in vee
shape using MRT-D2Q9 model and the MRT-D2Q5 model, respectively. Their investigation
considered the fluid as air (Pr= 0.71) and gap-to-diameter ratio from 1 to 2 for Re between 10
and 100. Following this, an experimental informative survey using particle image velocimetry
(PIV) technique and dye visualization in an open water channel is carried out for the flow
around an equilateral-triangular arrangement of the three spheres investigated by Ozgoren
(2013). The experiments show the effect due to the interference of the wake flow, results in
more complex flow patterns behind both downstream spheres. The dynamic behavior and
convective transport of flow around rows of square cylinders in the staggered arrangement
are studied by Chatterjee and Biswas (2015), Chatterjee and Gupta (2015), respectively.
Recently, a numerical study of flow around an equilateral triangle of three circular cylinders
of equal diameter is done by Zheng et al. (2016). In their study, special attention is paid to
the effect of spacing ratios ranging from 1.5 to 7.0 on the variation of flow characteristics
among the cylinders at Re = 100, 200. Three different types of flow patterns are revealed
based on the range of spacing ratios.
The primary aim of this paper is to investigate, theoretically as well as numerically, the
topological aspects of unsteady flow separation from cylinders surfaces in shear flow. It is
well known that topological analysis of flow phenomenon provides guidance for recognition
of its structural changes (Kalita and Sen 2013; Ray and Kumar 2017). A thorough analysis of
unsteady flow separation for shear flow past single square cylinder using structural bifurcation
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concept can be found in author’s recent work (Ray and Kumar 2017). The bifurcations based
on topological aspects near a critical point on a stationary plane are studied by Bakker (1989).
A survey on new dynamical systems theory related to the topology of 2-D incompressible
viscous flows and its application to geophysical fluid dynamics is done by Ma and Wang
(2002). Ghil et al. (2004, 2005) theoretically studied the topology of the two-dimensional
viscous flows near to the solid wall. They use structural bifurcation based boundary layer
separation theory and show that a structural bifurcation occurs at a point on the solid boundary
whenever a degenerate singularity for vorticity appears on the boundary. The investigations
from the topological point of view by considering Taylor’s expansion of the velocity field were
also carried out for incompressible fluid near a non-simple degenerate critical point close to
a stationary wall (Gurcan et al. 2005). Kalita and Sen (2013) study the secondary and tertiary
vortex dynamics: sub-α and sub-β phenomenon for flow past an impulsively started circular
cylinder. Their study describes the interplay among primary, secondary and tertiary vortices
for Re = 5000, and boundary layer separation corresponding to the secondary and tertiary
phenomenon by using topological aspects theoretically.
No such study based on structural bifurcation analysis has been used to analyze unsteady
flow separation from cylinders surface for shear flow past three square cylinders in the
vee-shape arrangement. In this paper, the effect of the shear parameter on unsteady flow
separation leading to vortex formation from the surface of three square cylinders in the veeshape arrangement placed in shear flow is analyzed. The structural bifurcation analysis is used
to locate the position and timing of bifurcation points. The stream function-vorticity (ψ − ω)
form of 2-D Navier–Stokes (N–S) equations in Cartesian coordinates is used to compute the
flow. The computations have been performed by using higher order compact (HOC) finite
difference scheme on uniform Cartesian grids (Kalita et al. 2002). The important points of
the present study are to explain the effect of K on unsteady flow separation for different s/d
ratios at Re = 100.
The paper is organized in the following way. In Sect. 2, we describe the mathematical
equations and their discretization procedure. Section 3 deals with results produced and discussion. Finally, In Sect. 4, we summarize our observations in the conclusion part followed
by references.

2 The mathematical equations and its discretization
The two-dimensional unsteady, incompressible flow of Newtonian fluid past three square
cylinders in vee shape is considered here. A schematic diagram of the physical model is
shown in Fig. 1. Here, C1 , C2 , C3 are the three square cylinders of same size with d as side
length are placed in vee fashion inside a rectangular domain with fixed gap 2d between
upstream and downstream cylinders and s is the vertical gap between downstream cylinders.
The fluid has non-uniform stream with Uc as centerline velocity. The flow is governed by the
incompressible N–S equations in stream function-vorticity (ψ − ω) formulation in Cartesian
coordinates (x̃, ỹ); given as

ν

∂ 2 ω̃ ∂ 2 ω̃
+
∂ x̃ 2
∂ ỹ 2





∂ ω̃
∂ ω̃ ∂ ω̃
,
= ũ
+ ṽ
+
∂ x̃
∂ ỹ
∂τ

∂ 2 ψ̃
∂ 2 ψ̃
+
= −ω̃.
2
∂ x̃
∂ ỹ 2
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Here, ψ̃ denotes the stream function, ω̃ the vorticity, ũ, ṽ are the horizontal and vertical
velocity components, respectively, τ is the time and ν the kinematic viscosity. The velocity
components ũ and ṽ are related to stream function ψ̃ as


∂ ψ̃ ∂ ψ̃
(ũ, ṽ) =
,
,
∂ ỹ ∂ x̃
and the vorticity as
ω̃ =

∂ ũ
∂ ṽ
−
.
∂ x̃
∂ ỹ

All quantities in the above equations and relations are dimensional, their non-dimensional
forms are given by
x=

˜
x̃
ũ
ṽ
ỹ
τ Uc
ψ̃
ωd
,u =
,v =
.
, y = ,t =
,ψ =
,ω =
d
d
d
Uc d
Uc
Uc
Uc

So, the non-dimensional form of above Eqs. (1) and (2) becomes


∂ω
∂ω ∂ω
∂ 2ω ∂ 2ω
+
= Re u
+v
+
,
∂x2
∂ y2
∂x
∂y
∂t

(3)

∂ 2ψ
∂ 2ψ
+
= −ω.
∂x2
∂ y2

(4)

Now, the dimensionless velocities u, v in terms of dimensionless stream function are written
as


∂ψ ∂ψ
,
,
(u, v) =
∂ y ∂x
whereas the dimensionless vorticity ω is given by
ω=

∂v
∂u
−
.
∂x
∂y

To compute the pressure ( p), we have used the dimensionless pressure Poisson equation
given below


∂u ∂v
∂u ∂v
2 p = 2
−
.
(5)
∂ y ∂x
∂x ∂ y
Now, we will describe the boundary conditions associated with Eqs. (3), (4) and (5). At
inlet, we consider a linear shear velocity profile, i.e.:
u = Uc + K y, v = 0,
where K denotes the shear rate and is defined as K = Gd/Uc , where G is the dimensional velocity gradient in vertical direction. At the outlet boundary, a convective boundary
condition, i.e.:
∂φ
∂φ
+ Uc
=0
∂t
∂x
is used (Lankadasu and Vengadesan 2007). No-slip conditions are considered on the surfaces
of all the cylinders; whereas slip boundary condition is used on the top and bottom boundaries
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Fig. 1 Schematic diagram of the flow past three square cylinders in vee-shape arrangement

of the computational domain (Ray and Kumar 2017) given as
∂u
= K , v = 0.
∂y
The boundary conditions for pressure are considered as the zero-gradient condition on the
above boundaries. In the ψ − ω formulation used here, the stream function values on the
surface of the cylinders are zero (ψ = 0).
Additionally, we may use Eq. (4) and above conditions to obtain the following vorticity
condition on the surfaces of each cylinder:
∂ 2ψ
On the left and right boundaries of the cylinder
∂x2
∂ 2ψ
ω = − 2 On the upper and lower boundaries of the cylinder
∂y
ω=−

(6)

2.1 Numerical discretization
To discretize the governing Eqs. (3) and (4), we use the transformation-free HOC finite
difference scheme Kalita et al. (2002) on uniform Cartesian grids. The scheme is 2nd order
accurate in time and 4th order accurate in space. The formulation is successfully used in
our previous works to simulate shear flow past single square cylinder (Kumar and Ray 2015,
2016; Ray and Kumar 2017; Kumar and Ray 2018) and two cylinders in parallel arrangement
(Kumar and Ray 2017), for circular cylinder (Ray and Kalita 2010). For the discretization of
equations, we construct a uniform Cartesian mesh in the rectangular region [x 1 , x2 ]×[y1 , y2 ]
by the grid points (xi , y j ). The HOC discretization of Eqs. (3) and (4) at the (i, j)th grid
point of the computational domain is given as
[Re + A11i j δx 2 + A12i j δ y 2 + A13i j δx + A14i j δ y + A15i j δx δ y
+A16i j δx δ y 2 + A17i j δx 2 δ y + A18i j δx 2 δ y 2 ]ωin+1
j
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= [Re + A21i j δx 2 + A22i j δ y 2 + A23i j δx + A24i j δ y + A25i j δx δ y
+A26i j δx δ y 2 + A27i j δx 2 δ y + A28i j δx 2 δ y 2 ]ωinj ,
and

(7)

 2



δx + δ y 2 − (H 2 + K 2)δx 2 δ y 2 ψi j = −1 + H 2δx 2 + K 2δ y 2 , ωi j ,

(8)

respectively, where the coefficients are defined as
A11i j = −H 12Re − 0.5 t A1i j , A21i j = −H 12Re + 0.5 t A1i j ,
A12i j = −K 12Re − 0.5 t A2i j , A22i j = −K 12Re + 0.5 t A2i j ,
A13i j = −H 11Re − H 12u i j Re2 − 0.5 t A3i j ,
A23i j = −H 11Re − H 12u i j Re2 + 0.5 t A3i j ,
A14i j = −K 11Re − K 12vi j Re2 − 0.5 t A4i j ,
A24i j = −K 11Re − K 12vi j Re2 + 0.5 t A4i j ,
A15i j = −0.5 t A5i j , A25i j = 0.5 t A5i j ,
A16i j = −0.5 t A6i j , A26i j = 0.5 t A6i j ,
A17i j = −0.5 t A7i j , A27i j = 0.5 t A7i j ,
A18i j = −0.5 t A8i j , A28i j = 0.5 t A8i j ,
where
A1i j = 1 + H 11Reu i j + H 12Re2 u i2j + 2H 12Re(u x )i j ,
A2i j = 1 + K 11Revi j + K 12Re2 vi2j + 2K 12Re(v y )i j ,
A3i j = −Reu i j + H 11Re(u x )i j + K 11Re(u y )i j + H 12Re2 u i j (u x )i j
+H 12Re(u x x )i j + K 12Re(u yy )i j + K 12Re2 vi j (u y )i j ,
A4i j = −Revi j + H 11Re(vx )i j + K 11Re(v y )i j + H 12Re2 u i j (vx )i j
+H 12Re(vx x )i j + K 12Re(v yy )i j + K 12Re2 v(v y )i j ,
A5i j = H 11Revi j + K 11Reu i j + H 12Re2 u i j vi j + 2H 12Re(vx )i j
+2K 12Re(u y )i j + K 12Re2 u i j vi j ,
A6i j = −H 11 − H 12Reu i j + K 12Reu i j ,
A7i j = −K 11 + H 12Revi j − K 12Revi j ,
A8i j = −H 12 − K 12,
H2 = −

h2
,
12

H 11 = Reu i j
H 12 = −

h2
,
12

K2 = −
h2
,
6

h2
12

K 11 = Revi j

K 12 = −

h2
6

h2
.
12

The details of the finite difference operators δx , δx2 , δ y and δ 2y can be found in Appendix 1.
In brief, the discretization procedure of the governing differential equations leading to the
system of linear algebraic Eqs. (7), (8) can be found in Kalita et al. (2002).
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The numerical approximation of the boundary conditions for stream function, velocities
and pressure are straightforward. We need to approximate the vorticity boundary condition
on the surface of the square cylinders. The HOC approximation of vorticity conditions on
the surface of the cylinder given in Eq. (6) are as follows:
At the left wall of the upstream square cylinder, consider the index for x is L, we have
ω | L, j = −

∂ 2ψ
| L, j .
∂x2

(9)

Employing a Taylor series expansion, we get
∂ψ 
h ∂ 2 ψ 
h 2 ∂ 3 ψ 
h 3 ∂ 4 ψ 
v L, j = −
= −δx ψ L, j +
+
+


 + O(h 4 ). (10)

∂ x L, j
2 ∂ x 2 L, j
6 ∂ x 3 L, j 24 ∂ x 4 L, j
As v L, j = 0, using (9) in (10), we have
hω L, j
h 3 ∂ 2 ω 
h 2 ∂ω 
−
 + O(h 4 ).
 −
2
6 ∂ x L, j 24 ∂ x 2 L, j

0 = −δx− ψ L, j −

Making use of the fact that on the cylinder surface u = 0, v = 0, Eq. (1) gives,
∂ 2 ω 
∂ω 
∂ 2 ω 
=
Re
−

 .

∂ x 2 L, j
∂t L, j
∂ y 2 L, j

(11)

(12)

By using (12) in (11), we get
0=

−δx− ψ L, j

hω L, j
−
+
2




h3
h 3 Re ∂ω 
h 3 ∂ 2 ω 
h 2 ∂ω 
−
 .
 −
 +
24
6 ∂ x L, j
24 ∂t L, j 24 ∂ y 2 L, j

(13)

Using forward difference for the time derivative and second-order backward difference (δ − )
for the derivatives along x-direction, we finally get
ωn+1
L, j =

h 3 Re
h2
h
24 t
−
−
3
h Re 24 t
16
3

 2
h
h
−
2ωnL−1, j −
+
24
6

h n
h
ω L, j−1 + ωnL, j+1
24
24

1 n
.
ω
2 L−2, j
ωnL, j +

(14)

3 Results and discussion
3.1 Grid independence
We first perform the grid independence study for variation of the grid on both space and
time increments for Re = 100, K = 0.1. The values of u, v, ψ, ω at a monitoring point
(0.74, −0.5) behind the upstream cylinder at two time levels, t = 1.0, 10.0, on four different
grid sizes (401 × 138), (501 × 172), (801 × 276), and (1601 × 551) are shown in Table 1. As
one can see from the table that grid size (801×276) is enough to produce reasonable results. It
is clear that the variables u, v, ψ, ω vary approximately by 1.5% for the grid sizes (801×276),
(1601 × 551). As such, the next study for time increment independence was performed on
a spatial grid (801 × 276) by considering the time increments t = 0.001, 0.005 and 0.01.
In Table 2, we show the variable values at the same monitoring point (0.74, −0.5) behind
the upstream cylinder for three time increments. The variable values for t = 0.001, 0.01
show a difference of 2.1% approximately. From above observations, it is clear that the grid
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Table 1 Stream function, vorticity, pressure and velocity values at a monitoring point (0.74, −0.5) behind the
upstream cylinder for s/d = 1.0 for different grid sizes with t = 0.01 at Re = 100, K = 0.1
t

(I × J )

u

1.0

(401 × 138)

0.5912

10.0

v
0.2876

ψ

ω

p

−0.2874

−0.0872

0.5241

(501 × 172)

0.6454

0.3578

−0.1982

−0.1254

0.6134

(801 × 276)

0.6718

0.3822

−0.1880

−0.1327

0.6802

(1601 × 551)

0.6824

0.3902

−0.1848

−0.1304

0.6924

(401 × 138)

0.2752

−0.8214

0.0984

3.6521

0.7452
0.8104

(501 × 172)

0.3178

−0.7342

0.1346

4.1272

(801 × 276)

0.3387

−0.7174

0.1444

4.3546

0.8573

(1601 × 551)

0.3445

−0.7045

0.1468

4.4421

0.8742

Table 2 The effect of time increment on the results at Re = 100, K = 0.1, s/d = 1.0
(I × J )

u

v

ψ

ω

p

0.001

(801 × 276)

0.3342

− 0.7142

0.1432

4.3203

0.8506

0.005

(801 × 276)

0.3361

− 0.7102

0.1439

4.3354

0.8545

0.01

(801 × 276)

0.3387

− 0.7174

0.1444

4.3546

0.8573

t

The values of u, v, ψ, ω, p are taken at point (0.74, −0.5) at time t = 10.0

(801 × 276) and t = 0.01 is sufficient to capture the flow phenomena accurately. So, for
further calculations, we consider grid of size (801 × 276) on domain size 7d − 5d − 29d
(where 7d is the distance from inlet boundary to upstream cylinder front surface, 5d is the
distance from upstream cylinder top surface to top boundary of domain and 29d is from
upstream cylinder rear surface to outflow boundary) with t = 0.01.
A detailed description of unsteady flow separation for shear flow past single square cylinder
can be found in the author’s previous work (Ray and Kumar 2017). The present study is
concerned with the unsteady flow separation leading to interesting vortex dynamics from the
interaction of all three square cylinders in the vee-shape arrangement and interplay among
them. The computations are carried out for different values of K ranging from 0.0 to 0.4,
with different vertical gap distances between the downstream cylinders in the range, s/d =
0.6 − 3.0, for Re = 100. The study includes influence due to the variation of the shear
parameter and gap distance.
As the title of our paper suggests, we are interested in finding exact position and timing of
flow separation using structural bifurcation analysis from cylinders surfaces. In this process,
first we want to investigate the instantaneous flow phenomenon in terms of vorticity, streakline
patterns and lift-drag coefficients for fully developed flow.

3.2 Instantaneous flow phenomenon for s/d = 0.6
The instantaneous vorticity contours for s/d = 0.6 with different K values are shown in
Fig. 2 for fully developed flow. It is observed that the flow behind all square cylinders
eventually becomes almost steady state for all K values. For K = 0.0, the wake is symmetric
about centerline (y = 0) and a pair of elongated vortices are developed in the downstream
as shown in Fig. 2a. The vortices are no longer distinct and some of them are seen to be
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(a)

(b)

(c)

(d)

(e)

Fig. 2 Vorticity contours for fully developed flow at Re = 100, s/d = 0.6, solid line contours represent
positive vortex, dotted line contours represent negative vortex a K = 0.0, b K = 0.1, c K = 0.2, d K = 0.3,
e K = 0.4

substantially smaller than the normally shed vortices. This can be attributed to the fact that
the flow interference between downstream cylinders is quite strong at this small vertical
gap between the cylinders and consequently oscillations occur in the wake. A flip-flopping
pattern is seen behind the downstream cylinders. With increasing shear rate, the flow behavior
changes significantly as shown in Fig. 2b–e. The flow behind the upstream cylinder develops
with the inception of two almost symmetric vortices for all K values, whereas the formation
of steady vortices behind the downstream cylinders ‘C2’ and ‘C3’ have the tendency to move
away from the line of symmetry (y = 0) for non-zero K . The corresponding pattern of
instantaneous streaklines for s/d = 0.6 are shown in Fig. 3 for all K values.
The most important parameters for flow past bluff bodies to understand the flow properties
are the lift and drag coefficients. Figures 4 and 5 plot the temporal variation of lift and drag
coefficients for s/d = 0.6 and K = 0.0–0.4. These figures clearly show almost steady-state
behavior of the flow for all K values.
In Fig. 6, the fluctuation of u-velocity along x = 0 line, v-velocity along y = 0 line for
different K values are shown. In the case of K = 0.0, the flow accelerates equally on both
sides of the square cylinder. For K > 0.0, the acceleration of the flow on the upper part (highvelocity side) of the cylinder and on the lower part (low-velocity side) of the cylinder are not
the same. It is also seen that v-velocity fluctuates with the larger amplitude of oscillations
along x-axis in near wake only. This indicates that the effect of cylinders on the flow is not
significant in far wake for this Re value. The similar flow behavior is seen for s/d = 1.0 for
all K values.

123

Theoretical understanding of unsteady flow separation. . .

Page 11 of 32

177

(a)

(b)

(c)

(d)

(e)

Fig. 3 Streakline patterns for Re = 100, s/d = 0.6, a K = 0.0, b K = 0.1, c K = 0.2, d K = 0.3, e
K = 0.4

3.3 Instantaneous flow phenomenon for s/d = 2.0
Further increase in the vertical spacing between downstream square cylinders, s/d, to 2.0
the flow in the gap achieves enough strength to influence the vortex-shedding phenomenon
(see Fig. 7). The flow behind the cylinders ‘C2’ and ‘C3’ become unsteady from initial and
the vortices of opposite sign are developed alternately from rear surface of each cylinder for
all K values.
The flow through the gap of the down stream cylinders (named as gap flow) disturbs the
simple movement of vortices in the wake region of the downstream cylinders and develops
a periodic vortex shedding in the downstream. One can also see that for K = 0.0, there is
almost no crossing of fluid flow across the centerline. The wake behind both the downstream
cylinders ‘C2’ and ‘C3’ is termed as anti-phase synchronized pattern (Chatterjee et al. 2009;
Mittal et al. 2017) with phase difference 188◦ (see Fig. 7a). For a non-zero value of K ,
the vortices shed from each cylinder crossover centerline and interact with each other. At
K = 0.1, the wake still shows anti-phase synchronized pattern with smaller phase difference
131◦ (Fig. 7b) between ‘C2’ and ‘C3’ cylinders. As K increases, the vortex formation from
the lower side of downstream cylinder ‘C3’ is fully suppressed (Fig. 7d, e). The frequency of
the vortices shed from the cylinder ‘C2’ is significantly differed by the frequency of vortices
shed behind the cylinder ‘C3’ with increasing K values. The size and strength of positive
and negative vortices differ significantly. We observe that in all the cases vortices generated
from ‘C2’ and ‘C3’ are in anti-phase with the phase difference decreasing with increasing
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Fig. 4 Lift coefficient fluctuation with time for s/d = 0.6

K values considered here, as shown in the Table 3. Similar observations are also made from
the patterns of streaklines shown in Fig. 8. In Fig. 9, we plot the axial velocity profiles for
u vs y at x = 0.0 and v vs x at y = 0.0. From the figure, it is clear that, as K increases,
u increases in the upper part and decrease in the lower part of the cylinder, whereas the
amplitude of fluctuation of v is more in near wake region behind the downstream cylinders.
The observations described above from the vortex-shedding phenomenon can be further
verified by the plots of lift (Fig. 10) and drag coefficients (Fig. 11). Figures 10 and 11 clearly
depict the sinusoidal behavior of lift and drag coefficients for all parameters with the different
amplitudes of oscillations. It clearly depicts that there is a definite phase difference between
the signals of lift coefficients corresponding to ‘C2’ and ‘C3’ cylinders (Fig. 10). One can
see that the amplitude of oscillation of both coefficients for cylinder ‘C2’ gradually increases
with increasing K value, which also confirms the vortex shedding from ‘C2’. The frequency
of oscillations decreases with increasing K . The phase diagrams by considering values of
u, v at a monitoring point (3.74, −2.0) for all values of K are plotted in Fig. 12 for all K
values. The figure clearly depicts the periodic nature of the flow.
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Fig. 5 Drag coefficient fluctuation with time for s/d = 0.6

(a)

(b)

Fig. 6 Center-line velocity fluctuation for Re = 100, s/d = 0.6 at different K values a u along y-axis b v
along x-axis
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(a)

(b)

(c)

(d)

(e)

Fig. 7 Vorticity contours for fully developed flow at Re = 100, s/d = 2.0, solid line contours represent
positive vortex, dotted line contours represent negative vortex a K = 0.0, b K = 0.1, c K = 0.2, d K = 0.3,
e K = 0.4
Table 3 Variation of phase
difference between downstream
cylinders with s/d and K

(s/d)(K )

0.0

0.1

0.2

0.3

0.4

2.0

188◦

131◦

99◦

75◦

69◦

3.0

185.5◦

172◦

159◦

147◦

153◦

3.4 Instantaneous flow phenomenon for s/d = 3.0
With further increase in the value of s/d to 3.0, the vortices shed behind the cylinders are
clearly apparent (Fig. 13); however, there are some evidence of vortex merging for a nonzero value of K in the downstream. The vortices are separately visible throughout the domain
for K = 0.0, this is attributed to the weakly interactive flow pattern for this gap between
the cylinders. The vortex shedding from the cylinder ‘C2’ seems to have a definite phase
relationship with the shedding from the cylinder ‘C3’. As a results, the anti-phase shedding
of vortices from ‘C2’ and ‘C3’ is predominant for K = 0.0 with the quantitative phase
difference has the value 185.5◦ (Fig. 13a). When K increases, the vortices interact with
each other by crossing the centerline. A pair of elongated vortices form behind the upstream
cylinder (‘C1’) and spreads sideways while being restricted by the small gap between the
cylinders ‘C2’ and ‘C3’. As K increases, the interference of vortices behind downstream
cylinders is complicated by incident shear velocity profile, results in an asymmetry about
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(a)

(b)

(c)

(d)

(e)

Fig. 8 Streakline patterns for Re = 100, s/d = 2.0, a K = 0.0, b K = 0.1, c K = 0.2, d K = 0.3, e
K = 0.4

(a)

(b)

Fig. 9 Center-line velocity fluctuation for Re = 100, s/d = 2.0 at different K values a u along y-axis b v
along x-axis
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Fig. 10 Lift coefficient fluctuation with time for s/d = 2.0

the wake centerline. Further, the vortex-shedding frequency is significantly decreased with
increasing K value. The phase difference between the vortices behind downstream cylinders
also decreases with increasing K value upto 0.3, after that it starts to increase as mentioned
in Table 3. The particles follow the similar path by the fluid flow to the downstream region, as
shown by plotting the streakline patterns in Fig. 14. We further confirm the vortex-shedding
process by plotting lift and drag coefficients with time in Figs. 15 and 16, respectively. In this
case also, a phase shift between the vortex shedding of the downstream cylinders is seen from
the signals of lift coefficients of the two cylinders ‘C2’ and ‘C3’ for all K values. For K = 0.0,
the flow behind the upstream cylinder shows steady behavior while periodic flow maintains
Von Karmann vortex street observed behind the downstream cylinders. With increasing K ,
the amplitude of fluctuation of lift and drag coefficients with single peak increases for ‘C2’.
Also, the cylinder ‘C2’ experiences higher drag force with compare to ‘C3’. It is also to
be noted that the magnitude of lift coefficient decreases gradually with increasing K for
‘C3’. Figures 17 and 18 present the axial profile of velocity fluctuations and phase diagram,
respectively, for all K values at s/d = 3.0, which further confirm our observations. Here, we
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Fig. 11 Drag coefficient fluctuation with time for s/d = 2.0

see that u velocity shows similar behavior like previous s/d ratios while v velocity profile
shows periodic nature with larger amplitude of oscillations.

3.5 Structural bifurcation analysis of unsteady flow separation
3.5.1 Structural bifurcation
The unsteady flow separation and mechanism of vortex shedding in the previous sections have
been described mainly by qualitative observations. It is well known that the major source of
instability in the topological structure of the 2-D incompressible fluid flows is the structural
bifurcation, i.e., flow separation. The flow is unstable in the neighborhood of a bifurcation
point. The bifurcation analysis is a very useful tool to explain the structural changes caused
by unsteady flow separation in fluid flow around solid objects. In this section, we study the
mechanism of structural bifurcation in the topological structure of the flow.
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Fig. 12 Phase diagram for Re = 100, s/d = 2.0 at different K values

(a)

(b)

(c)

(d)

(e)

Fig. 13 Vorticity contours for fully developed flow at Re = 100, s/d = 3.0, solid line contours represent
positive vortex, dotted line contours represent negative vortex a K = 0.0, b K = 0.1, c K = 0.2, d K = 0.3,
e K = 0.4
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(a)

(b)

(c)

(d)

(e)

Fig. 14 Streakline patterns for Re = 100, s/d = 3.0, a K = 0.0, b K = 0.1, c K = 0.2, d K = 0.3, e
K = 0.4

The unsteady flow separation from the surface of the cylinders and wake development
described previously was mainly based on qualitative observations. Also, the unsteady flow
separation from cylinder surface in case of shear flow past a single square cylinder using
structural bifurcation theory has already been described in the author’s recent work (Ray
and Kumar 2017). The process of structural bifurcations seen many times in 2-D unsteady
incompressible shear flow past three square cylinders in vee-shape arrangement. To the best
of our knowledge, this type of study using bifurcation theory is not done yet to describe the
flow phenomenon for this problem. We shall aim to do this in order to have a comprehensive
study of the shear rate effect on the flow phenomenon using this theory. In a transient fluid
flow, governed by partial differential equations, a bifurcation occurs when a small change
made in the time parameter results a rapid change in the flow structure. Ghil et al. (2004,
2005) use this theory to study the boundary layer separation. The conditions for the flow
separation at a point P ∗ on the surface of the cylinder, at time T ∗ is given as follows (15):
∂ω ∗ ∗
∂ 2ω
∂ω ∗ ∗
(15)
(P , T ) = 0, 2 (P ∗ , T ∗ ) > 0,
(P , T ) < 0,
∂κ
∂κ
∂t
where ω is the vorticity, t is time and κ is the tangential direction to the wall. It is assumed
that if a structural bifurcation occurs at time T ∗ , the normal derivative of the velocity field
∂U
∗
∂η (where η is the direction outward normal to the wall) has a degenerate singular point P
on the solid surface with downward flow. In case of upward shear flow, last two inequalities
in (15) will change the signs. To locate the bifurcation points, we have simultaneously solved
N–S equations with bifurcation conditions stated above in (15) to illustrate the separation
ω(P ∗ , T ∗ ) = 0,
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Fig. 15 Lift coefficient fluctuation with time for s/d = 3.0

associated with the secondary and tertiary vortex phenomena. Note that the primary vortex
for this problem develops due to the sharp corner of the square cylinders, that is why this
vortex does not satisfy all the conditions stated in (15). So, in our study, we describe the
structural bifurcation from the secondary vortex onward.
Figure 19 describes the occurrence of first and second structural bifurcation points corresponding to the pair of secondary vortices during flow separation from the surface of upstream
cylinder ‘C1’ for Re = 100, s/d = 0.6 at K = 0.0. In Fig. 19a, we plot the vorticity ω (which
is scaled down along vertical axis in order to make it comparable with the pressure) and pressure p distribution along the surface of the cylinder ‘C1’ at time t = 0.879. The variation
of vorticity with time at the points P1∗ (x, y) = (−0.34, 0.5), P2∗ (x, y) = (−0.34, −0.5)
is shown in Fig. 19b. Therefore, all the bifurcation conditions stated in (15) are satisfied. In this case, due to uniform flow, the first and second bifurcations occur at points
P1∗C1 (x, y) = (−0.22, −0.5), P2∗C2 (x, y) = (−0.22, 0.5) at time t = 0.879 as explained
by Ray and Kumar (2017). When t < T ∗ , there is no singular point on the surface vorticity
plot (Fig. 20d, e) in the neighborhood of P1∗C1 and P2 ∗C2, respectively. The zoomed view
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Fig. 16 Drag coefficient fluctuation with time for s/d = 3.0

(a)

(b)

Fig. 17 Center-line velocity fluctuation for Re = 100, s/d = 3.0 at different K values a u along y-axis b v
along x-axis
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Fig. 18 Phase diagram for Re = 100, s/d = 3.0 at different K values

(a)

(b)

Fig. 19 a Vorticity and pressure distribution along the surface of the upstream square cylinder during the
structural bifurcation at t = 0.879, b time history of vorticity at points P1∗C1 (x, y) = (−0.22, −0.5),
P2∗C2 (x, y) = (−0.22, 0.5) on the surface of the upstream cylinder for Re = 100 and s/d = 0.6 at K = 0.0

of local structure of the stream lines near upper and lower sides of the cylinder is shown in
Fig. 20b.
When t = T ∗ , there exists a pair of degenerate singular points in terms of P1∗C1 and
P2∗C2 on the upper and lower sides of the cylinder, respectively. The zoomed plot of the local
structure of the stream function near upper and lower sides of the cylinder at t = T ∗ is shown
in Fig. 20b.
When t > T ∗ , there exist two non-degenerate isolated singular points, P1 (x, y) =
(−0.38, 0.5), P2 (x, y) = (−0.18, 0.5) on the upper side and P1 (x, y) = (−0.38, −0.5),
P2 (x, y) = (−0.18, −0.5) on the lower side of the upstream cylinder, on the surface vorticity plot (Fig. 20d, e) at t = 1.2, respectively. Figure 20c shows the zoomed view of local
structure of stream function near upper and lower sides of the cylinder.
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(b)

(c)

(d)

(e)

Fig. 20 For Re = 100, s/d = 0.6 and K = 0.0, zoomed view of streamlines in the region [-0.75, 0.5]×[-0.6,
0.6] of upstream cylinder at a t = 0.85, b t = 0.879, c t = 1.2, d vorticity profile along the upper side of the
upstream cylinder, e vorticity profile along the lower side of the upstream cylinder

Now, we describe the process of structural bifurcation for K = 0.1. We already have
seen that flow is asymmetric around wake centerline for a non-zero value of K . Owing
to asymmetric nature of the flow, the first structural bifurcation occurs at point P1∗C1 =
(−0.22, −0.5) at time t = 0.726, second bifurcation occurs at point P2∗C2 = (−0.22, 0.5)
and at time t = 1.135 on lower and upper sides of the upstream cylinder, respectively
(Fig. 21).
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(a)

(b)

(c)
Fig. 21 Vorticity and pressure distribution along the surface of the upstream cylinder at a t = 0.726, b
t = 1.135 and c time history of vorticity at points P1∗C1 (x, y) = (−0.22, −0.5), P2∗C2 (x, y) = (−0.22, 0.5)
on the surface of the upstream cylinder for Re = 100, s/d = 0.6 at K = 0.1

Further, the occurrence of structural bifurcations for s/d = 1.0 at K = 0.0 from the
surface of upstream cylinder is shown in Fig. 22. As cylinders ‘C2’ and ‘C3’ also undergo the
process of structural bifurcation in its topological structure, we can see that the first structural
bifurcation on downstream cylinders ‘C2’ and ‘C3’ occurs at same time for K = 0.0, owing
to symmetric nature of flow around wake centerline. Figure 23 shows the occurrence of
first structural bifurcation on downstream cylinders. The surface vorticity (which is scaled
down along vertical axis in order to make it comparable with the pressure) and pressure
distribution on both downstream cylinders are plotted at time t = 3.634; see Fig. 23a, b. The
time variation of vorticity at points P1∗C2 = (2.66, 1.3), P1∗C3 = (2.66, −1.3) is shown in
Fig. 23c. From the figures, it is clear that vorticity reaches zero as a local minima at point
P1∗C2 and further decreases with time, as a local maxima at point P1∗C3 and further increases
with time, respectively. This implies that first structural bifurcation on downstream cylinders
occurs at points P1∗C2 = (2.66, 1.3), P1∗C3 = (2.66, −1.3) at time t = 3.634.
Finally, the details of bifurcation points with time for all parameter values are shown in
Tables 4, 5. We can see that, maximum two structural bifurcations occur on all three cylinder
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(b)

Fig. 22 a Vorticity and pressure distribution along the surface of the upstream cylinder during the structural
bifurcation at t = 0.971, b time history of vorticity at points P1∗C1 (x, y) = (−0.22, −0.5), P2∗C1 (x, y) =
(−0.22, 0.5) on the surface of the upstream cylinder for Re = 100 and s/d = 1.0 at K = 0.0

(a)

(b)

(c)
Fig. 23 Vorticity and pressure distribution along the surface of the cylinders a ‘C2’ and b ‘C3’ during the
structural bifurcation at t = 3.634, c time history of vorticity at points P1∗C2 (x, y) = (2.70, 0.5) on the
surface of ‘C2’, P1∗C3 (x, y) = (2.70, −0.5) on the surface of ‘C3’ for Re = 100 and s/d = 1.0 at K = 0.0
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for all parameter values due to proximity effect of downstream cylinders ‘C2’ and ‘C3’; see
Tables 4, 5. It is also worthy to mention that the bifurcations occur symmetrically on the
cylinder surface for K = 0.0 in all the cases. The first structural bifurcation on the upstream
cylinder always occurs from the upper side for all s/d ratios, and the time of occurrence
is decreased with increasing K value (Table 4). On the other hand, the time of the second
bifurcation occurs on lower side increases with increasing K values. The first two bifurcations
on the upstream cylinder occur in a very short duration after the initial start of the flow. Each
downstream cylinder undergoes only two structural bifurcations in its topological structure.
For s/d = 0.6, the only bifurcation occurs from upper and lower side of the cylinders ‘C2’
and ‘C3’, respectively, at K = 0.0. The square cylinder ‘C3’ has no structural bifurcation for
K > 0.1 for s/d = 0.6; see Table 5. Overall, the second structural bifurcation does not occur
on cylinder ‘C3’ for larger values of K for all s/d ratios, due to the high relative velocity of
fluid flowing in the upper region of wake centerline than the lower region (Table 5).

3.6 Existence of saddle points
In this section, the flow topology in terms of center (i.e., point of zero velocity) of vortices and
saddle (i.e., the point of intersection of two streamlines) points has been described for this
problem (Perry et al. 1982; Eton 1987). The existence of saddle points behind the cylinder
for the shear flow past square cylinder has been described in our recent work Ray and Kumar
(2017). For the case of shear flow past three square cylinders in vee-shape arrangement,
saddle points exist in between the upstream and downstream cylinders as well as behind
the downstream cylinders. The vortex centers and saddle points are detected for initial flow
shown in Fig. 24 for Re = 100, s/d = 0.6, 3.0 for K = 0.0, 0.2 and 0.4. The occurrence
of these critical points (center and saddle) considerably differs with s/d ratios and K values. Figure 24a shows the existence of saddle points and a pair of center of vortices behind
each cylinder for s/d = 0.6 at K = 0.0. In this case, a pair of counter-rotating vortices
with centers C1 = (0.68, 0.34), C2 = (0.68, −0.34) of similar size with a common saddle
point S1 = (0.81, 0) exist behind the upstream cylinder. On the other hand, the vortices
with centers C3 = (3.62, 1.12), C4 = (3.85, 0.56) with a saddle point S2 = (3.96, 0.81);
C5 = (3.85, −0.56), C6 = (3.62, −1.12) with a saddle point S3 = (3.96, −0.81) of different sizes exist behind the downstream cylinders ‘C2’, ‘C3’, respectively. For K = 0.2,
the vortices with centers C1 = (0.7144, 0.2725), C2 = (0.6112, −0.3206), a saddle point
S1 = (0.8389, −0.0481) behind upstream cylinder develop asymmetrically around wake
centerline. The saddle points behind downstream cylinders also exist in a similar way; see
Fig. 24b. Further increase in K value increases the wake fluctuation, results in a more complex flow structure behind the cylinders. In Fig. 24c, we show the position of the center of
vortices and saddle points for K = 0.4. In this case, a pair of vortices with centers C1 , C2
behind the upstream cylinder (for K = 0.0) transforms into a single vortex with center
C1 = (0.7913, 0.1956) with a saddle point S1 = (0.8543, −0.2636) for K = 0.4. One thing
is also noticed that the vortices with centers C3 , C4 on the surface of the downstream cylinder ‘C3’ have no saddle point. Owing to the high shear, a big re-circulation zone is created
around the cylinder ‘C3’ with a saddle point S3 = (1.1215, −1.7591) (Fig. 24c). The saddle
points move towards (-)ve y-direction with increasing K value. A similar type of mechanism
applied to locate the saddle points for s/d = 3.0 is also shown in Fig. 24.
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((− 0.22, 0.5), 0.849)

((− 0.34,− 0.5), 0.687)

((− 0.26,− 0.5), 0.676)

((− 0.30,− 0.5), 0.682)

((− 0.34,− 0.5), 0.647)

K = 0.2

K = 0.3

K = 0.4

((− 0.30,− 0.5), 0.752)

K = 0.4

((− 0.22,− 0.5), 1.582)

((− 0.22,− 0.5), 1.105)

((− 0.26,− 0.5), 0.791)

((− 0.30,− 0.5), 0.759)

((− 0.30,− 0.5), 0.786)

K = 0.0

K = 0.1

K = 0.2

K = 0.3

K = 0.4

s/d = 3.0

((− 0.26,− 0.5), 0.768)

((− 0.30,− 0.5), 0.732)

K = 0.2

K = 0.3

((− 0.22,− 0.5), 1.296)

((− 0.22,− 0.5), 0.915)

K = 0.0

K = 0.1

s/d = 2.0

((− 0.22,− 0.5), 0.971)

((− 0.22,− 0.5), 0.756)

K = 0.0

K = 0.1

s/d = 1.0

K = 0.4

((− 0.22, 0.5), 1.091)

((− 0.30,− 0.5), 0.652)

((− 0.30,− 0.5), 0.685)

K = 0.2

K = 0.3
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((− 0.22, 0.5), 1.487)

((− 0.22, 0.5), 1.578)

((− 0.22, 0.5), 1.641)

((− 0.22, 0.5), 1.674)

((− 0.22, 0.5), 1.582)

((− 0.22, 0.5), 1.092)

((− 0.22, 0.5), 1.284)

((− 0.22, 0.5), 1.391)

((− 0.22, 0.5), 1.437)

((− 0.22, 0.5), 1.296)

((− 0.26, 0.5), 0.726)

((− 0.22, 0.5), 1.094)

((− 0.22, 0.5), 1.173)

((− 0.22, 0.5), 1.186)

((− 0.22, 0.5), 0.971)

((− 0.22, 0.5), 1.178)

((− 0.22, 0.5), 1.135)

((− 0.22,− 0.5), 0.879)

((− 0.22,− 0.5), 0.726)

K = 0.0
((− 0.22, 0.5), 0.879)

Second structural bifurcation (P2∗C1 (x, y), T2∗C1 )

K = 0.1

s/d = 0.6

First structural bifurcation (P1∗C1 (x, y), T1∗C1 )

Table 4 Occurrences of first, second structural bifurcation points on the surface of the upstream square cylinder for Re = 100
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((2.70, 1.3), 0.465)

K = 0.4

((2.70, 0.5), 1.526)

((2.66, 1.5), 0.235)

((2.66, 1.5), 0.193)

((2.62, 1.5), 0.141)

K = 0.2

K = 0.3

((2.74, 1.0), 1.257)

((2.62, 2.0), 0.153)

–

–

((2.66, 2.5), 0.221)

((2.66, 2.5), 0.187)

((2.62, 2.5), 0.141)

K = 0.0

K = 0.1

K = 0.2

K = 0.3

K = 0.4

s/d = 3.0

K = 0.4

((2.74, 1.0), 1.121)

((2.66, 2.0), 0.232)

((2.66, 2.0), 0.201)

K = 0.2

K = 0.3

-

((2.78, 1.5), 1.371)

((2.78, 1.5), 1.145)

((2.66, − 1.5), 0.193)

((2.66,− 1.5), 0.267)

((2.70,− 1.5), 0.314)

((2.70, − 1.5), 0.377)

–

–

–

–

–

–

((2.66, − 1.0), 0.198)
((2.74, − 1.5), 0.618)

–

–

–

–

–

–

–

-

–

–

–

–

–

–

Second structural bifurcation
(P2∗C3 (x, y), T2∗C3 )

((2.66, − 1.0), 0.237)

((2.70, − 1.0), 0.264)

((2.70, − 1.0), 0.486)

((2.74, − 1.0), 0.817)

–

–

–

-

((2.70, − 0.5), 3.634)

–

–

–

-

-

First structural bifurcation
(P1∗C3 (x, y), T1∗C3 )
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((2.78, 1.5), 0.806)

((2.74, 1.5), 0.618)

((2.74, 1.0), 1.042)

((2.74, 1.0), 0.920)

–

–

K = 0.0

((2.74, 1.0), 0.817)

((2.70, 0.5), 1.786)

K = 0.1

s/d = 2.0

K = 0.4

((2.70, 0.5), 1.624)

-

((2.70, 0.5), 2.097)

-

K = 0.1

((2.70, 0.5), 3.634)

((2.62, 0.3), 1.982)

((2.66, 0.3), 2.432)

–

–

–

Second structural bifurcation
(P2∗C2 (x, y), T2∗C2 )

K = 0.0

s/d = 1.0

((2.70, 1.3), 1.014)

((2.70, 1.3), 0.576)

K = 0.2

K = 0.3

–

–

K = 0.0

K = 0.1

s/d = 0.6

First structural bifurcation
(P1∗C2 (x, y), T1∗C2 )

Table 5 Occurrences of first and second structural bifurcation points on the surface of the downstream square cylinders ‘C2’, ‘C3’ for Re = 100
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(d)

(e)
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Fig. 24 Topological flow structures: velocity vector plots, streamline patterns showing center
(C1 , C2 , C3 , C4 , C5 , C6 ) of vortices and saddle (S1 , S2 , S3 ) points for Re = 100, s/d = 0.6, 3.0 and
K = 0.0, 0.2, 0.4 at t = 1.0

4 Conclusion
In this study, the unsteady flow separation for 2-D incompressible shear flow past three
identical square cylinders arranged in vee shape is discussed for Re = 100, s/d = 0.6–3.0
and K = 0.0 to 0.4. Topological aspect-based structural bifurcation analysis is used to find
the exact location and time of occurrence of bifurcation points associated with secondary
and tertiary vortices. Our study reveals that for K = 0.0, i.e., for no shear flow case, two
bifurcation points corresponding to a pair of secondary vortices appear symmetrically on
upper and lower sides of the upstream cylinder for all s/d ratios. We also observe that flow
does not separate from the top and bottom surface of the downstream cylinder ‘C3’ for
s/d = 0.6 for any K values considered here. For the upstream cylinder, the first bifurcation
always occurs from the lower side for non-zero values of K . This is because the flow from
the lower side of the cylinder has low relative velocity. Upon increasing the shear rate, the
position of bifurcation point on top side becomes fixed, whereas at the bottom side bifurcation
point gradually shifts upward. The values of s/d and K significantly affect the location and
time of appearance of bifurcation points. It is worth mentioning that the downstream cylinders
undergo less structural bifurcations than the upstream cylinder. The existence of saddle points
are also reported for initial flow. It is observed that, for s/d = 0.6, 3.0 at K = 0.0, one saddle
point occurs behind each cylinder symmetrically about the centerline. With increasing K ,
the saddle point moves downward direction due to the asymmetric nature of the flow.
In this process, we have also visualized the vortex-shedding phenomenon caused by
unsteady flow separation. The fully developed flow is studied in terms of vorticity contours,
streakline patterns, center-line velocity fluctuation and phase diagrams for all parameter values considered here. Some interesting flow phenomena are observed for high shear parameter
values. It is observed that for s/d = 2.0, 3.0, a definite phase relationship exist between
shedding of vortices behind the downstream cylinders ‘C2’ and ‘C3’. The phase difference
decreases continuously for s/d = 2.0 with increasing K values considered here. However, it
decreases upto K = 0.3 for s/d = 3.0 and then starts to increase. Also, the phase difference
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has smaller values for s/d = 2.0 in comparison to s/d = 3.0 for non-zero values of K .
Our observations also show that the vortex-shedding phenomenon in between and behind the
cylinders significantly depends on K and s/d ratios. The differences in the size and strength
of the alternatively shedding vortices become more prominent with increasing K values.
Acknowledgements The authors would like to acknowledge SERB (DST), Govt. of India, for providing the
financial support under project (no.: SERB/F/7046/2013-2014 dated 12.02.2014).

Appendix 1
The expressions for the finite difference operators appearing in the above equations are as
follows:
δx φi, j =
δ y φi, j =
δx2 φi, j =
δ 2y φi, j =
δx δ y φi, j =
δx2 δ y φi, j =
δx δ 2y φi, j =
δx2 δ 2y φi, j =

φi+1, j − φi−1, j
,
2h
φi, j+1 − φi, j−1
,
2h
φi+1, j − 2φi, j + φi−1, j
,
h2
φi, j+1 − 2φi, j + φi, j−1
,
h2
φi+1, j+1 − φi+1, j−1 − φi−1, j+1 + φi−1, j−1
,
4h 2
φi+1, j+1 − φi+1, j−1 − 2(φi, j+1 − φi, j−1 ) + φi−1, j+1 − φi−1, j−1
,
2h 3
φi+1, j+1 − φi−1, j+1 − 2(φi+1, j − φi−1, j ) + φi+1, j−1 − φi−1, j−1
,
2h 3
φi+1, j+1 + φi−1, j+1 − 2φi, j+1 − 2φi+1, j + 4φi, j − 2φi, j−1 − 2φi−1, j + φi+1, j−1 + φi−1, j−1
.
h4
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