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We study the operator product expansion (OPE) of two identical scalar primary operators in the light-
cone limit in a conformal field theory (CFT) where a scalar is the operator with lowest twist. We see that in
CFTs where both the stress tensor and a scalar are the lowest twist operators, the stress tensor contributes at
the leading order in the light-cone OPE and the scalar contributes at the subleading order. We also see that
there does not exist a scalar analog of the average null energy condition for a CFT where a scalar is the
lowest twist operator.
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I. INTRODUCTION

The operator product expansion (OPE) is used often in
nonperturbative studies of quantum field theories. It states
that the product of two nearby operators can be replaced by
a sum over all the operators present in the theory. The OPE
has all the information of the corresponding theory. In a
conformal field theory (CFT), the OPE takes the following
form:

O1ðxÞO2ð0Þ ¼
X
O

CO1O2Oðx; ∂yÞOðyÞjy¼0
; ð1:1Þ

where CO1O2Oðx; ∂yÞ is a power series in ∂y and the sum is
over all primary operators O. In recent time, it has become
very useful to study the OPE in the light-cone limit. Given
two operators in a CFT, the light-cone limit is taken in a
way such that the two operators approach the light-cone
and become null separated. The OPE of two such operators
is known as a light-cone OPE [1]. In a CFT, the light-cone
OPE is dominated by the operators of the lowest twist,
where twist of an operator is τ ¼ Δ − l, Δ and l being the
mass dimension and spin of the operator, respectively [2].
The light-cone OPE can be inserted inside a CFT correlator
to compute the conformal blocks which can be used in the
bootstrap programs [3–6]. The universality of the lowest
twist operator light-cone OPE is studied in [7–9].
In a seminal work, Hartman et al. found that the light-

cone OPE of two identical scalar primary operators in a

CFT with the stress tensor Tμν as the lowest twist operator
has a global contribution from the so-called average null
energy operator defined as

E ¼
Z

∞

−∞
du0Tuuðu0; v ¼ 0Þ; ð1:2Þ

where u, v are the light-cone coordinates [10]. Inserting the
light-cone OPE into correlation functions and studying their
analyticity properties, it can be proved that the averaged null
energy condition (ANEC)—one of the important statements
of general relativity—holds in a CFT [10–13]. The ANEC is
written as the following operator statement in CFTs:

hΨjEjΨi ≥ 0: ð1:3Þ

This means that the averaged null energy operator E has a
non-negative expectation value in any arbitrary state Ψ.
This condition is also proved in the theory of quantum
information using the monotonicity of relative entropy
[14]. There exist some other proofs of the ANEC as well
which hold only in free or superrenormalizable theories or
in two dimensions [15–19]. The ANEC in the CFTs with
higher spin lowest twist operators is also discussed in [10].
However, there are CFTs with the scalar primary

operators having the lowest twist, for example, the long-
range Ising model, the ϕ3 theory in 6 − ϵ dimensions, and
the N ¼ 4 supersymmetric Yang-Mills (SYM) theory in
four dimensions. In the long-range Ising model [20–24]
and the ϕ3 theory in 6 − ϵ dimensions, the lowest twist
operator is a scalar [25,26]. For N ¼ 4 SYM, both the
stress tensor and a scalar primary operator that belong to the
short multiplet have the lowest twist [27–29]. In this paper,
we study the light-cone OPE in such CFTs and try to see if
one can obtain a scalar analog of the ANEC. We also see
that a scalar analog of the ANEC does not exist in a CFT
where the scalar is the lowest twist operator.
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This paper is organized as follows. In Sec. II, we describe
the light-cone limit and the light-cone OPE. We also show
how the light-cone OPE can be used to prove the ANEC. In
Sec. III, we study the light-cone OPE in a CFT where a
scalar is the lowest twist operator. We pick a specific
example of a theory where a scalar is the lowest twist
operator—the long-range Ising model. We also study the
N ¼ 4 supersymmetric Yang-Mills theory in d ¼ 4 which
has both the stress tensor and a scalar primary as lowest
twist operators. We show that at leading order only the
stress tensor contributes to the light-cone OPE and not the
scalar. In Sec. IV, we show that we cannot have a condition
analogous to the ANEC for scalars. We finally list our
findings and conclusions in Sec. V.

II. GENERALITIES

In this section, we briefly describe the light-cone OPE in
a CFT and its use to obtain ANEC from causality. We shall
work in the light-cone coordinates ðu; v;xÞ defined as

u ¼ t − y; v ¼ tþ y; ð2:1Þ

where ðt; y;xÞ are the Cartesian coordinates which
describe the Minkowski spacetime R1;d−1. Let us consider
two identical scalar primary operators ψðu; v; 0Þ and
ψð−u;−v; 0Þ in a CFT. Since we restrict ourselves in the
x ¼ 0 plane in the rest of the paper, from now on we denote
ψðu; v; 0Þ as ψðu; vÞ unless otherwise mentioned. In the
light-cone limit, these two operator insertions approach the
light-cone.
For example, as shown in Fig. 1, we first take the limit

v → 0 and then the limit u → ∞. Thus, in the light-cone
limit, we have

jvj ≪ 1

juj ≪ 1: ð2:2Þ

In this limit, the distance between ψðu; vÞ and ψð−u;−vÞ isffiffiffiffiffiffiffiffi
4uv

p
≪ 1, i.e., they are null separated.

The OPE of two primary operators in the light-cone limit
is dominated by the operators of the lowest twist [2]. If a
CFT has the stress tensor to be the lowest twist operator,
then in the v → 0 limit, the leading order contribution in
the OPE comes from the following components of the
stress tensor and its descendants, Tuu; ∂uTuu; ∂2

uTuu;….
This allows us to write the light-cone OPE in the following
summation form:

ψðu;vÞψð−u;−vÞ
hψðu;vÞψð−u;−vÞi¼ 1þvu3

X∞
n¼0

cnðu∂uÞnTuuð0Þ; ð2:3Þ

where cn are constants to be determined from the dynamics
of the CFT. It is more useful to see the light-cone OPE in
the following integral form [10]:

ψðu;vÞψð−u;−vÞ
hψðu;vÞψð−u;−vÞi

¼1−
15cψψT
cT

vu2
Z

u

−u
du0

�
1−

u02

u2

�
2

Tuuðu0;v¼0Þ; ð2:4Þ

where the constants cψψT and cT are the dynamical quantities
that appear in the correlators hψðu; vÞψð−u;−vÞTuuðu3; v3Þi
and hTuuðu; 0ÞTuuðu3; v3Þi [30]. Notice the kernel in (2.4),
ð1 − u02

u2 Þ2 has been chosen such that at largeu it goes to 1 and it
is consistent with the three-point functions. Finally, we take
the u → ∞ limit as mentioned before to get the light-cone
OPE as

ψðu; vÞψð−u;−vÞ
hψðu; vÞψð−u;−vÞi ¼ 1þ λTvu2E; ð2:5Þ

where λT is a positive constant and

E ¼
Z

∞

−∞
du0Tuuðu0; 0Þ ð2:6Þ

is the average null-energy operator.One can use the light-cone
OPE to get an ANEC in the CFT. In [10,13,31], it is shown
that for an arbitrary operatorO (not necessarily primary), the
ANEC becomes

hO†ðt ¼ iδÞEOðt ¼ −iδÞi ≥ 0; ð2:7Þ

whereO ¼ R:O with the rotation operator R which causes a
rotation by π

2
in the τ − y plane where τ ¼ it, as shown in

Fig. 2. The proof is outlined in the Appendix.FIG. 1. Light-cone limit.
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III. LIGHT-CONE OPE WITH THE LOWEST
TWIST SCALAR PRIMARY

Now, we look for a light-cone OPE when a scalar is the
lowest twist operator in a CFT. The twist of a scalar primary
ϕ is τ ¼ Δϕ, whereΔϕ is the conformal weight of the scalar
primary. For a scalar, it is evident that its descendants also
have the same twist. As we are taking v → 0 limit, naturally
the v indices of the descendants will not contribute to the
OPE at leading order. Thus, the operators that appear in the
light-cone OPE are ϕ; ∂uϕ; ∂2

uϕ;… and so on. Thus, in this
case, the summation form of the light-cone OPE becomes

ψðu; vÞψð−u;−vÞ
hψðu; vÞψð−u;−vÞi

¼ 1þ ðuvÞΔϕ=2
X∞
n¼0

cnðu∂uÞnϕðu; 0Þ: ð3:1Þ

To find an integral from of the light-cone OPE in this case,
we begin with the following ansatz:

ψðu; vÞψð−u;−vÞ
hψðu; vÞψð−u;−vÞi ¼ 1þ fðu; vÞ

Z
u

−u
du0Kðu; u0Þϕðu0; 0Þ:

ð3:2Þ

We demand the kernel Kðu; u0Þ should go to 1 in the limit
u → ∞ as in (2.4). Looking at the term ðuvÞτ=2 in (3.1), we
choose fðu; vÞ ¼ ðuvÞΔϕ=2

u and write (3.2) as

ψðu; vÞψð−u;−vÞ
hψðu; vÞψð−u;−vÞi

¼ 1þ λ
ðuvÞΔϕ=2

u

Z
u

−u
du0Kðu; u0Þϕðu0; 0Þ; ð3:3Þ

where λ is a dimensionless dynamical constant that can be
determined from the relevant correlators. To obtain the
kernel, we have to consider following CFT correlation
functions:

hϕðu; 0Þϕðu3; v3Þi ¼
1

½ðu − u3Þð−v3Þ�Δϕ
; ð3:4Þ

hψðu; vÞψð−u;−vÞϕðu3; v3Þi
¼ cψψϕ

ð4uvÞΔψ−
Δϕ
2 ½ðu2 − u23Þð−v23Þ�

Δϕ
2

; ð3:5Þ

hψðu; vÞψð−u;−vÞi ¼ 1

ð4uvÞΔψ
: ð3:6Þ

These correlators are exact solutions of the conformal
Ward identities, i.e., they are fixed by the conformal
symmetries up to some multiplicative constants. Now,
we use (3.3) to compute the three-point function
hψðu; vÞψð−u;−vÞϕðu3; v3Þi and comparing with the
right-hand side of (3.5), we determine the kernel to be

Kðu; u0Þ ¼
�
1 −

u02

u2

�Δϕ=2−1
: ð3:7Þ

The kernel for lowest twist operators with general spin is
available in [10]. The dynamical constant λ introduced in
(3.3) is proportional to the OPE coefficient cψψϕ and from
now on we shall denote λ as λψψϕ. Finally, we take the limit
u → ∞ to write the light-cone OPE as

ψðu; vÞψð−u;−vÞ
hψðu; vÞψð−u;−vÞi

¼ 1þ λψψϕ
ðuvÞΔϕ=2

u

Z
∞

−∞
du0

�
1 −

u02

u2

�Δϕ=2−1
ϕðu0; 0Þ:

≡ 1þ λψψϕ
ðuvÞΔϕ=2

u
S ð3:8Þ

Recall that in the light-cone limit uv is very small as
compared to 1 and u → ∞. This helps us to see that when
the correction term from the scalars in the light-cone OPE is
in subleading order or negligible in comparison to the
identity term whenever the mass dimension Δϕ is positive,
i.e., the CFT is unitary. Notice that the expression for the
light-cone OPE (3.8) is valid for any scalar primary ψ. Let
us now consider two specific examples of conformal field
theories in which scalar primaries are the lowest twist
operators.

A. Long-range Ising model in d = 3

The long-range Ising (LRI) model is a unitary theory
where there is no conserved stress tensor at the fixed point
[20–24]. In d dimension, the theory is described by the
Hamiltonian,

FIG. 2. Action of rotation operator R.

LIGHT-CONE OPE IN A CFT WITH LOWEST TWIST SCALAR … PHYS. REV. D 101, 066003 (2020)

066003-3



HLRI ¼ −J
X
ij

SiSj
ji − jjdþs ; ð3:9Þ

where 1 ≤ d < 4 [20]. We take s to be d=2 < s < s� where
at s ¼ s� the theory becomes short-range Ising model. In
this domain of s, the theory describes a nontrivial universal
fixed point whose field theoretic description is given by

S ¼
Z

ddx
1

2
ϕð−∂2Þs=2ϕþ g

4!
ϕ4ðxÞ; ð3:10Þ

where the scalar field ϕ represents the spin density and has
the conformal weight Δϕ ¼ ðd − sÞ=2. All other composite
operators can be built from ϕ. However, one can have a
rank two symmetric tensor as

Tμν ¼
�
ϕ∂μ∂νϕ −

1

d
ημνϕ∂2ϕ

�

−
Δϕ þ 1

Δϕ
ð∂μϕ∂νϕ −

1

d
ημνð∂ϕÞ2Þ: ð3:11Þ

This is not conserved when s < s�. At s ¼ s�, this becomes
the conserved stress tensor of the (short-range) Ising model.
The operator dimension ΔT of the leading spin-2 operator
Tμν has been computed in [24], and it was shown that ΔT

approaches d as s → s�. In d ¼ 3, for 3=2 < s < s�, ΔT
varies between 3 and 3.5 [24].
In d ¼ 3, since s > 3=2, the twist of the scalar operator,

τϕ ¼ Δϕ ¼ 3 − s
2

<
3

4
: ð3:12Þ

The twist of Tμν in d ¼ 3 varies between 1 and 1.5.
Therefore, for 3=2 < s < s�, the scalar operator ϕ is the
lowest twist operator.
However, the action possesses Z2 global symmetry. The

operator ϕ is Z2 odd. The OPE ψψ we are considering is
always Z2 even. Therefore, ϕ does not appear in the OPE.
The Z2-even operators with lowest twist are ϕ2 and Tμν.
Near s → d=2 they both have twist, τ ≈ 3=2. At the leading
order, both the operators contribute to the light-cone OPE.
The contribution from O ¼ ϕ2 in the light-cone OPE of
two identical scalars becomes

ψðu;vÞψð−u;−vÞ
hψðu;vÞψð−u;−vÞi¼ 1þλψψO

ðvuÞð3−sÞ=2
u

Z
∞

−∞
du0Oðu0;0Þ

≡1þλψψO
ðvuÞð3−sÞ=2

u
S: ð3:13Þ

Note that at u → ∞ the contribution from S becomes
negligible.

B. N = 4 supersymmetric Yang-Mills theory

Let us consider a CFT in which there are two operators of
lowest twist—the stress tensor and a scalar. For example,
the N ¼ 4 supersymmetric Yang-Mills theory in d ¼ 4.
The stress tensor Tμν and the scalar primary O2, both
belong to the short multiplet and have the lowest twist
τ ¼ 2. For this case, the light-cone OPE takes the following
form:

ψðu; vÞψð−u;−vÞ
hψðu; vÞψð−u;−vÞi

¼ 1þ λψψTvu2
Z

u

−u
du1K1ðu; u1ÞTuuðu1; 0Þ

þ λψψOv
Z

u

−u
du2K2ðu; u2ÞO2ðu2; 0Þ: ð3:14Þ

As before the kernels, K1 and K2 are to be determined
by considering the three-point correlators hψψO2i and
hψψTuui. However, note that the two-point function
hO2Tuui vanishes. Thus, when we consider the correlator
hψψTuui, the third term in the right-hand side of (3.14)
drops out and we find the kernel K1 to match with that
given in (2.4). On taking the correlator with hψψO2i, we
found that there is no contribution from the second term in
the right-hand side of (3.14). From the contribution of the
third term, we obtain the kernel K2 and see that it matches
with (3.7). Therefore, it demonstrates if a CFT has both the
stress tensor and a scalar primary having the lowest twist,
only the stress-tensor contributes in the light-cone OPE at
the leading order, whereas the scalar do at the subleading
orders.

IV. SCALAR ANALOG OF ANEC

Although we have seen in the previous section that the
contribution from S in the light-cone OPE is negligible in a
unitary CFT, one can still search for an ANEC-like
condition for S.1 If the stress tensor or any spin-2 operator
share the lowest twist along with scalar primaries, one will
have an ANEC for the spin-2 operators. For a unitary
theory, with a scalar primary as the only lowest twist
operator, we now check if there is a condition for S-like the
ANEC for E.
One might expect that the condition for S will look like

iλψψϕhOðy ¼ δÞSOðy ¼ δÞi ≥ 0 ð4:1Þ

just replacing λT by λψψϕ and E by S in (2.7). However, to
investigate, if this is true we start with the general form of
the light-cone OPE,

1However for nonunitary CFTs, Rindler positivity does not
hold [32,33].
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ψðu; vÞψð−u;−vÞ
hψðu; vÞψð−u;−vÞi ¼ 1þ λψψϕunvmS: ð4:2Þ

From (3.8), we have m ¼ Δϕ=2 and n ¼ Δϕ=2 − 1 when a
scalar primary is the only lowest twist operator in a CFT.
Now, we consider the following correlator:

G ¼ hOðy ¼ δÞψðu; vÞψð−u;−vÞOðy ¼ δÞi
hOðy ¼ δÞOðy ¼ δÞihψðu; vÞψð−u;−vÞi : ð4:3Þ

We make the following change of variables:

v ¼ −ησ u ¼ 1=σ: ð4:4Þ

In the σ plane,GðσÞ is analytic in the region enclosed by the
contour shown in Fig. 3 and ReðGÞ ≤ jGj ≤ 1 (for further
details, see Appendix).
Therefore,

I
dσð1 − GðσÞÞ ¼ 0: ð4:5Þ

Using the light-cone OPE (4.2), we find

1 − GðσÞ ¼ ð−1Þmþ1
λψψϕ
Nδ

ηmσm−nhOðy ¼ δÞSOðy ¼ δÞi;

ð4:6Þ

where Nδ ¼ hOðy ¼ δÞOðy ¼ δÞi. Performing the contour
integration, we get

hOðy ¼ δÞSOðy ¼ δÞi e
−iπðm−nþ1Þ − 1

iðm − nþ 1Þ
¼ Nδ

λψψϕη
m

Z
R

−R
dσ Reð1 − GðσÞÞ ð4:7Þ

up to an overall sign. GðσÞ has the property that ReðGÞ ≤ 1
(see Appendix). This makes the right-hand side of (4.7)
non-negative,

Nδ

λψψϕη
m

Z
R

−R
dσ Reð1 −GðσÞÞ ≥ 0: ð4:8Þ

For a boundlike ANEC to be possible (i.e., for S to have a
definite sign), we must have m − nþ 1 ¼ 0. But, we have

m − nþ 1 ¼ ðΔϕ=2Þ − ðΔϕ=2 − 1Þ þ 1 ¼ 2 ≠ 0: ð4:9Þ

This implies

e−iπðm−nþ1Þ − 1

iðm − nþ 1Þ ¼ 0: ð4:10Þ

This means the right-hand side of (4.7) is forced to be
zero saturating the bound in (4.8). Thus, we cannot
impose any condition like (4.1) on the expectation value
hOðy ¼ δÞSOðy ¼ δÞi appeared in the left-hand side of
(4.7). Therefore, we see that there is no ANEC-like
condition in any CFT where a scalar is the unique lowest
twist operator.

V. SUMMARY AND CONCLUSIONS

We have studied the light-cone OPE in a unitary CFT
where the lowest twist operator is a scalar primary operator.
There exist some CFTs where both the stress tensor (or any
rank two symmetric tensor primary) and a scalar primary
have lowest twist, for example, the N ¼ 4 supersymmetric
Yang-Mills theory in d ¼ 4. We show that in such cases the
stress tensor contributes to the light-cone OPE at leading
order, whereas the scalar primary contributes at the sub-
leading order.
Using the above findings, we conclude that for a unitary

CFT where a scalar is the lowest twist operator, we cannot
have a scalar analog of the ANEC. However, the ANEC
involving the stress tensor still exists in such theory even if
the contribution from the stress tensor appears at the
subleading order in the light-cone OPE.
One cannot use the Rindler positivity condition for a

nonunitary theory. Thus, our method to obtain ANEC fails
in such theories. It will be interesting to propose a
methodology to find ANEC-like bounds in the nonunitary
CFTs, for example, the IR fixed point of ϕ3 theory in d ¼
6 − ϵ dimension.
It will be interesting to study the light-cone OPE for the

CFTs in which the lowest twist operator is neither the stress
tensor nor a scalar operator, say, for instance, a conserved
current and to check for the existence of analog of ANEC-
like bounds.

FIG. 3. Integration contour forGðσÞ. The correlation function is
analytic in the above disc region. The semicircle is the closed
contour over which we integrate.
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APPENDIX: PROOF OF ANEC

We now summarize the proof of the ANEC as given
in [10]. Recall the light-cone OPE (2.5). Consider the
correlator,

Ganec ¼ hŌψðu; vÞψð−u;−vÞOi: ðA1Þ

The bar here denotes Rindler reflection [32,33], which is
reflection across the origin of the u–v plane. Notice that
ψðu; vÞ is thus the Rindler reflection of ψð−u;−vÞ, which
we denote as ψ . Using the inner product ðA;BÞ ¼ hĀBi and
using the Cauchy Schwartz inequality, we have

ReðGanecÞ ≤ jGanecj ≤ ðhOψOψihψOψOiÞ1=2: ðA2Þ

As both the terms inside the square root are in Rindler
positive ordering (see [10,13]), it is dominated by the
Euclidean OPE in which we can shift the terms around.
This allows us to write

hOψOψi ∼ hψOψOi ∼ hŌOihψ̄ψi: ðA3Þ

Thus, we have

ReðGanecÞ≤ jGanecj≤hŌOihψðu;vÞψð−u;−vÞiþϵ: ðA4Þ

ϵ here is a correction term which can be neglected in the
light-cone limit. We now change coordinates to

v ¼ −ησ u ¼ 1=σ: ðA5Þ

Now, consider

G ¼ hOðy ¼ δÞψðu; vÞψð−u;−vÞOðy ¼ δÞi
hOðy ¼ δÞOðy ¼ δÞihψðu; vÞψð−u;−vÞi : ðA6Þ

GðσÞ follows two important properties:
(1) For normalized operatorsO and σ, ReðGÞ ≤ jGj ≤ 1.
(2) G is analytic in a small region near the origin in the

lower half plane of σ. This follows from the fact that
the correlator hO1ðx1Þ…OnðxnÞi is analytic when
we have Imðx1Þ⊲…⊲ImðxnÞ where the ⊲ symbol
means is in the past light-cone of.

We choose our integration contour in the form of a half disk
with a diameter near the real σ axis from −R to R and a
semicircular region (see Fig. 3). Over this contour,

I
dσð1 − GðσÞÞ ¼ 0: ðA7Þ

Using the light-cone OPE (2.5) and our new coordinates,
we have

GðσÞ ¼ 1 −
λT
Nδ

η

σ
hOðy ¼ δÞEOðy ¼ δÞi; ðA8Þ

whereNδ ¼ hOðy ¼ δÞOðy ¼ δÞi. The sum of the integrals
over the line and the semicircle is equal to 0. After doing
the contour integral, we are left with

ihOðy¼ δÞEOðy¼ δÞi¼ Nδ

πλTη

Z
R

−R
dσReð1−GðσÞÞ: ðA9Þ

Using property (1) of GðσÞ, we have

ihOðy ¼ δÞEOðy ¼ δÞi ≥ 0: ðA10Þ

Let R be an operator which causes a rotation by π
2
in the

τ − y plane where τ ¼ ιt. In this process, the null contour
along which E is computed is also rotated. This gives us

ðR:OÞðt ¼ −iδÞ ¼ Oðy ¼ δÞ
ðR:OÞ†ðt ¼ iδÞ ¼ Oðy ¼ δÞ

E0 ¼ ιE: ðA11Þ

E0 is the null energy computed along the rotated contour.
Thus, we get

ihOðy ¼ δÞEOðy ¼ δÞi
¼ hðR:OÞ†ðt ¼ iδÞEðR:OÞðt ¼ −iδÞi: ðA12Þ

Denoting ðR:OÞ by O, we obtain

hO†ðt ¼ iδÞEOðt ¼ −iδÞi ≥ 0: ðA13Þ

The above condition in a CFT is sufficient to say that E is a
positive operator. This completes the proof of ANEC in
a CFT.
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