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Abstract 
Estimating communication cost involved in  execut- 

ing a program on distributed memory machines is im- 
portant for evaluating the overheads due to  reparti- 
tioning. W e  present a scheme which will work with 
reasonable ejjiciency for arrays with at most 3 dimen- 
sions. Hyperplane Partitioning technique given by [IO] 
is extended to complete programs b y  estimatang the 
communication cost b y  the scheme presented an this 
work. 

1 Introduction 
Any strategy for automatic data partitioning needs a 

way of estimating communication cost involved when 
we implement the strategy on a target architecture. 
Many researchers have developed tools [3, 4, 51 that 
estimate the performance of a parallel program with 
explicit communication at compile-time. In [ a ] ,  they 
employ "training sets" approach to estimate the per- 
formance of a parallel program. In [4], profiling is done 
to get parallel program parameters such as load distri- 
bution, communication overhead and data locality. In 
[9, 51, they use pattern-matching on array references 
to generate high-level collective communication. 

We present here a (compile-time) scheme to estim- 
ate the communication cost involved in executing a 
loop on a parallel machine. This scheme works with 
reasonable efficiency only for dimensions upto 3.  Even 
then, it would be very useful to know whether a given 
loop will be suitable for execution on parallel machine. 
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If not we can decide to run the loop on a single pro- 
cessor. This is due to the fact that if the commu- 
nication cost increases beyond some "threshold" the 
performance degrades to such an extent that it would 
be better to run the loop sequentially. We employ in- 
tersections of regions to estimate costs which are more 
accurate than profiling or pattern-matching schemes 
that are seen in literature. Profiling needs more time 
to estimate and pattern-ma.tching schemes are limited 
to the data base of patterns available and matching 
things might turn out costly. 

Schemes to get good data partition for arrays in 
a loop by inducing best iteration space partitions are 
presented in [lo] with respect to our communication 
model. Here we present the overall algorithm adop- 
ted in this paper and details can be seen in [lo]. We 
call such distribution of data space using one hyper- 
plane as Hyperplane Distribution. We consider only 
such distributions in this work. We will show how we 
can extend the scheme for sequence of loops in an exe- 
cution path of a program. We will first attempt to find 
the best distribution for such a path and later address 
the issue of finding the best. distribution for the entire 
program. 

2 Hyperplane Partitioning 
In this section we will see very briefly the scheme 

called Hyperplane Partitioning; which is used in this 
work. The details ca.n be seen in [lo]. The method is 
as follows. 

First, for every pair of references, the dependence 
equation is computed. The dependence equation 
gives the next index point which depends on the 
present index point. 

For each pair, the direction of dependence are 
computed. The direction of dependence gives the 
direction of the vector along which the dependence 
vectors align eventually (far from the origin). 
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0 From these directions of dependences, we com- 
pute a Hyperplane which is used to partition the 
iteration space into as many number of partitions 
as there are logical processors. The Hyperplane 
will be the one which is best fit for the dependence 
directions obtained. 

These dependence directions induce data space 
partitions in every array used in the loop. The 
direction of dependences are then induced into the 
data spaces of all the arrays and we fit a Data Hy- 
perplane in these Data spaces of all arrays. 

0 Each logical processor executes different parti- 
tion in parallel keeping corresponding data par- 
titions locally, and synchronization and non-local 
accesses are handled at runtime. 

3 Communication Cost Estimation 
For some loops, the computations will be inherently 

sequential and parallelizing such loops, would make 
them slower than sequential execution. So, it would be 
advantageous if we could estimate the communication 
cost involved in running the loop on a given machine 
with given data and iteration space distributions at 
compile time itself so that we can decide whether to 
run the loop parallel or to run it on a single processor. 

In this work, we estimate the communication cost 
involved in running a given loop with given partitions 
(iteration space and data space). We will explain the 
essential idea by giving an example. 

Observation 3.1 (Necessity of Communication) 
While running a loop on distributed-memory machine, 
communication is done for every inter-processor de- 
pendency. So, to estimate communication involved we 
have to estimate the number of inter-processor depend- 
encies. 

Example 1: Consider a loop with two array refer- 
ences X[2 i+j ,  i + j ]  and X [ i ,  j ] ,  with loop bounds (0,O) 
and (20,20). Figure 1 shows how the iteration space 
is to be partitioned obtained by the scheme presented 
in [l.O]. I 

Fig. 1 shows how the number of such dependencies 
can be estimated. For each partition, corresponding 
to each processor, the section which contains the index 
points which depend on some index point of this pro- 
cessor, is computed. We call such sections as 'depend- 
ency sections'. For example, we can see that section 
'trans-iteri.grp' is the dependency section for 'iterigrp' 
which is the iteration space partition owned by pro- 
cessor i (0 < i 5 3) .  

Now, the let US see what is the communication in- 
volved for a processor k .  Consider the area of inter- 
section between the partition section for processor k 
and its dependency seciion. For all the index points 
in this intersection, we can see that there is no corn- 
munication involved for processor k because both the 
index point and the index point which depends on this 
belong to same processor. So, overall communication 
involved is just the number of points which lie in the 
non-intersecting region as shown in the Fig 2. So, com- 
munication involved will be equal to the number of 
points lying in the region IBJFGH. As can be seen 
in [l], the number of integer points (index points) are 
equal to the area of the section. So, the area of IB- 
JFGH gives the Communication involved for processor 
k .  Similarly, we can compute communication involved 
for other processors. Sum total will give ULS the total 
cost of communication for executing the loop. But, 
since the partitions are run in parallel the total time 
required to do the comniunication would be maximum 
of times required by these processors. 

Actually, not all index points in that region cor- 
responds to communication cost. The reason will be 
explicit in the Example 2. 

Example 2: Consider a loop with array references 
X [ i + 2 j ,  i + j ]  and X[i+.j, j - i ]  with loop bounds being 
(0,O) and (20,20). Then, as can be seen in the Figure 
3,  not all integer points correspond to communication, 
because for some of the index points in the partition 
section, there will be no corresponding index points in 
the dependency section. For example, for the index 
point (0,5) the corresponding point in the dependency 
section would be (2.5,7'.5) which is not actually an 
index point. So, for (0,5), there is no communication 
involved. Similarly, we can see that for ( 1 , 7 )  and (2,3) 
there are no legal index points in dependency section, 
and hence no communicattion for these points. We need 
to estimate the number of index points in the partition 
section such that corresponding index point, in the de- 
pendency section is the integer vector. Lemma 3.1 will 

I prove useful in estimating such a quantity. 

Lemma 3.1 (Integer vector) There are atleast 
(ubo - lbo) * (ubl - l b l ) / ( l l  * 1 2 )  values ( i ,  j )  for  which 
the vector (a i  + b j ,  c i  + dj )  will be an integer vector, 
where lbo 5 i < ubo,lbl  5 j < ubl and 11 and 12 are 
least common multiples of (.al ca) and ( b 2 ,  d2) respect- 
ively, and a = al /aa ,b  := b l f b 2 , c  = c 1 f c 2 , d  = d l fdz  
all  the fractions being in reduced form (i.e, with gcd of 
numerator and denominator being 1) 

Proof We see that whenever a2 and e2 divides i and 
b2 and d2 divide j simultaneously, the given vector will 
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Figure 1: Iteration Partitions and Dependency sections for Example 1 
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Figure 2: Communication involved for a partition 
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Figure 3: Iteration Partitions and Dependency Sections for Example 2 
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be an integer vector. It is easy to see that this happens 
when least common multiple of these numbers divide 
i and j respectively. They do it (ubo - l b o )  * (ubl - 
l b l ) / ( l l  * 1 2 )  number of times in the given range. I 

Using the above lemma we can estimate fairly ac- 
curately the least number of' integer points that would 
give legal index points in the dependency sections also. 
Using this factor, we can compute the communication 
cost involved. We note here that finding exactly the 
size of the solution space for a mixed integer program- 
ming is more difficult and we have left that as future 
research. 

Once the communication cost is estimated, we can 
either leave it to the user to decide whether to go ahead 
with parallelization or not, or perhaps the compiler can 
decide by itself with some knowledge. The compiler 
can parallelize the loop if the communication cost is 
not greater than some threshold, which is found by 
running few programs on the target machine. 

4 Global Data Partitioning 
In this section we see how we can partition the data 

space of a program globally .i.e, for the complete pro- 
gram. 
4.1 Data Distribution Tree 

Consider a path in a program with five loops as 
shown in the Figure 4. In the Figure, each node in 
the graph represent a loop in the program. Figure 4 
also gives the corresponding distribution tree for the 
sequence of loops. Each edge represents one possible 
way of distribution between two nodes and each node 
represents a loop with a particular distribution. Such 
a tree is called 'Data Distribution Tree(DDT)'. 

Definition 4.1 (Best Local Distribution) Best 
Local Distribution(BLD) for a loop L ,  is the hyper- 
plane distribution for the loop L .  

Definition 4.2 (Static Distribution) 
Static Distribution(SD) for  a sequence of loops, 
L I ,  L2 . . . , LI ,  is the hyperplane distribution for  all  the 
loops L1 , La . . . , L k  taken together. In other words, 
it i s  the Hyperplane Distribution for  the given loops 
considering all  the array references in these loops to- 
gether. 

Definition 4.3 (Data Distribution Tree(DDT)) 
A DDT for  a given sequence of loops in  a program is 
a directed tree where each node represents a loop in  a 
program with a particular hyperplane'distribution, and 
each outgoing edge for the node, I ,  represents a pos- 
sible 'way  of distribution f o r  the  loop I .  Leaf riodes are 
called 'End Nodes'. A n y  path from the root (first loop) 

to any end node represents a possible way of distribu- 
tion/s for  the given sequence of loops. 

R R 
E 

Figure 4: A sequence of loops and its Data Distribu- 
tion Tree 

Example 3: Consider Figure 4. We now explain how 
to construct such a DDT ifor a given sequence of loops. 
Consider the loop L l .  There are 5 possibilities of dis- 
tributions for this loop as, follows : 

'R' Execute L1 using BLr) and come to L:, to make 
further decisions. 

'S' Execute Ll and La using SD for L1 and La,  and 
come to L3 to make further decisions. 

'SS' Execute L1, Lz and L3 with SD for L1, Lz and 
L3 and come to L4 to make further decisions. 

'SSS' Execute L l , L z , L s  and Le with SD for 
L 1 ,  L a ,  L3 and Lq together, and come to loop L5 
for further decisions. 

'SSSS' Execute L1, La,  C 3 ,  L4 and L5 with SD for 
L1, La, L3, L4 and LF; and come to the End Node. 

If we apply all possibilities for every node we get the 
tree as the one shown in Figure 4. I 
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Each of the paths from the node 1 to any End Nodes 
represent possibly way of distribution/s and redistri- 
bution/s along the execution path of the program. We 
need to find the best (least cost) path from the node 1 
to any End Node in the DDT for the given sequence 
of loops. 

Example 4: Let us suppose the best path is the one 
highlighted in the Figure 4. Then it says to get the 
best performance the loops L1 and Lz are to be run 
with SD for loops L1 and La, execute loop L3 with 
BLD and redistribute to run the loops L4 and L5 with 

I 
To get the least cost path from the node 1 to any 

End Node we need to assign costs for every node in 
the DDT. We see that cost for every edge,E outgoing 
from node Li, in the DDT can be estimated as given 
below : 

CE = 0 
if (label (E)='R') then 

CE = C(L;,BLD) + C C ( L ; )  
else if (label(E)) = 'SS . . .S '  ( k  in no.)) then 

SD for loops L4 and L5. 

SDsforloops ( L ~ , L ~ ) , ( L ~ , L z , L ~ ) , ( L I , L ~ , L ~ , L ~ )  and 
(L1,  La, L3, L4, L5)). Similarlyfor loops La, L3, L4, L5 
it is 4,3,2 and 1 respectively and thus total num- 
ber of times the cost estimation has to be done is 
1 + 2 + 3 + 4 + 5 = 15 = n(n + 1)/2, for n = 5. 
The other point to note is that even though we have 
exponential number of edges in the DDT, we need to 
compute only O ( n 2 )  since the same edge cost repeats 
many times as can be seen in Figure 4 for L3 where 

I 

Communication Cost for the Sequence 

We will see how we can estimate the communication 
cost for a sequence of loops once we have constructed 
DDT for the sequence of loops. Obviously we need to 
find the least cost path from the start to the end node 
of a DDT. 
4.2.1 Redistribution Cost 

We assume in this work that communication time$ 
involved in sending a message of length 1 between any 
two processors, follows the equation, 

the edges 3 - 4 , 3  - 5 , 3  - E repeats twice. 

4.2 
of Loops 

~ CE -'C(LiLi+lLi+2;. . . , Li+k;SD) + CC(Li+k)  t = a 1 + p  (1) 

In the above algorithm, C(Loops,Type), gives the cost 
of executing the sequence of loops, Loops, with distri- 
bution, 'Type' for the sequence of loops in the case of 
'SD' and for the single loop in case of 'BLD'. C C ( L k )  
gives the communication cost for redistributing after 
the L k  in the sequence to suit the distribution for the 
next loop. 

Theorem 4.1 (Number of Distributions) The 
number of tames the algorithm for  estimating commu- 
nication cost is run is O ( n 2 ) ,  where n is the number 
of loops in the given sequence ofloops. 

Proof We see that the number of distinct distri- 
butions considered is exactly equal to the number of 
times the communication estimator is run, because for 
every distribution for a loop we need to run the estim- 
ator. Now, Ihe nuniber of distributions considered 

= n (for 'R' labels for every loop) + 
(n  - 1) (#SD possibilities for Loop L1) + 
(n  - 2) (#SD possibilities for Loop L 2 )  + . . 
( n  - k )  (#SD possibilities for Loop Lk) + . . . 
1 (#SD possibilities for Loop L n - l )  = 
n(n+1)/2 = O(n2)  I 

Example 5: Consider the sequence of loops given 
in Figure 4. We see that number of cost estima- 
tions to be done for the L1 is 5 (1 for BLD, 4 for 

It has been seen [7] that the value of a and ,f3 change 
with message length I .  But it is true for any message 
length that, T = P / a ,  will be of order of lo3,  because 
of which redistribution with better distribution for the 
next loop becomes a reasonable alternative in the al- 
gorithm. 

We assume that redistribution after execution of a 
loop is done as follows: 

0 First, all processors except 0 send their chunk of 
data to processor 0. 

Then, processor 0 will send again the new chunks 
according to new distribution to all the processors 
except itself. 

Thus, with this communication model we can compute 
the redistribution cost, R using the equation, R = 2 * 
( N p  - 1) * ( a  * M / N ,  + p) ,  where N, is the number 
of processors available, M is total data space (sum of 
sizes of the array) and a and p are as given in Equation 
1. We note here that redistribution cost is independent 
of the way the distribution is done and so it is the same 
for any edge in the DDT. 
4.2.2 Total Cost for the Sequence of Loops 

Once the DDT is constructed we can get the total 
cost of the program by the shortest path algorithm of 
Dijltstra[B]. The shortest path algorithm from source 
to destination will take B(N + e )  time where N is the 
number of nodes and e is the number of edges. 
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4.3 The Communication Cost for a Pro- PI 
gram 

a general program. 
Now, we will see how same idea can be extended to 

Figure 5: The structure of a general program with 
loops 

Consider a program with the structure shown in 
the Figure 5. The branches are due to condition- 
als. For such a program we can run the above al- 
gorithm, for every sequence of loops to decide the 
way the arrays are to be distributed between loops. 
For example, for the program given in the Figurc 
5, there are 7 sequences, ~ i ~ , { a , b , c } , { c , l , m , n , o , p } ,  

minimized communication cost on every path, the 
overall cost of the program also gets reduced. If we run 
the algorithm for every path in the program from the 
start to the end node in the program it would minimize 
the cost still better, but that would take exponential 
amount of time since there could be exponential num- 
ber of paths from the start to the end of a program. We 
can compute total communication cost by considering 
the probabilities at the junctions. At junctions there 
could be conflicting requirements for a loop. These 
can be handled ad hoc by satisfying arbitrarily any 
one. This needs to be studied further to get a better 
scheme. 

{ c,  d ,  e l  ,{ e,f ,g,h,kl ,{  e, i,.ikl,{k,Pl ,{P,  4 ) .  Since we have 

5 Conclusions 
Estimating communication cost for programs run- 

ning on distributed memory machines is a difficult but 
important problem. We have a scheme to estimate the 
communication cost with Hyperplane Partitioning of 
the iteration space of a loop. Using this estimat,ion 
we present a scheme for Global data partitioning of a 
complete program. This work needs to be extended to 
make cost estimation more accurate and more versatile 
to handle any number of dimensions of arrays. 
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