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Absrrucf- We consider the problem of constructing logical topologies 
over a wavelength routed optical network with no wavelength changers. 
In [2] the wavelength continuity constraints were formulated as a set of 
non-linear constraints and the objective considered was either delay min- 
imization or minimizing the maximum offered load. Simulated annealing 
has been used to solve the non-linear optimization problem of [2]. In [3] 
the wavelength continuity constraint was relaxed, the nodes were equipped 
with wavelength changers, and the objective was to minimize the average 
hop length. This resulted in the hop lengths being small and hence re- 
duced the number of wavelength changers being used, but the resulting 
logical topology did not reflect the traffic intensities between the nodes. In 
this paper we present a exuct lineur,fi)rmulution (mixed integer linear pro- 
gram) for designing a logical topology with no wavelength changers. Since 
the objective of our linear formulation is minimizing the maximum offered 
load on any link, which is called congesfion, the resulting logical topology 
reflects the traffic intensities between the nodes. Our linear formulation 
yields a logical topology and routing and wavelength assignment for the 
logical links. In [l] the problem of logical topology design is considered 
but the number of wavelengths the fiber can support is not a constraint. In 
this paper we take into consideration the number of wavelengths the fiber 
supports, the hop length of a logical link, and show the trade-offs involved 
in minimizing congestion. Since the whole problem is lidearizable the solu- 
tion obtained by relaxation of the integer constraints yields a lower bound 
on the congestion. This can be used to compare the efficiency of heuristic 
algorithms. We solve the problem exactly for a small size network and for 
large size networks we devefop some heuristic algorithms to obtain a feasi- 
ble solution using the solution obtained by relaxing the integer constraints. 
Following [6] we introduce a cutting plane which enables us to reduce the 
previously obtained upper bounds on congestion. Numerical results for a 
six node wide area network and the National Science Foundation Network 
(NSFNET) are presented for various cases. 

I. INTRODUCTION 

A. Optical Networks 

Optical networks implemented using wavelength division 
multiplexing techniques, called wavelength routed optical net- 
works, are the most promising candidates for the back bone 
high speed wide area networks [9]. Wavelength routing opti- 
cal networks, realize the high bandwidth capability of the fiber, 
provide transparency to bit rates, allow for spatial wavelength 
reuse (the number of wavelengths available may be limited), 
provide reliable service (the network can be reconfigured in the 
event of failures) and are adaptable for building logical topolo- 
gies on top of physical topologies to reflect the traffic intensities 
between the various nodes. A physical topology is a graph rep- 
resenting the physical interconnection of the wavelength rout- 
ing nodes by means of fiber optic cables [9]. In figure 1 is 
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shown a physical topology of a six node wide area network. 
The wavelength routing nodes are numbered from 0 to 5 .  Node 
0 and node 1 are connected by a fiber and so an edge is shown 
in the physical topology between them. We consider an edge in 
the physical topology to represent a pair of fibers one in each di- 
rection. A logical topology is a directed graph that results when 
the configuration of the wavelength routing nodes is taken into 
account. For example in figure 2 is shown a possible logical 
interconnection by suitably configuring the wavelength routing 
nodes of figure 1. There is an edge in the logical topology be- 
tween node 0 and node 2 when the data or packets from node 
0 to node 2 traverses the optical network in the optical domain 
only, Le, undergo no electronic conversion in the intermedi- 
ate wavelenglh routing nodes. Edges in a logical topology are 
called logical links. 

1L.I i 
Fig. 1. Six node network, physical topology 

For example in figure 2 the data from node 3 to node 1 are 
sent on wavelength fi through the wavelength routing node at 
2. Simultaneously we can send a packet from node 3 to node 
5 on fi through the wavelength routing node at 4. We see that 
even though in the physical topology there is a fiber connection 
between node 3 and node 2 but to send a packet from node 3 
to node 2 we would have to use three logical links (3,1), (1,O) 
and (0,2). We say that the hop length of the logical link (3,1) 
is two as it traverses two physical edges (3,2) and (2,l). A logi- 
cal topology is what is seen by the higher layers of the network, 
and it is convenient to think of a logical topology as constituting 
an optical layer [9]. Wavelength changers translate wavelength 
A; to Xk. They may be used as components of the wavelength 
routing nodes. The prolblem in using wavelength changers is 
primarily that the effective translation of wavelengths in the op- 
tical domain is not cost effective. In this paper we consider the 
logical topology design with no wavelength changers. A linear 
formulation for the case ,with wavelength changers has been ad- 
dressed in [41. 
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Fig. 2. Logical topology with routing and wavelength assignment 

B. Logical Topology Design with no Wavelength Changers 

We assume that the physical topology, the traffic matrix rep- 
resenting long-term average flows between the end nodes, num- 
ber of transmitters and receivers at each of the nodes, the num- 
ber of wavelengths the fiber supports and the maximum hop 
length that a logical link is permitted to take are given. We find 
a logical topology and also a routing and wavelength assign- 
ment for the logical links such that the resources ofthe network, 
with the given constraints, are used optimally. For example in 
figure 3 is shown a possible logical topology when each of the 
nodes is equipped with one transmitter and one receiver, the 
number of wavelengths the fiber supports is one, and the max- 
imum hop length of the logical links is one. It is reasonable 
to construct a logical topology which minimizes congestion. 
Congestion is defined as the maximum offered load on any log- 
ical link in the logical topology. The number of wavelengths 
the fiber can support is also an important parameter which has 
to be taken into account in any logical topology design prob- 
lem. Wavelengths are scarce and have to be used optimally. 
The hop length of a logical link is a measure of the number of 
wavelength routing nodes encountered while setting up a logi- 
cal link. If the hop length of a logical link is large then there 
would be degradation of the optical signal by attenuation and 
crosstalk at the intermediate wavelength routing nodes. There- 
fore it is important to keep the hop lengths of the logical links 
small. 

An informal description of the logical topology design prob- 
lem is as follows (a precise definition as a mixed-integer linear 
program is given later in the paper). 

Let T M  = ( A s d )  be the traffic matrix, i,e., Asd is the arrival 
rate of packets at s that are destined for d, and F be the num- 
ber of wavelengths that can be supported by the fiber. Let Ait) 
denote the number of transmitters at node i and A!.) denote 
the number of receivers at node i. We seek to create a logi- 
cal topology, with a routing and wavelength assignment (wave- 
length changers are not allowed) for the logical links, that min- 
imizes A,,, = maxi,j A i , j  where A i , j  denotes the offered load 
on logical link ( i , j )  of the logical topology. A,,, is the max- 
imum offered load to any logical link, and is called the con- 
gestion. The parameters which are included in the formulation 
are the number of wavelengths the fiber can support, and the 
maximum hop lengths allowed for each logical link. 

The interrelationship between the various parameters and the 
congestion of the network can be seen in the numerical values 
for the cases we have considered in section 111. We have shown 
in a six node network (figure 1) the trade-offs between the num- 
ber of wavelengths and the number of hops in minimizing the 
congestion. 

Fig. 3. Degree one logical topology 

C. Previous Work 
The logical topology optimization problem with no wave- 

length changers has been studied earlier. In [2]  the wavelength 
continuity constraints were a set of nonlinear constraints. In 
contrast we have formulated the wavelength continuity con- 
straints as a set of linear constraints. Due to linearization the 
topology design becomes considerably easier. We also see that 
the relaxation of the MILP gives lower bounds on the conges- 
tion and provides a performance reference for any heuristic al- 
gorithm. In [3] the objective function was to minimize the av- 
erage hop length of logical link, with the hope that the number 
of wavelength changers used could be reduced and therefore 
could be approximated to the case with no wavelength chang- 
ers. The drawbacks of this approach are, it assumes a balanced 
traffic matrix and if the physical topology is sparse (it has few 
edges) then the number of wavelength changers used could in- 
crease. The wavelength continuity constraint of [2] could not 
be introduced as this would make the problem nonlinear. In 
this paper we have circumvented all these problems, first by in- 
troducing the objective as minimizing congestion, secondly by 
forming a set of linear constraints which takes care of wave- 
length continuity (the set of constraints can easily be modi- 
fied to take care of the case with wavelength changers) and the 
maximum hop lengths of logical links. The number of con- 
straints grow as O(number of s-d pairs x number of edges x 
number of wavelengths). Though still large this problem for- 
mulation is useful for moderate sized networks. 

D. Lower Bounds on Congestion 

Congestion as defined earlier is the maximum load offered 
on any logical link. Congestion may be viewed as a function of 
the various parameters of the network such as the traffic matrix, 
number of wavelengths the fiber can support, resources at each 
node (number of transmitters and receivers), the hop lengths of 
the logical links, and the propagation delay (refer [I]). Our lin- 
ear formulation helps us investigate the lower bounds on con- 
gestion for different values of the above parameters. In [ 11 con- 
gestion as a function of the traffic matrix, resources at each 
node and propagation delay has been studied. Here we consider 
other parameters: the number of wavelengths available and the 
hop lengths of the logical links. We do not consider the propa- 
gation delay as it makes the formulation nonlinear. Instead the 
hop length constraint of our formulation bind the propagation 
delay. We compare the bounds obtained previously with the 
bounds obtained by inclusion of the above mentioned parame- 
ters. 

E. Outline of the Paper 

In section I1 we give a precise formulation of the logical 
topology design problem with no wavelength changers as a 
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mixed integer programming problem (MILP) incorporating the 
number of wavelengths available and the maximum hoplengths 
of logical links. We introduce the aggregate formulation in sec- 
tion 11-E and a cutting plane in section 11-E. 1 for the aggregate 
formulation to improve the lower bounds on congestion. In sec- 
tion 11-F we explain the rounding heuristics and the wavelength 
assignment heuristics that are to be used on the solutions ob- 
tained by the solving the MILP with integer constraints being 
relaxed (relaxed problem). In section I11 we solve the MILP for 
the six node network exactly; tables and figures are given to il- 
lustrate the tradeoffs involved between the various parameters. 
We consider a large network (NSFlVET), which has also been 
studied by previous researchers, and solve the relaxed problem 
for this case. We then develop some logical topology design 
algorithms that yields upper bounds on congestion and on the 
number of wavelengths. Numerical values are listed in the ta- 
bles for two different traffic matrices. 

11. PROBLEM FORMULATION 

We now formulate the logical topology design problem as 
a mixed integer linear program (MILP). We use the following 
notation [I]. 

s and d used as superscripts denote the source and destination 
of a packet. 

i and j denote originating and terminating node of a logical 
link (lightpath). 

1 and m denote the endpoints of a physical link. 
k when used as a superscript denotes the wavelength number. 

A. Parameters 

N = Number of nodes in a graph. 
TIM = (Asd )  be the traffic matrix, Le., Asd is the arrival rate 

of packets at s that are destined for d. 
9, denotes the existence of a physical link in the physical 

topology. If Plm = 1 then there is a fiber link between node 1 
and m, otherwise 4 ,  is 0. 

H is the maximum hop matrix. Hi,j denotes the maximum 
number of hops that a logical link between node i and j is per- 
mitted to take. If Y intermediate wavelength routing nodes 
have to be configured for establishing a logical link between 
node i and node j then the hop length of that logical link is 
Y + 1. 

F is the number of wavelengths the fiber can support. 
Ait) and A!') denote the number of transmitters and re- 

ceivers respectively at node i. 

B. Variables 

Logical Link Variables: b ( i , j )  = 1, if there exists a log- 
ical link or directed edge ( i , j ) ,  in the logical topology; else 

Wavelength assignment variables: 

uses wavelength k; else dk) (i, j) = 0. 

j uses wavelength k and is routed through physical link (1, m); 
else CL.m(i, j)  (k) = 0. 

b ( i , j )  = 0. 

- C ( k )  (i, j )  = 1, if a logical link between node i and node j 

- C,,,(z,j) (k) . . = 1, if the logical link between node i and node 

Traffic intensity variables: 
- A ~ ~ ~ )  denotes the traffic intensity on logical link ( i , j )  for 

the traffic between source-destination pair (s, d). 
- A i , j  denote the total offered traffic on logical link (i,j). 

Amax = maxij & j ,  i.e., Amax is the maximum flow on any 
logical link and is termed congestion of the network. 

C. Objective 

min(A,,,) 
Remark: The objective here is minimizing congestion. The 

motivation for choosing this objective is because the electronic 
processing (switching speeds) of traffic would reduce. This 
is essential in a high speed network environment because if 
the switching speeds at the nodes are limited then minimizing 
congestion would be appropriate as it would enable the traf- 
fic carried per wavelength to increase. In the examples we 
have solved we have noticed that if there is heavy traffic be- 
tween source-destination pair then there is a logical link be- 
tween them; this is a desirable property. This happens because 
of the objective function, Le., if there is heavy traffic between 
node i and node j then because of the objective there would 
tend to be an edge (i,j) in the logical topology. If this is not 
the case then the traffic from node i to node j may have to span 
multiple logical links before being delivered to its destination 
which tends to increase the congestion. 

D. Constraints 

Logical Link Degree constraints: 

for all a ,  
j 

b ( i , j )  E (0 ,  l}, and i E {0,1,2, . . .N - 12. 

Remark: The above constraint ensures that the number of log- 
ical links originating (outdegree) and terminating (indegree) at 
node i is less than or eqlual to the number of transmitters and 
receivers at that node. We note that because of the inequal- 
ity constraints the MILI' has always a feasible solution if the 
physical topology has a Hamiltonian cycle and the number of 
transmitters and receivers is at least one for every node. In a 
general case the logical link constraints if replaced with equal- 
ities may make the MILP infeasible because the degree se- 
quence may not be graphical. In some situations we can jus- 
tify that at optimality inequalities become tight, i,e., we can 
replace the inequalities by equalities in the MILP. For example 
let A!t) = Ai" = A. Then from chapter 6, theorem 1, corol- 
lary 2 of [ 101 we are guaranteed that a regular digraph of inde- 
gree equal to A and outdegree equal to A exists when N 2 A, 
where N is the number of nodes in the graph. In the examples 
we have considered the number of transmitters and receivers 
at each node are equal and are the same for every node. We 
denote the number by A. Also in our examples A 5 N .  In 
such a situation, if a sufficient number of wavelengths is avail- 
able then the MILP has an optimal solution with the logical 



link constraints becoming tight. We replace the inequality logi- 
cal link constraint by equality constraints as given below when 
solving the MILP for the six node network and the NSFNET. 

b ( i , j )  = A, for all i, 

b ( j ,  i) = A, for all i. 

j 

j 

Wavelength Continuity Constraints 
- Unique wavelength constraints 

k=F-1 

c(')(i,j) = b ( i , j ) ,  forall ( i , j ) .  
k=O 

Remark: This ensures that if logical link b( i ,  j )  exists then only 
one wavelength is assigned to it, among the F possible choices. 
Note that k E { 0 , 1 , 2 , 3 , .  . . , F - 1) where F is the number of 
wavelengths the fiber supports. 

Cl,,(z,j) ( k )  ' ' 5 d k ) ( i , j ) ,  for all ( i , j ) ,  (1,m) andk. 

Remark: The above equation ensures that only those C,',y(i, j )  
could be non-zero for which the corresponding dk) (i, j )  vari- 
ables are non-zero. Let colour k be chosen for a logical link 
( 2 , ~ ' ) .  This implies that C ( ' ) ( i , j )  = 1. Then for all the other 
colours, q # k ,  C(q) ( i , j )  = 0. Then the above constraint 
would force Cj,%(z,j) = 0, for all ( l ,  m) and q # k .  
- Wavelength clash constraints 

E C/,:(i,j) 5 1, for all ( 1 ,  m) and k .  
(id 

Remurk: We are summing over all possible logical links ( i , j ) ,  
at a physical link (1,m) and for a wavelength k .  By this we 
are assured that there is no wavelength clash at physical link 
( l ,  m),  Le., no two logical links traversing through the physical 
link ( 1 ,  m) will be assigned the same wavelength. 
- Conservation of wavelength constraints 

k=O 1 k=O 1 

b ( i , j )  , i f m  = i 
- b ( i , j )  , if m = j , for all (i, j )  and m. { 0 , i f m # i a n d m # j  

Remark: The above equation ensures that a wavelength is con- 
served at every node for a logical link b ( i , j ) .  We call this the 
conservation of wavelength equation as it is analogous to flow 
conservation equations in multicommodity flow problems. Let 
logical link b( i ,  j )  use wavelength k .  Then by conservation of 
wavelength constraints there is a path in the physical topology 
from node i to node j with wavelength k assigned to it. 
Variables C ( ' ) ( i , j )  and C,',%(i,j) E (0, l}. 

Traffic constraints 
- Trafiic Routing Constraints 

I b ( i , j ) A ( s i d ) ,  forall ( i , j )  and ( s ,d ) .  

Remark: This ensures that the variable could have a non 
zero value if there exist a logical link ( i ,  j )  (b( i ,  j )  # 0). The 
traffic on link (i, j )  between the source-destination pair (s, d )  
is upper-bounded by the total flow of traffic A(S3d) between 
(Sld). 

Remark: The above two equations ensure that the load on any 
logical link is no greater than the maximum load Amax, which 
is being minimized. 

Remark: The above is a flow conservation equation at each 
node for the traffic between node s and d. 

Hop Bound Constraints 

C,',Z(i,j) 5 H i j ,  for all ( i , j )  and k .  
l,m 

Remark: Since we are summing over all the physical links 
(1,m) this ensures that the number of hops in a logical link 
is bounded by Hi,j. 

Observations: The mixed integer linear program(M1LP) is 
NP-hard. If in the MILP the integer constraints are replaced 
by their continuous counterparts, i.e., 0 5 b ( i , j )  5 1, 0 5 

5 1, the resulting LP is called 
the LP-relaxation of the MILP. Since our formulation is a min- 
imization problem the (objective) value of the LP-relaxation is 
a lower bound on the MILP. 

C(')( i , j )  5 1, 0 5 CL,,(i,j) ( k )  

E. Aggregate formulation 

In the MILP stated above we have considered the traffic 
X(s, d) between each source-destination (s, d )  pair as a com- 
modity. This is usually referred to as a disaggregate formula- 
tion [6].  We can get a more tractable aggregate MILP formula- 
tion by identifying a commodity with each source, rather than 
each (s, d) pair as follows. Let be the total 
traffic from source s, A{: be the arrival rate of packets from 
source s on logical link ( i l j) ,  A i , j  the arrival rate of packets 
on logical link (i, j )  from all sources, and A,,, the maximum 
load on any logical link, viz., the congestion, which we seek 
to minimize. Then the aggregate MILP formulation is as fol- 
lows: The logical link degree constraints and the wavelength 
continuity constraints are the same for the aggregate formula- 
tion case and only the traffic constraints have to be modified. 
The modified traffic constraints are given below. 

Traffic Routing constraints 

= Ed 
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Flow Conservation 

E. 1 Cutting Plane 

MILP: 
Following [6]  we can add the following cutting plane to the 

A,,, 2 C A:! + xgiX(1 - b ( i , j ) ) ,  for all ( i , j ) .  
s 

Here A:Jx is any a priori lower bound on Amax, like the Min- 
imum Flow Tree bound [I]. 

We note that the above is superfluous in the MILP but (usu- 
ally) becomes active in the relaxation of the MILP (an LP). We 

we can then set Xgix = Xgix(i), i 2 1 and solve the LP- 

will refer to these bounds as the iterative LP-relaxation lower 
bounds. It is to be noted that in the LP-relaxation lower bounds 
in [ 11 are obtained when there is no restriction on the number 
of wavelengths, and the hop length. We could then use the 
lower bound of [I] as an a priori lower bound on Amax in our 
LP-relaxed problem. We denote the LP-relaxation bound as, 
XL ( f ,  h) ,  where f is the number of wavelengths and h is the 
hop length. It can be shown that X L  ( f ,  h) is a monotone func- 
tion of f and h with all other parameters being fixed. Thus if 

A(L)(f3, h k )  . . . >_ A(L)(co, h k ) .  The lower bound obtained 
in [l] is equal X(L)(co, co), i.e., there is no restriction on the 
number of hops and the number of wavelengths. 

E Heuristics 

E 1 Rounding Heuristic 

In order to obtain a feasible logical topology with routing 
and wavelength assignment we consider the solutions of the 
relaxed MILP (LP obtained by relaxing the integer constraints 
on b ( i , j ) , C ( k ) ( i , j )  andC/,:(i,j) ). 

solve the LP and get a lower bound say Amax(1). (L) 

relaxation to get an improved lower bound AmaX(i (L) 

Iteratively, 

+ l), We 

f l  I f 2  5 f3... 5 00 then q f l , h k )  2 . \ ( L ) ( f 2 , h k )  2 

In this solution we first round b ( i ,  j)'s to 1 or 0. 
Various schemes are proposed in [ I ]  for rounding the logi- 

cal link variables, b( i ,  j ) ' s .  We employ the following algorithm 
to round the logical links variables. The most natural way to 
construct a 0-1 MILP feasible solution from the LP solution 
obtained by relaxing the integer constraints is to sequentially 
set the variables whose value is closer to one to one, and vari- 
ables whose value is closer to zero to zero, while maintaining 
feasibility. The rounding algorithms given here essentially do 
this. List the b ( i ,  j) 's  obtained by iterative LP-relaxation (num- 
ber of iterations done were 25) in decreasing order. Round each 
successive value of b(i ,  j) to one if the degree constraints are 
not violated, and to zero otherwise. Note that this is called as 
LPLDA in [ 11. 
After rounding b ( i , j ) ' s  we now have a logical topology with- 
out the routes and wavelength assignment for logical links. We 
solve the LP with the traffic constraints only section 11-D) with 

the objective being to minimize congestion. Thus we get the 
upper bound on congestion for the logical topology. 

To obtain the lightpaths for the logical links we now round 
the C ( k )  (i, j )  and C/,z ( i ,  j )  variables. We use the following 
max-round algorithm for rounding C(')( i ,  j ) .  
Max-round algorithm: If b ( i , j )  = 0 then { d k ) ( Z , j )  = 
0; for all I C } .  If b ( i , j )  == 1 then maxk G(') , ( i , j )  is set to one 
and the rest to zeroes. A tie is broken by choosing the largest 
index IC. 

Let us assume that by the rounding heuristic mentioned 
above we have set b ( i , j )  = 1 and C( 'J) ( i , j )  = 1. By conser- 
vation of wavelength equations we are guaranteed that between 
node i and node j there is at least one path with wavelength 
assignment q. Among the possible set of paths from node i to 
node j with wavelength assignment q we use the following al- 
gorithm to pick a path among the possible choices of paths. Af- 
ter this we set those C[:L, ( i ,  j )  to one which are in the picked 
path and the rest to zeroes. 

Step 1: Let max, Ci,,(i,j) be Ci,k ( 2 , ~ )  

Step 2: If IC = j then stop. Else let m u ,  Ci:A(i,j) be be 

Step 3: If p = j then stop. Else assign p to IC and continue 
with step 2. 

F.2 Wavelength Assignrnent Heuristic 

We now have the logical topology and the sequence of hops, 
(physical edges the logical links takes) and also a tentative 
wavelength assignment. But the assignment is still not free 
of wavelength clash i.e., two logical links may have the same 
wavelength assigned to it and have a common hop ( physical 
edge in common). There are two approaches for wavelength 
clash-free assignment. First: We develop heuristics algorithms 
to assign wavelengths to the logical links which have a wave- 
length clash, and come uip with a clash free wavelength assign- 
ment. Second: Since we now have the information about the 
paths taken by the logicid links, we can construct a path-graph 
as done in [4] and [ 5 ] .  'We note that the chromatic number of 
the path-graph is the number of wavelengths required. Both 
approaches were tried and not much difference was found be- 
tween them. In this paper we have used the second approach. 
Many heuristics are given in [5] and in [4] for vertex colour- 
ing a graph. We have used the heuristic of [4] to obtain a valid 
colouring of the path graph. For sake of completeness we now 
describe the heuristic of [4]. 
Algorithm-a: Arrange the nodes of the path-graph in descend- 
ing order, with the greatest degree node, say ith node, in 
array-node t 11 = i. 
Algorithm-b: step I :  Pick greatest degree node, say ith node, 
in the path-graph G(.). Let array-node [11= i .  step 2:  
Remove the node i from the graph G(.) and get the graph Gi. 
step 3: Pick the greatest degree node, say node j ,  in the graph 
G,. Let k e k + 1 and array-node [ k] = j. step 4: Repeat 
from step 2 with node j and graph Gi till the remaining graph 
is a trivial graph (one vertex remains). 
Algorithm a and b give ways of listing the nodes of the path 
graph. Given below are two algorithms which take as input the 

(9 )  (4) ' . 
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listing of nodes and produce a valid vertex colouring. 
Node exhaustive heuristic sequentially descends the list of 
nodes and the first available free colour is assigned to the nodes. 
Colour exhaustive heuristic picks a colour and assigns it to all 
possible nodes in the list. The above step is repeated till all the 
nodes are exhausted. We now have four algorithms for vertex 
colouring the path-graph. The results presented here were ob- 
tained by using Algorithm-b, for producing a decreasing node 
list, and the Node exhaustive heuristic for vertex colouring the 
given list of nodes. The results obtained by the other three al- 
gorithms were similar. 

1 
1 
2 

E 3  Complexity 

In the MILP the number of constraints and the num- 
ber of variables grow approximately as O ( N 3  x F x 
number of edges). On the average the LP solver took around 

five minutes on an IBM 43P/RS6000 to solve one iteration of 
the relaxed MILP problem. The running times of the rounding 
heuristics were less than a minute. 

1 2 5.92 7.077(Exact) 
* * 5.92 7.077 (Exact) 
1 1 2.042 2.34 (Exact) 

111. NUMERICAL RESULTS 

Here we consider two networks. The six node network 
shown in figure 1 and a 14-node National Science foundation 
network ([I], Fig 6) shown figure 9. For the six node network 
we solve the MILP and the exact solutions are given in the ta- 
ble l. l .  The trade-offs between the hop length and the number 
of wavelengths available for the six node network are illustrated 
in the figures. To solve the MILP and the LP’s we used IBM’s 
Optimization Sub-routine Library (OSL) routines on an IBM 
43P/RS6000 platform. 

Z 
2 
2 

A.  Six Node Network 

The six node network and the traffic matrix considered here 
were the same as that considered in [l] (Fig 4, Table 1). We 
solve the MILP formulation of section I1 for this network by 
varying the various parameters (refer section 11-A) and the so- 
lutions obtained are given in table 1.1. We considered three 
parameters, the hop length (hop-bound), the number of wave- 
lengths, and the degree of the logical topology to be designed. 
The degree column in the table 1.1 denotes the number of trans- 
mitters or receivers present at each of the nodes. Wavelength 
column denotes the number of wavelengths available. The Hop 
bound column denotes the maximum number of hops any log- 
ical link is allowed to take. The lower bound (LB) column 
denotes the iterative LP-relaxation bound (25 iterations) and 
is called the LP-bound on congestion. In table 1.1 ‘*’ indi- 
cates no restriction for that particular column parameter. In 
the wavelength column the first entry for a given degree is the 
first time the MILP becomes feasible. For example for the de- 
gree four case the LP-relaxation is infeasible for F < 3 and 
hence the entry in the wavelength column for the degree 4 case 
starts with the number of wavelengths being three. We note 
that since we considered three parameters, the degree, number 
of wavelengths and number of hops permissible, many com- 
binations were possible. We present results for some of the 
combinations. If a row entry has a ‘* ’ in the wavelength and 

~ - ~. 

1 2 2.042 ’ 2.21 (Exactj 
2 2 2.042 2.042 (Exact) 
* * 2.042 2.042 (Exact) 

Table1 . l :  Results for Six-node network; 
I I  Hop I LB I MILP 

3 
3 
4 
4 

A I F I Bnd I A,,, I XI-n,X 

1 I 1 I 1 I 5.92 I 7.36 (Exact) 

~, 

2 * 1.183 1.183 (Exact) 
* * 1.183 1.183 (Exact) 
3 * 0.887 0.887 (Exact) 
* * 0.887 0.887 (Exact) 

I I ~I 

5 I 4 I * I 0.710 I 0.710(Exact) 
5 I * I * I 0.710 I 0.710(Exact) 

Fig. 4. A = 1, F = 1, hop-bound 5 1, A,,, = 7.36. 

in the hop bound column then the LP-bound obtained for con- 
gestion in that row will be called the unconditional congestion. 
Similarly the MILP solution will be termed the unconditional 
MILP congestion. For example in the degree 4 case the uncon- 
ditional congestion is 0.887 and the unconditional MILP con- 
gestion is 0.887. The MILP solution is said to be exact when 
either the LP-relaxation solution for congestion and a feasible 
solution obtained by solving the MILP are equal, or a is so- 
lution obtained for the MILP through exhaustive search of the 
feasible set of integer solutions. For example for the degree 
one case the unconditional congestion is 5.92 but by exhaustive 
search the MILP solution obtained is 7.077 for the congestion. 
In the degree 5 case the unconditional congestion is 0.710 and 
the branch and bound routine for solving the MILP was termi- 
nated after a solution with congestion 0.710 was found (hence 
this solution is exact). 

In figure 4 is shown a possible logical interconnection be- 
tween the wavelength routing nodes of the six node network. 
In this figure if node 0 wants to send data to node 1 then the 
data undergoes an optical to electronic and electronic to opti- 
cal conversion, at node five, four, three and two. This topol- 
ogy was obtained by solving the MILP by fixing the num- 
ber of wavelengths that can be used to one, the in-degree and 
out-degree of each of the nodes in the logical topology to 
one (note that this would imply that each node is equipped 
with one transmitter and one receiver) and the maximum hop- 
length to one. In this situation there can only be two possible 
solutions for the logical topology design, the clockwise ring 
0 -+ 1 -+ 2 -+ 3 -+ 4 + 5 + 0 or the anti-clockwise 
ring 0 -+ 5 -+ 4 -+ 3 -+ 2 --+ 1 --+ 0. For the clockwise 
ring the congestion is 9.36 and for the anti-clockwise ring the 
congestion is 7.36. Thus congestion value obtained by solving 
the MILP was 7.36 and the logical topology obtained was the 
anti-clockwise ring. 

By changing the maximum hop length from one to two and 
by fixing all other parameters as in figure 4 the logical topology 
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Fig. 5. A = 1, F = 1, hop-bound 5 2, Xmax = 7.077 

Fig. 6. A = 2, F = 1, hop-bound 5 1, A,,, = 2.340. 

and the congestion obtained by solving the MILP are shown in 
figure 5 .  We see that by increasing the hop length the conges- 
tion is reduced from 7.36 to 7.077. The unconditional MILP 
congestion for this case is 7.077. Therefore when the number 
of wavelengths available is one and the maximum hop length 
permitted is less than two an optimal solution is obtained, i.e., 
the congestion cannot be decreased further by increasing the 
number of wavelengths and the number of hops permitted. 

In figure 6 is shown the logical topology and routes of the 
logical links obtained by solving the MILP when the degree is 
fixed at two, the number of wavelengths permitted is one and 
the hop bound (the maximum hop length permitted) is one. A 
congestion of 2.340 was obtained by exhaustive search of the 
search space by a branch and bound routine. 

Next we increased the hop bound of the logical link to two, 
keeping all the parameters fixed. The result obtained is shown 
in figure 7. The congestion is reduced to 2.210. This is because 
of the two-hop logical links one between node 3 and node 1 ,  
and the other between node 4 and node 2, which reduced the 
congestion on logical links (3,2) and (43) of figure 7 

In the next case the hop length permissible was the same 
(two) but the number of wavelengths available was increased 
to two. The resulting logical topology with routes is shown 
in figure 8. Since the number of wavelengths permitted was 
increased to two many more routes were possible thereby re- 
ducing the congestion to 2.042 which is the unconditional con- 
gestion. Thus the congestion cannot be decreased further by 
increasing the number of wavelengths and the number of hops 
permitted. 

B. NSFNET 

NSFNET shown in figure 9 ([l] Fig 6 )  is a 14-node network 
with 21 edges. Each edge represents a pair of directional edges. 

Fig. 7. A = 2, F = 1, hop-bound <= 2, Xmax = 2.210. 

[3-7/14 
Fig. 8. A = 2, F := 2, hop-bound <= 2, Amax = 2.042. 

Fig. 9. National Science Foundation network. 

The pair of directional edges represents a pair of fibers, one in 
each direction. We consider the the number of wavelengths and 
the degree of the logical topology as parameters for this case. 
We do not consider the hop bound constraint. Table 2. I .2 and 
table 2.1.1 give the results for two different traffic matrices PI 
and P2. They are the same traffic matrices as used in ([I]  Table 
3 and Table 4 respectively). 

B. 1 Feasibility of LP-relaxation 

Since the decision problem (feasibility problem) for the 
MILP is NP-hard and the network sizes are not small, at best 
we can check for feasibility of the LP-relaxation. A MILP or a 
LP is feasible if there is an assignment of variables which sat- 
isfes the constraints. Let jmin(A) denote the minimum num- 
ber of wavelengths that are required to make the LP-relaxation 
feasible. Note that A is the degree of the logical topology 
to be designed. We observe that for N nodes the number of 
source-destination pairs is N ( N  - 1). In the worst case if we 
allocate one wavelength for each ( s ,d )  pair then we require 
N ( N  - 1) wavelengths. The range of F ,  the number of wave- 
lengths available for the problem to become feasible is between 
1 and N(N - 1). We could do a binary search, taking logN 
steps, in the range { 1 , 2 , 3 , .  . . N ( N  - l)}, to find fmln(A) for 
which the LP-relaxation becomes feasible. For example in ta- 
ble 2.1 . I  we see that fmin(3) = 2 and fmjn(13) = 13. 

B.2 Discussion of Results Obtained 

In table 2.1.1 and table 2.1.2 under the LP-Relaxation head- 
ing there are three columns, viz., degree, wavelength, and lower 
bound on congestion. The degree (A) specifies the degree of 
the logical topology to be designed. The wavelength denotes 
the number of wavelengths available which is the parameter F 
(section 11-A). The lower bound (LB) on congestion denotes 
the solution (the objective value) of the LP-Relaxation. For ex- 
ample in the degree 2 case with 4 wavelengths the lower bound 
on congestion is 126.71. Under the Heuristic heading there 
are two columns, viz., upper bound (UB) on congestion and 
the number of wavelengths. As explained in section 11-F we 
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employ the rounding heuristic (section 11-E 1) on the solutions 
obtained by solving the LP-Relaxation to get a feasible set of 
integer solutions, Le., we now have a A-regular logical topol- 
ogy and the routes for the logical links of the logical topology. 
We then obtain an upper bound on congestion by solving an 
LP (section 11-F). Since we now have the routes for the logical 
links we obtain a wavelength-clash free assignment by using 
the wavelength assignment heuristic algorithm (section 11-F.2). 
The number of wavelengths required is tabulated in the wave- 
length column under the Heuristic heading. 

Under the Previous work heading the results mentioned in 
the in lower bound column are from [l] .  In [ l ]  and [7] some 
heuristic algorithms were developed to round the b( i ,  j )  vari- 
ables to design the logical topology. A shortest path route for 
the logical links in the logical topology was chosen because the 
number of wavelengths available were not a constraint in [ l ]  
and [7]. The upper bound on congestion (obtained from the 
heuristic) shown in the last column are from [7] and [l] .  We 
refer to them as unconditional lower bound and unconditional 
upper bound. For example in table 2.1.1 we see that for the 
degree two case the unconditional lower bound is 126.18 and 
the unconditional upper bound of [7] is 147.679 and of [ l ]  is 
243.43. By our heuristic for the degree two case we obtain a 
congestion of 145.738 with four wavelengths which is an im- 
provement over the previous upper bounds on congestion, even 
though they did not consider the number of wavelengths as a 
constraint. 

In table 2.1.1 for the degree 3 case and with two wavelengths 
the lower bound on congestion is 84.58. The upper bound for 
the same is 139.478. The wavelength assignment heuristic re- 
quired 3 wavelengths for a wavelength-clash free assignment 
for the routes of the logical links in the logical topology ob- 
tained by the rounding heuristic. It is not always guaranteed 
that the LP-relaxation parameter F and the number of wave- 
lengths required by the heuristic are the same. Our heuristic 
gives an upper bound on the number of wavelengths required 
for designing the required logical topology. In the above case 
we need at least 3 wavelengths for designing a degree 3 logi- 
cal topology for which the congestion obtained is 139.478. In 
table 2.1.1 for the degree 5 case with 4 wavelengths the LB on 
congestion is 50.74 and the upper bound is 57.835 and the num- 
ber of wavelengths required by the heuristic is 4 which is equal 
to the parameter F .  We see that in table 2.1.2 for the degree 
6 case with 4 wavelengths, the lower bound on congestion is 
94.89 and the upper bound on congestion is also 94.89 but the 
number of wavelengths required by the heuristic is 5. In the 
same table for the degree 8 case the parameter F is 6 which is 
the same as that required by the heuristic and the lower bound 
and the upper bound on congestion both equal 7 1.17. In such a 
situation we say that the heuristic solutions are optimal. In the 
tables the optimal solutions are italicized. 

It was observed that in many cases the lower bound did not 
change with the number of wavelengths for a fixed degree. But 
the heuristic reduced the congestion. This is due to the fact that 
the LP-relaxation tends to use all the wavelengths available. 
This helps the rounding heuristic in choosing among many al- 
ternate paths and so the congestion drops. For example the for 

2 2 
2 3 
2 4 
2 *  
3 2 
3 3 
3 4 
3 "  
4 2 
4 3 
4 4 
4 *  
5 4 
5 5 
5 *  
6 4 
6 5 
6 6 
6 *  
7 5 
7 6 
7 *  
8 6 
8 7 
8 *  
9 7 
9 8 
9 9 
10 8 
10 9 
11 10 
11 11 
12 11 
12 12 
I3 I3 

~ 
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126.74 273.896 2 
126.74 210.593 3 
126.74 145.738 4 

84.58 139.478 3 
84.58 93.838 3 
84.58 84.582 4 

71.71 92.658 3 
63.43 92.658 3 
63.43 70.025 4 

50.74 57.835 4 
50.74 50.936 5 

42.29 52.565 5 
42.29 49.220 6 
42.29 44.391 6 

36.25 43.194 6 
36.25 36.432 6 

31.72 32.129 6 
31.72 31.772 7 

28.37 28.316 9 
28.37 28.376 9 
28.37 28.376 9 
25.19 25.687 9 
25.19 25.645 9 
23.0 23.509 10 
23.0 23.068 11 
21.27 21.387 12 
21.27 21.387 12 
20.24 20.246 13 

126.18 147.679 1243.43 

84.53 88.6501 102.82 

63.43 65.908 I 82.03 

50.74 51.85 153.49 

42.29 42.660 144.45 

36.25 36.45 136.55 

31.75 132.27 31.72 

Table 2.1.1 : Results for NSFNET: Traffic matrix P1 
LP-Relax I Heur. II Previous work 

the degree 2 case (traffic matrix P1) the LP-Bound is the same 
when F is equal to 2, 3 and 4 but the congestion achieved by 
the heuristic dropped from 273.89 to 145.73. 

In many cases the heuristic bounds on congestion obtained 
by us are an improvement over the previous results but in a 
very few cases they are worse. The heuristic wavelength as- 
signment algorithm in many cases achieves optimal assignment 
for the higher degree cases. For example for the degree 13 case 
for both the traffic matrices the minimum F for which the LP- 
relaxation become feasible is feasible 13 and 13 wavelengths 
are used by the wavelength assignment heuristic. It can be ob- 
served that for higher degree the congestion obtained by the 
heuristic and the lower bound are almost equal. From degree 
5 onwards, for the P2 traffic matrix the lower bound and the 
congestion obtained by heuristic are equal. 

C. MILP formulation with multiple edges 

If we allow for multiple edges in the logical topology design 
problem then the above mentioned formulation could be mod- 
ified and the resulting formulation would be still a mixed inte- 
ger linear program. We observe that since we are minimizing 
congestion in the network the electronic processing of traffic 
per wavelength decreases. If we have some set of nodes of the 



* 
3 2 
3 3 
3 4 
3 *  
4 2 
4 3 
4 *  
5 4 
5 *  
6 4 
6 5 
6 ”  
7 5 
7 6 
7 *  
8 6 
8 *  
9 7 
9 8 
10 8 
10 9 
11 10 
12 11 
12 12 
12 13 

I 13 13 I 43.79 I 43.79 13 1 1  

282.50 345.42 1345.42 
189.76 269.43 2 
189.76 269.43 2 
189.76 217.80 4 

142.33 175.18 3 
142.33 152.99 3 

113.87 113.87 4 

94.89 94.89 5 
94.89 94.89 5 

81.33 81.33 6 
81.33 81.33 6 

71.17 71.17 6 

62.15 63.26 9 
62.15 62.15 8 
56.93 56.93 10 
56.93 56.93 10 
51.75 51.75 10 
47.44 47.44 13 
47.44 47.44 13 
47.44 47.44 13 

189.62 195.71 1195.71 

142.32 142.33 1142.33 

113.87 113.871 113.87 

94.89 94.89 194.89 

81.33 81.33 / 81.33 

71.17 71.17 171.17 

network which have heavy traffic flow among themselves then 
having multiple edges between the same the pair of nodes for 
some nodes in that set may reduce the overall congestion. This 
would reduce the electronic processing per wavelength in the 
network. Reduction in electronic processing of traffic would be 
beneficial in a high-speed network environment. 

D. Inequality degree constraints 

It can be shown by examples that the congestion obtained 
by inequality degree constraints would be less than the conges- 
tion obtained by equality degree constraints with all parameters 
being same for both cases. The feasibility of LP with equal- 
ity degree constraints would force the requirement of larger 
F than necessary. There is clearly a trade-off between equal- 
ity degree constraints, inequality degree constraints, number of 
wavelengths and congestion. This is still under investigation. 
It is our computational experience that in all the cases for the 
NSFWET example the congestion obtained by the solving the 
LP with inequality degree constraints were the same as that got 
by sovling the LP with equality degree constraints. 

IV. CONCLUSIONS 

An exact linear formulation was presented for the logical 
topology design with no wavelength changers. The wavelength 
continuity constraints presented here linearized the problem 

which hitherto was formulated as set of non-linear constraints. 
The cutting plane of section 11-E.l when incorporated into the 
aggregate formulation helped in getting good lower bounds on 
congestion. We note that by rounding the solutions obtained by 
solving the LP-relaxation, the upper bounds obtained for con- 
gestion were very close to the lower bounds especially for the 
higher degree cases. We investigated the trade-offs between the 
number of wavelengths the fiber can support, the hops lengths 
of the logical links and the congestion for a six node network. 
We note that the LP-bounds for the six node network did not 
vary with the hop bound parameter or with the wavelength pa- 
rameter. For small networks we could solve the MILP exactly 
but for the networks of larger size like the NSFNET we would 
have to use the heuristics developed in section 11-F. The round- 
ing heuristic of section 11-E 1 tries to find a route for a logical 
link which has a large utilization of a wavelength on it. This 
helps in finding a logical topology which will reduce conges- 
tion. The wavelength assignment heuristic given in [4] has been 
used to assign wavelengths for the logical links. We see that 
the number of wavelengths needed by the wavelength assign- 
ment heuristic and the number wavelengths allowed (second 
column of table 2.1.1 and table 2.1.2) are quite close in many 
cases. In some of the lower degree cases there is a large differ- 
ence in upper and lower lbounds on congestion. This calls for 
for some more cutting planes to be added to the LP-relaxation 
so as to improve the lower bound. It may also be case that 
the heuristic has to be improved. This is still under investiga- 
tion. In general the iterative LP-relaxation bound for conges- 
tion with wavelength continuity constraints did not significantly 
vary with the parameter 17 but the rounding of the LP-solution 
gave good results. 
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