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Collision Avoidance of Arbitrarily Shaped
Deforming Objects Using Collision Cones

Vishwamithra Sunkara, Animesh Chakravarthy , and Debasish Ghose

Abstract—In this letter, the problem of collision avoidance of
objects, which can deform by changing their shape as a function
of time, is considered. There are several scenarios involving such
deforming objects—examples include environments with shape-
shifting robots, such as snake robots, boundaries of swarms of
vehicles, and boundaries of oil spills. There is very limited work
in the literature that considers dynamic environments comprising
such shape changing entities. To develop conditions that predict
the onset of collision for deformable objects, this letter uses the
notion of collision cones in environments involving engagements
between a point object and a deforming object, a circular object
and a deforming object, and finally, an arbitrarily shaped object
and a deforming object. The collision cone equations are subse-
quently embedded in a Lyapunov framework and used to develop
nonlinear analytical guidance laws for collision avoidance in such
environments. Simulations are performed to demonstrate the effi-
cacy of the guidance laws.

Index Terms—Collision avoidance, motion and path planning,
deforming objects, collision cones.

I. INTRODUCTION

R EAL-TIME path planning of autonomous vehicles in
rapidly changing environments still remains a challenge

to the mobile robotics community. One of the reasons for an
environment to change is linked to the unpredictable behavior
of objects and other obstacles in the environment. Tradition-
ally, such objects are considered to be non-deforming (that is,
they retain the same size and shape over a reasonable period
of time). However, there can be many instances of environ-
ments that contain deforming obstacles, whose shape changes
with time. For example, an oil spill moving on an ocean surface
changes its shape over time and represents a deforming obstacle
to an autonomous boat attempting to navigate that environment.
Other examples of deforming objects include shape changing
robots (such as soft robotic systems like snake robots [1], [2]),
robots carrying movable parts or manipulators, and a swarm of
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robotic vehicles considered as a single object. Few papers in the
literature consider avoidance of such deforming obstacles. Ex-
ceptions are [3], where the problem of a moving and deforming
obstacle is addressed using sliding mode control, [4]–[5], and
[6] where path planning through deforming obstacles has been
proposed using collision cones.

The concept of collision cones was proposed in [7] to repre-
sent a collection of velocity vectors of an object which leads to
collision with another moving object. Guidance laws to avoid
collision are then designed to pull the current velocity vector
of the object outside the collision cone. This idea was later
successfully exploited by many researchers for various appli-
cations ranging from automobile collision avoidance [8], air-
craft conflict detection and resolution [9], vision based obstacle
avoidance [10], robotic collision avoidance [11], and to study
collision avoidance behavior in biological organisms [12]. The
idea of collision cones was subsequently extended to higher
dimensional spaces and general obstacle shapes [13]–[15] and
also used to design safe passage trajectories through narrow ori-
fices [16]. The collision cone concept has some relations with
the maneuvering board approach [17], velocity obstacles [18],
and forbidden velocity maps [19]. However, the collision cone
approach is the only approach that explicitly considers arbitrar-
ily shaped objects, which form an important aspect of deforming
obstacles, unlike the others which consider only circular objects.

A general theory of avoiding deforming obstacles is not avail-
able in the literature. The paper [6] addresses an application of
avoiding a deforming obstacle using radar measurement and
the proposed collision cone based algorithm is very specific to
that application. In this letter, we provide a general theory for
avoidance of deforming obstacles that has the potential to be
extended to a large number of applications.

II. PROBLEM FORMULATION

Consider a vehicle U trying to avoid collision with a finite
sized moving obstacleO with an arbitrary boundaryB which is
simultaneously changing its shape (See Fig. 1(a)). The bound-
ary of the object O at times t0 , t1 , t2 , . . . , ti , . . ., is denoted as
B0 , B1 , B2 , . . . , Bi, . . ., respectively. Assume that the vehicle
U is on a collision course with the object O. Now, in order to
avoid collision, the evasive action to be taken byU needs to take
into account not only the motion of the object O but also the
fact that the boundary ofO is changing with time. WhenO does
not change shape, then the theory of collision cones provides
a method to determine the cone of velocity vectors of U that
would lead to collision with O [7]. Unlike other papers in the
literature, the concept of collision cones proposed in [7] is ap-
plicable to arbitrarily shaped obstacles too, as long as the shape
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Fig. 1. (a) Schematic of a deforming object, (b) Engagement geometry
between two point objects A and B .

of the obstacles do not change. In fact, it has been shown in [7]
that this cone will remain invariant with time if the velocities
of U and O are constant. The collision avoidance problem then
reduces to the problem of determining avoidance maneuvers of
the vehicleU that will pull its velocity vector out of the collision
cone. However, for a deforming obstacle, although the instanta-
neous collision cone can be determined using the same theory,
the collision cone itself is dynamic as it changes with time. De-
termination of the collision cone for such deforming objects and
using it to design avoidance maneuvers is the subject matter of
this letter.

It is worth mentioning that the same results can also be used to
address an interception problem, wherein the vehicle U intends
to intercept the deforming and moving object O. This can be
simply done by using maneuvers that drive the velocity vector
of U into the dynamic collision cone.

III. COLLISION BETWEEN TWO POINT OBJECTS

Consider two point objects A and B (see Fig. 1(b)), moving
with constant velocities, of magnitudes VA and VB , acting at
angles α and β, respectively. Let r(t) be the distance betweenA
andB at time t, and θ(t) be the angle made by the lineAB with
respect to a reference. Let Vr be the relative velocity component
of B with respect to A along AB and Vθ be the corresponding
relative velocity component normal toAB. The expressions for
these components are [13]:

Vr = ṙ = VB cos(β − θ) − VA cos(α− θ) (1)

Vθ = rθ̇ = VB sin(β − θ) − VA sin(α− θ) (2)

The following is a well-known result for collision:
Lemma 1: When point objects A and B move with constant

velocities, the conditions Vθ = 0, Vr < 0 are both necessary and
sufficient conditions for collision between A and B.

Proof: See [20]. �

IV. COLLISION BETWEEN A POINT OBJECT AND

A DEFORMING OBJECT

A. Collision Conditions

Consider an engagement between a point objectA and a finite-
sized object B, which has the capability to deform by changing
the shape of its boundary.B can represent an oil spill, or a swarm
of vehicles, as schematically depicted in Fig. 2. The velocity of
each point on the boundary of B is written as the vector sum

Fig. 2. Engagement between a point object A and a deforming object B .

of the individual deformation component of that point and an
overall translational component. Let s be the curvilinear distance
along the boundary of B, measured with respect to a reference
point, and let the length of the perimeter of B be L. In Fig. 2,
C1 is the reference point and a point at a distance s from C1 is
denoted asB(s) with points on the perimeter ofB parametrized
by s ∈ [0, L]. Let r(s) be the distance betweenA andB(s), and
θ(s) be the angle made by the line joining A and B(s). The
pointsB(s1), B(s2), B(s3), ... are denoted byC1 , C2 , C3 , ... in
the figure. Let VB (s) be the magnitude of the velocity at each
point B(s), and β(s) represent the corresponding direction of
this velocity. Then, we can construct multiple lines AC1 , AC2 ,
..., each of which have their distinct values of Vθ and Vr . We
can write the relative velocity components Vr (s) ≡ ṙ(s) and
Vθ (s) = r(s)θ̇(s) as follows:

Vr (s) = VB (s) cos(β(s) − θ(s)) − VA cos(α− θ(s)) (3)

Vθ (s) = VB (s) sin(β(s) − θ(s)) − VA sin(α− θ(s)) (4)

We then state the following lemma governing collision between
A and B(s).

Lemma 2: Consider a point objectA and a finite objectB that
is simultaneously moving and deforming such that the points
B(s) are all moving with velocities that are constant in time.
Then, A is on a collision course with B if and only if there
exists at least one ray AB(si) passing through B that has the
properties Vθ (si) = 0, Vr (si) < 0.

Proof: Follows from Lemma 1. �
Assume thatVB (s) and β(s) both vary spatially, continuously

from s = 0 to s = L. Refer Fig. 3(a), where the object B is an
open chain, an example of which would be a snake robot mov-
ing on a plane. Furthermore, in Fig. 3(a), any ray AC passing
through B will intersect B at exactly one point. We then have
the following lemma:

Lemma 3: Let B(s) be an open chain, and let the engage-
ment geometry between A and B be such that any ray AC
passing through B will intersect B at exactly one point. Then,
the condition:

Vθ (s = 0)Vθ (s = L) ≤ 0 (5)

is both necessary and sufficient for there to exist exactly one
si ∈ [0, L] that satisfies Vθ (si) = 0.
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Fig. 3. Engagement geometry between a point object and (a), (b): an open
chain, (c), (d): a closed chain.

Proof: Since VB (s) and β(s) are both continuous functions
of s, therefore from (3), (4), Vθ (s) also varies continuously with
s. Since it is assumed that any ray from A passing through B
intersects B at only one point, therefore (5) implies that the
function Vθ (s) has exactly one zero crossing for s ∈ [0, L]. The
converse is similarly true. �

Next, consider the scenario in Fig. 3(b)–(d). In Fig. 3(b),
B(s) is still an open chain. However, there can be some rays
emanating from A that will intersect B(s) at more than one
point. In Fig. 3(c), (d), B(s) is a closed chain (which is also
non-convex), examples of which could be the boundary of an
oil spill or a boundary of a swarm of vehicles. In (c), any ray
AC passing through B(s) will intersect B(s) at two points C1
andC2 , while in (d), there are some rays emanating fromA that
can intersect B(s) at four points. When B(s) is a closed chain,
then Vθ (s = 0) = Vθ (s = L), and in such scenarios, we cannot
rely on (5) to determine collision conditions. We instead use the
following lemma:

Lemma 4: Let B(s) be a closed chain. Then, the condition

max
s∈[0,L ]

Vθ (s) min
s∈[0,L ]

Vθ (s) ≤ 0 (6)

is both necessary and sufficient for there to exist at least one
si ∈ [0, L] that satisfies Vθ (si) = 0.

Proof: Since Vθ (s) is a continuous function of s, therefore
when (6) holds, this implies that the function Vθ (s) has at least
one zero crossing. The converse is similarly true. �

When the conditions of either Lemma 3 or Lemma 4 are
satisfied, we define the collision cone as the set of heading
angles of A that will cause A to collide with B(s). From (4),
the condition that Vθ (s) = 0 is written as:

VB (s) sin(β(s) − θ(s)) = VA sin(α− θ(s)) (7)

From (7), for each s ∈ [0, L], the corresponding heading angle
α that will cause Vθ (s) to become zero, is as follows:

α = θ(s) + sin−1 [(VB (s)/VA ) sin(β(s) − θ(s))] (8)

Fig. 4. Geometric interpretation of the collision cone between a point object
and a finite-sized deforming object.

The collision cone is then defined as the set of α that satisfy (8)
for each s, as well as Vr (s) < 0, that is,

Cα = {α : Vθ (s) = 0 ∩ Vr (s) < 0, s ∈ [0, L]} (9)

If the heading angle of A is such that it lies inside the collision
cone, we can obtain an expression for the time to collision
between A and B(s) as follows:

tm (s) = −r(s)Vr (s)/[Vr (s)2 + Vθ (s)2 ] (10)

where, tm (s) is always positive, since the values of Vr (s) cor-
responding to the collision cone are all negative.

A geometric representation of the collision cone is shown in
Fig. 4. The blue curve is the boundary of B(s) at the current
time t. Consider a few representative pointsB(s1), B(s2), ... as
shown. The vectors VB (s1), VB (s2), ... represent the respective
velocities of these points. Shift each of these velocity vectors and
position them at A. For illustrative purposes, consider VB (s1).
Shift VB (s1) to A. Then, draw a line emanating from the tip
of this shifted VB (s1) so that this line is parallel with AB(s1)
and is of the same length as AB(s1). Repeat the same for
the other points B(s2), B(s3), ... and thus obtain the points
B̂(s2), B̂(s3), .... With A as center, draw an arc of radius equal
to the speed VA of A. Then, P and Q represent the extremal
points of intersection of this arc with the rays emanating from
the tip of the shifted velocity vectors of B(s). The cone PAQ
then represents an approximation of the collision cone. The
exact collision cone would be one where the same procedure
is applied to all the points on the perimeter of B. It can be
seen from the figure that the extremities of the collision cone do
not necessarily correspond to the extremities of the deforming
object. For instance, the lower boundary of the collision cone
passes through Q. If object A has a heading angle along AQ,
then A will collide with B(s4) even though B(s3) lies to the
right of B(s4) (from the viewpoint of A).

B. Guidance Laws for Collision Avoidance

We now determine guidance laws that will ensure that A
avoids a collision with B. Let the acceleration magnitude of A
be aA , applied at an angle δA . Then, the kinematics of the en-
gagement betweenA andB(s) are represented by the following
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equations, valid for all s ∈ [0, L]:

ṙ(s) = Vr (s) (11)

θ̇(s) = Vθ (s)/r(s) (12)

V̇θ (s) = −Vθ (s)Vr (s)/r(s) − aA sin(δA − θ(s)) (13)

V̇r (s) = Vθ (s)2/r(s) − aA cos(δA − θ(s)) (14)

Define a set S as follows:

S = {s ∈ [0, L] : Vr (s) < 0} (15)

An avoidance acceleration forA is one that drives the maximum
value of Vθ (s) that lies in the set S to zero. This will physically
correspond to A grazing the surface of B. To determine such a
collision avoidance law, define a candidate Lyapunov function
as:

Z = (1/2)[max
s∈S

Vθ (s)]2 (16)

The time derivative of the Lyapunov function along the trajec-
tories of the system (11)–(14) is:

Ż = m[Vθ (s)]

×
[
∂m[Vθ (s)]
∂r(s)

∂m[Vθ (s)]
∂θ(s)

∂m[Vθ (s)]
∂Vθ (s)

∂m[Vθ (s)]
∂Vr (s)

]

× [
ṙ(s) θ̇(s) V̇θ (s) V̇r (s)

]T
(17)

In the above equation, m[Vθ (s)] ≡ maxs∈S Vθ (s), and it is un-
derstood that ∂(.)/∂r(s) is a vector of the form: ∂(.)/∂r(s) =[
∂(.)/∂r(s1) ∂(.)/∂r(s2) · · ·

]
. Expressions for the vector

quantities ∂(.)/∂θ(s), ∂(.)/∂Vθ (s), ∂(.)/∂Vr (s) are similarly
written. Defining

s̄ ≡ arg max
s∈S

Vθ (s) (18)

the time derivative Ż can be written as:

Ż = Vθ (s̄)V̇θ (s̄)

= Vθ (s̄)[−Vθ (s̄)Vr (s̄)/r(s̄) − aA sin(δA − θ(s̄))] (19)

By choosing a guidance law of the form:

aA = Vθ (s̄)[K − Vr (s̄)/r(s̄)]/[sin(δA − θ(s̄))] (20)

withK > 0, it can be ensured that the Lyapunov functionZ has a
negative definite time derivative, and follows the dynamics Ż =
−2KZ. With guidance law (20), m[Vθ (s)] will asymptotically
decay to zero, and this will cause the point object A to graze
the surface of the deforming objectB. Eqn (20) thus guarantees
that collision avoidance is achieved, provided the gain K is
sufficiently large to ensure that Z decays to a small number ε
before time tm (s̄).

We note that depending on the shape of the objectB, there can
be discontinuities in the value of s̄, as the engagement evolves
in time. For the sake of simplicity, the analysis involving such
discontinuities is omitted in this letter.

When the translational and/or deformation velocities of the
object B(s) vary with time, that is, B(s) has an acceleration
of magnitude aB (s), acting at angles given by δB (s), then (13)

and (14) assume the form:

V̇θ (s) = fθ + aB (s) sin(δB (s) − θ(s)) (21)

V̇r (s) = fr + aB (s) cos(δB (s) − θ(s)) (22)

where fθ and fr are the terms on the right hand sides of (13) and
(14) respectively. Differentiating the Lyapunov function (16)
along the trajectories of (11)–(12), (21)–(22) and substituting
(20), we obtain:

Ż = −2KZ + aB (s̄)Vθ (s̄) sin(δB (s̄) − θ(s̄)) (23)

From (23), it is evident that as long as the acceleration law (20)
uses a K that is large enough to keep the right hand side of (23)
negative definite, and furthermore, as Z → 0, the deformation
ofB(s) is such that aB (s̄) → 0, then the law (20) will guarantee
that A avoids collision with B.

V. COLLISION BETWEEN A CIRCULAR OBJECT AND A

DEFORMING OBJECT

A. Collision Conditions

In this subsection, we first consider the collision conditions
between a point and a circle, and then show how it can be used to
determine the collision condition between a circle and a deform-
ing object. Consider an engagement between a point and a circle
(which is non-deforming), of radius R. As demonstrated in [7],
we can define a collision cone function y for this engagement,
as follows:

y = r2V 2
θ /[V

2
θ + V 2

r ] −R2 (24)

where, r is the distance between the point and the center of the
circle, and Vr , Vθ represent the relative velocity components of
this line. The quantity y is essentially a function of the miss-
distance between the point object and the center of the circle, at
the instant of closest approach. We have the following:

Lemma 5: Consider an engagement between a point object
and a circular object, where both objects move with constant ve-
locities. Then, the conditions y < 0, Vr < 0 are both necessary
and sufficient for occurrence of a collision.

Proof: See [7], where it is demonstrated that the conditions
y < 0, Vr < 0, physically correspond to the scenario that the
relative velocity vector lies inside the collision cone. �

Now, consider an engagement between a circular object A
(which is non-deforming) and a deforming object B, as shown
in Fig. 5. Let P be the center of the circle A. For every possible
line that can be drawn from P to the boundary B(s), let r(s)
be the length and θ(s) be the bearing angle. Similarly, let Vr (s)
and Vθ (s) represent the relative velocity components of each
such line. We can use (24) to define a function y(s):

y(s) = r(s)2Vθ (s)2/[Vθ (s)2 + Vr (s)2 ] −R2 (25)

We then have the following:
Lemma 6: Let A and B(s) move with constant (in time)

velocity vectors �VA and �VB (s), respectively. Then, A is on
a collision course with B(s) if and only if there exist some
s ∈ [0, L] that satisfy y(s) < 0 and Vr (s) < 0.

Proof: If y(s) < 0 and Vr (s) < 0 for some ŝ ∈ [0, L], then
the circle A is on a collision course with the point(s) ŝ on B(s).
The converse is also true. The proof then follows. �
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Fig. 5. Engagement between a circular object A and deforming object B .

The function y(s) can then be used to define the collision
cone between A and B(s) as follows:

Cα = {α : y(s) < 0 ∩ Vr (s) < 0, s ∈ [0, L]} (26)

B. Guidance Laws for Collision Avoidance

An avoidance acceleration for A is one that drives the min-
imum value of y(s) that lies in the set S (defined in (15)) to
zero. This will physically correspond to A grazing the surface
of B. To determine such an acceleration law, define a candidate
Lyapunov function as:

Z = (1/2)[min
s∈S

y(s)]2 (27)

The time derivative of the Lyapunov function along the trajec-
tories of the system (11)–(14) is:

Ż = m[y(s)]

×
[
∂m[y(s)]
∂r(s)

∂m[y(s)]
∂θ(s)

∂m[y(s)]
∂Vθ (s)

∂m[y(s)]
∂Vr (s)

]

× [
ṙ(s) θ̇(s) V̇θ (s) V̇r (s)

]T
(28)

where, for the sake of brevity, we have employed the notation

m[y(s)] = min
s∈S

y(s) (29)

Defining s ≡ arg mins∈S y(s), we have Ż = y(s)ẏ(s) as:

Ż = − 2y(s)r(s)2Vθ (s)Vr (s)aA [Vr (s) sin(δA − θ(s))

− Vθ (s) cos(δA − θ(s))]/[Vr (s)2 + Vθ (s)2 ]2 (30)

By choosing a guidance law of the form:

aA = − 0.5Ky(s)[Vθ (s)2 + Vr (s)2 ]2/
[
r(s)2Vθ (s)Vr (s)

{−Vr (s) sin (δA − θ(s)) + Vθ (s) cos (δA − θ(s))}]
(31)

where K > 0, it can be ensured that the Lyapunov function Z
follows the dynamics Ż = −2KZ, and this will cause m[y(s)]
to exponentially go to zero. The guidance law (31) thus guar-
antees that collision avoidance is achieved, provided K is large
enough to ensure Z decays to ε (where ε is a small number)
before time tm (s).

When B has an acceleration aB (s), acting at an angle δB (s),
then after differentiating (27) along (11), (12), (21), (22) and
substituting (31), the resulting equation is the same as (23).
Similar to the comments made after (23), as long as the value
of K employed in (31) is such that it ensures that Ż remains
negative definite and Z is driven to zero before the instant of
closest approach occurs, collision between A and B will be
avoided.

Implementation: From an implementation standpoint, we as-
sume that a sensor tracks the boundary of the deforming object.
The type of sensor would depend on the environment. For ex-
ample, in the case when the deforming object B is either an oil
spill, or a vehicle swarm on a water surface, the sensor could
potentially be a vision sensor located on the hull of a ship (or
on an elevated point on the ship), or on one or more airborne
UAVs looking down on this deforming entity. In the case when
the deforming object B is a snake-like robot moving on the
ground, then the sensor could potentially be a lidar placed on
object A, which sweeps back and forth across the periphery of
B. In either case, the sensor information is used to obtain the
values of VB (s), β(s), θ(s), r(s).

The algorithm for the collision avoidance law for the engage-
ment of Fig. 5 is given below:

Algorithm A1 Let L Represent the Circumference of B at
Time t. At Time t:

a) Use sensor information to determine L and VB (s), β(s),
θ(s), r(s) for s ∈ [0, L].

b) Use the above to compute Vr (s), Vθ (s), and y(s), for
s ∈ [0, L], using (3), (4) and (25), respectively.

c) Determine the set S ⊂ [0, L], for which Vr (s) < 0.
d) Determine value of s ∈ S, at which minimum y(s)

occurs. If y(s) < 0, apply acceleration (31), else,
continue with original velocity.

e) Update time to t+ Δt, and go to (a).

The above algorithm requires the determination of the mini-
mum of y(s), as well as s. This involves a 1-dimensional search,
and any standard search method may be used.

C. Merging Objects

There can be scenarios wherein two or more deforming
objects may merge into a single deforming object. An ex-
ample is when multiple oil spills on a water surface merge
together. Consider two deforming objects B1 and B2 , that
subsequently merge. The collision avoidance algorithm is given
in Algorithm A2:

Stability of the collision avoidance law continues to hold
even in the case of merging objects. In the case of two merging
deforming objects, the Lyapunov function (27) needs to be mod-
ified so as to take the minimum of y(s) over the boundary points
of both deforming objects. After the deforming objects merge,
the minimum of y(s) is taken over the boundary of the single
merged object. The rest of the steps are conceptually similar
to those shown in (28)–(31). We omit the detailed proof due to
space constraints.
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Algorithm A2 LetL1 andL2 Represent the Circumferences
of B1 and B2 , at time t. At Time t:

a) Use sensor information to determine L1 , L2 , VB (s1),
β(s1), θ(s1), r(s1) for s1 ∈ [0, L1 ], and also VB (s2),
β(s2), θ(s2), r(s2) for s2 ∈ [0, L2 ].

b) Use the above to compute Vr (s1), Vθ (s1), and y(s1), for
s1 ∈ [0, L1 ], and Vr (s2), Vθ (s2), y(s2), for s2 ∈ [0, L2 ]
using (3), (4) and (25).

c) Find the set S1 ⊂ [0, L1 ], for which Vr (s1) < 0 for
s1 ∈ S1 , and S2 ⊂ [0, L2 ], for which Vr (s2) < 0
for s2 ∈ S2 .

d) Determine value of s1 ∈ S1 , at which minimum y(s1)
occurs, and s2 ∈ S2 , at which minimum y(s2) occurs.
From these, determine ymin ≡ min(y(s1), y(s2)). If
ymin < 0, apply acceleration (31), else, continue with
original velocity.

e) Update time to t+ Δt. If B1 and B2 are still disjoint, go
to (a). If B1 and B2 have merged, go to (a) of A1.

VI. COLLISION BETWEEN AN ARBITRARILY SHAPED OBJECT

AND A DEFORMING OBJECT

A. Collision Conditions

First, consider an engagement between a point object and
an arbitrarily shaped object (which is non-deforming). We can
construct a pair of lines that emanate from the point and are
tangents to the arbitrarily shaped object. In general, there can be
multiple such tangents. We consider the specific pair of tangents
that subtend the largest angle at the point object. As shown in
[7], we can define a collision cone function y between the point
and the arbitrarily shaped object as:

y = V 2
θ /[V

2
θ + V 2

r ] − sin2(ψ/2) (32)

where, ψ is the angle subtended by the above pair of tangents
at the point object, and Vr , Vθ represent the relative velocity
components of the line which is the angular bisector of the
sector formed by the pair of tangents.

Lemma 7: Consider an engagement between a point object
and an arbitrarily shaped object, where both objects move with
constant velocities. Then, if the engagement is such that ψ < π,
the conditions y < 0, Vr < 0 are both necessary and sufficient
for a collision to occur between the objects.

Proof: See [7].
We now use the above result to define the collision cone be-

tween an arbitrarily shaped object A (which is non-deforming)
and a deforming object B. The engagement is shown in Fig.
6. From each point B(s) on the boundary of B, construct tan-
gents to A, and consider the pair of tangents that subtend the
largest angle at B(s). For instance, in Fig. 6, the tangents to A
emanating from C1 are the lines C1PC 1 and C1QC 1 and the
angle between these tangents is ψ(s1). Similarly, the tangents
to A emanating from C3 are C3PC 3 and C3QC 3 , and the angle
between them is ψ(s3). We can thus define a function ψ(s).

The quantities Vr (s1) and Vθ (s1) represent the relative veloc-
ity components of the angular bisector of the sectorPC 1C1QC 1 .
Similarly,Vr (s3) andVθ (s3) represent the relative velocity com-
ponents of the angular bisector of the sector PC 3C3QC 3 . In this
way, we can define functions Vθ (s) and Vr (s). Eventually, we

Fig. 6. Engagement between arbitrary object A and deforming object B .

can use the functions ψ(s), Vθ (s) and Vr (s) to define a function
y(s) as follows:

y(s) = Vθ (s)2/[Vθ (s)2 + Vr (s)2 ] − sin2[ψ(s)/2] (33)

Using the above definitions of y(s) and Vr (s), we can state the
following Lemma:

Lemma 8: LetA be an arbitrarily shaped object moving with
a constant velocity �VA and B be a deforming object whose
boundary B(s) is moving with velocity �VB (s), where �VB (s) is
constant in time, for each s. Furthermore, assume the engage-
ment is such thatψ(s) < π,∀s ∈ [0, L]. Then,A is on a collision
course with B(s) if and only if there exist some s ∈ [0, L] that
satisfy y(s) < 0 and Vr (s) < 0.

Proof: If y(s) < 0 and Vr (s) < 0 for some ŝ ∈ [0, L], then
the arbitrarily shaped object A is on a collision course with
the point(s) ŝ on the deforming object B(s). The converse is
similarly true. The proof then follows.

The collision cone between A and B(s) is defined as in (26),
where y(s) is as defined in (33) and Vr (s) is defined as discussed
above.

B. Guidance Laws for Collision Avoidance

An avoidance acceleration for A is one that drives the min-
imum value of y(s) to zero. By defining a Lyapunov function
as given in (27), with y(s) defined as in (33), and performing
a series of steps similar to (30), we can obtain a guidance law
for collision avoidance between the arbitrary object A and the
deforming object B(s) as follows:

aA =
[
−Ky(s)(Vr (s)2 + Vθ (s)2)2

+ 2(Vr (s)2 + Vθ (s)2)Vθ (s)2cosec2(ψ(s)/2)

(Vr (s)θ̇(s)/Vθ (s) + cot(ψ(s)/2)(ψ̇(s)/2)
]
/

[
2Vr (s)Vθ (s)cosec2(ψ(s)/2)(−Vr (s) sin(δ − θ(s))

+ Vθ (s) cos(δ − θ(s)))
]

(34)
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Fig. 7. Spatial trajectories of object A and oil spill B .

Fig. 8. Velocity distribution of B(s) at several instants in time.

The above acceleration will ensure that m[y(s)] is driven to
zero, and this will cause A to graze B at its periphery.

In the case when B is accelerating, substituting (34) in (28)
(evaluated along (11), (12), (21), (22)) leads to (23), and a
similar condition on the gainK (as made in the previous section
discussing the engagement of Fig. 5) will ensure that A avoids
B. The algorithm to implement the collision avoidance laws
for the scenario of Fig. 6 would be similar to that shown in
Section V for Fig. 5, with the following changes for A1: In step
(a), in lieu of r(s), compute ψ(s), using available algorithms to
compute the conical hull of an object, such as [21], for example.
In step (b), compute y(s) using (33). In step (d), compute the
acceleration using (34). The counterpart of the A2 algorithm in
Section V can be written similarly.

VII. SIMULATIONS

We present simulations that demonstrate the working of the
guidance laws developed above. We consider an engagement be-
tween an arbitrarily shaped object A and a deforming object B.
A is taken to be an oval shape (it may represent an autonomous
boat on an ocean), while B represents the boundary of an oil
spill whose shape is changing with time. The points s1 , s2 , . . .
on the boundary of B(s) are moving with distinct velocities
VB (s1), VB (s2), . . .. The speed distribution VB (s) and heading
angle distribution β(s) are given in Fig. 8. The influence of this
speed distribution is that B follows a translation and deforma-
tion trajectory as shown in Fig. 7, from which it is evident that
the deformations cause the length L of B(s) to increase with
time. Accordingly, the domain of the horizontal axis in Fig. 8
is small at t = 0, and then becomes progressively larger with
time.

Fig. 9. Relative velocity functions Vr (s) and Vθ (s) at several times.

Fig. 10. Angle function ψ(s) at several instants in time.

Fig. 11. Collision cone function y(s) at several instants in time.

A moves with a constant speed of 5 m/sec, and its initial
heading angle is 450 , which lies inside the collision cone. If
A continues to move with its initial velocity vector, it would
collide with B. Using the guidance law (34), A is able to drive
its velocity vector out of the collision cone and avert collision,
as evident from Fig. 7, where it is seen thatA grazes the circum-
ference of the oil spill B at t = 1.49 sec. The relative velocity
functions Vθ (s) and Vr (s) are shown in Fig. 9, as time snapshots
at several instants in time. The angle function ψ(s) is shown at
the same times in Fig. 10. Using Vθ (s), Vr (s) and ψ(s), the
resulting y(s) is shown in Fig. 11. From Fig. 11, at t = 0, the
y(s) function is negative for some s, and Vr (s) is negative for
almost all s (Fig. 9). Under the influence of the guidance laws,
the function y(s) is driven to be non-negative for all s. Fig. 12
shows the acceleration profile. This acceleration was applied
normal to the velocity vector of A, and therefore changed the
heading angle of A with no change in speed. The change in the
heading angle of A is also shown in Fig. 12.

In a second example, Fig. 13 shows how the guidance laws can
ensure that the autonomous boat successfully avoids collision
with two oil spills, as they merge. In a third example, consider
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Fig. 12. Applied acceleration and heading angle of object A.

Fig. 13. Spatial trajectories of object A and two merging oil spills.

Fig. 14. Spatial trajectories of object A and shape-changing swarm B .

the object A navigating an environment containing a swarm
of vehicles, moving in a non-rigid formation. The boundary
of the swarm B changes with time as shown in Fig. 14. The
initial conditions are such that A is on a collision course with
B. Using the guidance laws developed, A avoids colliding with
B and at time t = 2.4 sec, A grazes the boundary B as seen
in Fig. 14.

VIII. CONCLUSIONS

The problem of collision avoidance with deformable ob-
jects is considered. Examples of objects that have the ability
to deform include snake robots, boundaries of oil spills and
boundaries of vehicle swarms. We develop the notion of a col-
lision cone associated with such deformable objects. We first
develop the collision cone between a point object and a de-
formable object, and subsequently extend it to the case of an
engagement between a circular object and a deforming object.
We finally demonstrate the collision cone between an arbitrar-
ily shaped object and a deforming object. For each of these
cases, the collision cone functions are embedded in a Lyapunov

framework, which is used to develop analytical expressions of
nonlinear guidance laws to enable collision avoidance. Simu-
lations are presented to validate the theory. Treatment of sce-
narios that involve the presence of discontinuities at the bound-
aries of deforming objects is a promising avenue for further
work.
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