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a b s t r a c t
Detection and tracking of the P- and T-waves are important issues in the analysis and interpretation of the
ECG signals. This paper addresses the problem by using two mixture Gaussian function and the Dynamic
programming. A key feature of the proposed algorithm is that it allows to incorporate the prior knowledge
about the P/T wave location variations and robustness to errors in QRS detection. The proposed algorithm
is evaluated on the annotated QT-database and compared against the algorithms based on differential
evolution optimization strategy (DEOS) and generating blocks of interest (GBI). The experiments show
that the proposed method determines the P- and T-peak locations with a root mean square error of 0.085 s
and 0.091 s respectively. Both these values are better than the corresponding values from DEOS and GBI.
Similarly, the proposed algorithm achieves a sensitivity of 96.13% and predictivity of 97.70%. While the
predictivity is higher than both DEOS and GBI, the sensitivity is on par with GBOI and higher than that of
DEOS.
© 2019 Elsevier Ltd. All rights reserved.

1. Introduction
The analysis of electrocardiograms (ECGs) is used for diagnosing
cardiac diseases. Most of the clinically useful information in ECGs
can be obtained from the intervals, amplitudes and the shape of
the ECG waveforms [1]. The development of accurate and robust
methods for automatically extracting such waveform characteristics from ECG is a subject of major importance, especially for the
analysis of long recordings [2].
The ECG captures the electrical activity on the skin as a result
of the polarization and depolarization of the heart [3]. Normally
this electrical activity is quasi periodic. Each period can be divided
into four kinds of regions: P-wave, QRS-wave, T-wave and U-wave,
where P-wave represents the atria depolarization, QRS-wave represents ventricles depolarization and T-wave represents ventricles
repolarization [3]. U-wave typically has very low amplitude. The
process of detecting the QRS wave is called QRS detection and the
process of locating the P/T-wave start, end and peak points is called
P/T-wave delineation.
Each cycle of ECG signal is composed of two parts. namely, QRS
complexes and non-QRS regions as shown in Fig. 1. A QRS complex
consists of Q, R, S waves. A non-QRS regions appears between two
consecutive QRS complexes. Fig. 1 shows these two parts for three
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consecutive cycles of an illustrative ECG waveform. Qi , Ri , Si denote
the time locations of the Q, R, S waves in the ith QRS complex.
Typically the ﬁrst step in an ECG signal analysis is the QRS detection
followed by the P/T-wave delineation using the detected QRS wave.
A QRS peak has high amplitude and is relatively easy to detect even
in the noisy ECG signals compared to the P/T-waves. In this paper,
we address the problem of locating the P/T-waves given the QRSlocations.
There are several P/T-wave delineation approaches in the literature [4]. The algorithms for P/T-wave delineation can be grouped
into ﬁve categories. The ﬁrst class of algorithms is based on adaptive
ﬁltering techniques proposed by Laguna et al. [5] and Takor et al.
[4]. These algorithms perform bandpass ﬁltering of the ECG signal and use thresholds to detect the P/T-waves locations. Strumillo
et al. [6] proposed to use median ﬁltering with different window
sizes and the dominant peaks in the signal are preserved at all window sizes. Finally, based on the amplitudes of the peaks, the P/T
waves are detected. Murthy et al. [7] proposed to ﬁlter the signal
into different sub bands and use only few sub band signals to get
the locations of the P/T-waves. But these algorithms are very sensitive to the thresholds used and there is no method to differentiate
between the P/T/U-waves [8]. However, Elgendi et al. [9] have proposed an approach which performs bandpass ﬁltering of the ECG
signal followed by the usage of two moving average ﬁlters to delineate the P and T waves which, is less sensitive to thresholds and
can distinguish between P/T/U-waves.

A. Rao MV et al. / Biomedical Signal Processing and Control 51 (2019) 328–337

329

Fig. 1. Three consecutive cycles of a sample ECG. Ri , Qi , Si indicate the time locations of the peaks of the R-wave, onset of the Q-wave and end of the S-wave respectively in
the ith ECG cycle. The P, T and U-waves within each non-QRS region are color coded.

The second class of methods decomposes the ECG signal into
different basis functions and uses the basis weights to determine
the locations of the P- and T-waves. Murthy et al. [10] observed
that a two pole and two zero model can represent the discrete
cosine transform (DCT) of a bell shaped bi-phasic function. The QRS,
P/T-waves can be a single bell curve or biphasic and each wave is
represented by a two pole and two zero model. The location of a
P/T-wave is estimated by the pole and zero locations. Li et al. [8]
and Martínez et al. [11,12] decomposed the ECG signal into different scales using the wavelet transform (WT) and the location of the
P/T-wave is estimated by applying a threshold on the transformed
signal at different scales. These algorithms are very sensitive to the
model order selection when either P- or T-wave is absent [13]. The
third class of approaches directly classiﬁes the wave shapes or the
features from the ECG signal using classiﬁcation and pattern recognition methods, such as fuzzy theory [14], artiﬁcial neural networks
[15], pattern grammars [16], and hidden Markov models [17]. There
are several other delineation strategies including length transformation [18], uniform thresholding [19], approximating function
theory [20], and characterization of TU complexes [13].
The fourth class of algorithms is based on the concept of ﬁtting a model to the ECG waveform and extracting parameters from
the model to determine waveform onsets and offsets. Clifford et al.
[21] proposed a method to ﬁt ﬁve mixture Gaussian function (GF) to
the ECG signal whose parameters were estimated using nonlinear
gradient descent. The mean parameters of the mixtures were used
to identify the P/T-wave locations. Sayadi et al. [22,23] proposed
to estimate these parameters using Kalman ﬁlters to exploit the
dependency of parameters in the neighboring cycles. This results
in a non-convex optimization problem, which is sensitive to the initial condition. Panigrahy et al. [24] proposed an approach involving
template extraction followed by differential evolution for getting
optimized parameters. This however, is a very computationally
expensive approach. It should be noted that these approaches do
not exploit any prior knowledge about the ECG signal which could
potentially improve the P/T-wave localization.
The ﬁfth class of algorithms includes non-parametric Bayesian
methods proposed by Lin et al. [25,26]. This method assumes that
the ECG wave is generated by ﬁltering the impulses using an FIR
ﬁlter. The impulse locations indicate the peaks of the P/T-waves.
They also impose prior distributions on the locations of P/T-waves,
for example on the distance between the consecutive P/T-waves.
Prior information also includes assumptions that the P/T-waves
are present in the ﬁrst and second halves of an ECG cycle and
the impulse response of the ﬁlter remains constant for few consecutive cycles. These prior distributions are combined with the

likelihood of the observed data to obtain the posterior distribution
of the unknown parameters. As there is no closed form solution for
the parameter values which maximize the posterior distribution,
authors use different variants of the Gibbs sampling method to get
the samples of parameters given the ECG signal and the average of
the samples is computed to get the locations of P/T-waves. It should
be noted that there is no rule to detect the end and beginning of a
P/T-wave. All of the above methods use some features of the wave
such as low slope and low magnitude to detect the end and beginning of the P/T-wave [25]. In addition to the estimation of the wave
peaks and limits (begin and end), an accurate waveform estimation
is relevant for some medical diagnoses (such as T-wave alternans
(TWA) detection [28]) or pathology analysis (such as arrhythmia
detection [27]).
In this paper we propose a new algorithm that uses mixture
Gaussian and dynamic programming for the P/T-wave delineation.
Our formulation also allows easy inclusion of the prior information resulting in a tractable optimization problem. We assume that
the shapes of both P- and T-waves follow Gaussian function. Thus,
the non-QRS region is assumed to follow a two mixture Gaussian
function (GF). We use a goodness of ﬁt of the GF as a likelihood of
occurrence of the P/T-waves and we also impose prior knowledge
about the characteristics of ECG signal to achieve accurate delineation. Several model based approaches [21,23] for delineation use
GF to model ECG waveform resulting in a non-convex optimization problem with many unknown parameters proportionate to
the number of mixtures. Incorporating prior information in such
cases makes the optimization even more challenging. Although we
propose to use Gaussian mixture, we do not directly ﬁt it to the
ECG waveform. In particular, we use a two mixture GF reducing
the number of unknown parameters in the optimization. We propose two kinds of prior on the locations of P/T-waves: The ﬁrst
prior is related to the smoothness of P/T-waves locations from
cycle to cycle. We assume that the periodicity of the ECG signal
does not change drastically from cycle to cycle and hence, the
locations of P/T-waves in the neighboring cycles are correlated.
Further, instead of assuming the occurrence of P/T-waves in two
halves of an ECG cycle, we impose a soft prior on the P/T-wave
locations, such that they are more likely to appear close to the
R-peak. This makes the proposed algorithm robust to errors in
R-peak location which, in turn, makes the tracking of P- and Twaves accurate even in the presence of dominant U-wave. Using
the likelihood and the prior, a score function is constructed to
ﬁnd the optimal locations of the P/T-waves. We optimize the score
function using dynamic programming. This method is referred as
MGDP.
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Fig. 2. Block diagram of the proposed P/T-wave delineation.

2. Proposed approach
The proposed P/T-wave delineation is performed in two main
stages – (1) the ﬁrst stage is a pre-processing step which removes
the high frequency noise and motion artifacts and performs QRS
detection, (2) the second stage locates the P/T waves using the
mixture GF and dynamic programming. The block diagram summarizing these two stages is shown in Fig. 2. The details of each
stage are explained below.
2.1. Preprocessing
As shown in Fig. 2, in the preprocessing step of the proposed
P/T-wave delineation, we ﬁrst detect QRS complexes and remove
the baseline drift that occurs due to motion of electrodes or other
low frequency noise. The linear ﬁltering, removal of baseline drift
and QRS detection are common preprocessing blocks in a P/T-wave
delineation algorithm. The re-sampling of the non-QRS regions,
normalization and smoothing are required for the proposed algorithm. Each block is brieﬂy described below.
• Linear ﬁltering: The ECG signal is ﬁltered through a linear phase
low pass ﬁlter. This is commonly used to remove the high frequency noise that can affect the QRS detection [29,30].
• Removal of baseline drift: Baseline drift causes inaccurate waveform estimation in the proposed algorithm. For this reason, we
employ the method proposed by Chouhan et al. [30] to remove
the baseline drift in each non-QRS region. This method ﬁrst subtracts the median value of the signal from each sample followed
by ﬁtting a fourth degree polynomial to the whole signal using
least square and subtracting it from the whole signal. The median
value within each non-QRS region is corrected to get the baseline removed ECG signal. The resulting ECG signal is denoted by
ECG[n], where n denotes the sample index.
• QRS detection: QRS complexes are detected using the algorithm
proposed by Pan et al. [29]. The ECG signal is passed though
a bandpass ﬁlter to attenuate the noise. The resulting signal is
passed though a differentiator followed by squaring and a moving window integration. The moving window integrator produces
a signal with high value at R-peak because of its high slope and
the value decays down from R-peak to Q-peak and S-peak that
gives the locations of S-peak and Q-peak.1
• Re-sampling and normalization: The P- and T-waves appear in
the non-QRS region. So we consider only the samples in the
ith non-QRS region given by ECG[n], Si−1 ≤ n ≤ Qi (as shown
in Fig. 1). The number of samples in each non-QRS region is

1
We experimented with other QRS detection algorithms [31,32] with no signiﬁcant improvement over the one used.

different and the number of samples in ith non-QRS region is
denoted by NRR (i). But the proposed algorithm requires all nonQRS segments to have the same length L. Hence we re-sample
ith non-QRS region to a constant number (L) of samples using
the linear interpolation [33], which results in zi [n] for ith nonQRS region. We normalize samples in each non-QRS region by the
amplitude of the R-peak that occurs before the non-QRS region to
zi [n]
get Zi [n] =
. Following this, Zi sequences for all non-QRS
i−1
ECG[

R

]

regions are stacked together to form a L × N dimensional matrix
ZN = [Z1 , Z2 , . . ., ZN ], where N denotes the number of non-QRS
regions in a given ECG signal.
• Smoothing and peak/valley picking: The proposed method
requires a set of candidate locations for the P/T-waves. As P/Twaves occur only in non-QRS region, all samples in a non-QRS
region can be given as the candidate locations for P/T-waves.
But this increases the computational complexity of the proposed
algorithm. We hypothesize that the actual P/T-waves are located
at one of the local peaks or valleys in a non-QRS region. Hence,
to reduce the computational complexity, the peaks and valleys
in smoother version of ECG is provided as the possible candidate
locations for the P/T-waves. The proposed approach needs the
peaks of the original signal to be persevered after smoothing and
hence, we use SGolay ﬁlter [34] of order 2 with a frame length of
101. The ith smoothed non-QRS region is denoted by ZiS [n]. Following this, the local minima and maxima of the resampled and
smoothed ECG signal are found. The set of locations of valleys and
peaks at ith non-QRS region is given to the proposed algorithm
as the set of possible candidate locations for P/T-waves. This set
is denoted by Ki .
2.2. Proposed P and T peak tracking
Following pre-processing, the task of P/T-wave delineation
becomes selecting the locations of P/T-waves in the ith non-QRS
region from the set Ki . We hypothesize that the P- and T-waves
together in a non-QRS region follow a two mixtures GF with
unknown means, variances and mixture proportions, Such a GF
based approximation shown to be good in the work by Clifford et al.
[21]. We use the inverse of the cost of ﬁtting a two mixture GF as the
likelihood of P/T-waves present at a given pair of locations when
these locations are used as the means of two mixtures. We use
two types of the prior information about the locations of the P/Tpeaks. The ﬁrst prior uses the fact that the location of the peak of
P-wave in ith cycle is close to Ri and that of T-wave is close to Ri−1 .
The second prior assumes that the waveform shape of a non-QRS
region doesn’t change drastically from one cycle to the next, which,
in turn, provides a smoothness constraint on the change in relative
position of the P/T-peaks from one cycle to the next. From the likelihood and the prior probabilities, we construct a score function to be
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maximized to ﬁnd the optimal locations of the P/T-peaks. This maximization is performed efﬁciently using the dynamic programming
technique.
2.2.1. Model ﬁtting cost
Suppose it is given that the P/T-peaks are located at pth and qth
samples of the ith non-QRS region (p, q ∈ Ki ). We ﬁt a two mixture
GF as shown below.
G(n, p, q) = ˛1 N(n; p, 1 ) + ˛2 N(n; q, 2 ),

1 ≤ n ≤ L,

(1)

where
2

(x−)
1
−
N(x; , ) = √
e 2 2 ,
2
2

 1 and  2 are the variances of two mixtures. ˛1 and ˛2 are the
respective weights of the mixtures. The parameters  = { 1 ,  2 , ˛1 ,
˛2 } are obtained using gradient descent given the samples of Zi [n],
1 ≤ n ≤ L. Given the mixture GF mean locations p and q, the update
equations2 for  i , ˛i , i = 1, 2 are given in Appendix A.
To quantify the likelihood of locations of the P/T-wave at p and
q in the ith non-QRS region, we use the inverse of goodness of ﬁt of
the mixture GF as follows:



Li [p, q] =

L



Zi [n] − G (n, p, q)

2

Fig. 3. Exemplary ECG cycles (sel48) highlighting the fact that the peak of a T-wave
may not always be in the ﬁrst half of a non-QRS region. The black dashed vertical
lines indicate the mid point of the non-QRS regions.

−1

,

p, q ∈ Ki .

(2)

n=1

We normalize this pseudolikelihood for all combinations of
locations (Ki ) to get the pseudoprobability mass function over variables p and q as follows:
LiN [p, q] =



Li [p, q]

L [p, q]
p,q ∈ Ki i

.

(3)

This allows us to combine this pseudoprobability mass function
with the prior distribution on the locations of P/T-peaks as discussed in the following subsections.
2.2.2. Priors
The likelihood function obtained above (Eq. (3)) may not be sufﬁcient to locate the P/T-peaks accurately because of the noise in
the data and non-convexity of the MGF ﬁtting. Hence we use two
kinds of priors about the P/T-peaks in the ECG signals. Each of these
priors is explained below.
a. The location of P-wave is typically close to the beginning of the
Q wave and, similarly, T-wave is close to the end of S-wave. Due
to such common patterns in the locations of P/T-waves, Lin et al.
[25], for example, constrained the search region of P and T waves
to be the ﬁrst and last halves of a non-QRS region. This constraint may not be valid in all non-QRS segments as shown in a
few illustrative ECG cycles in Fig. 3. Hence, in place of using a
hard constraint, we use a soft prior on the locations of P/T-peaks
by exploiting the statistical nature of their occurrences within a
non-QRS region. We assume that the location of the T peak follows a ˇ-probability density function (PDF), MT [n]. Similarly, the
PDF for the P peak location is denoted by MP [n] as follows:
MT [n] =

n
n ˇ1 −1
L (1 − L )

B(2, ˇ1 )

(4)

2
Note that this optimization is different from the case where means of the Gaussian are included in the optimization variables along with variances and mixture
weights which makes the objective function non convex and sensitive to the initial
condition as suggested by Clifford et al. [21].

Fig. 4. Beta prior for peak location of P- and T-waves for ˇ1 = 150 and ˇ2 = 50.

n
MP [n] =

L

ˇ2 −1

(1 −

B(ˇ2 , 2)

n
L)

(5)

where 0 ≤ n ≤ L, B(a, b) is the beta function [35]. ˇ1 , ˇ2 are
the parameters of the prior distributions. Exemplary MT [n] and
MP [n] representing (ˇ1 = 150 and ˇ2 = 50) the prior distribution
of the locations of P/T-peaks in a normalized non-QRS region are
shown in Fig. 4.
The ˇ prior also makes the proposed method for P/T-wave
delineation robust to the occurrence of the U-wave and the error
in the estimate of the location of R peak. U-wave primarily occurs
in the middle of a non-QRS segment between P- and T-waves. It
could be dominant compared to each of P- and T-waves. While
the goodness of ﬁt of the two mixture GF could be erroneously
high at the location of the U-wave, the location of the U-wave
would have a low weight ˇ-prior, because it is in the middle of
the non-QRS region. This will reduce the chance of erroneously
picking the U-waves in P/T-wave delineation. Similarly, if the
location of the R peak is estimated wrongly, the actual R peak
could appear in the very beginning or end part of a non-QRS
region and the goodness of the ﬁt could be high because of its
high amplitude. However, the ˇ prior helps in avoiding such erroneous R peaks since the ˇ PDF has very small value when n is
close to zero or L.
b. It is known that the heart rate and also the locations of P/T-peaks
do not change drastically from one cycle to the next [2]. We
assume that better estimates of the P/T-peaks could be obtained
by incorporating this smoothness in the peak locations across
cycles. We quantify this smoothness constraint by deﬁning a cost
corresponding to the change in the relative positions of the P/Tpeaks in the consecutive non-QRS regions. Suppose the locations
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of the P/T-peaks are (p, q) and (p , q ) in two consecutive non-QRS
regions. Then the cost due to the smoothness is given by
Msmooth (p, q, p, q) =

−
1
e
1 2 2

(p−p)2
2 2
1

−

(q−q)2
2 2
2

,

(6)

Table 1
The P/T-waves detection criteria.
Class
P is present

Condition
|˛2 |
≥ WP
|˛ |+|˛ |
1

2

|˛1 |
|˛1 |+|˛2 |

T is present

≥ WT

where the  1 and  2 are the hyper parameters which control
the smoothness of the P/T-peaks. It is clear that the cost Msmooth
is high when there is small change in the P/T-peak locations in
neighboring cycles maximizing which, in turn, encourages slow
change of the P/T-peaks locations across ECG cycles.
2.2.3. Objective function
In the above subsections we discussed about the likelihood of
P/T-peak locations, the priors on the locations of the P/T-peaks
and the smoothness cost of P/T-peak locations in the consecutive non-QRS regions. Let Nc be the number of non-QRS regions in
ECG[n]. For a given P/T-peak location at xj , yj ∈ Kj in the jth nonQRS region and xj−1 , yj−1 ∈ Kj−1 in the (j − 1)th non-QRS region, we
deﬁne two kinds of costs for jth non-QRS region namely – within
non-QRS region cost Cw (xj , yj ) and across non-QRS regions cost
Ca (xj , yj , xj−1 , yj−1 ) as follows
Cw (xj , yj ) = LjN (xj , yj )MT (xj )MP (yj ),
Ca (xj , yj , xj−1 , yj−1 ) =

1 ≤ j ≤ Nc

(7)

1

j=1

Msmooth (xj , yj , xj−1 , yj−1 )

1 < j ≤ Nc

(8)

 The total cost giventhe set of locations in each non-QRS region

(xm , ym ) : 1 ≤ m ≤ Nc is deﬁned as the sum of the cost at Nc nonQRS regions as follows:





Ctot ( (xm , ym ) : 1 ≤ m ≤ Nc )
=

Nc


Cw (xm , ym )Ca (xm , ym , xm−1 , ym−1 )

(9)

m=1

The objective is to ﬁnd the optimal set of indices’s

∗
∗

(xm , ym ) : 1 ≤ m ≤ Nc at each non-QRS region to maximize
the total cost. The number of possible candidates for the P/T-peak
locations can be further reduced by imposing the minimum
distance constraint on the P/T-peaks (ym − xm ≥ dP,T ) similar to
[26]. Where dP,T denotes the minimum distance threshold found
using the validation data.
∗
∗
{(xm
, ym
) : 1 ≤ i ≤ Nc } =

arg max
{xm , ym ∈ Km



Ctot ( (xm , ym ) : 1 ≤ m ≤ Nc



).

(10)

(ym − xm ) ≥ dP,T :
1 ≤ m ≤ Nc }

2.2.4. Dynamic programming
The solution to the objective function in Eq. (10) can be found
by searching over all combinations of (xm , ym ) ∈ Km that results
Nc
|Ki |2 number of evaluation of the objective function. Howin i=1
ever, the overall cost in the objective function in Eq. (10) is the sum
of local costs which depend on the P/T-peak locations in two successive non-QRS regions. We exploit this nature of the cost in the
objective function and solve the optimization using dynamic programming, whose steps are shown in Algorithm 1. The output of
∗ , y∗ ) contains the locations of both P and T peaks
the algorithm (xm
m
in the mth non-QRS region which maximize the cost shown in Eq.
(10).
2.2.5. P and T wave detection
The proposed algorithm estimates the best possible location of
P-wave, irrespective of whether P-wave is present or absent in a
given non-QRS region. It is observed that, in the absence of P-wave,

Fig. 5. A smooth P- or T-wave (blue curve) and its derivative (green curve) are
shown. The zero crossings of the derivative are considered as the onset and end
locations of the wave.

the location estimated by the algorithm is closer to the Q-wave due
to high ˇ-prior, but the corresponding value of the ˛2 is small. In the
case of the T-wave, we observe similar trend. Hence, we develop
criteria based on these observations to determine whether the Pand T- wave are present or not. We develop these criteria based on
∗ , y∗ ), ˛ and ˛ values of the mixture GF at (x∗ , y∗ ) septhe (xm
1
2
m
m
m
arately for P- and T- waves. The criteria are given in Table 1. The
criteria considers the presence of P- and T- waves when the normalized values of ˛2 and ˛1 are greater than a pre-deﬁned thresholds
WP and WT respectively.
2.2.6. P and T wave delineation
Once we obtain the P/T-peaks, we propose a delineation criterion based on the preprocessed waveform, since there is no
universal rule to locate the onsets and ends of P/T-waves. We compute an approximate derivative of the smooth signal ZiS [n] using
Z S [m+1]−Z S [m−1]

i
, Ts is the sampling period) and
central difference ( i
2∗Ts
ﬁnd the locations where the derivative crosses zero around the
locations of P/T-peaks. The location that is before the T-peak and
that is closest to the R-peak is considered as the T-onset. The location that is after the T-peak is considered as T-end. Similarly, the
P-onset and P-end are also obtained. This is illustrated in Fig. 5 for
a synthetic wave.

2.2.7. Relative position to absolute position
The locations of P/T-peaks obtained by the dynamic program∗ , y∗ ) correspond to the locations on the re-sampled
ming (xm
m
version of the non-QRS region. The locations are converted to their
absolute values using the corresponding length of the non-QRS
region (NRR (m)) as given below.
Tm = Sm−1 + 

∗ × N (m)
xm
RR
L

Pm = Sm−1 + 

∗ × N (m)
ym
RR
,
L

where  . indicates the nearest integer operation. Tm and Pm are
used as the estimated P/T-peak locations. Similarly, the onsets and
offsets of the P- and T-waves are also converted to their absolute
locations.
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Fig. 6. Illustration of the P/T-delineation using MGDP. (a) ECG signal for sele0136. (b) Zoomed version of (a) to show the non-stationarity of ECG and the black vertical lines
indicate the cardiologist annotation. (c) Resampled and normalized non-QRS regions ZN with the estimated location of the peaks shown by the black lines.

Algorithm 1.
ming

Steps for solving Eq. (10) using dynamic program-

Initialization:
Nc = Numberofnon − QRSregions
O1 (x, y) = Cw (x, y)∀(x, y) ∈ K1 (using Eq. (7))
for each non-QRS region of ECG l from 2 to Nc do
∀x, y ∈ Kl and (y − x)
 ≥ dP,T , do
Ol (x, y) = min(a,b) ∈ Kl−1

kl (x, y) = arg min





Ol−1 (a, b) + Cw (x, y)Ca (x, y, a, b)

(a,b) ∈ Kl−1

end for
∗
Back tracking: (xN∗ , yN
) = arg min
c



Ol−1 (a, b) + Cw (x, y)Ca (x, y, a, b)

c





ONc (a, b)

(a,b) ∈ KNc

for each non-QRS region l from Nc − 1 to 1 do
∗
∗
, yl+1
)
(xl∗ , yl∗ ) = kl+1 (xl+1
end for

3. Experiments and results
3.1. Database and baseline scheme
We evaluate the ECG delineation algorithm using QTDB
database [36]. This database includes the ECGs from two widely
used databases – MIT-BIH arrhythmia database, the European STT database and several other ECG databases collected at Boston’s
Beth Israel Deaconess Medical Center. The additional recordings

include extremes of cardiac (patho)physiology. It contains a total
of 105 ﬁfteen-minutes excerpts of two channel ECG signals sampled at 250 Hz and a total of 3170 beats (∼30–100 beats within
each subject) was manually annotated by cardiologists, who identiﬁed the beginning, peak and end of the P-wave, beginning and
end of the QRS-complex, the beginning, peak and end of the Twave (if present), and the beginning, peak and end of the U-wave
(if present). It should be noted that the QTDB has no annotated ECG
cycle without a T-wave. We use only the ﬁrst channel of ECG in all
experiments in this work.
We compare the proposed algorithm with recent P/T-wave
delineation methods, namely GBI [9] and DEOS [24]. They are
shown to perform better than several ECG delineation techniques
including those proposed by Sun et al. [37] and Sayadi et al. [23]
respectively.
3.2. Evaluation
We evaluate the two main tasks in ECG delineation – P/T-wave
detection and P/T-waves peak and boundary estimation using the
following measures.
• We evaluate the P/T-wave detection accuracy by calculating the sensitivity Se = TP/(TP + FN) and positive predictivity
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P += TP/(TP + FP), where TP denotes the number of true positive
detections (wave is present and detected), FN stands for the number of false negative detections (wave is present but missed), and
FP stands for the number of false positive detection (wave is not
present but detected).
• We evaluate the P/T-waves peak and boundary estimation accuracy using root mean squared error (RMSE) between the ground
truth location of peak or the boundary (fk ) and the estimated peak
or the boundary location (f̂k ). Following the work by Lin et al.
[26], we also compute the mean (m) and standard deviation (s)
as follows:
1 2
ek
K
K

RMSE =

Fig. 7. Histogram of P-, T- and U-wave location in the normalized non-QRS region.

k=1

1
(ek ),
K
K

m=

1
(ek − m)2
K
K

s=

k=1

k=1

where ek = (fk − f̂k ) and K is the total number of annotated
ground truth locations in the database.
• We evaluate the speed of P/T-wave delineation using relative
computation time (RCT). It provides an indication of the speed
of an algorithm and is computed as follows
RCT (%) = 100

CPU time (s)
durationECG (s)

where CPUtime (s) is the time in seconds taken by an algorithm
and DurationECG (s) is the duration of the ECG signal in seconds.
3.3. Experimental setup
1 Preprocessing: The ECG signal is ﬁltered using a linear phase
FIR ﬁlter to remove high frequency noise. The base line drift is
removed using [30] and the QRS-waves are detected using the
method outlined in [29]. The heart rate can go as low as 40 BPM.
Thus, length of a non-QRS region can go as high as 375 samples. Hence, we decide to choose L > 375. Each non-QRS region
is resampled to the length L = 1000. Each resampled non-QRS
region is smoothed using SGolay ﬁlter of length 101 and order 2. A
total of ten valleys and ten peaks (corresponding to the ten highest absolute amplitudes) are computed from every smoothed
non-QRS region.
2 MGDP: The histograms of the ground truth locations of the P/Tpeaks and U-wave in a normalized non-QRS regions are shown
in Fig. 7. This shows that the beta prior for the P/T-peak location
in a normalized non-QRS region could be a good ﬁt. It also shows
that the location variability for the T-peak is more than that of
the P-peak. The U-wave appears to closer to the T-peak than the
P-peak. The hyper parameters of the models are tuned using a validation set, 10% random subset of the annotated data, which is not
used in the evaluation. The hyper parameters dP,T = 150, ˇ1 = 220,
ˇ2 = 110,  1 = 80 and  2 = 80 are found by minimizing the average
RMSE error in the detected P/T-peak location. WP = 0.1 is used to
maximize the P-wave detection accuracy.3
3.3.1. One typical example
For illustration, the P/T-wave delineation is performed by applying the proposed MGDP method on the dataset “sele0136” of QTDB,

a portion of which is shown in Fig. 6(a) and (b). This example has
been chosen because signals from this data set contain sudden
rhythm changes with obvious amplitude variations as shown in
Fig. 6(b). From the ﬁgure it is clear that the wave peaks are detected
accurately using MGDP in spite of sudden beat change. Fig. 6(c)
shows the re-sampled and normalized matrix (ZN ) corresponding
to the ECG signal. From Fig. 6(b), it is interesting to note that the
P-waves are correctly detected even though their strength reduces
signiﬁcantly after ﬁfth non-QRS region. This is mainly due to the
maximization of the proposed score function that ensures smooth
trajectories for the P- as well as T-wave that best ﬁt every non-QRS
region.
3.3.2. P- and T-wave delineation for different wave morphologies
We consider other illustrative examples, where, we evaluate the
proposed algorithm on different wave morphologies that occur due
to different clinical conditions four of which are shown in Fig. 8. It
is clear from the ﬁgure that the MGDP is able to detect the P/Tpeaks accurately in all four cases. For example, an inverted T-wave
is present in the Fig. 8(a), a bi-phasic T-peak is present in Fig. 8(b)
and (c); in spite of these morphological differences, the P/T-peaks
are detected accurately. The P/T-peaks are detected accurately even
in the presence of U-wave in Fig. 8(d)–(f), in spite of it being more
dominant than the P/T-wave. It suggests that the two mixture GF
assumption on the wave shapes is generic and also effective in
detecting the P/T-peaks in case of different wave shapes.
3.3.3. Robustness to RR-peak error – an illustration
Most of the P/T-wave delineation methods [9] including the
MGDP method requires a prior QRS detection. Error in the QRS
detection can cause errors in P/T-wave delineation. To test the
robustness of algorithm to QRS detection errors, we have added
a random ±20 sample noise to the annotated QRS-peak locations
and then detect the P/T-peaks using MGDP. The noisy R-peaks and
the detection results are shown in Fig. 9(a). It is clear from the ﬁgure that the detected P/T-peaks are still accurate with the RR-peak
error. This is because of the ˇ prior which is low for the dominant
peaks that appear near the boundaries of the non-QRS region. Most
of the P/T peaks are detected correctly using MGDP, but the some
of them are biased toward the R-peaks as shown in Fig. 9. The normalized matrix ZN is also shown in 9 (b), where this biasness is
clear near 30th–35th s. It is clear that due to the R-peak detection
errors, the ZN is affected only in the top and bottom rows. However,
the MGDP does not select those high valued parts in the optimal
trajectories for P/T-peaks.
3.4. Results and discussion

3
QTDB has no annotated ECG cycle without a T-wave, and, hence, the WT threshold is not computed.

The P/T-wave detection Se and P+ are shown in Table 2. It should
be noted that the QTDB has no annotated ECG cycle without a T-
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Fig. 8. Illustrative examples of P/T-delineation on ECG using MGDP for different wave morphologies. Black vertical lines indicate the locations from the cardiologist annotation
of P/T-peaks. (a) sel306: Inverted T-wave that occurs due to myocardial ischaemia (b) sele409: biphasic T-wave where the T-wave appears in the middle of the non-QRS
region (c) sel42: biphasic T-wave from a sudden death patient (d–f) sele0126,sel103,sel4172: ECG with U-wave due to hypokalaemia.

Fig. 9. Illustration of the robustness of the MGDP to error in R-peak detection. (a) Detected P/T-peak locations by MGDP when the detected R-peaks are erroneous. (b) The
matrix ZN with the detected P/T-peak locations shown by the dotted red lines.

wave. Hence we compute Se and P+ only for the P-wave. The MGDP
outperforms DEOS and GBI in Se by 0.15% and 0.37% respectively.
The MGDP outperforms DEOS and GBI in P+ by 0.66% and 0.77%

respectively. We observe that MGDP is able to classify the presence
or absence of P/T-peaks in the noisy conditions more accurately
|˛2 |
compared to the baseline schemes. The histograms of the |˛ |+|˛
|
1

2
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Table 2
Comparison of evaluation metrics for different methods in detecting P/T-peaks.
Method

MGDP
DEOS
GBI

RCT (%)

67.18
424.6
24.63

P-peak

T-peak

P+

Se

RMSE

m±s

P+

Se

RMSE

m±s

95.39
94.73
94.60

96.04
95.89
95.67

0.085
0.229
0.088

3.55(13.7)
7.87(15.35)
4.235(14.7)

100
100
100

96.21
94.82
96.92

0.091
0.127
0.231

3.65(10.25)
7.20(14.65)
13.09(25.0)

Fig. 10. Histogram comparison of

|˛2 |
|˛1 |+|˛2 |

for a non-QRS region with and without P-wave.

Fig. 11. Comparison of histogram of the error in estimating P/T-peaks for MGDP, DEOS and GBI. For T-peak the GBI excluded because of its large bias.
Table 3
Comparison of evaluation metrics for different methods in detecting P/T-boundaries.
Method

MGDP
DEOS
GBI

Pon

Pend

Ton

Tend

RMSE

m±s

RMSE

m±s

RMSE

m±s

RMSE

m±s

0.0861
0.2126
0.0976

63.7(30)
158(52.9)
78.9(26.3)

0.0645
0.2200
0.0970

58.4(13.5)
124.1(83.1)
68.2(33)

0.0928
0.1937
0.5949

64.2(29.8)
135.95(69.6)
259.00(119.3)

0.0560
0.1083
0.4249

48.8(38.4)
92(39.6)
179.9(83.3)

value for a non-QRS region with P-wave and without P-wave are
|˛2 |
shown in Fig. 10. It is clear from the ﬁgure that the values of |˛ |+|˛
1
2|
are well separated for these two classes.
The RMSE of estimating the P/T-peaks is also shown in Table 2.
For P-peak, it is clear from the table that MGDP does better than
both GBI and DEOS in terms of RMSE by 0.003 s and 0.1440 s respectively. Fig. 11(a) compares the histogram of error ek for P-peak
using different methods. It can be observed from the ﬁgure that
for MGDP, the error is concentrated more around zero compared
to DEOS. For DEOS, there is signiﬁcant error around -150 ms, we
observe that this happens due to detecting the dominant U-wave
as P-wave. For T-peak, it is clear from the table that MGDP performs better than both GBI and DEOS in terms of RMSE by 0.14 s
and 0.036 s respectively. From Fig. 11(b) it can be observed that

there is a signiﬁcant error around 100 ms for DEOS, this is because
of error in detecting the dominant bi-phasic T-wave. The accuracy of detecting the P/T-wave boundaries is shown in Table 3. It
is clear from the table that the MGDP performs better than both
GBI and DEOS both in terms of RMSE and mean error. It is clear
from the table that there is a large bias in the detection of the
boundaries. We observe that the boundaries are mostly affected
in case of bi-phasic T-wave, Q and S-waves and create a large
bias.
Table 2 shows RCT(%) for different methods. It is clear from the
table that the proposed method is 36% (absolute) more computationally complex than the GBI and less computationally complex
than the DEOS. The RCT(%) of the proposed method is still less than
100% and, hence, it can be used for real time application.
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4. Conclusion
This paper proposes a two mixture GF and dynamic programming based P/T-wave detection and delineation from ECG signal. It
uses a prior about the P- and T-peak locations and uses a smoothness constraint on the location of P/T-waves across neighboring
ECG cycles. We show that the proposed algorithm delineates the
P/T-peaks accurately in different wave morphologies of the ECG signal. The prior on the location helps in detecting the T- and P- peaks
accurately in the presence of U-wave and the RR peak errors. The
proposed method is evaluated on the QTDB database and compared
against the best of the recent algorithms, namely DEOS and GBI. We
show the advantage of the proposed algorithm compared to both
DEOS and GBI, particularly when the T-wave appears in the middle
of a non-QRS region and the U-wave is dominant compared to the
T-wave. The proposed algorithm also improves the P/T-peak detection and the P/T-wave delineation accuracy compared to both DEOS
and GBI. The future work may include U-wave detection by using a
3 mixture GF and three dimensional dynamic programming, joint
detection of PQRSTU-waves and extending the proposed algorithm
to TWA detection using the ˛1 value and the matrix ZN .
Appendix A
A.1 Parameter update equation for two mixture GF
The nonlinear least square problem is given by
E(˛1 , ˛2 , 1 , 2 ; 1 , 2 )

=

L


⎛

2

⎝yi − ˛1 e

(x − )
− i 21
2

1

2

− ˛2 e

(x − )
− i 22
2

2

⎞2
⎠

(11)

i=1

The gradients of the error function E with respect to  k and ˛k
for k=1,2 are given by
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The iterative update equations are given by
˛k+1 = ˛k − ω

dE
d˛k

(13)

k+1 = k − ω

dE
dk

(14)

ω = 1e − 3 is used.
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