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Abstract

Accurate output response computation of RC intercon-
nects under various input excitations is a key issue in deep
submicron delay analysis.In this paper,we present an exact
analysis of output response computation of a distributed RC
interconnect under input signals that are polynomial in time
(tn).A simple,recursive equation that helps us to calculate
the interconnect response under higher order polynomial
inputs in terms of the lower order polynomial responses is
derived.To the best of our knowledge, this is the first exact
output response analysis of RC interconnects under gener-
alized polynomial inputs.

1. Introduction

A major concern in state-of-the-art deep submicron de-
sign is to accurately model and characterize the interconnect
delay.Traditionally Elmore delay[3] is used as a metric for
estimating delay through RC interconnects. However,it is
at best an upper bound on RC interconnect delay.And al-
though researchers have proved Elmore delay to be a bound
on the 50% threshold delay for RC interconnects under in-
put waveforms more general than step[4], it has been re-
ported that Elmore delay can be very different from Spice-
computed 50% delay.In fact depending on the input slew
time and driver resistance,the Elmore delay can be either
greater or less than the Spice-computed delay[5]. This has
prompted researchers to look for more accurate and com-
putationally efficient delay estimates through RC intercon-
nects.
In this paper,we present analytical expressions for output
response of RC interconnects under input waveforms that
are polynomial in time.It is shown that a recursive formula
that helps us to calculate the output response for higher or-
der input polynomial waveforms from the output response

expression for lower order input polynomial waveforms can
be derived.Once we get the output reponse expression ,the
delay at a particular threshold voltage (50% or 90%) can be
obtained easily by numerical or graphical methods.
The paper is organized as follows.In section 2 we present
a survey of the work on RC interconnets.The output re-
sponse computation formulae are presented in section 3.Fi-
nally section 4 concludes with a discussion on the future
scope of the work.

2. RC Interconnect Analysis -A Survey

Broadly, the study of RC interconnects can be divided into
two categories

� Accurate time domain or s-domain analysis of the in-
terconnect structure which yields an analytic expres-
sion of the output voltage waveform.This is the method
we will be concentrating on in our analysis.

� Moment-matching methods for RC interconnect trans-
fer function synthesis where the RC interconnect trans-
fer function is modelled as a reduced order rational
function in s-domain.The rational function coefficients
are obtained by moment-matching.

A complete time-domain solution of the RC interconnect
was given in Kaufman and Garrett[8]. However they made
the simplifying assumption of separability which means
that the voltage response function can be decomposed into
separate functions of time and position. Recently Kahng
and Muddu gave exact expression for output response of
a semi-infinite RC line under step input[7].They extended
their work to include ramp input in a subsequent paper[9]
where they presented a general approach to compute the
time-domain ramp response of finite RC lines.They gave
closed form expresions of ramp input response for both
open-ended and capacitively loaded finite RC lines.Another
interesting work in this area is that of Rao[10].



2.1. Limitations of the previous approaches

However, all these approaches deal with a very restricted
class of inputs-step and ramp.Real-life waveforms in VLSI
circuits can be very different from these simple abstrac-
tions.This difference between real-life waveforms and the
waveforms used for output response computation can be
crucial for deep submicron delay estimation.Specifically,it
has been shown that because of increasing interconnect re-
sistance, in state-of-the-art designs the driver sees only a
part of the total net capacitance.This phenomenon is re-
ferred to as ‘resistance shielding’[6]. Because of this, the
waveform at the input of the interconnect shows a non-
linear behaviour and this can strongly influence the delay
of the RC interconnect.
This has been the motivation for us to look for analytic ex-
pressions of RC interconnect outputs under more general
input waveforms than step or ramp. With this in mind, we
present analytical expressions of distributed semi-infinite
RC interconnect response under input waveforms that are
polynomial in time(tn).The reason behind choosing a poly-
nomial waveform is the fact that any analytic function in
its radius of convergence can be represented as a power
series which consists of a summation of an infinite num-
ber of polynomials.Also,we can fit an arbitrary waveform
with a polynomial expression.So once we have analytic ex-
pressions fortn type of polynomial inputs we can approx-
imate the response to an arbitrary waveform by summing
the appropriate polynomial(tn) responses.This serves as a
more powerful framework for considering generalized in-
put waveforms.In fact there have been non-linear waveform
characterizations already in the literature[11].In the next
section we present the details of our analysis.

3. Analysis under Polynomial Input

Now we present the time-domain response of RC intercon-
nects under polynomial input waveforms.We assume the
following form for ann-th order infinite input polynomial
waveform,

Vin(t) =
V0
Tn
R

tnu(t)

whereTR is the time at which the input waveform reaches
the valueV0 andu(t) is the unit step waveform that starts at
time t = 0.
We consider the case of the semi-infinite RC line first.
The diffusion equation for a distributed RC line is given by,

@2vn(x; t)

@x2
= rc

@vn(x; t)

@t

wherer andc are the per unit length resistance and capac-
itance respectively of the interconnect andvn(x; t) is the

output voltage waveform at a distancex from the source
at timet undern-th order infinite polynomial input(i. e. a
polynomial input of the formV0

Tn
R

tnu(t) as defined earlier).
The boundary conditions for the problem are:

vn(x; 0) = 0

vn(0; t) = Vin(t) =
V0
Tn
R

tnu(t)

We denote

wn;k(x; t) =
@kvn(x; t)

@tk
for k = 0; : : : ; n

Clearlywn;0(x; t) = vn(x; t) andwn;n(x; t) =
@nvn(x;t)

@tn
.

Now the problem can be transformed into:

@2wn;n(x; t)

@x2
= rc

@wn;n(x; t)

@t
(1)

With the boundary conditions:

wn;n(x; 0) = 0 for all x� 0 (2)

wn;n(0; t) =
n!V0
Tn
R

u(t) for all t� 0 (3)

The solution to the transformed problem is given by[7]:

wn;n(x; t) =
n!V0
Tn
R

erfc

�
x
p
rcp
4t

�
(4)

Let us denoteV0erfc(
x
p
rcp
4t

) = I0(x; t) and letIi+1(x; t) =R t
0
Ii(x; �)d� for i=0,1,2,. . .

Thenvn(x; t) is given by:

vn(x; t) =
n!

Tn
R

In(x; t) (5)

It can be shown that

I2(x; t) = (k1;2t+ k2;2)I1(x; t)� k3;2t
2I0(x; t) (6)

wherek1;2 = 5=6,k2;2 = x2rc
12 ,k3;2 = 1=3

Further,it can be easily shown that,
if

Im(x; t) = (k1;mt+ k2;m)Im�1(x; t)� k3;mt2Im�2(x; t)
(7)

then

Im+1(x; t) = (k1;m+1t+k2;m+1)Im(x; t)�k3;m+1t
2Im�1(x; t)

(8)
where

k1;m+1 =

�
k1;m � 2k3;m

1 + k1;m � 2k3;m

�

k2;m+1 =

�
k2;m

1 + k1;m � 2k3;m

�

k3;m+1 =

�
k3;m

1 + k1;m � 2k3;m

�



Using equations(7) and (8) we can recursively compute
Ik(x; t) for k = 3; 4; : : :
Now,the response of a semi-infinite RC line under a(n +
1)st polynomial( V0

T
n+1

R

tn+1u(t)) is given by,

vn+1(x; t) =
(n+ 1)!

Tn+1
R

In+1(x; t) (9)

We substitutem = n in equation(8) to get,

In+1(x; t) = (k1;n+1t+k2;n+1)In(x; t)�k3;n+1t2In�1(x; t)
(10)

For anm-th order input waveform the response is given by,

vm(x; t) =
m!

Tm
R

Im(x; t) (11)

From equations(9),(10) and(11) we get,

vn+1(x; t) =
(n+ 1)

TR
[(k1;n+1t+ k2;n+1)vn(x; t) �

nk3;n+1
TR

t2vn�1(x; t)] (12)

wherek1;n+1,k2;n+1 andk3;n+1 are as defined earlier.
We can see from equation(12) that the response for the
(n+1)st order polynomial input can be derived in terms of
responses for then-th order and(n�1)st order polynomials.
Since we have closed form solutions for responses to
step,ramp[9] and quadratic input waveforms(6),we can re-
cursively generate exact expressions of higher order poly-
nomial response waveforms.
Till now we have considered infinite polynomial input
waveforms.Now we can derive the response for the more
practical case of finite polynomial input waveforms (i. e.
polynomial input waveforms that saturate to a fixed value
after a finite amount of time).
We assume the finite polynomial input to saturate at a value
V0 after timeTR.
The input waveform expression in this case is given by:

Vin(t) =
V0
Tn
R

[tnu(t)� (tn � Tn
R)u(t� TR)] (13)

=
V0
Tn
R

[tnu(t)�
nX

k=1

nCkT
n�k
R (t� TR)

ku(t� TR)] (14)

Let us denote the output response in the case of a finite poly-
nomial input byun(x; t)
From equations(11),(12) and(14) we see thatun(x; t) is
given by,

un(x; t) = vn(x; t)�
nX

k=1

nCkvk(x; t� TR) (15)

wherevk(x; t) is the output response to the infinite polyno-
mial input V0

Tk
R

tku(t).It can be easily calculated using the

iterative equation(12) given above.
With equation no.(15), we can derive the exact time-
domain response of an RC interconnect under finite poly-
nomial input waveform.
As mentioned before,we can represent any arbitrary wave-
form with an analytic representation as a power series.For
practical purposes,we can truncate the series after a suitable
number of polynomial terms.We can find the response sep-
arately for each polynomial term using the equations(12)
and(15) given above and sum the responses to get the final
response waveform.

3.1 Extension to the case of �nite RC lines

Till now we have analyzed the response of a semi-infinite
RC line under polynomial input waveforms.When we con-
sider the practical case of a finite RC line with arbitrary
load impedance,the situation becomes different because of
the load and source reflections.As a result,the voltage wave-
form at (x,t) is a sum of the incident waveform and an infi-
nite number of reflected waveforms.
Let �l(s) and�s(s) be the s-domain reflection coefficients
at the source and the load ends respectively.Then

�l(s) =
Zl � Zo

Zl + Zo

and �s(s) =
Zs � Zo

Zs + Zo

whereZl(s),Zs(s) andZo(s) denote the load,source and
characteristic impedance of the line respectively.

In this case the expression for the output waveform in
s-domain is given by[9]

Un(x; s) = Vn(x; s) +

1X
k=1

[�kl (s)�
k�1
s (s)Vn(2kL� x; s) +

�kl (s)�
k
s (s)Vn(2kL+ x; s)] (16)

whereUn(x; s) is the s-domain output response at distance
x from the source,Vn(x; s) is the s-domain incident wave-
form, andL is the length of the finite interconnect.The suf-
fix n indicates that the input is ann-th order polynomial of
the form V0

Tn
R

[tnu(t)].The incident waveform is the Laplace
transform of the time domain response of a semi-infinite
RC line undern-th order polynomial input.This can be ob-
tained using equations(12) and(15) derived in the last sub-
section.
The special case of a finite open-ended RC line with ideal
source can be easily analyzed.In this case we have,Zs(s) =
0,Zl(s) =1 and so�l(s) = 1,�s(s) = �1.



Therefore from equation(16) we have,

Un(x; s) = Vn(x; s) +

1X
k=1

[(�1)k�1Vn(2kL� x; s) +

(�1)kVn(2kL+ x; s)] (17)

The corresponding time-domain expression is given by,

un(x; t) = vn(x; t) +

1X
k=1

[(�1)k�1vn(2kL� x; t) +

(�1)kvn(2kL+ x; t)] (18)

whereun(x; t) andvn(x; t) are the time domain finite and
semi-infinite RC line responses respectively ton-th order
input polynomial waveform.
As is evident from equation(18),we can directly use the re-
sults derived in the last subsection and obtain an expression
for the case of finite RC line.

4 Conclusions

In this paper we presented analytical expressions for output
voltage response of semi-infinite RC lines under polyno-
mial input waveforms.We showed that the output response
of a RC interconnect to ann-th order polynomial is obtained
in terms of the responses to(n � 1)st order and(n � 2)nd
order polynomials.Since the output responses of an RC line
for step,ramp and quadratic inputs are easy to derive, these
responses can be used to recursively compute the response
to an n-th order polynomial. This provides us with a frame-
work to estimate delays of interconnect structures to input
waveforms more general than step and ramp.This is impor-
tant,because in deep sub micron designs input waveshape
can play a role in delay estimation.
There is a lot of scope for future work in this area.We need
to come up with high-fidelity polynomial approximations
to real-life waveforms.This can be done by defining empiri-
cal parameters that capture the waveshape of a given wave-
form faithfully.Then each waveform can be represented by
a unique set of these parameters and we can come up with a
polynomial fit specific to a waveform by using these param-
eters. We can feed this polynomial approximation to the RC
interconnect and estimate the output response and delay us-
ing the equations derived in the last section.This procedure
can be extended to RC trees and we can approximate the
waveform at each discontinuity in the tree with polynomial
expressions using the parameter set. In this way we can
generate exact output response at all the nodes of a circuit.
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