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Abstract. In future it will be increasingly important for 
the customers and the service providers to make measure- 
ments in the Internet to ensure the QoS required by various 
services. But not everyone will have access to all the infor- 
mation available at the various network components (e.g. at 
the routers) for such measurements. Thus it  is important to 
devise new methods to estimate traffic intensity at various 
nodes based on partial information available to a user or a 
service provider (say from a subnetwork not owned by it). 
The measurement tools available in Internet, for example, 
the PING probe and the TRACEROUTE (available in vari- 
ous refinements) have been used by users to obtain the con- 
nectivity and some congestion information in the Internet. 
In this paper using these tools we suggest and compare dif- 
ferent estimators to estimate aggregate traffic intensities at 
various nodes in the network. One can use this information 
for selection of routes as well as for admission control in 
the Integrated and Differentiated Services Architectures in 
the Internet and also in a Connection Admission Controller 
in ATM networks. Our method works for general stationary 
traffic streams as well as for general network topologies.We 
also show the convergence of these estimators and provide 
simulation results. 

Key words: Network monitoring, estimation of queues, 
decentralized estimation. 
1. Introduction 

It is becoming increasingly important to provide widely 
different Quality of Service(QoS) to users in  the Internet as 
well as in the other high speed networks. Customers will be 
required to pay more for better services. This will ensure 
that the users will also be interested in knowing whether 
they are actually receiving better QoS for the exfra money 
(see Ferguson and Huston[8], Chapter 2 for various such 
issues). Also if the service provider charges according to 
the congestion pricing (see various proposals for pricing in 
Mcknight and Bailey[ 131) the customers will have to pay 
more for transporting data during congestion period. Then 

the users will be interested in knowing the congestion in the 
different places in the network at any particular time. Sim- 
ilarly a network service provider is interested in knowing 
the congestion at different places. If a subnet is not owned 
by the service provider then he may not have available the 
detailed information about the number of packets passing 
through an output link of a router in that subnet. 

Currently many groups are working on developing tools 
and infrastructure for the measurement of traffic intensity 
and available bandwidth and obtaining connectivity infor- 
mation in the Internet (see Almes[ 11, [ 5 ] ,  Paxson et.al.[ 141). 
A general survey of the various tools available is in [ 5 ] .  
Also, various related Internet drafts and RFCs can be ob- 
tained from IETF working groups on Network and Real 
Time Flow measurements (see e.g.[ 141). We complement 
these efforts by suggesting techniques for estimating the ag- 
gregate traffic intensities at different routers and nodes in the 
network which can be used on the data available from these 
tools. Although we will make specific comments on how 
to use our estimates from data obtained from a PING or a 
TRACEROUTE probing stream ( [ 5 ] ) ,  our techniques can be 
used with other tools also. Our techniques are discussed in 
the idealistic setting so that the problems of obtaining ac- 
curate measurements in the network are isolated from the 
inherent limitations of the accuracy of the estimators them- 
selves. 

Another scenario where our estimation procedure can be 
used is in the measurement based admission control in the 
Internet and ATM networks. The main quantity to estimate 
for making the admission control decision is the aggregate 
traffic intensity at different routers or switches on the path ( 
see Sharma and Mazumdar[l8], Gelembe et.a1.[9]). A par- 
ticularly pertinent class of admission control algorithms is 
in Turanyi et al.[ 191 where they use the aggregate traffic in- 
tensity to make admission decisions. 

There are various proposals on the use of probing streams 
for QoS routing in the Internet(see Chen and Nahrstedt 

374 
0-7803-5796-5/99/$10.00 0 1999 IEEE 

Globol Telecommunications Conference - Globecom’99 



General Conference (Part A) 

[6]).0ur estimation procedures should be useful in this con- 
text also. 

Now we provide our model and the estimation problem 
in more specific terms (called analytical framework in [ 141). 
Initially we consider a queue with two input Poisson streams 
with rates XI and A2 and iid service times with the distribu- 
tions of s(1) and s(2) (the model and the probabilistic as- 
sumptions will be considerably generalized below). Stream 
1 is called a “test stream”(or the probe stream) which is sent 
in the queue to estimate X2. Depending upon the delays ex- 
perienced by stream 1, we try to estimate &. 

Sharma and Mazumdar [ 181 suggested several algorithms 
for estimation in such a scenario. They also considered the 
more general case of general stationary ergodic arrivals and 
tandem and product-from queueing networks. However, all 
the systems considered had infinite buffers at each queue. 
The case of finite buffers is obviously of practical interest. 
We address such systems in this paper. As against the al- 
gorithms in [ 181, our present method works for infinite and 
finite buffer nonproduct form general networks also. In ad- 
dition, for our present method the ”test stream” can be ar- 
bitrary. This will allow us to use this method for the test 
stream generated by the PING probe or by TRACEROUTE. 

Some other relevant literature on estimating parameters in 
queuing systems is Bhat and Subba Rao[3], Pickand I11 and 
Stine[ ] and Daley and Servi[ 1. The problems and the meth- 
ods of estimation in these studies are necessarily different 
from ours. 

In section 2 we study a single queue. Section 3 considers 
a tandem of such queues. In section 4 we consider non- 
product form general networks. Simulation results are pro- 
vided in section 5. 
2. Single Queue 

In this section we consider a single queue with two Pois- 
son arrival streams, (this assumption will be removed later) 
each with iid general service requirement. The stream 1 is 
a test stream with rate X I ,  which will be used to “monitor” 
or estimate the system state (as mentioned below). Stream 
2 has arrival rate X2. A generic service time of stream i is 
s ( i ) ,  i = 1 , 2 .  We assume a FCFS discipline. The queue can 
store upto M packets (in addition to the packet in service). 
If any packet arrives to a full buffer, it is lost. The rate A1 
and the packet lengths of stream 1 are known. The aim is to 
estimate A2 given the sojourn times of stream 1 in the sys- 
tem. In the following we will consider different scenarios 
and then mention extra assumptions for the system. 

Consider the situation where we know when a stream 1 
arrival occurs, when it departs from the queue (may be via 
an immediate acknowledgment) and its packet lengths. If a 
customer (packet) of stream 1 is lost, its ack is not received 
and hence we know which packets are lost. The packets of 
stream 2 are not observable. This scenario can be abstracted 

to varying degrees of accuracy from the various measure- 
ment tools in Internet. This happens for example, if we use 
PING or TRACEROUTE except that instead of the depar- 
ture times from the queue, we only know the round trip time 
(the time for the packet to reach the destination and for the 
ack to return to the source). We will assume that the time 
taken by the ack is known (it happens if its queueing de- 
lays are negligible and its route is known). By putting time 
stamps on the packets (and synchronizing the clocks) one 
can obtain the time taken by the packet alone (in the for- 
ward path). From the available information, we can cal- 
culate the fraction of packets lost from stream l. One can 
show that if E[(s(i))”] < CO, Q 2 1,i = 1 , 2  then the re- 
generation length T (the arrival epochs of stream 1 finding 
the system empty can be taken as the regeneration epochs) 
satisfies E[T”] < CO. Then from the law of large numbers 
(LLN) for the regenerative processes (Asmussen[2]) we ob- 
tain that the fractioq of packets lost provides a consistent 
estimate of P(1), the stationary probability of loss of pack- 
ets of stream 1. From the Central Limit Theorem (CLT) for 
regenerative processes (Asmussen[2], Sharma[ 161) it is also 
asymptotically normal if E [ ( s ( ~ ) ) ~ ]  < 03 for i  = 1,2. From 
Sharma[ 161 we also obtain other rates of convergence. 

By PASTA, the stationary probability P(2) of packet loss 
of type 2, equals P(1) and hence we have a consistent es- 
timate of it also. Furthermore from the available informa- 
tion, we know the packets of stream l which find the sys- 
tem empty (because we know their sojourn times and ser- 
vice times). Again by PASTA, the fraction of such packets 
gives a consistent estimate of 1 - p where p is the total traffic 
intensity entering the system, and 

p = A2(1 - P(2))E[s(2)] + Al(1 - P(l))E[s(l)l. (1) 

Therefore, we obtain a consistent estimate of A2 if we 
know E[s(2)]  (otherwise we get a consistent estimate of 
&E[s(2)], which being the workload arrival intensity of 
stream 2 is anyway more relevant). Asymptotic normal- 
ity of the estimate of A2 is also obtained if E [ ( s ( ~ ) ) ~ ]  < 
03, i = 1,2.  This is because, from the CLT for regenera- 
tive processes any linear combination of the above estimates 
of p and P(i )  is asymptotically normal and A2 is a con- 
tinuously differentiable function of P( l), p. Now use the 
Cramer-Wold device to obtain the asymptotic normality of 
the estimate of AS. We also obtain the rate of convergence 
from Sharma[l6]. 

Actually the consistency of the above estimator holds 
even when { (sn(l), ~ ~ ( 2 ) ) )  is strictly stationary and er- 
godic. For asymptotic normality stronger conditions will be 
required. 

In a practical network scenario knowing the total time a 
packet takes on its path, we can find if it experiences queue- 
ing delay as follows. The total time a packet takes on its path 

Global Telecommunications Conference - Globecorn’99 375 



General Conference (Part A) 

includes the transmission time, the propagation delays on 
the links and the processing times. By sending many pack- 
ets on a route over a certain time the minimum time taken by 
these packets can approximate all these delays without the 
queueing delay. Knowing this we can compute the number 
of packets which did not face the queueing delays. Similar 
comments will hold for our estimation techniques later on 
also but we will not repeat them. 

If the service times of both the streams are exponential 
with the same known rate p, then, we can use the above 
provided estimate of probability of loss in thz formula 

(2) 

to obtain the estimate of j j  the total traffic intensity arriving 
at the system (= (XI + X2)/p) and hence then of X2. For 
general service times such a formula is not available and 
hence we used the above procedure. However, interestingly, 
(1) provides a more efficient estimator even for M/M/l/k 
case (also see the comments below). 

Next we consider the algorithm we provided in section 
2.2 of Sharma and Mazumdar [18]. Now the stream 1 can 
have arbitrary arrival epoches as well as service times. The 
stream 2 remains Poisson but the service times of stream 2 
form an ergodic stationary sequence. Information about the 
arrival epochs and departure epochs of stream 1 enables one 
to know when two consecutive packets of stream 1 are in 
the system at the same time. For the infinite buffer case, 
the difference of their departure epochs minus the service 
time of the second packet of such a consecutive pair gives 
the amount of work of stream 2 entering the queue during 
the interarrival time of this pair. But for the finite buffer 
queue it is not true because there is a possibility of loss of 
some of the packets of stream 2 that arrived during this time. 
Thus we suggest a modification of this scheme. The mod- 
ification provides only an approximate estimate but the ad- 
vantage with respect to the first scheme (via (1)) provided 
above is that, we can extend it to the case where the second 
stream is a general stationary, ergodic process. 

We send the packets of stream 1 at regular intervals nAt,  
where At  is a small appropriate constant. Now consider the 
number of packets of stream 2 which arrive between a con- 
secutive pair of stream 1 which are in the system at the same 
time. Since interval A t  is small, there is a good probability 
that if a packet of stream 1 enters the queue then the next 
one will also enter. The probability that there is no arrival in 
stream 2 in time At is e-Atx2 .  When At is small, this prob- 
ability is large. We estimate this probability by the fraction 
of consecutive pairs of stream 1 which are in the queue at 
the same time, and find no type 2 packet between them (this 
will be known by looking at the arrival epochs, the departure 
epochs and the service times of type 1) to the total number 
of such pairs. This estimate is an approximation of e-Atx2 

(1 - j j ) j j M + l / ( l  - p + 2 )  

(and hence provides an approximate estimate of A,) because 
the following event has been ignored. On arrival, a type I 
packet enters the queue, then during next A t  time enough 
packets of type 2 arrive such that some of them overflow, 
then a departure takes place and then the type 1 packet ar- 
rives At time later. When At is small, this event will be very 
rare and hence we can have a good approximation of X2. 

The smaller the At, the better is the approximation. How- 
ever, then the test stream will load the queue more and more 
making it heavily loaded. This will not make the estimation 
procedure invalid but it may not be desirable in a network. 
Thus actually we will modify the scheme as follows. The 
2nth packet of stream one is generated at time nX, T > 0 
and the (2n+ 1)st packet is generated at time nT+At where 
0 < At < T .  We can take At small and T to be a suitably 
large constant. Then we can consider only the pairs sent at 
times nT, nT + At and take the fraction of those pairs with 
no arrival between them to the total number of pairs which 
are both admitted to the queue. There is one more undesir- 
able effect of very small At. Denoting e -Atx2  by p ,  if it 
has an estimation error of Ap then this leads to an error of 
Ap/Atp  in the estimate of A?. Our simulation experience in 
section 5 shows that this requires that A t  should be carefully 
chosen for the case when there are small buffers and the p 
is large. For larger buffers (2 10) the estimate is not that 
sensitive to At. This observation is valid for the other sys- 
tems described below where this scheme has been used. Ob- 
serve that in this scheme we did not require the knowledge 
of E[s(2)]. The asymptotic normality of this estimator will 
be obtained if the service times of each stream are iid and 
E[(s( i ) ) ' ]  < CO, i = 1 , 2 .  Similarly, other rates of conver- 
gence are obtained by using the fact that if E[(s(i))"] < 03, 

CY 2 1 , i  = 1 , 2  then E [ P ]  < CO. 

As mentioned above, this procedure can be generalized 
to the case when the stream 2 is a general time stationary 
ergodic sequence. Then the probability of the event that in 
a small interval At, no arrival comes is 1 - &At + o(At) 
and that of the event that one batch arrival comes is AzAt + 
o(At). Ignoring o(At) ,  the above procedure will provide an 
estimate of 1 - A 2 4 t  (and hence of 212). Again the above 
comments regarding the size of A t  vs the accuracy of the 
estimate hold. 

In the next section we extend the above approximation 
scheme to a tandem of queues and in section 4 to nonproduct 
form networks. 

Now we compare the last scheme with the estimate pro- 
vided via ( 1 )  and (2). The first scheme has to take samples 
when the stream 1 sees the system full and when it sees the 
system empty. One of these events can be somewhat rare in 
many situations (e.g., in heavy traffic case, the empty epochs 
will be rare and in the light traffic case overff ow epochs will 
be rare). However, the last scheme can be formed so that 
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more frequent events are sampled. In addition the simula- 
tion experience (see also the justification below) in section 
5 shows that the approximate estimate can be quite accu- 
rate. But whenever the estimator based on (1) is applicable, 
it seems to be more efficient (based on our simulation re- 
sults) than the last estimate. Next we compare the estimates 
based on (1) and (2 ) .  The estimate in ( 2 )  is based on only es- 
timating the probability of packet loss for stream 1, As just 
commented, if the p is small and the buffer size is somewhat 
large, then this event will be rare and estimating it will not 
be very efficient (for the estimator via (l), under such con- 
ditions estimating p will be more efficient and it seems to 
compensate the loss in efficiency in estimating P( 1)). If the 
event is not rare then this should provide a good estimate 
(although it is valid only for an M/M/lk system). Our sim- 
ulation experiments indicate that indeed in most of our ex- 
periments, the estimate based on (1) out performs that based 
on (2) .  This is a useful observation because (1) provides the 
estimate under more general conditions. 

From the practical point of view, in the networks, the ro- 
bustness of the estimators is also an important issue. By 
taking derivative of 6 in (2) with respect to the probability 
of loss, we observe that a small error in the estimate of this 
probability leads to several orders of magnitude increase in 
error in the estimate of p even for a small buffer length of 10 
(the error increases with the buffer length). However for the 
estimates from (1) or from the last scheme, the estimation 
error for XZ is of the same order of magnitude as of the pri- 
mary quantity estimated. Therefore both of these estimators 
are much superior to (2) even though the error in estimation 
of fraction of pairs without any other traffic in between them 
should have more estimation error. 
3. Tandem of Queues 

We first consider a tandem of two queues. The test stream 
is stream 1. Stream 2 enters queue 1 and after service leaves 
the system (this assumption is not required for our algo- 
rithms). Stream 3 enters queue 2 and leaves the system after 
service. Streams 2 and 3 are Poisson processes (this assump- 
tion will be removed later) but their service times can be ar- 
bitrary iid sequences. Both the queues have finite buffers. If 
a packet arrives at a queue and the buffer is full, the packet 
leaves the system. We will know the exact arrival epochs, 
service times (in both queues) and the departure epochs of 
stream 1 from the system. The aim is to estimate and X 3 .  

Our comments at the beginning of section 2 regarding 
the applicability of these assumptions if PING or TRACER- 
OUTE probe streams are used, remain valid for this system 
as well as the system considered in the next section. 

First send the test stream only through the first queue (af- 
ter service from queue 1, the test stream leaves the system). 
Then we know the exact departure times of stream 1 from 
queue 1. Now the methods of section 2 can be used to esti- 

mate Xz.  Next pass the test stream through both the queues 
1 and 2 .  Now the departure instants of stream 1 from queue 
1 are not available to us; only the departure instants from 
queue 2. Because of this the methods in section 2.2 and 2.3 
in Sharma and Mazumdar [18] could not be used for tan- 
dem queues. Now we provide a modification of that proce- 
dure which provides exact (asymptotic) estimates for the in- 
finite buffer queue but an approximation for the finite buffer 
system. For the scheme to be presented actually the PING 
probe stream is not appropriate but the TRACEROUTE can 
be used. The reason is that in case of TRACEROUTE one 
can send the probe stream upto different hops of a route. 
Also one knows the exact path followed by a packet. The 
actual path followed by a PING packet is not available to us 
- only the destination node. 

We take the test stream to be a batch arrival process where 
each batch is of size N I ,  the inter-batch distance is arbitrary 
and the service times of the customers of type 1 in each 
queue are constants At (actually as will be clear from the 
last paragraph of this section, instead of taking a batch of 
packets arriving at exactly one instant, one could take these 
packets to arrive at regular intervals- the modifications re- 
quired are as in the last paragraph). Since the test stream 
is under our control, we can choose N I ,  At and inter-batch 
distances appropriately. The packets of a batch in queue 1 
will occupy consecutive positions (whichever are admitted 
to the queue). Thus, interdeparture times of those customers 
from queue 1 will be At. Some (or none) of these will be 
admitted to queue 2. When they depart queue 2, we will 
know if there was any packet of type 3 in between those 
packets. This is because when there is no type 3 packet 
between two consecutive packets of a batch, their interde- 
parture distance from queue 2 will be At. Thus as in the 
last section, from a sample of such packets we can estimate 
ePAtx3 (and hence X 3 )  via the fraction of the admitted pairs 
with no type 3 packet between them to the total number of 
the pairs admitted to queue2. This will be an exact esti- 
mate for the infinite buffer case. In that case actually we 
don’t need to consider only the pairs with no arrival of type 
3, but could consider all the packets of a batch and estimate 
X3AtE[s(3)] -this will be more efficient (although our sim- 
ulation experiments did not show any noticeable improve- 
ment in efficiency). For the finite buffer queue the estimate 
of e-Atx3 will be approximate (as for a single queue) and 
the approximation will improve as At decreases (although 
after a while, because of the sensitivity effect on the esti- 
mation error, mentioned in the last section, the estimate will 
actually start becoming worse). The consistency of the (ap- 
proximate) estimator is obtained by the strong law of large 
numbers (SLLN). For asymptotic normality, we further as- 
sume that the service times of streams 2 and 3 are iid and 
E[(s(i))’] < 00, i = 2,3.  Then one can show (for instance 
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by the results in Sharma [ 171) that the regeneration length T 

(the regeneration epochs can be taken as the amval epochs 
of type 1 to the system which find the system empty) satisfy 
E[r2] < CO. Now the asymptotic normality can be obtained 
as in section 3. If stream 2 also passes through queue 2 then 
again the algorithm works in the same way because there 
will be no packet of stream 2 within packets of a batch of 
stream 1. 

This method can be used when the arrival streams 2 and 
3 are general stationary ergodic. Then A2 is estimated as in 
section 3. For stream 3 also, we can estimate 1 - & A t  in 
the same way. These comments will hold for a tandem of n 
queues studied below. This allows us to consider this tandem 
of queues to be the queues on the route of the virtual circuit 
of a connection in a network because all the other traffic on a 
node could be represented by the general stationary ergodic 
stream. 

The above procedure can be extended to more than two 
queues. The approximation will not become worse as we 
estimate the arrival rate at a queue at a later stage in the net- 
work. Thus for a queue at stage n, n > 2 we will pass 
the test stream through the first n queues only. Hence we 
will know exactly when the packets of stream 1 depart from 
queue n. Since in each queue the service times of stream 
1 are At, we will know, after looking at their departure 
instants between which packets from an original batch of 
stream 1 there were no arrivals from streams 2 , .  . . , 12 + 1 
(then their interdeparture times will be At). For the infinite 
buffer case, we can get from this a consistent estimate of 
e-At(x3f...+x-+1) while for the finite buffer case an approx- 
imate estimate. Since we have already estimated X3, . . . , A,, 
now we will have an estimate of X n + l .  The consistency and 
asymptotic normality of the estimate is obtained as for the 
two queues case. 
4. Queueing Networks 

We can use the method of section 3 for networks with 
feed-back also. We illustrate by a few examples. The over- 
all scenario is as in section 3. We know the arrival epochs as 
well as the departure epochs of stream 1 from the system. In 
addition we know the service times (which will be fixed ,At 
in this section) of packets of sream 1. Based on this infor- 
mation, we want to estimate the arrival rates of other traffic 
streams entering the system. In section 3 we did not need the 
queueing system to be stable (ergodic). However, now we 
will assume stability with the test stream in the network be- 
cause, otherwise the traffic rate we may be estimating, may 
not exist. We will not prove the ergodicity of the systems. 
In literature, under various conditions, stability of such net- 
works is available. Sharma and Mazumdar [ 181 provided an 
algorithm to estimate traffic intensities under this scenario 
but only for the product-form, infinite buffer systems. The 
algorithm in the present section is valid for nonproduct-form 

and finite buffer systems. 
First consider two queues, Q1 and Q2 with stream 2 a sta- 

tionary ergodic sequence (when entering the system) with 
rate X2. The stream 2 follows the route Q2 + Q1 + Q2. 
The service times of stream 2 in both the queues are as- 
sumed to form stationary ergodic sequences. We pass the 
test stream through Q1 and then it leaves the network. The 
212th customer of the test stream, n 2 1 will enter the queue 
at times nT, T > 0 and (2n+l)st customer at time nT+At .  
The constants At,T are suitably chosen, At a small con- 
stant and T a relatively large constant At < T .  The service 
times of the test stream can be arbitrary (say iid or constant 
and such that total traffic intensity p at queue 1 is less than 1 
in case of infinite buffer at Ql).  It is assumed that the traffic 
stream 2 entering 4 1  is asymptotically stationary, ergodic. 
By observing the arrival times and the departure times of 
the test stream through the system, we will know in between 
which pairs (an, 2n + 1) of the test stream there are arrivals 
of stream 2. Now the estimation procedure of A2 remains as 
in section 3. Asymptotic stationarity of stream 2 entering Q1 
provides the consistency of the estimate. For the estimate to 
be good At  should be small. For the finite buffer case the 
approximation will be worse than for the infinite buffer sys- 
tem. A slight modification of this scheme can take care of 
probabilistic routing also. 

Now we consider a network of three queues Q1, Q2, 43 .  
Stream 2 has the routing Q2 -+ Q1 -+ Q2 and stream 3 
has routing Q3 + Q 2  -+ Q1. We assume that the ar- 
rival streams 2 and 3 are stationary, ergodic and their ser- 
vice times in each queue are also stationary and ergodic. 
We first pass the test stream only through Q1 and then it 
leaves the system. Then we can estimate A2 + A3 by the 
schemes mentioned earlier. Next we send the test stream 
through the route Q1 -+ Q3. The test stream is generated 
at times {nT,n 2 l} with a batch of size m > 1 at each 
such epoch. The service times of this stream in each queue 
will be At. With probability 1 - X3At, the packets within 
a batch will be separated by At in time from each other at 
departure times from 43 .  This will provide us an estimate of 
X3. Now will also obtain an estimate of X2.  We will provide 
the simulation results for this system in section 5. 
5. Simulation Experiments 

In this section we describe our simulation experience. We 
are interested in obtaining information about the following 
questions: (i) In case of the M/M/l/k system, which is the 
most efficient estimator in section 2. (ii) How sensitive to A t  
is the estimator based on eat’ and how good an approxima- 
tion for the finite buffer queue. (iii) Goodness of estimators 
under different traffic loads. (iv) Sensitivity of approxima- 
tion 1 - AtA to At and the underlying distributions. (v) 
Goodness of estimates for queueing networks. 

In the following we provide our findings on the above is- 
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sues based on our simulation data, 
The tables 1-4 contain the simulation results for a single 

queue. In table 1, the estimates are based on a sample size 
(of test stream) 10,000. This was done to show the differ- 
ence in performance of the three estimators for the case of an 
M/M/l/k system. With a sample size of 20,000 all estima- 
tors perform very well and hence, their performance cannot 
be compared. For the estimators via equations (1) and (2) ,  
the test stream was a Poisson process while for the third es- 
timator the arrivals come at times { nT, nT + At,  n 2 0). A 
* in the table indicates that for that particular case no packet 
of stream 1 was lost and hence formula (2) would give no es- 
timator. For the estimates it did provide, we observe that for 
small p and large buffers its quality is worse than the other 
estimators (in fact even for p = 0.9 and buffer size 15 its per- 
formance is the worst). For larger p and smaller buffer sizes 
the approximation e-Atx is not very accurate and hence we 
observe that under these conditions this method provides 
worse performance than via (1) and at times also worse than 
via (2). Overall, the estimator via (1) provides the most ac- 
curate results for all p and buffer sizes. We also observed 
that the sensitivity to At in general was large for buffer size 
five and p = 0.9 but not so much for other values. Fur- 
thermore, the sensitivity was minimal for the infinite buffer 
case. 

Next consider table 2. Now the system has an infinite 
buffer size. We have the option of estimating AaE[s(2)]At 
or e-Atxz. We observe that the estimation via AzE[s(2)]At 
is more accurate, as expected (for AzE[s(2)]At, we did not 
need At to be small). Also, the number of samples required 
for the infinite buffer case is much more than the finite buffer 
case because the regeneration lengths for the infinite buffer 
case can be much longer (which makes the samples more 
correlated and hence the rate of convergence of the estimates 
much slower). 

In the above two cases we also simulated the system with 
deterministic service times (not reported in the paper) and 
obtained similar conclusions, Below we will report some 
results with deterministic service for tandem queues. 

Table 3 provides results when the inter-arrival times are a 
sum of two exponentials. As expected errors are large when 
the p is large and the buffer size is small. Table 4 contains 
the results when the interarrival time is a mixture of two ex- 
ponentials. In this case errors are more than other cases (e.g. 
Table 3) even when the sample size is larger. In fact the es- 
timate was also more sensitive to At. One of the reasons we 
require larger sample size in tables 3 and 4 is that the esti- 
mate requires the arrival stream to become time stationary 
(we started with an arrival at time 0). 

In tables 5-7 we provide simulation results for a tandem 
of three queues. Except the test stream, the others are Pois- 
son processes with A, rate in queue i - 1, i = 2 ,3 ,4 .  The 

service times are iid with distributions exponential or deter- 
ministic. We want to estimate all these Xi .  In the first queue 
the estimate is observed by any of the above methods (we 
used only the third method here). Then the test stream was 
sent through Q1, and Q2 and an estimate of A3 was obtained. 
Next the test stream was passed through the queues Ql-Q3. 
The test stream was generated with batches of 5 packets, A t  
was taken between 0.1 and 0.01. The sample size of the test 
stream was 50,000. The bufferAsizes were 10, 15, 20. We 
observe that both the estimates As, of X3 and A4 are quite 
accurate in all the cases. 

In table 8 we provide the results for the three queue net- 
work described in section 4. Each queue has a finite buffer 
and the service times are deterministic. Streams 2 and 3 
are Poisson and follow the routes Q2 + Q1 + Q2 and 
Q3 -+ Q2 + Q1 respectively. In the table pz denotes the 
total traffic intensity at QZ. We first sent the stream 1 only 
through Q1 and estimated A2 + As. Then we sent the stream 
1 through the route Q1 -+ Q3 and estimated As. This time 
the test stream was generated at Q1 with batch sizes of 5.  
The buffer sizes considered were 10, 15 and 20. The rates 
X2 + X3 were estimated via an estimate of 1 - (A2 + X3) 

while A3 at Q3 was estimated via e-x3At. Thus, we see that 
the estimate of A3 is generally better than that of X2. Also, 
to obtain a proper estimate of A2 + A3 at Q1, the network 
needed to be in stationarity. Thus, we had to take a lot more 
sample (100,000) to obtain a reasonable estimate. We also 
observe that at higher p, the estimate of A2 is worse than at 
lower p. This is partly because in general for higher p the 
estimation is harder and also because the approximation by 
1 - (A2 + As)& will be worse. At higher p we also found 
that the estimates were more sensitive to At. 
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Buf. size A3 A4 A3 A4 

10 4.000 4.000 3.967 3.918 

Buf 
10 
15 
20 
10 
15 
20 
10 
15 
20 

A2 A3 A2 A3 
2.0 4.0 2.094 3.998 
2.0 4.0 2.075 3.917 
2.0 4.0 2.093 3.992 
3.0 8.0 3.088 7.980 
3.0 8.0 3.067 7.964 
3.0 8.0 3.183 7.978 
4.0 10.0 3.997 10.002 
4.0 10.0 4.186 10.068 
4.0 10.0 4.588 9.990 

0.6 
0.6 
0.9 
0.9 10 
0.9 15 

Table 4: Single queue, mixt. of exp. finite buffers, At = 

4.000 4.000 3.949 4.048 1 &:ii 1 ii 1 4.000 
4.000 1 4.143 1 3.910 1 

6.000 6.000 6.001 5.822 
0.8.5 6.000 6.000 5.844 5.845 
0.85 20 6.000 6.000 6.0125 6.106 

Estimate A., A2 

2.000 
2.000 
2.000 
4.000 
4.000 
4.000 
6.000 
6.000 
6.000 

Buffer 
size 

5 
10 
15 
5 
10 
15 
5 
10 
15 

via e-Ath  via (2) 
2.162 * 

* 
4.036 
3.944 

5.923 
6.182 
6.278 

* 

via (1) 
1.977 
1.940 
2.016 

4.0355 
3.945 
4.054 
5.915 
6.048 
6.09 1 

2.03 1 
2.010 
1.958 
3.828 
3.916 
3.888 
5.435 
5.978 
5.981 

Table 5: Tandem queues, exp. services, finite buf. 
I p I Buf. size I Ax I Ad I A.? I A4 I I 0.65 I 10 I 4.000 I 4.000 I 3.9675 I 3.948 1 

6.000 
0.85 6.000 

Table 1: Single queue, exp. amvals, exp. service, finite 
buffers, At = 0.01, sample 10,000. Table 6: Tandem queues, deter. service, finite buf. q 

0.85 6.000 

3.995 

Deterministic 
6.044 

A2 E[S (41 a t  
1.980 
3.806 

5.988 5.962 

Table 2: Single Queue, exp. arrivals, infinite buffers, exp. 
service. At = 0.003, sample 100,000. 

I 1 1 1 1 1 

Table 7: Tandem queues, infinite buffer, exponen- 
tiaYdeterministic service. 

P3 
0.325 
0.325 
0.325 
0.525 
0.525 
0.525 
0.650 
0.650 
0.650 

Buffer size 
5 
10 
15 
5 
10 
15 
5 
10 
15 

A2 
2.667 
2.667 
2.667 
3.333 
3.333 
3.333 
4.000 
4.000 
4.000 

A1 
2.667 
2.570 
2.641 
3.072 
3.264 
3.359 
3.505 
3.879 

4.05.56 

0.850 0.90 
0.850 0.90 
0.850 0.90 

Table 8: Queueing Network, finite buf., deter. service, sam- 
ple 109,000. 

Table 3: Single queue, sum of exp. arrivals, finite buffers, 
At = .02, T = 1.00, sample 30,000. 
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