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A Method  to  Extend  the  Spectral Iteration 
Technique 

S. A. BOKHARI AND N. BALAKRISHNAN 

Abstruct-A method has  been developed  to extend  the  spectral 
iteration  technique to  encompass a  more  general class  of subdomain type 
basis functions. While  retaining  the  advantages of the  spectral  iteration 
technique,  this method  enables the wage  of basis  functions other  than 
piecewise constant  basis  functions in  expressing  the unknown corrent 
distribution.  Advantages of this  technique  with  the choice of piecewise 
sinusoidal  basis functions  as compared to piecewise constant basis 
functions have  been  demonstrated for  both antenna  and  scattering 
problems. This choice of basis functions is found  to result  in  a  further 
reduction in  the  number of unknowns required to represent  the  current 
distribution. Numerical  results of the  input  impedance for a  cylindrical 
antenna  and  the  scattering cross  section of a thin flat plate are  presented 
and discussed. 

I. INTRODUCTTON 

T HE  LIMITATIONS  of  conventional  numerical  methods  in 
handling electromagnetic radiation and scattering 

problems in the intermediate or resonance  frequency  range 
have  long  been recognized. An excellent  review of techniques 
applicable to problems in this  range  is  given by Thiele [l]. 
Among the iterative methods  proposed for solving  problems in 
this intermediate range the spectral iteration  technique (SIT) 
[2], the conjugate gradient method [3], and a modified  steepest 
descent  technique  in the Fourier transform domain [4] have 
been  found  to  hold considerable promise. These  techniques are 
not merely iterative methods  of  solving  the  matrix  equation  but 
involve a unique  kind  of  processing  which  does  away  with  the 
need to store the generalized impedance  matrix arising in 
moment  method solutions. The SIT, like other iterative 
methods, has a provision to check for the  satisfaction  of  the 
boundary conditions. This technique  has  been  successfully 
applied to a variety  of scattering problems [5],  [6]. However, 
in order to assess the  accuracy of this technique, it  is  important 
to consider the  basis  functions  that are used to represent the 
current distribution as well as the testing procedure employed 
in the solution. The SIT for conducting scatterers begins by 
taking  the Fourier transform on  both sides of  the electric field 
integral equation. This  amounts to choosing  cisoidal  (cos + j 
sin)  functions as the  testing functions. Secondly, the Fourier 
transform of the current distribution  is  approximated by the 
discrete Fourier transform (DFT) and  computed by the FFT 
algorithm [7]. Since  the DFT is employed, assuming a 
piecewise  constant distribution for the current is therefore 
inherently implied, although not explicitly stated. Hence, the 
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SIT may be briefly interpreted as an efficient iterative method 
for the  solution  of the integral equation  with piecewise 
constant  basis (PWC) functions to represent the current 
distribution and over determined spectral matching at the 
boundary  (see [8] for details). 

In moment  method  solutions it is well  known  that  both  basis 
as well as testing  functions  play important roles in the 
accuracy  and convergence of the solutions. In general, basis 
functions  which more closely approximate the unknown 
current distribution in  conjunction  with certain testing proce- 
dures have  been  found to yield a relatively  more  rapidly 
covergent solution. For example, Richmond’s [9] solution for 
thin wire antennas with  piecewise  sinusoidal (PWS) functions 
as basis  functions and reaction  matching has yielded results of 
input  impedance  which compare well  with  Harrington’s [9] 
solution  with six times as many triangular basis functions and 
point  matching. Likewise, Newman  and Pozar [lo] in their 
analysis  of  monopoles on finite size ground  planes  using 
piecewise  sinusoidal  basis  functions  and  reaction  matching 
have  obtained a better agreement of input  impedance  with 
experimental results as compared to that  obtained  using four 
times as many piecewise  constant  basis  functions. Their 
success  can  be attributed partly to their choice of basis 
functions  that more closely  approximate  the  unknown current 
distribution  and  partly to the  use  of  reaction  matching  which 
happens to be a physical  concept. It is therefore of interest to 
investigate the effectiveness of other subdomain  basis  func- 
tions  when spectral matching  is  used as the testing procedure. 

In  this paper, a method is presented to extend  the spectral 
iteration technique to include a larger class of  subdomain basis 
functions. Although it is  indeed  possible in principle to use 
arbitrary basis functions, the  method  presented  in  the paper 
achieves  its purpose with a minimum  of extra computations 
while  retaining  all  the advantages of the SIT. Results are 
illustrated  using  piecewise  sinusoidal  basis  functions. 

II. FORMULATION:  ONE-DIMENSIONAL  CURRENT DISTRI~UTIONS 
Consider a straight, center-fed cylindrical wire of circular 

cross-sectional  radius a and  length 2h symmetrically  located at 
the  origin  of a rectangular coordinate system  and  oriented 
along the z-axis. With the assumed  thin  wire approximations, 
the  Pocklington’s integral equation is of  the form 
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where P and E denote the propagation constant and  permittivity 
of the  medium, E,&) the  tangential  component of the incident 
electric field, J(z') the current distribution  (z-directed)  and 
G(z - z' )  is the  free space Green's function given  by 

Since (1) is valid on the wire only,  to enable Fourier 
transformation a truncation operator O is defined as 

O ( i ) =  1, - h s z s h  

= 0, otherwise (3) 

and a complementary operator 8 is defined as 

$(z)=O, - h s z s h  

= 1, otherwise. (4) 

Defining  the  one-dimensional Fourier transform as 

and  its inverse as 

H = H ( z )  =F- ' [ i i ( f ) ]  = SOD exp (-jZnfz) df (6) 
- m  

an iterative expression for the current distribution is written as 
(see [2] and [8] for  details) 

J(k+ l )=  F-'[(BG) -'{F'( - OE,) +F(8F-'(BGF(BJk)))}] 

KO denotes  the  modified  Bessel  function of the second  kind  and 
zeroth order and  the  superscripts k indicate  the  iteration 
numbers. Since the DFT is employed, the  resulting current 
distribution obtained would be a piecewise  constant approxi- 
mation  to  the  actual  distribution  as  shown  in  Fig. 1, i.e., the 
current distribution may be written  as 

where 

P(z)=  1, 121 s & / 2  

= 0, otherwise, 

the  number of basis functions are ( 2 4  + l), Az denotes  the 
sampling  interval or the  width of the pulses,  and In denote the 
unknown  coefficients  that are to be determined. 

I 

PWC basis function 

,PWS basis functioh 

Fig. 1.  Representation of the current distribtion in terms of onedimensional 
piecewise constant and piecewise sinusoidal basis functions. 

It can be  seen from ('7) that the  Fourier transforms of the 
differential operator and  the Green's function are evaluated in 
a closed form. The Fourier transform of the  incident  electric 
field for many wire antenna  feed  models  as  well as for plane 
wave  scattering problems can also be computed  in a closed 
form. Therefore,  errors  due  to aliasing  can  occur only in those 
calculations where the FFT is employed in the  computation of 
the Fourier transform and the inverse,  namely 

(a) FIOJki, 

(b) F - ' [ P + ' ] ,  

(c) F-'[lj&(OJk)] 

(d) F[$F- { 6 6 F ( 8 J k ) } ] .  

Often, one resorts  to increasing the sampling rate to reduce the 
aliasing error, in other words increase the  number  of  basis 
functions  used to represent the current distribution. In the 
method  presented  in this paper we reduce the errors in cases 
(a)  and (b) above by  using a more appropriate basis function to 
represent the current distribution  rather  than by increasing the 
number  of  basis  functions. 

Let the current distribution  be represented in terms of  an 
overlapping set of piecewise sinusoidal  basis functions as 
shown  in  Fig. 1, i.e., 

4 
JPWS = InS(z- (9) 

n= -Np 

where 

= 0, otherwise, 

and A is a suitable normalization constant the choice of  which 
will be discussed later. Equation (7) requires the discrete 
spectrum of this new representation.  Note  that a pulse of width 
equal to  the sampling interval Az and  amplitude (l/Az) 
represents a delta function in  the discrete sense. Therefore (8) 
can also be written as 

N P  

Jpwc= Ina(z-n&)& (10) 
n = - N ,  
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where 6 denotes the delta  function. It can  be  seen  from (9) and 
(10)  and  Fig. 1 that Jpws can  be  written as 

N P  

Jp\vs=A& S(Z)* 1,J(z-n&) 
[ P  n =  -N ] (11) 

where  the asterisk denotes the convolution operation. There- 
fore, 

JpNp\h's = AA~gJpwc. (12) 

The spectrum of the current distribution  represented in terms 
of  PWS  basis  functions  becomes a product  of s' with the 
spectrum computed by the F m .  Note  that  no  advantage  would 
be gained if s' is also computed by the FFT. Since  the DFT 
itself is an approximation  to  the Fourier transform, here we 
derive an improved  approximation to the Fourier transform by 
computing s in a closed form. The normalization  constant  is 
chosen so as to  make  the area of the pulse  (shown  shaded  in 
Fig. 1) equal to unity, i.e.,  AAz = 1. The  expression for 
can be written as 

Although it is of no interest as far as this paper is concerned, it 
may be  mentioned  that  (12)  follows  readily from the  principle 
of pattern multiplication. It is  obvious  that  before  computing 
the inverse transform, the  spectrum  must  be  multiplied by (1/ 
5) so that  the inverse transform yields  the  amplitudes of the 
PWS  basis  functions.  This  can  be  easily incorporated in (7) by 
replacing De by DGS. Note  that  this  multiplication need  be 
done  only  once  at  the start of the  iteration  and no extra 
computational effort is required as the iteration proceeds. 
Other basis  functions  such as piecewise linear basis  can also be 
incorporated in a similar manner. 

I - -  

III. TWO-DIMENSIONAL CURRENT DISTRIBUTIONS 
Having illustrated this  method  to a problem  involving  the 

current distribution in one dimension, we  now consider its 
application to a two-dimensional current distribution, namely, 
scattering by a thin rectangular plate. A normally  incident  (x- 
directed) plane  wave &(x, y )  is considered. The  relevant 
integrodifferential equations for a rectangular  plate  of  dimen- 
sions (2a X 2b) located  symmetrically in the z = 0 plane of a 
Cartesian coordinate system are 

x E [ - a ,  a] 

Y E [ -b ,  bl 

z=o 

where the components  of the magnetic vector potential are 
given by 

Ax@, Y ) =  J,(% y)"G(x, Y )  (1 6 )  

u)  =Jy(x, y)*G(x, u). (1 7) 

J, and Jy denote the current distributions along  the x- and y- 
directions and  the Green's function  is  given by 

Following the procedure discussed by KO and Mittra [2], 
iterative expressions for the current distributions J, and Jy can 
be readily obtained. However, due to reasons  mentioned  in 
Section II, the current distributions obtained  would be in terms 
of  piecewise  constant basis functions. 

For basis functions in this case we choose  the ones 
employed by Newman  and Pozar [ l l ] ,  i.e., 

IY I 5 AY/2 
= 0, otherwise 

where Ax and  Ay represent the  sampling intervals in the x and 
y directions, respectively. The x-component of the current 
distribution is expressed in terms of these basis  functions  with 
overlap along  the x-direction and  no overlap along  the y- 
direction. A similar form (SY(x, y) )  is  employed for the y- 
component  of the current distribution. This  representation of 
the current distribution is considered as a convolution  of  the 
current distribution  represented in terms of  PWC  basis 
functions  with &(x, y )  (for the  x-component)  and Sy(x, y )  (for 
the y-component). An expression for gx( f, g) can  be  written 
as 

S X ( f ,  g)  =A0Ar[cos (27rfAx) - cos (PAY)] 

+ sine {(Au/2)(P + 2..g))l/[{P2 

- ( 2 ~ f ) ~ }  sin @Ax)] (20) 
where the normalization  constant A = 1 /(AxAy) and f and g 
denote  the Fourier transform variables. A similar expression 
for $(f, g) can be obtained by interchanging x and-y  and f and 
g in the  above expression. The modified iterative expressions 
for & and 4, can  be  written as ([2] and (12)), 

[sinc { (Ay/2)(p - 2?rg)} 
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In (20), (21), and (22), the operators 8 and 8 denote two- 
dimensional truncational operators, and the tilde denotes  the 
two-dimensional Fourier transform. denotes the Fourier 
transform of the Green's  function  and 2, is the intrinsic 
impedance of free space. 

IV. NUMERICAL RESULTS AND DISCUSSION 
The effectiveness  of the above approach is demonstrated in 

this section  by comparing the results obtained using  PWS basis 
functions with those obtained  by the original SIT. It  must  be 
mentioned here that the word convergence is somewhat 
ambiguous. It can refer to the convergence of the iterative 
process ,itself or  to the convergence of the results obtained by 

.the iterative process. Since the convergence of general 
iterative methods has been discussed by  Youla [12] and  that of 
the SIT has also been discussed elsewhere [8], in what follows, 
convergence refers to the results obtained by the SIT unless 
explicitly stated. 

We first consider the input impedance  of  a cylindrical 
antenna  since this is a rigorous test parameter for the 
convergence of the solution. Since the method  of  solution  is 
iterative, it is  obvious  that  a  good choice of the initial current 
distribution will significantly hasten the convergence of the 
iteration. The sinusoidal distribution is known to be an 
excellent approximation to the current distribution on  thin 
wir&. For this reason, the initial current distribution in all 

-examples illustrated was  assumed to be sinusoidal in magni- 
tude and of zero phase. Furthermore, an acceleration parame- 
ter [8] was  also employed to hasten the convergence. A delta 
gap feed  model has been  assumed. 

The input  impedance versus the number of basis functions in 
representing the current distribution is  plotted in Figs. 2-4 for 
wire lengths of 0.3 A, and 0.5 A, and 0.7 A. Convergence of 
moment  method solutions as a  function of both the number  and 
types of basis functions have been  well  discussed [ 131,1141. It 
is even observed [14] that for some wire lengths the input 
impedances appear to converge to different values  with 

.' increasingly large number of basis  functions for different 
types. Moreover when the impedances are plotted  against 1/ 
(2Np + l), the impedances appear to diverge as has been 
observed in [14]. The reasons for this behavior have  been 
explained [14]. Therefore our results mainly illustrate the 
faster convergence of the SIT when  a better approximation  is 
employed  in representing tbe current distribution. It may be 
seen from Fig. 2 that for the 0.3 A case, due to the short length 
of the antenna, relatively  few  PWC basis functions may be 
good  approximations to the current distribution  and the gain  in 
convergence  with  PWS  basis functions may  not be significant. 
In fact no difference is observed in  the real part  of  the  input 
impedance. However as the length increases, the  advantages 
of the PWS representation become apparent (Figs. 3 and 4). 

It has been  mentioned in Section II that by the  introduction 
of PWS basis functions we  reduced the aliasing errors in  the 
computation of the Fourier transform of the current distribu- 
tion  and  the inverse F~urier  transform of its spectrum. This is 

30 
R 

I O  F-i 

-370 t 1 
-390 I I I I I 1 

0.2 0.16 0.12 0.08 0 0 4  

I I ( 2 N p + l )  

Fig. 2 .  Convergence of the input impedance. 2 h z 0 . 3  X, h / k =  100. 

0.2 0.16 0.12 0.08 0.04 0.0 

1/(2Np+ I j 
Fig. 3.  Convergence of the input  impedance. 2h = 0.5 X, h / a  = 100. 

in  view  of the fact that the PWS representations is closer to the 
actual current distribution as compared to the PWC represen- 
tation  and  consequently the error involved  in the representa- 
tion of the  function  itself is less, leading to a  more accurate 
spectrum. This fact has been verified through several trial runs 
using different basis  functions  and  computing the errors in the 
spectrum. However, the aliasing errors in the spectrum of the 
electric field and the Fourier transform of the truncated 
electric field  (cases (c)  and  (d)  in Section II) are st i l l  present.  It 
may be  mentioned here that  a technique has been  developed by 
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Fig. 4. Convergence of the input impedance, 2h = 0.7 A, h/a = 100. 

Narasimhan  and  Karthikeyan [ 151 to reduce the aliasing error 
in  the  computation  of Fourier integrals by the FFT algorithm. 
They  employ the trapezoidal rule for a more accurate 
computation  of  the Fourier integral. Their method  can  be 
derived from the one presented  in this paper with a choice of 
piecewise linear functions as the basis functions. However, 
care must  be  taken  in  handling  the  function at its  discontinui- 
ties. When a discrete delta  function  representation  is  con- 
volved  with a piecewise linear function, extra half-triangles 
would appear at the  points of discontinuity. The spectrum  of 
these  half triangles must be subtracted  from  the  total  spectrum 
so as to result  in a more accurate spectrum. Their  method, 
besides requiring two FFT computation  does not permit 
straight forward evaluation  of  the inverse Fourier transform. 
That is, given an accurate spectrum, computation  of  the 
function  represented in terms of piecewise linear basis 
functions becomes difficult especially when  the  function  is 
discontinuous  such as the  truncated electric field arising in  the 
SIT. Moreover, in a method like SIT  where  repeated 
evaluation of the Fourier transform is required (three times per 
iteration), the  additional  computational  expense may  not  be 
entirely justifiable. For this reason, the  aliasing errors in cases 
(c) and (d) (Section II) are difficult to minimize  without 
additional  computational  expense. In contrast, with  the  ap- 
proach  followed in this paper, the  expression ((7) and 
(12)) need  be computed  only once, and  no extra computations 
as compared to the original SIT are incurred as the  iteration 
proceeds. 

In order to compare this  method  with other methods  we 
choose  point  matching  at  one  end  (since  this  technique requires 
a relatively large number  of  subdomain  basis  functions for a 
given degree of accuracy) and  reaction  matching  at  the  other 
end as an  example  of full surface testing (since reaction 
matching  with PWS basis  functions  has  the  unique feature that 

- 6 segments (9) 

c 

h / X  
Fig. 5. Input  resistance as a function of the wire length, h/n = 2000. n a i 

- 6 segments (9) 
32segments (9) 
IO Segments 

this method 

10. I I I 
0 0.2 0.4 0.6 

h/  X 
Fig. 6 .  Input  reactance as a function of the wire length, h/a = 2000. 

for some problems all the integrations required  can  be 
evaluated in a closed form). In Figs. 5 and 6 ,  the  input 
impedance as a function  of  the wire length with nine PWS 
basis  functions  is shown. This is also compared  with  the 
results  obtained by Richmond [9] with  five PWS basis 
functions  and  reaction  matching  and  that  obtained by Har- 
rington [9] with 31 piecewise linear basis  functions  and  point 
matching.  Due to reasons mentioned in the  above paragraph, 
the SIT even  with PWS basis  functions  need not  be expected to 
yield  results as rapidly  convergent as those  obtained by 
reaction  matching. However, with a slightly larger number of 
basis functions, the  calculated  values of input  impedance are 
seen to compare well  with other results. Thus spectral 
matching  with PWS basis  functions serves as a compromise 
between  point  matching  and  reaction  matching as far as the 
number  of  basis  functions are concerned. It, however, has 
computational advantages for large problems. 

Application of this technique to a problem  of  scattering by a 
thin square plate  is  illustrated in Fig. 7. Here we choose  the 
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0 mmund (16) 

P W S  -- P I C  

- 

0.01 - 
0 4  0.6 0.8 1.0 1.2 1.4 

d/ x 
Fig. 7. Monostatic radar cross  section as a hct ion of plate size for normal 

incidence. 

scattering cross section as the parameter for comparing  the 
convergence of PWS and  PWC basis functions. Comparison is 
also  made  with the experimental results  of  Kouyoumjian [ 161. 
Note  that the scattering cross section  being  far-field  dependent 
is  not as stringent a  test parameter as the input  impedance. A 
minimum of 35 basis  functions were employed for the results 
illustrated  in  Fig. 7. As is to be expected, the improvement  in 
scattering cross section is significant for plates  of larger 
dimensions, since relatively  few  PWC  basis  functions may  be 
sufficient to represent the current distribution  on  small  plates. 
We have also investigated  PWS  basis  functions  without the cos 
(py) term in (19). No significant difference was observed. The 
current distribution and the total  tangential electric field  on  a 1 
X x 1 X square plate is shown  in Figs. 8 and 9. The current 
distribution has been  compared  with the results of Glisson 
[17]. As is to be expected  with lesser number of basis 
functions, the current distribution is in  a close agreement  with 
the  more accurate results of Glisson  except for the singular 
portion near the edges. 

In both the above illustrations, the initial current distribution 
was assumed to be sinusoidal.  Although the computational 
advantages of the SIT can  be  fully  realized  when  it  is  used as a 
hybrid  method [2], yet we find that  in  most cases convergence 
was  achieved  within  ten iterations with the use of the 
acceleration parameter. It can also be seen from (13) and (20) 
that as the  pulse  widths Az (in  the  one-dimensional case) and 
AX and Ay (in the two-dimensional  case) are reduced,  the 
spectrum s becomes  nearly unity and the results  obtained 
using  PWS  basis  functions  will not be  largely different from 
those  obtained  using  PWC  basis functions. It is  interesting to 
observe that if the sampling rate is  sufficiently  high, the results 
obtained  would be independent  of  the  type  of  basis  functions 
that are used to represent the current distribution. Thus, the 
advantages of the technique presented  in this paper  will be 
significant as long as A z  or Ax and Ay are not too small. 

I ry . - 90 rectangular 
patchest 171 

X x along y axis 

35 PWS basis 
functions 

5.0 

4.0 

I 3.0 
2 .o 

t \ 

I .o 

0 

/ i  

-0.5 QO 0.5 

x / x  * Y I X  

Fig. 8.  Current distributioil on  a 1 X X 1 X square plate for a normally 
incident  plane wave. 

X X along Y a i s  
0 along X 0x1s 

I. 35 PWS basis 
function i 

-0.5 0.0 0.5 
X / X  or y/X 

Fig. 9. Total tangential  electric  field  on  a 1 X X 1 h square plate for a 
normally  incident  plane wave. 

V . CONCLUSION 
It  has  been  shown  that  the convergence of the results 

obtained by the spectral iteration technique  could  be  improved 
significantly by incorporating more appropriate basis func- 
tions to represent the current distribution. A technique  which 
implements this modification  with  a  minimum of extra 
computational effort while retaining all the advantages  of  the 
SIT has  been presented. Results of input  impedance for wire 
antennas  and scattering cross section  of flat plates  with 
piecewise  sinusoidal  functions as the basis functions in  the 
representation of the current distribution illustrate the validity 
of the  method. Furthermore, it has been  observed  that  with 
this  method  the convergence of the original SIT does not 
deteriorate. In fact, in  some  examples it has  even  rendered  a 
nonconvergent iteration convergent  and in some cases im- 
proved the rate of convergence. It has also been  discussed  in 
[8] that  the SIT remains largely convergent  when the sampling 
interval is not too small. Since the  method  presented  in  this 
paper  works  best  when  the  sampling interval is not too small, 
the gain in the convergence of the results obtained  will be 
significant. This modification  is seen to further extend the 
capabilities of the SIT in  handling  moderate to large size 
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problems. It has been  shown  that as far as the convergence of 
the  results  obtained by this technique as a  function of the 
number or basis functions is concerned, it is  a  compromise 
between  reaction  matching  and  point  matching.  With  the  help 
of the  stacked SIT algorithm [6] this  technique  can also be 
extended to more  complex wire and surface geometries. 
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