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Abstract. Estimation of the turbulent dissipation rate in a boundary layer is a very involved process.

Experimental determination of either the dissipation rate or the Taylor microscale, even in isotropic turbulence,

which may occur in a portion of the turbulent boundary layer, is known to be a difficult task. For constant

pressure boundary layers, a model for the turbulent dissipation rate is proposed here in terms of the local mean

flow quantities. Comparable agreement between the estimated Taylor microscale and Kolmogorov length scale

with other data in the logarithmic region suggests usefulness of this model in obtaining these quantities

experimentally.
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1. Introduction

Estimation of the turbulent dissipation rate, �, of the kinetic
energy requires the gradients of velocity fluctuations in a

boundary layer. While direct numerical simulation (DNS)

(although computationally intensive) provides the turbulent

dissipation rate accurately, it is not so easily realizable in

experiments [1, 2]. Stanislas et al [1] have very briefly

mentioned difficulties in measuring the turbulent dissipa-

tion rate. These authors and Herpin et al [3], for example,

find the isotropic condition to be a good approximation in

the logarithmic region. However, measurement of the

Taylor microscale remains a difficult task, as it involves

correlation function [1]. Consequently, an appreciation of

the Taylor microscale, dissipation rate, etc., is lacking in

practice due to complexity involved in estimating these

quantities. Segalini et al [2] have proposed a novel means

for measuring the Taylor microscale from two hot-wire

measurements. Once the Taylor microscale is available, the

turbulent dissipation rate can be estimated, at least for

isotropic turbulence. Alternatively, if a model for the tur-

bulent dissipation rate is available, then the Taylor micro-

scale can easily be estimated, as proposed in this paper.

This model is in terms of easily measurable mean flow

quantities and the estimated Taylor microscale and the

Kolmogorov length scale are found to be comparable with

other data in the logarithmic region of a constant pressure

boundary layer.

2. Analysis

A zero-pressure gradient boundary layer over a plate that is

placed in a free-stream velocity of U1 is considered here.

The streamwise and the wall-normal distances are denoted

by x and y, respectively. The mean velocity components in

these directions are u and v, respectively; u0 and v0 are the

corresponding fluctuating velocity components; the root-

mean-square of u0 is urmsð¼
ffiffiffiffiffiffi

u02
p

).

From a balance between the production and the turbulent

dissipation rates in the logarithmic region, the turbulent

dissipation rate is [4]

� ¼ u3
s

jy
; ð1Þ

where us is the friction velocity, and j is the Karman

constant. In arriving at this turbulent dissipation rate, the

two conditions used are: (i) u0v0 ¼ u2
s , and (ii) du=dy ¼

us=ky from the log profile,

u

us
¼ 1

j
ln

yus

m

� �

þ B; ð2Þ

where B is constant, and m is the kinematic viscosity; u0v0 is
the Reynolds shear stress. This classical dissipation rate can

also be interpreted, as follows.

From the inner law, uþ ¼ yþ, the wall vorticity is

Xw ¼ u2
s=m; where uþ ¼ u=us and yþ ¼ yus=m. Under the

boundary layer approximation, the spanwise vorticity is

Xz � ou=oy. For the log-profile in Eq. (2), Xz � us=jy.
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Expressing the dissipation rate in Eq. (1) in terms of these

quantities, we have

� ¼ m
u2
s

m

� �

us

jy

� �

� mXwXz: ð3Þ

One can thus interpret that du/dy is weighted by the wall

vorticity.

Blair and Bennet [5] consider us and y as ‘energy con-

taining’ scales near the wall. Assuming a balance between

the dissipation and production rates of the turbulent kinetic

energy, they take the dissipation rate as

� � s
q
ou

oy
� c

u3
s

y
; ð4Þ

where s is the shear stress, q is the density, and c is a

constant. Since the turbulent dissipation rate mostly

depends on us and y scales, a quantity that is OðusÞ may

also be considered in defining the dissipation rate. Inter-

estingly, we find that the quantity (uþuþ
rms) is of-the-order of

u2
s in the logarithmic region as shown in figure 1, where the

variation of ðuþuþ
rmsÞ

1=2
in the boundary layer is shown for

the DNS data of Schlatter and Örlü [6] and experimental

data of DeGraaff and Eaton [7]; Re denotes Reynolds

number based on the momentum thickness; uþ
rms ¼ urms=us.

It can be seen that the quantity ðuþuþ
rmsÞ

1=2 � constant in

the log-layer; the deviation seen at higher Reynolds number

is due to the fact that the outer peak in the distribution of

urms becomes noticeable at higher Reynolds numbers. That

is, ðuurmsÞ1=2 in the log-layer is an approximate measure of

the skin-friction; this result is new, to the best of our

knowledge. In the near wall region the variation is linear in

this log–log plot.

Based on the above-mentioned points, we consider the

dissipation rate as

�� m
u2
s

m

� �

uurmsð Þ1=2

y
: ð5Þ

That is, ðuurmsÞ1=2=y, which is Oðus=yÞ, has been weighted

by the wall vorticity, as in Eq. (3). For isotropic condition,

which is a good approximation in the log-layer [1, 3], urms

is the characteristic velocity scale [4]. The inclusion of urms

in this model is for this reason. Since ðuurmsÞ1=2 �OðusÞ in
the log-layer, the proposed model for the dissipation rate in

Eq. (5) preserves the essence of Eqs. (1) or (4). At the

boundary layer edge, y ! d and u ! U1. So Xz � us=y is

non-zero. However, urms being very small at the boundary

layer edge, the quantity ðuurms=y2Þ1=2 also tends to be small

and is caused by the vorticity scale urms=y (in terms of the

characteristic velocity). In terms of the boundary layer

thickness, d, and us, the non-dimensional turbulent dissi-

pation rate is

�d
u3
s
¼ Adþ

ðuþuþ
rmsÞ

1=2

yþ
: ð6Þ

Here dþ ¼ usd=m. With the constant A = 0.41, which seems

to be equal to the Karman constant, the model turbulent

dissipation rate is found to cover a large portion of the

boundary layer, including the �� constant region, as

shown in figure 2. While this turbulent dissipation model is

expected to work well in the logarithmic region, it is a good

model for the near wall region, as well. This interesting

aspect is attributed to the following. Since u� y and

urms � y, as u
0 � y, near the wall, one expects

ðuþuþ
rmsÞ

1=2 � yþ there, as shown in figure 1. The model

equation (6) thus yields a constant dissipation rate near the

wall. Figure 2 shows that the proposed model for the tur-

bulent dissipation rate, though based on a different con-

sideration, can represent the dissipation rate quite

accurately over a large portion of the boundary layer; it is

noteworthy that A = 0.41 holds good over this region. The

foregoing discussion suggests that u0v0 and ðuurmsÞ may not

be totally unrelated.

For constant pressure turbulent boundary layers, the

decomposition of the skin-friction coefficient, Cf , proposed

by Fukagata et al [8] is

Cf ¼
4ð1� d�1Þ

Red
þ 4

Z 1

0

ð1� YÞð�u
0
v
0 Þ1dY

� 2

Z 1

0

ð1� YÞ2ðIx þ
oU

ot
ÞdY :

ð7Þ

Here Y ¼ y=d;U ¼ u=U1; ðu0v0Þ1 ¼ u0v0=U2
1, and d�1ð¼

d�=dÞ is the non-dimensional displacement thickness. Ix is

the inhomogeneous term that contains the inertial part and

the streamwise diffusion term, and Red ð¼ U1d=mÞ is the

Reynolds number based on the boundary layer thickness.

While the meaning of the first term in the right-hand-side of

Eq. (7) is not clear in the case of plane boundary layers, it is

y+

(u
+
u r

m
s+
)1/

2
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Figure 1. Variation of ðuþuþrmsÞ
1=2

in the boundary layer.

Schlatter and Örlü [6]: ���, Re = 2540; ——, Re ¼ 4060.

DeGraaff and Eaton [7]: M;Re ¼ 2900;h, Re ¼
5160; �; Re ¼ 13310; �; Re ¼ 30850.
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the laminar skin-friction term in pipe and channel flows.

This decomposition of the skin-friction suggests that the

Reynolds shear stress, �qðu0v0Þ1, is weighted by the term

ð1� YÞ. Now, by definition, the momentum thickness, h, is

U2
1h ¼

Z 1

0

uðU1 � uÞdy: ð8Þ

Also, the momentum integral equation for a constant

pressure boundary layer is

dh
dx

¼ dd
dx

Z 1

0

Uð1� UÞdY ¼ Cf

2
: ð9Þ

Comparing this with Eq. (7), one can infer that ðu0v0Þ1 may

have some contribution to the local momentum deficit,

Uð1� UÞ. Since, for a given Reynolds number, the quan-

tity ð1� YÞ=uþðUþ
1 � uþÞ is nearly constant in the log-

layer, as shown in figure 3, and u0v0 � u2
s there, Uð1� UÞ

may be related to ð1� YÞu0v0 almost directly. As both ðu0v0Þ
and ðuurmsÞ being of Oðu2

sÞ, we find the correlation,

�u0v0
þ

½uþðUþ
1 � uþÞ�1:25

� 4:25	 10�5 ðuþuþ
rmsÞ

ð1� YÞ1:038
ð10Þ

provides a good correspondence between these two terms,

as shown in figure 4. Here again ð1� YÞ1:038=½uþðUþ
1 �

uþÞ�1:25 is nearly constant in the logarithmic region, as

shown in figure 5.

We now consider the dissipation rate for the isotropic

case,

� ¼ 30m
u2
rms

k2
; ð11Þ

used by Stanislas et al [1]. Using the present dissipation

model in Eq. (6), the Taylor microscale that follows for the

isotropic case is

k ¼ 30

A

� �1=2 my

us

� �1=2
urms

u2
suurms

� �1=4
: ð12Þ

Noting that y=us is a time scale, one can identify

ðmy=usÞ1=2 �
ffiffiffiffi

mt
p

as a length scale; t denotes the time. We

may note that the length scale ðmy=usÞ1=2 can be arrived at by
equating Eq. (1) with (11), as well. Figure 6 shows that the

estimated kþð¼ kus=mÞ compares well with the measured

data of Stanislas et al [1]; the difference seen for yþ 
 30 is

because of the isotropic case considered in estimating kþ.
For the log-layer, Alfredsson et al [9] suggest kþ =

3.2ðyþÞ1=2. Figure 6 shows kþ = 7.2ðyþÞ1=2 provides a

better fit to the data considered here; this difference could be

due to the isotropic relation (Eq. 11) used here. Equation 12

suggests that kþ � ðyþÞ1=2ðuþ
rmsÞ

3=4=ðuþÞ1=4. That is, this

differs from Alfredsson et al [9] by the factor

ðuþ
rmsÞ

3=4=ðuþÞ1=4. However, the variation of

ðuþ
rmsÞ

3=4=ðuþÞ1=4 being slow in the logarithmic region,

compared to ðyþÞ1=2, its contribution seems to be small. The

data of Segalini et al [2] (taken from their figure 8) shown in

figure 6 is multiplied by a factor of 1.6 for it to be closer to

other data in this figure. The estimated variation of the

Kolmogorov length scale, g ¼ ðm3=�Þ1=4, shown in figure 7

is similar to the measured values of Stanislas et al [1] and

Herpin et al [3], and is close to gþ ¼ ðjyþÞ1=4 in the log-

layer.

A very interesting finding of Herpin et al [3] is that Xz

scales with the Kolmogorov time scale, ðm�Þ1=2, in the log-

layer; specifically, they suggest mX2
z � �. With us and

ðmy=usÞ1=2 as the characteristic velocity and length scales,

we can see in figure 8 that

us
us

my

� �1=2 m
�

� �1=2

¼ 1

�þyþð Þ1=2
� constant; ð13Þ

in the logarithmic region; here DNS [6] and measured [1, 3]

data are used for e. The values estimated using Eq. (6) are

also shown for Re ¼ 2540 [6]. Thus, in terms of Xw and Xz,

we have

mXwXz � �; ð14Þ

as in Eq. (3). This is similar to that of Herpin et al [3],

except that they consider X2
z . Now, considering the length

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

× × × × × × ×××××××××××××××××××××××××××

y/δ ×106

εδ
/u

τ3

101 102 103 104 105 10610–1

100

101

102

103

Figure 2. Comparison of the estimated dissipation (symbols)

with DNS (lines) and experiments [1] using Eq. (6). Schlatter and

Örlü [6]: �;Re ¼ 2540;	;Re ¼ 4060. Stanislas et al [1]:

.;Re ¼ 8200; /;Re ¼ 20800. Lines and other symbols as in

figure 1.
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scale ðmy=usÞ1=2 and the time scale y=us, we have the

velocity scale ðmus=yÞ1=2. In terms of these length and

velocity scales, the scaling of ðm=�Þ1=2 is

mus

y

� �1=2
us

my

� �1=2 m
�

� �1=2

¼
mX2

z

�

 !1=2

: ð15Þ

That is, � � mX2
z of Herpin et al [3] is arrived at by scaling

ðm=�Þ1=2 with the time scale Xz �ðus=yÞ. Thus, �� mXzXw

or �� mX2
z may depend on the choice of the velocity and

length scales; as �� y�1 in the logarithmic layer, �y ¼
constant is expected. Thus the proposed model seems

equally good in the scaling of ðm=�Þ1=2 with Xz. It may be

noted that, with Xz � ou=oy, and �� y�1 in Eq. (14) leads to

u� lnðyÞ.

y+

[(
1–

Y
)/
u

+ (
U

∞+ –
u
+
)]

×1
06

10–1 100 101 102 103 104
103

104

105

Figure 3. Variation of ð1� YÞ=uþðUþ
1 � uþÞ in the boundary

layer. Lines and other symbols as in figure 1.
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Figure 5. Variation of ð1� YÞ1:038=½uþðUþ
1 � uþÞ�1:25 in the

boundary layer.
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Figure 6. Comparison of the estimated Taylor scale with the data

of Stanislas et al [1]. Segalini et al [2]: �, dþ = 1270. Other

symbols as in figures 1 and 2.
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Figure 4. Comparison of [-ðu0v0Þþ 	 105�=½uþðUþ
1 � uþÞ�1:25

(——) with 4:25e�5½uþuþrms=ð1� YÞ1:038� (���). Lines: Schlatter

and Örlü [6].
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3. Conclusion

In summary, a model for the turbulent dissipation rate is

proposed from a finding that ðuurmsÞ� u2
s in the logarithmic

region of a constant pressure boundary layer. This model is

in terms of easily realizable mean flow quantities and can

predict the turbulent dissipation rate over a large portion of

the boundary layer, including the region of � & constant.

An alternative and easy means of experimentally measuring

the Kolmogorov length scale and the Taylor microscale in

the logarithmic region follows from this model for the

turbulent dissipation rate.
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