






when the SIR is I .  Consider two stdtes 21 and z2. It 
follows from the previous result that except for thc ciisc 
when u,(z) = s, the controls u,(z,) and u , ( z z )  arc 
the same if 2ees l  = f i e s s 2 .  Thus we can compute the 
optimal policy u,(z) for any z E X by knowing the 
optimal policy for the case when y is fixed to one and 
only s is allowed to vary. In order to compute u,(s,y), 
we first obtain s1 such that eeal = ees$ and the optimal 
policyu,(s,y) can be written in tenns of&(., 1) as, 
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u,(s,y) = min { s , u ,( s +  f In (:),I)}. (6) 

Now by simple interchange argument and using the con- 
vexity of H,(u), we can show that both T * ( s ,  1) and 
u,(s, 1) are monotonic nondecreasing. But since they 
should sum to s, the policy u,(s, 1) is monotonic non- 
decreasing and Lipschitz with parameter one. Note that 
this implies globally eqni-Lipschitz property for any se- 
quence of functions {uUn(s ,  Using this prop- 
erty we can strengthen the result of Theorem 3.8 [4]. 
The new result is, given s E S and any sequence of 
discount factors converging to one, there exists a sub- 
sequence {a,,} such that u(s , l )  = l imnu ,~ ( s , l ) .  
Now it follows from the monotonic nondecreasing na- 
ture $uo(s,  1) that the optimal policy u(s,  1) is mono- 
tonic nondecreasing and Lipschitz with parameter one. 
Again using these properties of u(s,  1) and global19 
equi-Lipschitz property of discount optimal polcies, we 
can further strengthen the result in a following way. 
Given any sequence of discount factors converging to 
1, there exists a subsequence {a,,} such that for any 
Y E S, the average cost optimal policy 

u(s, ' l)  =!imunn(s, 1) (7) 
n.. 

The choice of subsequencd 'does not depend upon the 
choice of s. The proof essentially uses the Cantor diago- 
nalization procedure to obtain a subsequence that works 
for a dense subset of the state space and then uses the 
globally equi-Lipschitz property to show that the suhse- 
quence works for the whole state space. 

... 

(iii). This follows by passing through the limit in Equation 6. 
Note that this.follows only because of our stronger result 
of Theorem III.Z(I1). 

(iv). We first prove bounds for Hh(& Consider a feasible 
policy that se,ryeieverything ,' i.e., uS;(z) = o for all 
z E X. For tl%policy,Te,have, 

,, . . 

Also as H,(u) is increasing, we have V,(z) 2 s + 
aH,(O) independent to the choice of the policy. Thus 
H,(u) 5 u + E [ A ] + ~ B ~ 2 e e U + a H , ( 0 )  andH,(u) 2 
u + E[A]  + aH,(O). Now since H,(u) is convex, we 
get HA(u) 5 1 + Bpqee". 
Now we show that H&(u)  2 1. When the buffer is 
empty,theoptimal policy is u,(O, Y)~= 0 for ally. Thus 

.. 

V,(O,y) = cuH,(O). Also V,(s,y) 2 s + aH,(O). 
Thus we have 

Thus VL(s,y) 2 1 for all (s,y). Using the domi- 
nated convergence theorem we can take the differenti- 
ation inside of the integral sign in Equation 5. Thus 
Hk(u)  2 1. Now from the solution to the convexprob- 
lem, the bounds for Hb(u)  and the convergence result 
of Theorem IILZ(I1) , the result follows. 

(v). We need to show the existence of a 0 > 0 for which 
the hypothesis of the Theorem 111.1 holds. We con- 
sider the instantaneous cost function c p ( x , ~ ) .  As the 
parameter 0 is increased, power becomes more expen- 
sive and hence the average amount of fluid in the buffer 
increases. It has earlier been shown [ I ]  that as the.delay 
increases, the power required decreases and the power- 
delay tradeoff curve is convex. Thus, each point on the 
curve can be obtained with a particular choice of f l ,  i.e., 
there exists a flo > 0 such that K" = p .  But we have 
this result only in the limsup sense. To show that the 
lim sup and the lirn inf are equal, we prove that the con- 
trolled chain is ergodic under the policy obtained for this 
choice of Po.  
We use the negative drift argument to obtain sufficient 
conditions for the ergodicity of the controlled chain 
{ X [ n ] } .  Given E > 0, it is sufficient to find a com- 
pact set C c X and a k > 0 such that for (s, y) E Ce 
following holds, 

E 
E((Sn+k-Sn)l(Xb1 = ( s , 7 ) , u ( s d ) )  < -5 (8 )  

Lemma 111.1 There exists a PO > 0 for which the con- 
rmlled chain is ergodic. 

Sketch of the Proof: We first show that for Equation 8 
to be satisfied for some compact set, it is sufficient to 
find an SO < 03 such that T ( S O ,  1) > Q. Then using the 
discounted cost value iteration algorithm we show that 
for discount factor a, there exist an so(a)  < 03 such 
that for all s > so(a) 

Now using the convergence result of Theorem 111.2(11), 
we get an SO < 03 satisfying T ( S O ,  1) > Q. Hence done. 
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