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ABSTRACT 
It is known that the capacity of a multi-antenna flat non-fading 

gaussian channels (MIMO capacity) can be improved if the trans- 
mitter has perfect knowledge of channel. The channel information 
affects the input allocation and hence there is capacity degrada- 
tion when the transmitter does not know the channel perfectly. In 
this work variation in MIMO capacity due to small perturbations 
that do not change the rank of the channel is studied. The need 
for the analysis is highlighted by the fact that at high SNR, most 
channel estimation algorithms give small errors. Expressions and 
bounds for capacity are derived using first order perturbation anal- 
ysis. Further to this, the dependence of capacity on the channel 
parameters and total power is studied. It is shown that the upper 
bound on degradation in capacity for small errors varies as the 
square of the spectral norm of perturbation. Further the degrada- 
tion has an approximate inverse square relation with total power 
used and channel singular values. These results are extended to 
a general class of communication systems and results for MIMO- 
OFDM systems over frequency selective channels are presented. 

I. INTRODUCTION 

Consider the MIMO (Multiple Input Multiple Output) system 
with m transmitting and n receiving antennas over Gaussian chan- 
nel. Specifically, we are interested in the model, 

- y = Ha+z (1) 

where y, 2 are n x 1, m x 1 received and transmitted vectors re- 
spectively. L is n x 1 complex Gaussian vector with independent 
identically distributed real and imaginary parts with zero mean 
and variance 0.5 [l]. The channel, denoted by the n x m ma- 
trix H ,  is assumed to be complex, flat and non-fading. Exten- 
sions to frequency selective non-fading channel is provided later. 
Q denotes the input correlation matrix of the signals transmitted 
across antennas. The power available for transmission is P, so 
that T T R ~  (9) 5 P. The capacity for such a setup is [ I ]  

where (a)+ = max{O,a} and * denotes Hermitian operation. 
&(Y) and Y(i,j), respectively, are the ith eigen-value and the 
(i, j ) t h  entry of a matrix Y. Further {X,(A)} are arranged in de- 
scending order. 

If the transmitter has perfect channel information, then it ob- 
tains the optimal input matrix Qopt and.transmits accordingly so 

that capacity Cop, is achieved. However, if the transmitter has 
an estimate of the channel given by [H + A H ] ,  the matrix Qopt 
optimal for [H + AH] is obtained and transmission carried out 
accordingly over actual channel H. Such a situation, for exam- 
ple, arises when the receiver measures a channel with error and 
relays the same information to the transmitter for input optimiza- 
tion. While t h e  transmitter assumes that the mutual information 
achieved is Copt (the capacity for the perturbed channel), the ac- 
tual mutual information achieved is C. Since Copt is optimal for 
H, C 5 Copt. We term C as achieved capacity. The expressions 
for Copt, Copt and C are [ I ]  

?. 

&,,t = logdet[I, + [H + AH]$,,,[H + AH)'] 
Copt = logdet[I, + HQ,,,H*] 
C = logdet[I, + HQ,,,H*] (3) 

where the logarithm is over the base 2 throughout the paper. Since 
we are dealing with fixed channels, C is independent of receiver 
channel information. 

We are interested in the variation of C with channel perturba- 
tion inorder to evaluate the necessity of precise channel informa- 
tion and algorithms that yield such information. While one may 
numerically evaluate C from equation 3 for a given H and AH, 
doing so will not highlight the effects of various parameters like 
user power P and channel singular values on C. Further, having 
an explicit relationship between- the aforesaid parameters and C 
provides the designer with tools to combat the degradation. As a 
result, we need to have expression for C, more refined than equa- 
tion 3, in terms of channel perturbation, channel singular values 
and total power P. 

We use A + AA = [H + AH]'[H + AH] so that AA is the 
penurbation in A. The spectral norm [2] of a matrix Y. denoted 
by llYll. is used as a "measure" of matrix quantities. It is shown 
in the paper that, for any full rank channel, the rank of the mea- 
sured channel is same as that of the true channel if 11 AAll is less 
than the minimum eigen-value of A. In this paper, we restrict 
ourselves to such a class of perturbations which do not change the 
rank. The need to obtain C for such a class is motivated by the 
observation that errors produced by most channel estimation algo- 
rithms decrease with SNR and for well-conditioned channels the 
errors belong to aforesaid class. The results for perturbations that 
change the rank are presented in [4]. 

The results obtained can be easily extended to those communi- 
cation systems whose capacity expressions are similar to equation 
3, for e.g. MIMO-OFDM (Orthogonal Frequency Division Multi- 
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plexing) system [ 5 ] .  While earlier results are for flat channels, we 
present results for MIMO-OFDM system over frequency selective 
channels. 

We assume that A is full rank with distinct eigen-values. This 
entails that n .> m, i.e, the number of transmit antennas are more 
than the number of receive antennas.' The reason for this is men- 
tioned in Section 11. We do not consider the loss in capacity due 
to the sharing1 estimation of channel parameters. . 

11. PERTURBATION ANALYSIS 
We take recourse to &e first order perturbation methods [3]. 

For the sake of completeness we mention the following useful re- 
sults. Let Y be a n x n Hermitian matrix having distinct eigen 
values and A;(Y), gi, 1 5 i 5 n being the eigen-values and cor- 
responding eigen-vectors respectively . Let the perturbed matrix 
be Y + A Y .  Then the first order perturbation of Xi(Y), and gi 
denoted by AAi(X) and A %  respectively, are given by [3] 

Denote X = I, + HQ,,tH' and X + AX = I, + H&,,tH'. 
Since we restrict ourselves to.perturbations that do not change 
the_rank and to a channel having full rank, we see that rank 
(HQ,,,H') = rank(HQ,,,H*) = m. Arranging the eigen- 
values of X and X + AX in descending order, we see that 
X;(X) = X;(X + A X )  = 1 , ( m  + 1) 5 i 5 n. Using this 
and equation 3, we have, Copt = EL1 logXi(X) and C = 
C t l  logAi(X + AX). Hence it suffices to study the perturha- 
tion in the first m eigen-values of X. 

Let the SVD [ 2 ]  of H = UDV',  with U = [gl , g2 . . . g,] and 
V = [gl , gz . . . g,,] where gi and gi are n- x 1 and m x 1 column 
vectors respectively. Then Qopt = VZV'  is the EVD [21 of Qopt 
[ I ]  leading to X = U[I, + DZD'IU'. We assume that iterative 
water-filling [ I ]  is not used so that Z(;,i) = Ai(Qopt) has closed 
form solution given by [ l] ,  

. 

Xi(Q,t) = A + [p + C,"=, &] (6) 

We comment on the choice of P that yields equation 6 later. 
Similarly, EVD of a,,, = [V-+ AV][Z + A Z ] W  + AV]. 

where [V + AV] is the eigen-vector matrix of [A +.AA]. Then, 
AX = H[GOpt - Qopt)H*. can be written as, 

AX = H (VZ[AV]' + [AV]ZV* + V[AZ]V* + VAZ. (7) 
[AV]* + [ A V ] g Z V *  + AV[Z]AV' + AV[AZ]AV*)H*  

Neglecting the second order terms, we have from equation 7 

AX = H [VZ[AV]* + [ A v ] Z V  + V[AZ]V*] 
= UD [Z[AV]'V + V*[AV]Z + [AZ]] D'U' (8) 

Using x i ( x )  = 1 + A,(A)A;(Q~,~), 1 5 i 5 m it is clear 
that the first m eigen-values of X are distinct if A has distinct 
eigen-values. Since equation 5 is valid for simple eigen-values, 

we assume that A and hence first m eigen-values of X are simple 
(distinct). Using equation 5 ,  

AA;(X) = gf ( U D  [ Z [ A Y * V  + V*[AV]Z + AZ]  D'U') g; 

= D;i,i) (AZ(i,;) + 2Z(i,i)Real [V*AV],,,,)) , l  5 i 5 m (9) 

as Z is a real diagonal matrix. 

A. Computing AAi(X) 

Note that V and V + AV are the eigen-vector matrices of A 
and A + AA respectively. Since Agi is the perturbation of pi. 
from the first order perturbation of equation 4 and noting that 
[v'AV](i,,) =s[Agi] we have, 

u.u![AA]gi . 
vf[At~;] = g: -'-' (10) 

A;(A) - Aj(A) 
- 

j=1 j#i 
By the orthonormality of eigen-vectors we have, [V' AVJl,.,) 

=g;& = 0. From equations 9 and 10, we have, 

AAi(X) = D;;,i)[AZ(i,;)] = Xi(A)[AZ(,,i)] (11) 

where equations 10 and 9 reguire A to possess distinct eigen- 
values. In finding rank of HQOptH' and Appendix A, A is re- 
quired to be full rank. Combining the two, A is assumed to be full 
rank with distinct eigen-values. 

The perturbation in equation 11 involves the difference of 
eigen-values of Qopt and Qopt which are functions of H and 
H + AH. To proceed further, one needs closed form expression 
for [AZ],,, in terms of singular values of H and H + AH. In the 
absence of iterative water filling [I], X;(Qopt) is given by equa- . 
tion 6 and A,(Q,,t) is given by, 

X d Q O P t )  = A&AA) + 2 [p+ c;, -1 1 (12) 

and hence closed form expression for [AZ](i,;) exists. However, 
there exists no closed form expressions for Ai(Qopt), X i ( Q o p t )  

and [AZ](i,i), when iterative water filling algorithm is used. 
Hence, P is chosen such that A;(Q,t) and A;(&,,t) are as given 
in 6,and 12. This is achieved by obtaining P as in Appendix A for 
a given upper bound on IlAAll. 

Using the first order perturbation for eigen-value?, of 
[A + AA], &(A + A A )  = A;(A) + pf(AA)zi, 1 <. i . .1  m. 
We can rewrite this as X,(A + AA) = g f ( A  +AA)&."S@ce 
A + AA is positive semi-definite, the first order a p p p w a t i o n  
gives a positive (and valid) estimate for Xi(A + AA). Uslqg this 
in equation 12, we have, 

where ai = gy[AA]gi,l 5 i 5 m. Then using [AZ](;,,) = 
X;(~,t)-A;(Q~pt).equations6, 1 3 a n d p j  = A , ( A ) + a i , l  5 

It can be easily shown that Xi(X) = 1 + A;(A)Z(,,;), 1 5 i 5 m 
and Ai(X) = 1, (m + 1) 5 i 5 n. Using X;(X+AX) = 
Ai(X) + AA;(X), and equation 11. we have X;(X + AX)= 1 + 



&(A) [Z + AZ],;,;) , 1 _< i 5 m and Xi(X + AX) = 1, (rn + 
Using equation 13 and noting that Z(;,<) = X;(Q.,t), we have 

1) 5 i 5 n. 

X,(X + AX) = 2 + [p + C;”=, k], 1 5 i 5 m(15) 

where a; and p; are mentioned above. 
Using equation 15 and noting that C = logdet [X + AX] = 

CzI log X,(X + AX), we proceed to obtain ihe first order ap- 
proximation C,,,, for C. Noting that a; = g;[AA]g, = 
ZD( , , , ,R~~~(E: [AH]LJ~)  + /l[AH]g;/l: where 11.112 is the l2 norm 
[Z], C,,,, is obtained as, 

C,,,t = CL, log (2 + 9 [P + Em J=1 I]) Pi with 

a i = g f [ A A ] g i , p ; = ( X , ( A ) + a ; ) , l ~ i _ < m  (16) 

B. Bounds on the degradation in Capacity Copt - C,,,, 
We are interested in the degradation Copt - C. Since we 

assume (and later show) that C,,,, matches closely with C, 
we shall deal with Cop, - C,,,,. Since Copt - C,,,, = 
- ~ ~ , I o ~ ( ~ ~ ) .  Using X ~ ( X  + AX) = x,(x) + 
AAi(X),  we have, Copt - C,,,, = -EL, log(1 + &). 
By Taylor’s series expansion, 

AA. X 

Now, using X;(X) = . 1  + A;(A)A;(Qopt), 1 5 i 5 m 
and equations 11, 6 we have -* = where y = 
Em. 1 Due to the power constraint; we have, Trace(Z) 
= Trace(Z + AZ) = P. Thus EL1 [AZ],,,,) = 0. Using the 
above form for 

,=I A,(A)’ 

and C:, [AZ](;,, = 0 in equation 17, 

Using equation 14 in 18, 

Equation 19 requires information about the matrix AA. However, 
using-IlAAll _< a< 5 llAAll,Vi, wegetanupperboundonthe 
degradation as, 

Consider figure I ,  which plots the C,,,, and C (obtained ex- 
plicitly by evaluating equation 3) as well as their absolute differ- 
ence IC,,,, - CI for a full rank 4 x 3 channel of unit norm with 
random perturbations whose maximum norm is limited to be less 
than O.lX3(A). While P can be used as in Appendix A for each 
perturbation, for fair comparison, we fix P = *, a value 
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Fig. 1. Pen~at ionforachannelofnormI.m=3,n=4 X,(A) =0.2057. 
maximum llAAll =O.OIS, Copt = 5.6134. 

that meet our requirements for the range of perturbations used I .  

From this plot and various simulations, we see that C,,,, is a good 
approximation of C for small perturbations. Hence our assump- 
tion of studying Cop, - C,,,, instead of Cop, - C is justified. 

We are interested in the effect of parameters like channel Sin- 
gular values, power and channel perturbation on the degradation, 
Copt - C = Copt - C,,,,. This requires evaluating equation 19 
over a wide range of these parameters. Since equation 19 is based 
on the (a) approximation of C by equation 16 and (b) Taylor’s 
series approximation in equation 17;there is a.need to study the 
validity of these approximations over the range of variation of de- 
sued parameters. If equation 16 holds, then AA;(X) is a first or- 
der perturbation in X;(X) and hence the higher powers of 
are negligible thereby validating the Taylor series approximation. 
Thus only the validity of equation 16 needs to be verified. Note 
that equation 16 holds if  the (a) approximation of equation 7 by 
equation 8 holds (b) equation 9 holds for AX of equation 8 (c) 
X;(A + AA) = &(A) + 2fAAg; holds. Effect of the param- 
eters present in equation 19 on these approxmations are detailed 
next. 

Effect of Perturbation Norm fllAAll) on validity of equa- 
tion 16: Clearly the first order approximation, X;(A + AA) = 
X;(A + AA)+LJ;AA~J, hinges on the fact that perturbation norm 
llAAll is small. Hence equations 16 and 19 are valid for small 
perturbation.noks. 

Effect of Power P on validity of equation 16: It is clear from 
equation 19 that total power P is a parameter that can be used 
to combat the estimation errors which necessitates to document 
the effect of P on validity equation 16 over a wide range. Using 
equation 6, Qopt can be written as Qopt = Q + $Irn. Since the 
first order validity for X;(A + AA) is independent of P. equation 
13 also holds and QOpt = Q + :I,,,. It is important to note that 
Q and 6 are independent of P. Hence AX = H (6 -a) H’ 
is independent of P. Also the first order approximation of eigen- 
value and eigen-vector of A + AA is independent of P. This 
shows that P does not affect the approximations used. 

. .  

- 

- 
A .. 

- - 

I$ 5 5 0.1. AlsoX,(A+ AA) 2 0.9A,(A) 



Effect of Channel Singular Values on validiry of equation 16 
The effect of changing individual channel singular values is 

hard to analyze. So consider the case where all the singular values 
of the channel are increased by @ > 1. Let the new parameters 
be denoted with subscript 8, i.e the new channel is H p  = @H. 
However, the norm of the perturbation (IlAHII) is same as that 
of the @ = 1 case. Though this may show that the perturbations 
are small with respect to the new channel, pre and post multi- 
plication by channel matrices (Hp) in equation 7 necessitates to 
verify the first order approximations. Now Ap = P2A and~since 
P can be factored out, Zp = @-'Z Neglecting the second or- 
der term in AAp, we have AAp = BAA. Since AA allows 
us to use first order approximations for eigen-values and eigen- 
vectors of A + AA, the perturbation AA, ,in Ap is amenable 
to similar approximations and residual errors. Hence we have, 
Xi(Ap + AAs) = &(A,) + $AApxi. From this argument 
it can be seen that for @&(A) >> ~JJAA~J~, AZg = P-3AZ. 
Also we have AVp = @-'AV. Using these results in equation 7 
shows that the order of terms in AX does not increase with P > 1. 
Hence the earlier approximations hold when all the channel sin- 
gular values are increased. 

This study shows that we can increase P and channel singular 
values arbitrarily while using equation 19. 

IU. OBSERVATIONS 

In this section we present some observations on the variation of 
degradation Copt - C due to changes in power, channel singular 
values and the perturbation norm. All the results presented are for 
the channel used in figure 1. Since figure 1 shews that C,,,, is a 
good approximation for C, we present results for Copt - Cp,,t. 

Effect of AH 
Decreasing IlAHll (and hence IlAAll) reduces the degrada- 

tion. This is shown by equation 16 when IlAAll --t 0, a; -+ 0 
thereby making C,,,, --f C. Equation 20 shows that the up- 
per bound varies as the square of IlAAll. Further, smaller the 
llAH[l better is the first order approximation. These observations 
q e  shown clearly in figure 1. 

Effect of Total P o w e r P  
Equation 19 shows clearly that increasing P reduces the bound 

in the degradation. Further note that this decrease is approxi- 
mately proportional to P-'. Thus the degradation in capacity can 
be combated by increasing power. These observations are high- 
lighted in figure 2, for the 4 x 3 channel of figure 1. @ denotes 
the factor by which the power is amplified. Also, as P + M, 

Cpert -+ c. 
Effect o fcha ine l  Singular Values 
Here all the singular values of the channel are increased by 

the factor P 2 1 while the perturbations ( A H )  are same as 
in  the f l  = 1 case. Choosing P as in Appendix A, results in 
P a @-'. Then it can be seen from equation 19, with the as- 
sumption @&(A) >> a;, that degradation falls approximately as 
f 2 .  Note that degradation reduces despite the fact that P is also 
reduced. Also, PH + AH + PH for ,9 >> 1. As a result, we 
see that the degradation reduces as the channel norm increases. 
These are summarized in figure 3 which shows the degradation 
for the channel of figure 1 for variom 8. 

:t 
I 

0.W 0.024 0 . W  0.W 0.01 O.Ol2 
-21 

0.m 0.w 0.m 0.m 0.0, 0.012 
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Fig. 2. Variation of capacity degradation with P. The channel of figure 1 is used 
with8 indicating the power multiplication factor. 

I 
02  0.4 0.6 

IlbNl 

Fig. 3. Variation ofcapacity degradation with Channel singular valuer for channel 
of figwe 1.8 indicating the multiplication factor 

N. EXTENSION TO MIMO-OFDM SYSTEMS 

The earlier results were reported for frequency Bat channels. 
These results can be extended to any communication system 
where C and Copt are obtained by expressions similar to those in 
equation 3. The capacity of MIMO-OFDM system over frequency 
selective channels using N tones is [5 ] ,  Copt = logdet[I,N + 
HQ,,,H*] and C = - logdet[I,N + HQ,,,H'] where H is 
an n N  x m N  block diagonal matrix with H = diag{Hk)fS'. 
Since these expressions are similar to those in equation 3, earlier 
results can be extended to MIMO-OFDM systems and we present 
them for completeness. 

The submatrices Hb are n x m matrices denoting the kfh DFT 
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co-efficient of the channel, i.e if H( I )  denotes the n x m chan- 
nel for the l t h  path, then HI, = H(l)e-Jz”%. We have 
assumed that there are L distinguishable paths. We refer to HI, 
as the channel for the kLh tone. Also Q,, is the mN x mN 
block diagonal correlation matrix with QOPt = diag(&}f<’ 
and XI, is the m x,m correlation-matrix of the symbols on the 
.kth tone. Similarly Q,t = diag{Er;}f=;*. Further there exists a 
power constraint P such that Trace(@,,t) = Trace(QOpt) 5 P. 
With these definitions we can write C = $ cf=il log det[I, + 
Hr %H;] which shows the decomposition into N frequency flat 
channels. Note that the power constraint forces these channels to 
dependent. 

The channel for each tone Hh is estimated as [H + AH]k for 
each tone k independently.. Further, A = H * H ,  AI, = H;Hk, 
[A + AA]r = [H + AH];[H + AH]r and [A + AA] = 
[H + AH]*[H + AH] The norm of perturbation for each Ak is 
llAAI,II. Wedenoteby Xj(Ak) t h e j t h  eigen-valueofAk and for 
each k, they are arranged in decreasing order. 

A .  Perturbation Analysis 

We assume H to be full rank with distinct eigen-values. To 
highlight independent perturbations, we provide the following ex- 
pressions that can be easily derived from earlier results. Let 
D(;,;)(k), be the ith singular value of H n ,  p;(k), g,(k) be 
the iLh eigen-vector of Ak and HkH; respectively, = 

k 5 N - 1. The first order approximation, Cpert, of C is 

L 

1 ~ . ( k ) * [ A A ] k ~ ; ( k ) .  ~ ( k , ; )  = Xi(&) + q n , ; ) , l  5 i 5 m,O 5 

Further simplifications can be made by noting a ( k , i )  = 2D(;,;) (k) 

The degradation Copt - C,,,,, is similar to equation 19 and is 
Real(z;(k)*  AHI IN,(^)) + l l[AH]~,~i(k)llH. 

given by, 

2 
Copt  - Cpevt = & (e) ,Y with (22) 

An upper bound similar to equation 20 can be easily derived. We 
see that instead of using IIAAll for the entire matrix, we use the 
perturbations llAAall for individual channels. However, we see 
that due to the power constraint, degradation over Hr is dependent 
on the perturbation on different tones. The effect of the channel 
singular values, power and perturbation on C are as mentioned 
earlier. 

V. CONCLUSION 
An analysis of the variation of MIMO capacity in the presence 

channel perturbations has been carried out. The channel pertur- 
bations are assumed to be small so that first order perturbation 
analysis of MIMO capacity can be carried out. The fact that 

most channel estimation algorithms yield small errors motivates 
the  aforesaid analysis. Expressions and bounds for the MIMO 
capacity in presence channel perturbations are derived. The va- 
lidity of these expressions is also studied. It is shown that the 
degradation and has an approximate inverse square relation with 
power used and the channel singular values. The degradation de- 
creases with the channel perturbation and the upper bound derived 
shows that the degradation varies as the square of the perturbation 
norm. These results show that degradation can be reduced by us- 
ing higher power and using a channel with high singular values. 
All the results derived can be extended to a broader class of com- 
munication systems of which results for MIMO-OFDM systems 
over frequency selective channels are presented. 

APPENDIX A. Power Considerations 
Using the derivation in [6], for full rank channels, it can he 

shown that 

(1 - dXi(A) 5 &(A + AA) 5 (1 + q)Ai(A), (23) 

where 1 5 i m where q = IIA-’[AA]II. Hence q 5 m. 
Since X;(A + A A )  2 0,Vi the lower bound in equation 23 be: 
comes trivial for q > 1. However for perturbations which sat- 
isfy, IlAAll < X,(A), equation 23 shows X;(A + A A )  > 0 if 
X;(A) > 0. Hence such perturbations do not reduce rank of full 
rank channels. 

If X,(A + A A )  > 0, as is the case with perturbations that 
retain the rank, P 2 for all d _> 1 is sufficient to 
prevent use of iterative water filling [I] in calculating X;(Q~,,,). 
Then choosing n = 1 + q.and using equation 23. P 2 &, 
which is sufficient to to prevent use of water filling in calculating 
X;(Qop t ) .  The full rank assumption of A is used here. The choice 
of P 2 helps us to  avoid water filling for true and 
measured channels. The transmitter obtains X,(A + AA) and 
calculates P for a given upper bound on IlAAll. Even though P 
can be further reduced, this choice is used for simplicity. 
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