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DOMAINS IN COMPLEX SURFACES WITH A NONCOMPACT AUTOMORPHISM
GROUP – II

KAUSHAL VERMA

ABSTRACT. Let X be an arbitrary complex surface andD ⊂ X a domain that has a noncom-
pact group of holomorphic automorphisms. A characterization of those domainsD that admit
a smooth real analytic, finite type, boundary orbit accumulation point and whose closures are
contained in a complete hyperbolic domainD′ ⊂ X is obtained.

1. INTRODUCTION

Let D ⊂ Cn, n≥ 1 be a bounded domain and let Aut(D) be the group of holomorphic automor-
phisms ofD. There is a natural action of Aut(D) on D given by

( f ,z) 7→ f (z)

where f ∈ Aut(D) andz∈ D. Suppose the orbit of some pointp ∈ D under this action accu-
mulates atp∞ ∈ ∂D – call such a point a boundary orbit accumulation point. In this situation, it
has been shown that (see [1]–[4], [5], [11], [22], [26] and [33] among others) the nature of∂D
nearp∞ provides global information aboutD. The question of investigating this phenomenon
whenD is a domain in a complex manifold was raised in [7] and [14] andit was shown in the
latter article that the Wong-Rosay theorem remains valid when D is a domain in an arbitrary
complex manifold withp∞ ∈ ∂D a strongly pseudoconvex point. In short, such a domainD is
biholomorphic to the unit ballBn ⊂ Cn. Motivated by this result, it was shown in [28] that the
analogues of [1] and [5] are also valid, with the same conclusion, whenD is a domain in an
arbitrary complex surface andp∞ is a smooth weakly pseudoconvex point of finite type. The
pseudoconvexity hypothesis nearp∞ was dropped in [4] and a local version of this result for
bounded domains inC2 and with the boundary∂D nearp∞ being smooth real analytic and of
finite type can be found in [31]. The purpose of this article isto generalise the result in [31] by
finding all possible model domains whenD is a domain in an arbitrary complex surfaceX.

Theorem 1.1. Let X be an arbitrary complex surface and D⊂ X a domain. Suppose thatD is
contained in a complete hyperbolic domain D′ ⊂ X and that there exists a point p∈ D and a
sequence{φ j} ∈ Aut(D) such that{φ j(p)} converges to p∞ ∈ ∂D. Assume that the boundary
of D is smooth real analytic and of finite type near p∞. Then exactly one of the following
alternatives holds:

(i) If dimAut(D) = 2 then either
• D ⋍ D 1 =

{

(z1,z2) ∈ C2 : 2ℜz2+P1(ℜz1) < 0
}

where P1 is a polynomial that
depends onℜz1, or

• D ⋍ D 2 =
{

(z1,z2) ∈ C2 : 2ℜz2+P2(|z1|
2) < 0

}

where P2 is a polynomial that
depends on|z1|

2, or
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• D ⋍ D 3 =
{

(z1,z2) ∈ C2 : 2ℜz2+P2m(z1,z1) < 0
}

where P2m is a homogeneous
polynomial of degree2m without harmonic terms.

(ii) If dimAut(D)= 3 then D⋍D 4 =
{

(z1,z2)∈C2 : 2ℜz2+(ℜz1)
2m< 0

}

for some integer
m≥ 2.

(iii) If dimAut(D) = 4 then D⋍ D 5 =
{

(z1,z2) ∈ C2 : 2ℜz2+ |z1|
2m < 0

}

for some integer
m≥ 2.

(vi) If dimAut(D) = 8 then D⋍ D 6 = B2 the unit ball inC2.

The dimensions0,1,5,6,7 cannot occur with D as above.

To clarify several points, first note thatD is hyperbolic since it is contained inD′ which is as-
sumed to be complete hyperbolic in the sense of Kobayashi. Therefore Aut(D) is a real Lie
group endowed with the topology of uniform convergence on compact subsets ofD. Moreover,
the family φ j : D → D ⊂ D′ is normal sinceD′ is complete. By theorem 2.7 in [30] (which
generalises Cartan’s theorem – see [25] pp. 78) we see that every possible limit mapφ is either
in Aut(D) or satisfiesφ(D) ⊂ ∂D. Sinceφ(p) = p∞ ∈ ∂D, it follows that φ(D) ⊂ ∂D. Fix a
neighbourhoodU of p∞ and a biholomorphismψ : U → ψ(U) ⊂ C2 such thatψ(p∞) = 0 and
ψ(U ∩∂D) is a smooth real analytic hypersurface of finite type – note that the type is a biholo-
morphic invariant and hence it suffices to work with a fixed, sufficiently small neighbourhood of
p∞. LetW be a neighbourhood ofp small enough so thatφ(W)⊂U . If possible, letk> 0 be the
maximal rank ofφ which is attained on the complement of an analytic setA⊂ D. If p∈W \A,
then the image of a small neighbourhood ofp that does not intersectA underφ is a germ of a
positive dimensional complex manifold contained inU ∩∂D and this is a contradiction. On the
other hand ifp∈ A, pick q∈W \A and repeat the above argument to see thatk= 0 in this case
as well. Thusφ(D)≡ p∞. Since this is true of any limit map, it follows that the entire sequence
φ j converges uniformly on compact subsets ofD to the constant mapφ(z)≡ p∞. It follows that
D must be simply connected (see for example [24]) for any loopγ ⊂ D is contractible if and
only if φ j(γ) is so for all j. However, for all largej the loopφ j(γ) ⊂ U ∩D which is simply
connected ifU is small enough. Henceφ j(γ) is a trivial loop for largej and hence so isγ.

Second, note thatψ(p∞) cannot belong to the envelope of holomorphy ofψ(U ∩D). Indeed,
for if not, then on the one hand we see from the above reasoningthat the Jacobian determinant
det(ψ ◦ φ j)

′ must tend to zero uniformly on compact subsets ofD. On the other hand, all the
mapsφ−1

j ◦ψ−1 : ψ(U ∩D) → D ⊂ D′ extend to a fixed, open neighbourhood ofψ(p∞) by a
theorem of Ivashkovich (see [20]) sinceD′ is complete. Moreover, the extensions of these maps
nearψ(p∞) take values inD′. Hence there is an upper bound for det(φ−1

j ◦ψ−1)′ nearψ(p∞)
and this is a contradiction. As a consequence, this observation of Greene-Krantz is also valid in
the situation of the main theorem.

Third, recall the stratification of the smooth real analyticfinite type hypersurfaceU ∩ ∂D
that was used in [31]. There is a biholomorphically invariant decomposition ofU ∩ ∂D as the
union of two relatively open sets, namely∂D+ (for brevity, we drop the reference toψ) which
consists of points near whichU ∩∂D is pseudoconvex and̂D∩∂D that has those points which
are in the envelope of holomorphy ofU ∩D, and their closed complementMe which is a locally
finite union of smooth real analytic arcs and points. Note that Me is contained in the set of Levi
flat pointsL which by the finite type assumption is a codimension one real analytic subset of
U ∩∂D. By the second remark above,p∞ /∈ D̂∩∂D. If p∞ ∈ ∂D+ then by [28] it follows that

D ⋍
{

(z1,z2) ∈ C
2 : 2ℜz2+P2m(z1,z1)< 0

}
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whereP2m(z1,z1) is a homogeneous subharmonic polynomial of degree 2m (this being the 1-
type of U ∩ ∂D near p∞) without harmonic terms. In this case, the assumption thatD ⊂ D′

plays no role for pseudoconvexity ofU ∩ ∂D nearp∞ (an orbit accumulation point) is enough
to guarantee thatD is complete hyperbolic – see [5], [13] for example. In particular, in the
situation of the main theorem, the Levi form ofU ∩∂D changes sign in every neighbourhood of
p∞. Finally, a word about the assumption thatD is contained in a complete hyperbolic domain
D′ ⊂ X. Perhaps the most natural assumption would be tonot assume anything except finite
type and smooth real analyticity ofU ∩∂D nearp∞. In this situation, the first thing to do would
be to show the normality ofO (∆,D), the family of holomorphic mappings from the unit disc∆
into D. And as in [5] and [13] this should be a consequence of understanding the rate of blow
up of the Kobayashi metric onD nearp∞. That the metric can even be localised nearp∞ near
which the Levi form changes sign does not seem to be known. Therefore another possibility is
to assume thatD is locally taut nearp∞, i.e.,V ∩D is taut for some fixed neighbourhoodV of
p∞. However, working with this also requires knowledge that ananalytic discf : ∆ → D with
f (0) close top∞ can be localised. Moreover, if we strengthen the hypothesisonD by assuming
that it is complete hyperbolic, thenD would be pseudoconvex nearp∞. The model domains in
this case have been determined in [28]. With these observations a plausible hypothesis seemed
that of requiring thatD⊂D′ whereD′ ⊂X is complete – and this, though being global in nature,
seemed to complement well the assumption made in [31] thatD ⊂ C2 is a bounded domain.

The general strategy is the same as in [31]. Note that sinceD is hyperbolic it follows from
[21], [23] that 0≤ dimAut(D) ≤ n2+2n = 8 asn = 2. Furthermore by [21] it is known that
if dimAut(D) ≥ 5, thenD is homogeneous and hence there is an orbit that clusters at strongly
pseudoconvex points inU ∩ ∂D. Such points form a non-empty open subset ofU ∩ ∂D that
containsp∞ in its closure and this follows from the decompositon ofU ∩∂D alluded to above.
Consequently by [14],D ⋍ B2. Therefore it suffices to treat the case when 0≤ dimAut(D)≤ 4.
An initial scaling ofD using the orbit{φ j(p)} as described below shows thatD is biholomorphic
to a model domain of the form

G=
{

(z1,z2) ∈ C
2 : 2ℜz2+P(z1,z1)< 0

}

whereP(z1,z1) is a polynomial without harmonic terms. Letg : G → D be the biholomor-
phism. G is evidently invariant under the one parameter subgroup of translations in the imag-
inary z2-direction, i.e.,Tt(z1,z2) = (z1,z2 + it ) for t ∈ R. This shows that dimAut(D) ≥ 1.
If dimAut(D) = dimAut(G) = 1, it is possible to explicitly write down what can element of
Aut(G) should look like and this description shows that the orbits in G stay uniformly away
from the boundary and accumulate only at the point at infinityin ∂G. Using the assumption that
D is contained in a taut domain, it can be seen that the Kobayashi metric inD blows up nearp∞.
Let X = g∗(i∂/∂z2); note thati∂/∂z2 is a holomorphic vector field inG whose real part gener-
ates the translationsTt . Thenp∞ is seen to be an isolated zero ofX on∂D and the arguments of
[4] show thatX must be parabolic and this forcesD to be equivalent to an ellipsoid whose auto-
morphism group is four dimensional. This is a contradiction. When dimAut(D) = 2, two cases
arise depending on whether Aut(D)c, the connected component of the identity in Aut(D) is
abelian or not. In the former case, Aut(D)c must be isomorphic to eitherR2 or toR×S1. These
lead to the conclusion thatD ⋍ D 1 or D ⋍ D 2. In the non-abelian case Aut(D)c is solvable and
it can be shown thatD ⋍ D 3. A case-by-case analysis is used when dimAut(D) = 3,4 to iden-
tify the relevant domain from the classification obtained byA. V. Isaev in [17], [18]. While the
argument remains the same in some cases, we take this opportunity to streamline and provide
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alternate proofs in some instances – for example, ruling outthe possibility that dimAut(D) = 1
and identifying the right model domain when dimAut(D) = 3. There are several possibilities
in [17] and here we focus on three interesting classes from that list, as the proof for the others
remains the same. Nothing changes when dimAut(D) = 2,4, i.e., the same proofs from [31]
carry over to these cases and we have decided to be brief, the emphasis being not to merely
repeat what carries over to this situation from [31], but to identify and focus on the differences
instead.

2. THE DIMENSION OFAut(D) IS AT LEAST TWO

To describe the scaling ofD using the base pointp and the sequence{φ j} ∈ Aut(D), first note
that for j large, there is a unique point ˜p j ∈ ψ(U ∩∂D) such that

(2.1) dist(ψ◦φ j(p),ψ(U ∩∂D)) = |p̃ j −ψ◦φ j(p)|.

By a rotation of coordinates, we may assume that the defining functionρ(z) for ψ(U ∩∂D) is
of the form

ρ(z) = 2ℜz2+∑
k,l

ckl(y2)z
k
1zl

1

wherec00(y2) = O(y2
2) andc10(y2) = c01(y2) = O(y2). Let m be the type ofψ(U ∩∂D) at the

origin. By definition, there existk, l both at least one andk+ l = m for which ckl(0) 6= 0 and
ckl(0) = 0 for all otherk+ l < m. The pure terms, if any, up to orderm in the defining function
can be removed by a polynomial automorphism of the form

(2.2) (z1,z2) 7→
(

z1,z2+ ∑
k≤m

(ck0(0)/2)zk
1

)

.

These coordinate changes will be absorbed inψ. Let ψ j
p,1(z) = z− p̃ j so thatψ j

p,1(p̃ j) = 0. A

unitary rotationψ j
p,2(z) then ensures that the outer real normal toψ j

p,1◦ψ(U ∩∂D) at the origin

is the realz2-axis. The defining function forψ j
p,2◦ψ j

p,1 ◦ψ(U ∩∂D) near the origin is then of
the form

(2.3) ρ j(z) = 2ℜz2+∑
k,l

c j
kl(y2)z

k
1zl

1

with the same normalisations on the coefficientsc j
00(y2) andc j

10(y2) as described above. Since

p̃ j → 0 it follows that bothψ j
p,1 andψ j

p,2 converge to the identity uniformly on compact subsets

of C2. Note that the type ofψ j
p,2◦ψ j

p,1◦ψ(U ∩∂D) is at mostm for all j and an automorphism
of the form (2.2) can be used to remove all pure terms up to order m from ρ j(z). Denote this by
ψ j

p,3. Lastly, note thatψ◦φ j(p) is on the inner real normal toψ(U ∩∂D) at p̃ j and it follows

thatψ j
p,2◦ψ j

p,1◦ψ◦φ j(p) = (0,−δ j) for someδ j > 0 and the explicit form of (2.2) shows that

this is unchanged byψ j
p,3. Let

ψ j
p,4(z1,z2) = (z1/ε j ,z2/δ j)

whereε j > 0 will be chosen in the next step. The defining function forψ j
p◦ψ(U ∩∂D) near the

origin, whereψ j
p = ψ j

p,4◦ψ j
p,3◦ψ j

p,2◦ψ j
p,1, is given by

ρ j ,p(z) = δ−1
j ρ j(ε jz1,δ jz2) = 2ℜz2+∑

k,l

εk+l
j δ−1

j c j
kl(δ jy2)z

k
1zl

1.
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Observe thatψ j
p◦ψ◦φ j(p) = (0,−1) for all j. Now chooseε j > 0 by demanding that

max
{

|εk+l
j δ−1

j c j
kl(0)| : k+ l ≤ m

}

= 1

for all j. In particular, note that{εm
j δ−1

j } is bounded and by passing to a subsequence it follows
that

ρ j ,p(z)→ ρp = 2ℜz2+P(z1,z1)

in theC∞ topology on compact subsets ofC2, whereP(z1,z1) is a polynomial of degree at most
m without any harmonic terms. Therefore the domainsG j ,p = ψ j

p◦ψ(U ∩D) converge to

Gp = {(z1,z2) ∈ C
2 : 2ℜz2+P(z1,z1)< 0}

in the Hausdorff sense. LetK ⊂ Gp be a relatively compact domain containing the base point
(0,−1). ThenK ⊂ ψ j

p◦ψ(U ∩D) for all large j and therefore the mappings

g j
p : (ψ j

p◦ψ◦φ j)
−1 : K → D ⊂ D′

are well defined and satisfyg j
p(0,−1) = p. The completeness ofD′ shows that the family{g j

p}
is normal and hence there is a holomorphic limitgp : Gp → D with gp(0,−1) = p. It remains to
show thatgp is a biholomorphism fromGp ontoD. For this, recall the observation made in [4]
that sinceP(z1,z1) is not harmonic, the envelope of holomorphy ofGp is either all ofC2 or ∂Gp
contains a strongly pseudoconvex point. The former situation cannot hold – indeed, by [20]
again, the mapgp will extend toC2 taking values inD′ and sinceD′ is complete,gp(z)≡ p. Let
W ⊂ C2 be a bounded domain that intersects infinitely many of the boundariesψ j

p◦ψ(U ∩∂D)

– and hence also∂Gp. Then for eachj, note that the cluster set ofW∩ψ j
p◦ψ(U ∩∂D) underg j

p

is contained in∂D sinceφ j ∈Aut(D). Now, if the envelope ofGp were all ofC2, it is possible to
find a domainΩ with Ω∩∂Gp 6= /0 on which the family{g j

p} would converge uniformly. In this
case, by passing to the limit, we see thatgp(U ∩∂Gp)⊂ ∂D and thusgp cannot be the constant
map. Therefore there must be a strongly pseudoconvex point,sayζ on∂Gp. Fix r > 0 so that all
points on∂Gp∩B(ζ, r) are strongly pseudoconvex and sinceρ j ,p → ρ∞,p in theC∞ topology on
B(ζ, r), it follows that each of the open piecesψ j

p◦ψ(U ∩∂D)∩B(ζ, r) are themselves strongly
pseudoconvex forj ≫ 1. For a complex manifoldM, let FM(z,v) denote the Kobayashi metric
at z∈ M along a tangent vectorv at z. By the stability of the Kobayashi metric under smooth
strongly pseudoconvex perturbations, it follows that for all q∈ B(ζ, r)∩Gp

FG j,p(q,v)≥ c|v|

for some uniformc> 0 and by the invariance of the Kobayashi metric we see that

(2.4) Fφ−1
j (U∩D)(g

j
p(q),dgj

p(q)v) = FG j,p(q,v)≥ c|v|.

Since the automorphismsφ j → p∞ uniformly on compact subsets ofD, it can be seen that
the domainsφ−1

j (U ∩D) form an exhaustion ofD in the sense that for any compactK ⊂ D,

there is an indexj0 for which K ⊂ φ−1
j0
(U ∩D). Furthermore, asgp(0,−1) = p∈ D, it follows

that g−1
p (∂D) is closed and nowhere dense inGp and therefore it is possible to choose aq ∈

(B(ζ, r)∩Gp) \g−1
p (∂D). This ensures thatg j

p(q)→ gp(q) ∈ D. Now, the completeness ofD′
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implies that the Kobayashi metrics onφ−1
j (U ∩D) converge to the corresponding metric onD

and thus (2.4) shows that

(2.5) FD(gp(q),dgp(q)v)& c|v|.

Thusdgp(q) has full rank. Thus the rank ofdgp can be smaller only on an analytic setA⊂ Gp
of dimension at most one. Pick ˜q ∈ A and letN1,N2 be small neighbouroods of ˜q andgp(q̃)

respectively such thatg j
p(N1) ⊂ N2 for j ≫ 1. By identifyingN2 with an open subset ofC2,

Hurwitz’s theorem applied to the Jacobians det(dgj
p) shows that either det(dgj

p) never vanishes
or is identically zero inN1. SinceA has strictly smaller dimension it follows thatdgp has full
rank everywhere, i.e.,A must be empty. Hencegp is locally biholomorphic inGp and therefore
gp(Gp) ⊂ D. Injectivity of gp is now a consequence of the fact thatg j

p are all biholomorphic
and they converge uniformly on compact subsets ofGp to gp.

To conclude, we have to show thatDp = gp(Gp) is all of D. If not, pick p̃∈ ∂Dp∩D and note
that sinceφ j(p̃)→ p∞, the scaling argument above can be repeated to get a biholomorphismgp̃ :
Gp̃ → gp̃(Gp̃)⊂ D. HereGp̃ has the same form asGp with possibly a different polynomial than
P(z1,z1). Note thatV =Dp∩Dp̃ is then a nonempty open subset ofD. Let f j

p =(g j
p)

−1, fp=g−1
p

and f j
p̃ = (g j

p̃)
−1, f p̃ = g−1

p̃ . Observe that bothfp, f p̃ are biholomorphic onV, and that both

f j
p, f j

p̃ are defined on a given compact set inD for large j. We may write fp = A◦ f p̃ where
A= g−1

p ◦gp̃ is biholomorphic onf p̃(V). But more can be said aboutA – indeed, by definition
we have

g j
p◦ψ j

p◦ (ψ
j
p̃)

−1 = g j
p̃

whereA j = ψ j
p◦ (ψ j

p̃)
−1 are polynomial automorphisms ofC2 of bounded degree as their con-

struction shows. Sinceg j
p andg j

p̃ converge togp andgp̃ respectively, we may takeA as the
limit of A j on f p̃(V) and conclude thatA is also a polynomial automorphism ofC2. Now the
functional equationfp = A◦ f p̃ extendsfp as a biholomorphic mapping from a small neigh-
bourhoodW of p̃ ontoW′, a neighbourhood offp(p̃). On the other hand, note first that sincegp̃

is biholomorphic near(0,−1) and maps it to ˜p, it follows that f j
p̃ form a normal family onW,

after possibly shrinking it if necessary. As a consequence,the equality

f j
p = A j ◦ f j

p̃

which holds onW for j large, shows thatf j
p converges tofp on W and hence in the limit

we see thatfp(W) ⊂ Gp. That is, fp(W) cannot contain a neighbourhood offp(p̃) which
is a contradiction. Hencegp : Gp → D is biholomorphic and sinceGp is invariant under the
translationsTt , it follows that dimAut(D) = dimAut(Gp)≥ 1. In the sequel, we will writeg,G
in place ofgp,Gp respectively.

Recall thatp∞ is not in the envelope of holomorphy ofU ∩D where(U,φ) is the coordinate
chart aroundp∞ that was fixed earlier. Let∆ ⊂ C be the unit disc. The following estimate on
the Kobayashi metric nearp∞ will be useful.

Lemma 2.1. For every r∈ (0,1), there is a neighbourhood V of p∞ compactly contained in
U such that every analytic disc f: ∆ → D with f(0) ∈ V satisfies f(r∆) ⊂ U. As a result, the
Kobayashi metric can be localised near p∞ – there is a constant C> 0 such that

C ·FU∩D(p,v)≤ FD(p,v)≤ FU∩D(p,v)
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uniformly for all p∈V ∩D and tangent vectors v at p. Moreover,

FD(p,v)/|v| → ∞

as p→ p∞. In particular, for any neighbourhood V of p∞ and R< ∞, there exists another
neighbourhood W⊂V of p∞ such that the Kobayashi ball Bk

D(p,R)⊂V whenever p∈W∩D.

Proof. Let fν : ∆ → D ⊂ D′ be a sequence of holomorphic disks withfν(0) = pν → p∞. The
completeness ofD′ implies that some subsequence of{ fν} converges uniformly on compact
subsets of∆ to a holomorphic limitf : ∆ → D and f (0) = p∞. Suppose thatf (z) 6≡ p∞ on ∆.
Let η > 0 be such thatf (η∆) ⊂ U . SinceU ∩ ∂D is of finite type, no open subset off (η∆)
can be contained in it and hencef (η∆)∩D 6= /0. By the strong disk theorem ([32]) it follows
that p∞ belongs to the envelope of holomorphy ofU ∩D which is a contradiction. Therefore
f (z)≡ p∞ and this shows that all limit functions for the given family of holomorphic disks are
constant. The first claim follows and the equivalence of the metrics onU ∩D andD is then a
consequence of the definition of the Kobayashi metric.

If there exists a sequencepν → p∞ and non-zero vectorsvν at pν and a constantC such that
FD(pν,vν)≤C|vν|, then there would exist a uniformr > 0 and holomorphic disksfν ∈ O (r∆,D)
with fν(0) = pν andd fν(0) = vν. By the homogeneity of the metric in the vector variable, we
may assume that|vν|= 1 for all ν. The argument above shows that every possible limit function
f of the family{ fν} is constant which contradicts|d f(0)|= 1. ThereforeFD(p,v)/|v| blows up
asp→ p∞.

For the claim about the size ofBk
D(p,R), let us work in local coordinates aroundφ(p∞) = 0.

For a,b∈U ∩D, let d(a,b) denote the euclidean distance onU ∩D induced byφ. For a given
neighbourhoodV of p∞ andR< ∞, let p∞ ∈ N2 ⊂ V be such thatFD(p,v)/|v| ≥ 2R for all
p∈ N2∩D and tangent vectorsv at p. We may assume without loss of generality thatN2 ⊂U
andN2 = φ−1(B(0,2)). Let N1 = φ−1(B(0,1)). Fix p∈ N1∩D andq∈ D and letγ(t) be a path
in D parametrised by[0,1] with γ(0) = p andγ(1) = q such that

∫ 1

0
FD(γ(t),γ′(t)) dt ≤ dk

D(p,q)+ ε

whereε > 0 is given anddk
D(p,q) is the Kobayashi distance betweenp,q. Suppose thatq ∈

N1∩D; two cases now arise – first, if the entire pathγ ⊂ N2∩D, then

2R d(p,q)≤
∫ 1

0
FD(γ(t),γ′(t)) dt ≤ dk

D(p,q)+ ε.

Second, ifγ does not entirely lie inN2∩D, then there is a connected component ofγ that contains
p and a pointa∈ ∂N2∩D. The length of this connected component is at least 2≥ d(p,q). On
the other hand, ifq∈ D\N1, then the length of this path can be bounded from below by simply
2R. Thus we get

dk
D(p,q)≥ 2R d(p,q)− ε

if q∈ N1∩D anddk
D(p,q)≥ 2Rotherwise. Now ifp∈ N1∩D andq∈ Bk

D(p,R), it follows from
these comparisons thatq∈ N1∩D which completes the proof. �

The holomorphic vector fieldX = g∗(i∂/∂z2) on D is such that its real partℜX = (X +X )/2
generates the one parameter subgroupLt = g◦Tt ◦g−1 = exp(t ℜX ) ∈ Aut(D). Two observa-
tions can be made aboutX at this stage – first, Proposition 2.3 of [31] shows that(Lt) induces
a local one parameter group of holomorphic automorphisms ofa neighbourhood ofp∞ when



8 KAUSHAL VERMA

D ⊂ C2 is a bounded domain. In particular,X extends as a holomorphic vector field nearp∞.
The proof of this relies on a local parametrised version of the reflection principle from [10], the
main tools being the use of Segre varieties and their invariance property under biholomorphisms
to construct the desired extension of(Lt) nearp∞ for all |t|< η for a fixedη > 0. The same ar-
guments can be applied in the local coordinates induced onU by φ to get the same conclusion in
the setting of the main theorem as well. Second, consider thepullback of the orbit{φ j(p)} ∈ D
under the equivalenceg : G→ D, i.e., letg−1◦φ j(p) = (a j ,b j) ∈ G and

2ε j = 2ℜb j +P(a j ,aj).

Note thatε j < 0 for all j. Proposition 2.5 of [31] shows that if|ε j |> c> 0 for all large j, then
X vanishes to finite order atp∞. The proof of this uses the boundedness ofD ⊂ C2 which in
particular implies that a family of holomorphic maps intoD is normal. The same argument can
be applied in the situation of the main theorem sinceD ⊂ D′ andD′ is assumed to be complete
hyperbolic. Thus we have:

Proposition 2.2. The group(Lt) induces a local one parameter group of holomorphic automor-
phisms of a neighbourhood of p∞ in X. In particular,X extends as a holomorphic vector field
near p∞. Moreover, if|ε j |> c> 0 for all large j, thenX vanishes to finite order at p∞.

The next step is to describe what the elements of Aut(G) look like under the assumption that
dimAut(G) = 1. This calculation was done in Propositions 2.6 and 2.7 of [31] and they remain
valid here since they do not involve any features ofD. The conclusion is that ifg∈ Aut(G) then

g(z1,z2) = (g1(z1,z2),g2(z1,z2)) = (αz1+β,φ(z1)+az2)

where|α|=1,a=±1,β∈C andφ(z1) is a holomorphic polynomial. Moreover, ifq=(q1,q2)∈
G, g∈ Aut(G) and

E = 2ℜ(g2(q1,q2))+P(g1(q1,q2),g1(q1,q2))

then|E|= |2ℜq2+P(q1,q1)| as Lemma 2.8 of [31] shows. Hence|E| is independent ofg.

Proposition 2.3. The dimension ofAut(D) is at least two.

Proof. Suppose that dimAut(D) = dimAut(G) = 1. Write

(a j ,b j) = g−1◦φ j(p) = g−1◦φ j ◦g(g(p))

and note thatg−1 ◦ φ j ◦ g ∈ Aut(G) for all j ≥ 1. Let g−1(p) = q = (q1,q2) ∈ G. By the
arguments summarized above, it follows that

(2.6) |2ℜb j +P(a j ,a j)|= |2ℜq2+P(q1,q1)|> 0

for all j ≥ 1. This shows that the orbit{g−1◦φ j(p)} ∈ G can only cluster at the point at infinity
in ∂G. Let

η = |2ℜq2+P(q1,q1)|> 0
and forr > 0 define

Gr =
{

(z1,z2) ∈ C
2 : 2ℜz2+P(z1,z1)<−r

}

⊂ G.

Observe that the boundaries ofG andGr intersect only at the point at infinity for allr > 0.
Furthermore, the entire orbit(a j ,b j) andq are contained inGη/2 by (2.6). By Proposition 2.2
above it follows thatX (p∞) = 0 and by Lemma 3.5 of [4] the intersection of the zero set ofX
with ∂D containsp∞ as an isolated point. Now regardg as a holomorphic mapping fromGη/2
into D. The sequence(a j ,b j) ∈ Gη/2 converges to the point at infinity in∂Gη/2 and its image
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underg, namelyφ j(p), converges top∞. Proposition 2.2 also shows that if the cluster set of
the point at infinity in∂Gη/2 intersects∂D nearp∞, then the vector fieldX vanishes at all such
points. Since the cluster set of the point at infinity in∂Gη/2 underg is connected and contains
p∞ as an isolated point, it must equalp∞.

Thus for a given small neighbourhoodU of p∞ there exists a neighbourhood of the point at
infinity in ∂Gη/2 which is mapped byg into U ∩D. However, a neighbourhood of infinity in
Gη/2 containsGM for some largeM > 0. Fix a points∈ g(GM) ⊂ D and lets̃= (s̃1, s̃2) ∈ GM

be such thats= g(s̃). Note that

Lt(s) = Lt ◦g(s̃) = g◦Tt(s̃1, s̃2) = g(s̃1, s̃2+ it )

which givesLt(s) → p∞ as |t| → ∞. For any compactK ⊂ D there existsR> 0 such thatK
is contained in the Kobayashi ballBk

D(s,R). HenceLt(K) ⊂ Bk
D(Lt(s),R) for any t ∈ R. By

Lemma 2.1 it follows thatLt moves any point inD in both forward and backward time top∞,
i.e., the action ofLt onD is parabolic. The arguments of [4] can now be applied to show that

D ⋍
{

(z1,z2) ∈ C
2 : |z1|

2+ |z2|
2m < 1

}

for some integerm≥ 1. Thus dimAut(D) = 4 which is a contradiction. �

In case dimAut(D) = 2, note that the calculations done in section 3 of [31] deal with only the
defining function ofG and hence they apply in this situation as well. Indeed, the following
dichotomy holds – here Aut(D)c is the connected component of the identity.

(i) If Aut (D)c is abelian, thenD is biholomorphic to either

D 1 =
{

(z1,z2) ∈ C
2 : 2ℜz2+P1(ℜz1)< 0

}

or
D 2 =

{

(z1,z2) ∈ C
2 : 2ℜz2+P2(|z1|

2)< 0
}

for some polynomialsP1,P2 that depend only onℜz1 or |z1|
2 respectively.

(ii) If Aut (D)c is non-abelian thenD is biholomorphic to

D 3 =
{

(z1,z2) ∈ C
2 : 2ℜz2+P2m(z1,z1)< 0

}

whereP2m(z1,z1) is a homogeneous polynomial of degree 2mwithout harmonic terms.

3. MODEL DOMAINS WHEN Aut(D) IS THREE DIMENSIONAL

3.1. A tube domain and its finite and infinite sheeted covers.For 0≤ s< t < ∞ define

Ss,t =
{

(z1,z2) ∈ C
2 : s< (ℜz1)

2+(ℜz2)
2 < t

}

which is a non-simply connected tube domain over a nonconvexbase. EvidentlyD cannot be
biholomorphic toSs,t sinceD is simply connected as observed earlier. It is possible to consider
finite and infinite sheeted covers ofSs,t. To obtain a finite sheeted cover, consider then-sheeted
covering self map

Φ(n)
χ : C2\

{

ℜz1 = ℜz2 = 0
}

→ C
2\

{

ℜz1 = ℜz2 = 0
}

whose components are given by

z̃1 = ℜ
(

(ℜz1+ iℜz2)
n)+ iℑz1,

z̃2 = ℑ
(

(ℜz1+ iℜz2)
n)+ iℑz2.
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Equip C2 \ {ℜz1 = ℜz2 = 0} with the pull-back complex structure usingΦ(n)
χ and call the

resulting complex surfaceM(n)
χ . For 0≤ s< t < ∞ andn≥ 2 define

S
(n)
s,t =

{

(z1,z2) ∈ M(n)
χ : s1/n < (ℜz1)

2+(ℜz2)
2 < t1/n}.

Then Φ(n)
χ is an n-sheeted holomorphic covering map fromS(n)

s,t onto Ss,t. It is clear that

the domainsS(n)
s,t are not simply connected and henceD cannot be equivalent to any of them.

Proposition 4.7 in [31] provides a different proof of this fact which uses ideas that are applicable
for other classes of domains as well. This can be adapted in the setting of theorem 1.1 as follows:

Proposition 3.1. There cannot exist a proper holomorphic mapping from D ontoSs,t for all

0≤ s< t < ∞. In particular, D cannot be equivalent toS(n)
s,t for any n≥ 2 and0≤ s< t < ∞.

Proof. Let π : D →Ss,t be a proper holomorphic mapping. The case when 0< s< t < ∞ will
be considered first. The boundary ofSs,t has two components, namely

∂S+
s,t =

{

(z1,z2) ∈ C
2 : (ℜz1)

2+(ℜz2)
2 = t

}

, and

∂S−
s,t =

{

(z1,z2) ∈ C
2 : (ℜz1)

2+(ℜz2)
2 = s

}

.

The orientation induced on these pieces bySs,t makes them strongly pseudoconvex and strongly
pseudoconcave respectively. Lemma 2.1 of [31] shows that there is a two dimensional stratum
S⊂ L ∩ D̂ that clusters atp∞ – this is a purely local assertion and hence it remains valid here as
well. Pick a∈ Snearp∞ and letW be a small neighbourhood ofa so thatπ extends holomor-
phically toW. Note that(W∩∂D)\Sconsists of points that are either strongly pseudoconvex or
strongly pseudoconcave. LetVπ ⊂W be the branching locus ofπ : W → C2. Since∂D is finite
type, it follows thatVπ ∩ ∂D has real dimension at most one. There are two possibilities now
– first, if π(a) ∈S

+
s,t, then choose a strongly pseudoconcave pointa′ ∈ (W∩∂D) \Vπ. Thusπ

maps a neighbourhood ofa′, which is strongly pseudoconcave, locally biholomorphically onto
a neighbourhood ofπ(a′) ∈ ∂S+

s,t and this is a contradiction. A similar argument can be given
whenπ(a′) ∈S

−
s,t . The only possibility then is that there are no pseudoconcave points nearp∞,

i.e.,∂D is weakly pseudoconvex nearp∞. In this case, [28] shows that

(3.1) D ⋍ D̃ =
{

(z1,z2) ∈ C
2 : 2ℜz2+P2m(z1,z1)< 0

}

whereP2m(z1,z1) is a homogeneous subharmonic polynomial of degree 2m – this being the 1-
type of∂D at p∞, without harmonic terms. In particularD is globally pseudoconvex and asπ is
proper, it follows thatSs,t is also pseudoconvex. However, this is not the case.

When 0= s< t < ∞, the two components of∂S0,t are

∂S+
0,t =

{

(z1,z2) ∈ C
2 : (ℜz1)

2+(ℜz2)
2 = t

}

, and

iR2 =
{

ℜz1 = ℜz2 = 0
}

.

Choosea∈ Sas above and letW,W be small neighbourhoods ofa andπ(a) so thatπ : W →W′

is a well defined holomorphic mapping. Suppose thatπ(a)∈ iR2. SinceVπ∩∂D has real dimen-
sion at most one, it follows that there is an open piece ofW∩∂D neara that is mapped locally
biholomorphically onto an open piece iniR2 and this is a contradiction. A similar argument
shows thatπ(a) /∈ ∂S+

0,t and therefore the only possibility is that∂D is weakly pseudoconvex
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nearp∞. By [28] it follows thatD ⋍ D̃ whereD̃ is as in (3.1). Letπ still denote the proper
mapping

π : D̃ →S0,t .

Let φ be a holomorphic function oñD that peaks at the point at infinity in∂D̃. Thenψ =
log|φ−1| is a plurisubharmonic function that is bounded above onD̃ and has the property that
ψ →−∞ at the point at infinity in∂D̃. If π−1

1 ,π−1
2 , . . . ,π−1

m are the local branches ofπ−1, then
it is known that

ψ̃ = max{ψ◦π−1
j : 1≤ j ≤ m}

extends to a plurisubharmonic function onS0,t . If there is an open piece of∂S+
0,t on which

ψ̃ → ∞, then the uniqueness theorem shows thatψ̃ ≡−∞ and this is a contradiction. Thus there
is a point, sayp∈ ∂D̃ whose cluster set underπ intersects∂S+

0,t . Thenπ extends continuously
up to∂D̃ nearp and this extension is even locally biholomorphic across strongly pseudoconvex
points which are known to be dense on∂D̃. By Webster’s theorem,π is algebraic. Away from
a codimension one algebraic varietyZ, the inverseπ−1 defines a correspondence that is locally
given by finitely many holomorphic maps. SinceZ∩ iR2 has real dimension at most one, it is
possible to pickp′ ∈ iR2\Z. The branches ofπ−1 will now map an open piece ofiR2 nearp′

locally biholomorphically (shiftp′ if necessary to achieve this) to an open piece on∂D̃. This
cannot happen as∂D̃ is not totally real.

To conclude, letf : D →S
(n)
s,t be biholomorphic. SinceS(n)

s,t inherits the complex structure

from Ss,t via Φ(n)
χ , it follows that

π = Φ(n)
χ ◦ f : D →Ss,t

is an unbranched, proper holomorphic mapping between domains with the standard complex
structure. Such a map cannot exist as shown above. �

To construct an infinite sheeted cover ofSs,t , consider the infinite sheeted covering map

Φ(∞)
χ : C2 → C

2\
{

ℜz1 = ℜz2 = 0
}

whose components are given by

z̃1 = exp(ℜz1)cos(ℑz1)+ iℜz2, and

z̃2 = exp(ℜz1)sin(ℑz1)+ iℑz2.

EquipC2 with the pull-back complex structure usingΦ(∞)
χ and denote the resulting complex

manifold byM(∞)
χ . For 0≤ s< t < ∞ define

S
(∞)
s,t =

{

(z1,z2) ∈ M(∞)
χ : (lns)/2< ℜz1 < (lnt)/2

}

.

This is seen to be an infinite sheeted covering ofSs,t , the holomorphic covering map being

Φ(∞)
χ .

Proposition 3.2. D is not biholomorphic toS(∞)
s,t for 0≤ s< t < ∞.

Proof. Let f : D →S
(∞)
s,t be a biholomorphism. Then

π = Φ(∞)
χ ◦ f : D →Ss,t
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is a holomorphic infinite sheeted covering map between domains equipped with the standard

complex structure. Using the explicit description ofΦ(∞)
χ , we see that it maps the boundary of

S
(∞)
s,t into the boundary ofSs,t. Hence the cluster set of∂D underπ is contained in∂Ss,t. Now

if 0 < s< t < ∞, then by choosing an appropriate point on the two dimensional stratumS⊂ L
as in the previous proposition, it follows that∂D must be weakly pseudoconvex nearp∞. By
[28], D ⋍ D̃ whereD̃ is as in (3.1). HencẽD coversSs,t and since the Kobayashi metric onD̃
is complete, it follows that the same must hold forSs,t. Completeness then forcesSs,t to be
pseudoconvex which it is not. Contradiction.

If 0 = s< t < ∞, then first note that the conclusion thatD̃ coversS0,t still holds and let
π still denote this infinite sheeted covering map. By [8], there exists a point on∂D̃ whose
cluster set underπ intersects∂S+

0,t . By standard arguments involving the Kobayashi metric,π
extends continuously up to∂D̃ near this point. This extension is even locally biholomorphic
near strongly pseudoconvex points that are known to be densein ∂D̃. By Webster’s theorem,
π is algebraic and therefore the cardinality of a generic fibreof π is finite. This contradicts the
fact thatπ is an infinite sheeted cover. �

3.2. A domain in P2. Let Q+ ⊂ C3 be the smooth complex analytic set given by

z2
0+z2

1+z2
2 = 1.

For 1≤ s< t < ∞ define

E(2)
s,t =

{

(z0,z1,z2) ∈ C
3 : s< |z0|

2+ |z1|
2+ |z2|

2 < t
}

∩Q+.

This is a two sheeted covering of

Es,t =
{

[z0 : z1 : z2] ∈ P
2 : s|z2

0+z2
1+z2

2|< |z0|
2+ |z1|

2+ |z2|
2 < t|z2

0+z2
1+z2

2|
}

,

the covering map beingψ(z0,z1,z2) = [z0 : z1 : z2]. Similarly, for 1< t < ∞, the map

ψ : E(2)
t → Et

is a two sheeted covering, where

E(2)
t =

{

(z0,z1,z2) ∈ C
3 : |z0|

2+ |z1|
2+ |z2|

2 < t
}

∩Q+

and
Et =

{

[z0 : z1 : z2] ∈ P
2 : |z0|

2+ |z1|
2+ |z2|

2 < t|z2
0+z2

1+z2
2|
}

.

To construct a four sheeted cover ofEs,t , consider the mapΦµ : C2\{0} → Q+ whose compo-
nents are given by

z̃1 =−i(z2
1+z2

2)+ i(z1z2−z1z2)/(|z1|
2+ |z2|

2),

z̃2 = z2
1−z2

2− (z1z2+z1z2)/(|z1|
2+ |z2|

2), and

z̃3 = 2z1z2+(|z1|
2−|z2|

2)/(|z1|
2+ |z2|

2).

Note thatΦµ is a two sheeted cover ontoQ+ \R3. Therefore we may equip the domain ofΦµ,
i.e.,C2 \ {0} with the pull back complex structure usingΦµ and denote the resulting complex

surface byM(4)
µ . For 1≤ s< t < ∞, the domain

E(4)
s,t =

{

(z1,z2) ∈ M(4)
µ : ((s−1)/2)1/2 < |z1|

2+ |z2|
2 < ((t−1)/2)1/2}

is a four sheeted cover ofEs,t , the holomorphic covering map beingψ◦Φµ.
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Proposition 3.3. There cannot exist a proper holomorphic mapping from D onto Es,t for all

1≤ s< t < ∞. In particular, D is not equivalent to either E(2)s,t or E(4)
s,t .

Proof. Let f : D → Es,t be a proper holomorphic mapping. Consider the case when 1< s< t <
∞. The boundary∂Es,t has two components, namely

∂E+
s,t =

{

[z0 : z1 : z2] ∈ P
2 : |z0|

2+ |z1|
2+ |z2|

2 = t|z2
0+z2

1+z2
2|
}

, and

∂E−
s,t =

{

[z0 : z1 : z2] ∈ P
2 : |z0|

2+ |z1|
2+ |z2|

2 = s|z2
0+z2

1+z2
2|
}

,

which are strongly pseudoconvex and strongly pseudoconcave hypersurfaces respectively. The
argument used in proposition 3.1 can be applied here to conclude thatp∞ ∈ ∂D must be a weakly
pseudoconvex point. By [28] it follows thatD⋍ D̃ whereD̃ is as in (3.1). Thus we have a proper
mapping fromD̃ ontoEs,t which implies thatEs,t must be holommorphically convex and this is
a contradiction.

Now suppose that 1= s< t <∞. Then the boundary∂E1,t consists of a strongly pseudoconvex
piece, namely∂E+

1,t and a maximally totally real piece given byψ(∂B3∩Q+). The argument in
the preceeding paragraph applies again to show thatD ⋍ D̃ with D̃ as in (3.1). Letf still denote
the proper map from̃D ontoE1,t . Let φ be a holomorphic function oñD that peaks at the point
at infinity in ∂D̃ and denote byf−1

1 , f−1
2 , . . . , f−1

l the locally defined branches off−1 that exist
away from a closed codimension one analytic set inE1,t . Then

φ̃ = (φ◦ f−1
1 ) · (φ◦ f−1

2 ) · · ·(φ◦ f−1
l )

is a well defined holomorphic function onE1,t and satisfies|φ̃| < 1 there. Nowφ̃ extends
acrossψ(∂B3∩Q+), which has real codimension two and is totally real strata, as well. Thus
φ̃ ∈ O (Et) and |φ̃| ≤ 1. If |φ̃(a′)| = 1 for somea′ ∈ ψ(∂B3 ∩ Q+), the maximum principle
implies that|φ̃| ≡ 1 onE1,t ⊂ Et and this is a contradiction. This argument shows that for every
a′ ∈ ψ(∂B3∩ Q+), there is a pointa ∈ ∂D̃ such that the cluster set ofa under f containsa′.
On the other hand, by [8], there are pointsb,b′ on ∂D̃,∂E+

1,t respectively such that the cluster
set ofb containsb′. Thus f will be algebraic by Webster’s theorem as before. Away from
an algebraic varietyZ ⊂ P2, f−1 defines a holomorphic correspondence that locally splits into
finitely many holomorphic mappings. SinceZ∩ψ(∂B3∩Q+) has real dimension at most one, it
is possible to choosea′ ∈ ψ(∂B3∩Q+)\Z. Now one of the branches off−1 will map a′ into ∂D̃
and therefore an open piece of the totally real componentψ(∂B3∩Q+) will be mapped locally
biholomorphically onto an open piece of∂D̃. Contradiction.

To conclude, ifD ⋍ E(2)
s,t or E(4)

s,t , then this would imply the existence of an unbranched
proper holomorphic mapping fromD ontoEs,t and this cannot happen by the arguments given
above. �

Proposition 3.4. There cannot exist a proper holomorphic mapping from D onto Et for all

1< t < ∞. In particular, D cannot be equivalent to E(2)t for all 1< t < ∞.

Proof. By working in local coordinates it can be seen thatEt is described as a sub-level set of
a strongly plurisubharmonic function. HenceEt must be holomorphically convex and therefore
D is pseudoconvex if there were to exist a proper mapf : D → Et . By standard arguments
involving the Kobayashi metric, this mapf will be continuous up to∂D near p∞. By [9] it
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follows thatp∞ is a weakly spherical point on∂D, i.e., there is a defining function for∂D near
p∞ = 0 of the form

ρ(z) = 2ℜz2+ |z1|
2m+ . . . .

Sincep∞ is an orbit accumulation point, [28] shows thatD is equivalent to the model domain at
p∞, i.e.,

D ⋍
{

(z1,z2) ∈ C
2 : 2ℜz2+ |z1|

2m < 0
}

.

This shows that dimAut(D) = 4 which is a contradiction. To conclude, ifD ⋍ E(2)
t , then there

would exist an unbranched proper mapping fromD ontoEt which is not possible. �

3.3. Domains constructed by using an analogue of Rossi’s map.For−1≤ s< t ≤ 1 let

Ωs,t =
{

(z1,z2) ∈ C
2 : s|z2

1+z2
2−1|< |z1|

2+ |z2|
2−1< t|z2

1+z2
2−1|

}

and for−1< t < 1 let

Ωt =
{

(z1,z2) ∈ C
2 : |z1|

2+ |z2|
2−1< t|z2

1+ζ2
2−1|

}

.

It was shown in [17] thatΩt has a unique maximally totally real Aut(Ωt)
c-orbit, namely

O5 =
{

(ℜz1,ℜz2) ∈ R
2 : (ℜz1)

2+(ℜz2)
2 < t

}

for all t ∈ (−1,1). MoreoverΩt = Ω−1,t ∪O5 for all t ∈ (−1,1).

For 1≤ s< t ≤ ∞ let

Ds,t =
{

(z1,z2) ∈ C
2 : s|1+z2

1−z2
2|< 1+ |z1|

2−|z2|
2 < t|1+z2

1−z2
2|,ℑ(z1(1+z2))> 0

}

where it is assumed that the domainDs,∞ does not contain the complex curve

O =
{

(z1,z2) ∈ C
2 : 1+z2

1−z2
2 = 0,ℑ(z1(1+z2))> 0

}

.

For 1≤ s< ∞ let

Ds=
{

(z1,z2) ∈ C
2 : s|1+z2

1−z2
2|< 1+ |z1|

2−|z2|
2,ℑ(z1(1+z2))> 0

}

and note thatDs= Ds,∞ ∪O .

Observe thatD cannot be equivalent toΩs,t or Ds,t as neither is simply connected. It remains
to consider whetherD can be equivalent toΩt or Ds.

Proposition 3.5. There cannot exist a proper holomorphic mapping from D ontoΩt for −1<
t < 1 or to Ds for 1≤ s< ∞.

Proof. We first considerΩt . Let z1 = x+ iy,z2 = u+ iv so that

O5 =
{

(x,u) ∈ R
2 : x2+u2 < 1

}

and its boundary
∂O5 =

{

(x,u) ∈ R
2 : x2+u2 = 1

}

⊂ ∂Ωt

for all t ∈ (−1,1). Note that∂Ωt \ ∂O5 is a smooth strongly pseudoconvex hypersurface. Sup-
pose thatf : D → Ωt is proper. As in proposition 3.1, it is possible to choosea∈ S⊂ L such
that f extends holomorphically to a neighbourhood ofa. By shiftinga∈ S if necessary we may
assume thatf is in fact locally biholomorphic neara. Note thatf (a) /∈ ∂Ωt \∂O5, as otherwise
there are strongly pseudoconcave points neara that will be mapped to strongly pseudoconvex
points. The remaining possibility is thatf (a) ∈ ∂O5 which is totally real. Sincef is locally
biholomorphic neara, f cannot map an open piece of∂D neara into ∂O5. Again, there are
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strongly pseudoconcave points neara that are mapped byf to ∂Ωt \ ∂O5 which is strongly
pseudoconvex and this is a contradiction.

Hence the boundary∂D is weakly pseudoconvex nearp∞ and thusD ⋍ D̃ by [28] whereD̃
is as in (3.1). Letf : D̃ → Ωt still denote the biholomorphism. Observe that the automorphism
group ofD̃ is at least two dimensional; apart from the translationsTt , it is also invariant under
the one parameter subgroup

Ss(z1,z2) = (exp(s/2m)z1,exp(s)z2),

s∈R. The corresponding real vector fieldsX =ℜ(i∂/∂z2) andY =ℜ((z1/2m)∂/∂z1+z2∂/∂z2)
satisfy[X,Y] = X. By the arguments in the last part of the proof of proposition4.1 in [31], it
follows thatD ⋍ D 4 where

D 4 =
{

(z1,z2) ∈ C
2 : 2ℜz2+(ℜz1)

2m < 0
}

.

Let f : D 4 → Ωt still denote the proper map. Choose an arbitrary strongly pseudoconvex point
b′ ∈ ∂Ωt \ ∂O5. By [8] there existsb ∈ ∂D 4 such that the cluster set ofb under f containsb′.
Then by well known arguments involving the Kobayashi metricon D 4 andΩt nearb andb′

respectively, it follows thatf is continuous up to∂D 4 nearb and f (b) = b′. By [9], it follows
thatb ∈ ∂D 4 must be a weakly spherical point, i.e., there exists a coordinate system nearb in
which the defining equation for∂D 4 is of the form

ρ(z) = 2ℜz2+ |z1|
2m+ . . . ,

the dots indicating terms of higher order. However, the explicit form of ∂D4 shows that no point
on it is weakly spherical.

It remains to show that no proper mapf : D → Ds can exist for 1≤ s< ∞. Suppose the
contrary. Observe that ifs> 1 then∂Ds is the disjoint union of three components, namely

C
1 =

{

1+ |z1|
2−|z2|

2 = s|1+z2
1−z2

2|, ℑ(z1(1+z2))> 0
}

,

C
2 =

{

1+ |z1|
2−|z2|

2 > s|1+z2
1−z2

2|, ℑ(z1(1+z2)) = 0
}

,

C
3 =

{

1+ |z1|
2−|z2|

2 = s|1+z2
1−z2

2|, ℑ(z1(1+z2)) = 0
}

.

Note thatC 1 is a strongly pseudoconvex hypersurface and thatℑ(z1(1+z2)) = 0 has an isolated
singularity at(z1,z2) = (0,−1) away from which it is smooth Levi flat. Also,(0,−1) /∈ C 2 as
s> 1. As above, choosea∈ S⊂ L near whichf extends locally biholomorphically. SinceC 1 is
strongly pseudoconvex, it follows thatf (a) /∈ C 1. Further if f (a) ∈ C 2, then a small open piece
of ∂D neara will be mapped locally biholomorphically into the Levi flat piece

{

ℑ(z1(1+z2)) =

0
}

and this is a contradiction as points on∂D\Sneara are Levi non-degenerate. The remaining
possibility is thatf (p) ∈ C 3. However, an open piece of∂D neara cannot be mapped byf into
C 3 as it has real dimension at most 2 near each of its points. Thusthere is an open dense set
of points neara that are mapped locally biholomorphically into eitherC 1 or C 2. Both cannot
occur for reasons mentioned above. Thus∂D must be weakly pseudoconvex nearp∞ and we
may now argue as before to get a contradiction.

Whens= 1, it was noted in [17] that there is a proper mappingg from the bidisc∆2 ontoD1.
If f : D→D1 is proper, thenF : f−1◦g : ∆2 →D is a proper holomorphic correspondence. Thus
D is pseudoconvex and by [28], it follows thatD⋍ D̃ whereD̃ is as in (3.1). LetF : ∆2 → D̃ still
denote the proper correspondence. Using the holomorphic function onD̃ that peaks at the point
at infinity in ∂D̃ it can be seen that there is an open dense subset of∂∆2 whose cluster set under
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F intersects the finite part of∂∆2 – call this subsetΓ. Fix ζ0 ∈ Γ and a small neighbourhood
W containing it such thatW∩∂∆2 is smooth. Note thatW∩∂∆2 is defined as the zero locus of
either |z1|

2−1 or |z2|
2−1 both of which are plurisubharmonic. Now well known arguments

using the branches ofF−1, these plurisubharmonic defining equations and a suitable version of
the Hopf lemma show that

dist(F(z),∂D̃). dist(z,∂∆2)

wheneverz∈W∩∆2 – hereF(z) denotes any one of the finitely many branches ofF . By [6] it
follows thatF extends continuously up toW∩∂∆2 as a correspondence. The branching locus
of F in ∆2 is therefore defined by a holomorphic function in∆2 that extends continuously up to
W∩∂∆2. Leth∈ O (∆2) define the branching locus. Ifh≡ 0 onW∩∂∆2, the uniqueness theorem
shows thath ≡ 0 in ∆2 which cannot happen. By shiftingζ0 we may assume thath(ζ0) 6= 0.
Therefore nearζ0 the correspondenceF splits into well defined holomorphic functions, say
F1,F2, . . . ,Fk each of which is holomorphic onW (shrinkW if needed) and continuous up to
W∩∂∆2. SinceW∩∆2 is a product domain and each point of∂D̃ supports a holomorphic peak
function, arguments from [27] show that these branchesF1,F2, . . . ,Fk must be independent of
eitherz1 or z2. This contradicts the assumption thatF is proper. �

It is also possible to construct finite and infinite sheeted covers of Ds,t ,Ωs,t as explained in
[17]. ThatD cannot be equivalent to any of them follows by similar arguments and we omit the
details.

Finally proposition 4.1 of [31] shows that a bounded domainD ⊂ C2 that satisfies the hy-
potheses of the main theorem and admits a Levi flat Aut(D)c-orbit must be equivalent to

D 4 =
{

(z1,z2) ∈ C
2 : 2ℜz2+(ℜz1)

2m < 0
}

.

The proof is purely local and can be applied here as well to conclude that a domainD ⊂ X as
in the main theorem with a Levi flat Aut(D)c-orbit must be equivalent toD 4. This is the only
possibility that remains after eliminating all others and the conclusion is that if dimAut(D) = 3
thenD ⋍ D 4.

4. MODEL DOMAINS WHEN Aut(D) IS FOUR DIMENSIONAL

Of the 7 isomorphism classes listed in [18] of hyperbolic surfaces with four dimensional auto-
morphism group, the following cannot be equivalent toD for topological reasons.

• The spherical shellSr =
{

z∈ C2 : r < |z|< 1
}

for 0≤ r < 1 – the automorphism group
here is the unitary groupU2 which is compact, or the quotientSr/Zm for somem∈ N,
none of which are simply connected.

• E r,θ =
{

(z1,z2)∈C2 : |z1|< 1, r(1−|z1|
2)θ < |z2|< (1−|z1|

2)θ}, whereθ≥0,0< r <1
or θ < 0, r = 0. This is not simply connected.

• Dr,θ =
{

(z1,z2) ∈ C2 : r exp(θ|z1|
2) < |z2| < exp(θ|z1|

2)
}

, whereθ = 1,0 < r < 1 or
θ =−1, r = 0. This is again not simply connected.

The remaining four classes listed below have a common feature that a large part of their bound-
ary, if not the whole, is spherical.

• Ωr,θ =
{

(z1,z2) ∈ C
2 : |z1| < 1, r(1− |z1|

2)θ < exp(ℜz2) < (1− |z1|
2)θ}, whereθ =

1,0≤ r < 1 orθ =−1, r = 0
• S=

{

(z1,z2) ∈ C2 : −1+ |z1|
2 < ℜz2 < |z1|

2
}

.
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• Eθ =
{

(z1,z2) ∈ C2 : |z1| < 1, |z2| < (1−|z1|
2)θ}, for θ < 0. Here the boundary∂Eθ

contains a Levi flat pieceL =
{

|z1| = 1
}

×Cz2. Away from L, ∂Eθ is spherical and
strongly pseudoconcave as seen fromEθ

• Eθ =
{

(z1,z2) ∈ C2 : |z1|
2+ |z2|

θ < 1
}

, whereθ > 0 andθ 6= 2.

To see thatD cannot be equivalent toΩr,θ,S or toEθ, suppose the contrary. Letf : D → Eθ
be biholomorphic. Letp ∈ ∂D be a strongly pseudoconcave point nearp∞ across whichf
extends locally biholomorphically. Note thatf (p) /∈ L as∂D is of finite type nearp∞. Then
f (p) ∈ ∂Eθ. Let g be a local biholomorphism defined on a open neighbourhoodW of f (p) that
takesW∩∂Eθ into ∂B2. Theng◦ f is a biholomorphic germ atp that maps an open piece of∂D
into ∂B2. By [29], this germ can be analytically continued along all paths inU ∩∂D that start
at p. Thusp∞ must be a weakly pseudoconvex point and by [9], it must be weakly spherical as
well. By [28], it follows thatD ⋍ E2m and soEθ ⋍ E2m which is a contradiction.

To conclude, it remains to show that ifD ⋍ Eθ, thenθ = 2m for some integerm≥ 2. Propo-
sition 5.1 in [31] remains valid here too and we omit the details. The conclusion is that if
dimAut(D) = 4 thenD ⋍ E2m ⋍ D 5.
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