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Abstract— It is well known that in the Zheng-Tse optimal
diversity-multiplexing tradeoff curve, the Alamouti scheme meets
the point corresponding to the maximum diversity gain only,
whereas V-BLAST meets only the point corresponding to the
maximum multiplexing gain. In this paper, we define Asymptotic-
Information-Lossless (AILL) designs and obtain a necessary and
sufficient condition under which a design is AILL. Analogous
to the condition that full-rank designs achieve the point corre-
sponding to the zero multiplexing gain of the optimal tradeoff,
we show that it is a necessary and sufficient condition for a
design to be AILL to achieve the point corresponding to the
zero diversity gain of the optimal tradeoff curve. Also, we obtain
a lower bound on the tradeoff achieved by the designs from
field extensions and division algebras. The lower bound for the
designs from division algebras indicates that they achieve both
the extreme points (corresponding to the zero diversity gain and
zero multiplexing gain) of the optimal tradeoff curve.

I. INTRODUCTION AND PRELIMINARIES

A space-time code for nt transmit antennas is a finite set
of nt × l matrices (called codewords), where l is an integer
such that the channel does not change for an integral multiple
of l symbol intervals. If X ∈ C is the codeword transmitted,
where C is an STBC and the number of receive antennas is
nr, we have

Y =
√

SNR

nt
HX + W (1)

where Y ∈ Cnr×l is the received matrix, H ∈ Cnr×nt is the
channel matrix and W ∈ Cnr×l is the additive noise both with
entries independent complex Gaussian with zero mean and unit
variance. Under the assumption that E [tr(XX∗)] = ntl, the
average signal-to-noise (SNR) at each receive antenna is SNR.
At high SNRs, the pair-wise error probability that the received
matrix Y is decoded to a codeword matrix X′ �= X is

P (X → X′) ∝ SNR−nrΛ

where Λ is the rank of ∆ = X−X′. The gain due to the spatial
diversity provided by nt transmit and nr receive antennas is,
quantitatively, termed as diversity gain, d, and is equal to nrΛ.

1This work was partly funded by the IISc-DRDO Program on Advanced
Research in Mathematical Engineering through a grant to B.S.Rajan and in
part by an NSF-ITR Grant 0326628 to P. Vijay Kumar.

Any STBC with diversity gain equal to ntnr is called a full-
rank STBC. References [1]–[7], [9]–[12] provide some of the
well known full-rank STBCs.

Another advantage due to the multiple transmit and receive
antennas is based on capacity analysis of the channel. At
high SNRs, the capacity of a Rayleigh fading channel with
nt transmit and nr receive antennas is

C(nt, nr,SNR) = min {nt, nr} log SNR + O(1).

The above expression shows that the achievable data rate
increases with SNR as min{nt, nr} log SNR. Since, this value
is min{nt, nr} times the capacity of a single-antenna channel,
a multiple-antenna channel can be viewed as min{nt, nr}
parallel channels and hence min{nt, nr} is the total number
of degrees of freedom (independent information symbols that
can be communicated). This advantage due to the multiple
antennas is called spatial multiplexing [15], [16].

It has been shown recently in [17], that both diversity and
spatial multiplexing can be obtained simultaneously but with a
fundamental tradeoff between them. Let C(SNR) be the code
corresponding to the SNR level SNR and the data rate in bits
per channel use achieved by C(SNR) be R(SNR). Then, the
set of all codes {C(SNR)} is called a scheme.

Definition 1 ( [17]): A scheme {C(SNR)} is said to
achieve a spatial multiplexing gain r and a diversity gain d
if

lim
SNR→∞

R(SNR)
log SNR

= r and lim
SNR→∞

log Pe

log SNR
= −d

where Pe is the error probability.
Following the notation of [17], we use

.= for exponential
equality. Thus, 2R(SNR) .= SNRr and Pe

.= SNR−d. Similarly,
we use

.≥ and
.≤ for exponential inequalities.

Definition 2: A rate-k/l, n × l design over a subfield K
of the complex field C, is an n× l matrix M(x1, x2, . . . , xk)
with entries K-linear combinations of k variables and their
conjugates. We call M a full-rank design over a field F if
every finite subset of the set E = {M(x1, x2, . . . , xk)|xi ∈
F, i = 1, 2, . . . , k}, is a full-rank STBC.
Restricting the variables xi to come from a finite subset, called
the signal set or constellation, of the field F , we get a full-
rank STBC. Notice that though xi come from a signal set, the
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complex symbols that are transmitted can be from a different
set. By changing the signal sets such that their size increases
with SNR we get a scheme. Thus, a scheme can be described
by a design and a class of signal sets.

Zheng and Tse in [17] have obtained lower and upper
bound on the optimal diversity-multiplexing tradeoff curve.
The upper bound is given by the exponent dout of the outage
probability. The lower bound for the case l ≥ nt + nr − 1 is
again given by dout. Hence, for the case l ≥ nt + nr − 1, the
optimal diversity-multiplexing tradeoff is d(r) = dout(r) =
(nt−r)(nr−r). For the case l < nt+nr−1, the lower bound
does not match with the upper bound and hence there is no
exact expression for the optimal tradeoff. When nt = nr = 2
and l ≥ 2, however, it has been proved that the lower bound
and the upper bound coincide [18].

We say a design achieves the optimal tradeoff if there
exists a class of signal sets, one for each SNR level, such that
the scheme described by the design and the class of signal
sets achieves the optimal tradeoff. If a scheme is described
by a full-rank design over a field F and a class of signal
sets which are subsets of F , then the maximum diversity
gain achieved by such a scheme is the diversity gain of any
code in the scheme. Schemes like V-BLAST [16] achieve the
point (min{nt, nr}, 0) of the optimal tradeoff curve. In [18], a
scheme for 2 transmit and 2 receive antennas was constructed
which achieves the optimal tradeoff for all 0 ≤ r ≤ 2.

In this paper, we define asymptotic-information-lossless
STBCs and show that asymptotic-information-losslessness is
a necessary condition for achieving the optimal diversity-
multiplexing tradeoff. Using the notion of asymptotic-
information-losslessness, we discuss the tradeoff achievability
of some well known codes like STBCs from OD, QOD
and Linear Dispersion codes. We obtain lower bound on the
diversity-multiplexing tradeoff for the STBCs obtained from
field extensions [6] and non-commutative division algebras
[6], [7]. The lower bound for STBCs from division algebras
indicates that these codes achieve the points (0, ntnr) and
(min{nt, nr}, 0) of the optimal tradeoff curve.

II. ASYMPTOTIC-INFORMATION-LOSSLESS DESIGNS

In this section, we define Asymptotic-Information-Lossless
(AILL) Designs and show that it is a necessary condition for
achieving the optimal diversity-multiplexing tradeoff. We also
give a sufficient condition under which a design is AILL.

Let X be a rate-k/l, nt× l design with a1, a2, . . . , ak as the
variables. If X is the design used to describe an STBC, then
the received matrix is Y as in (1). Suppose, we can rewrite
(1) as

ỹ =
√

SNR

nt
Ĥã + w̃

where ã is a k × 1 vector containing either ai or a∗
i but not

both ai and a∗
i . Then, we define the capacity of the design X

as the capacity of the equivalent channel H̃ given by

CX(nt, nr,SNR,H) =
1
l

log2

(
det
(
Inrl +

SNR

nt
ĤĤ†

))
.

Clearly, CX(nt, nr,SNR) := EH [CX(nt, nr,SNR,H)] ≤
C(nt, nr,SNR). If X has entries which are functions of the
variables ai, i = 1, 2, . . . , k and not of their conjugates, then
we can rewrite (1) as

y =
√

SNR

nt


H 0 · · · 0
0 H · · · 0
...

... · · · ...
0 0 · · · H


︸ ︷︷ ︸

H


X1

X2

...
Xl


︸ ︷︷ ︸

x

+w.

where y and w are the column vectors obtained by serializing
the columns of Y and W respectively and Xi denotes the i-th
column of X. With Φ as an ntl× k matrix such that Φa = x
where a = [a1 a2 . . . ak]T , we have

y =
√

SNR

nt
HΦ︸︷︷︸
Ĥ

a + w (2)

We call the matrix Φ as generator of X.
Definition 3: We call X an asymptotic-information-lossless

(AILL) design for nr receive antennas if

lim
SNR→∞

C(nt, nr,SNR)
CX(nt, nr,SNR)

= 1.

The design X is called an information-lossless (ILL)
design for nr receive antennas if C(nt, nr,SNR) =
CX(nt, nr,SNR) ∀ SNR [6]–[8], [13] and have been well
studied.

Theorem 1: The design X is AILL design for nr receive
antennas if and only if the matrix Ĥ has rank at least
min{nt, nr} × l.
Since, the rank of the matrix Φ is bounded above by k, the
number of variables in the design, and if the design is AILL,
then it is necessary but not sufficient that k ≥ l×min{nt, nr}.
The following example gives a design which satisfies the
necessary condition but still fails to be AILL.

Example 1: Let nt = 2. Let X be the design[
a0 + za1 δ(a2 + za3)
a2 + za3 a0 + za1

]
where z and δ are two indepen-

dent transcendental elements over the rational number field
Q. Clearly, the number of variables in the design X is k = 4
and hence the design satisfies the necessary condition k ≥
l × min{nt, nr}. The generator matrix Φ of this design is

1 z 0 0
0 0 1 z
0 0 δ δz
1 z 0 0

 . Clearly, the rank of Φ is 2 and hence

from Theorem 1, this design is asymptotic-information-lossy
(AIL) for 2 receive antennas. However, it is AILL for 1 receive
antenna.
It can be checked that except the Alamouti code, all other
complex ODs (CODs) are AIL for any number of receive
antennas. The 2 × 2 COD is AILL for 1 receive antenna and
AIL for nr ≥ 2 receive antennas. Similarly, the QODs and
CIODs [3] for nt = 2, 3, 4 are AILL for 1 receive antenna
and AIL for nr ≥ 2 receive antennas. All other QODs and
CIODs are AIL for any number of receive antennas.

Globecom 2004 367 0-7803-8794-5/04/$20.00 © 2004 IEEE
IEEE Communications Society



In [20], codes called Linear Dispersion (LD) codes were
constructed to obtain maximum mutual information. The num-
ber of variables was chosen to be min{nt, nr} × l. It can be
checked easily that for all the LD codes presented in [20], the
rank of the matrix Ĥ is equal to min{nt, nt} × l and hence
all the LD codes of [20] are AILL designs. Most of the well
known designs like DAST [10], designs from field extensions
[6] are AILL for 1 receive antenna.

Corollary 1: Let X be a rate-k/l, nt × l AILL design for
any number of receive antennas. Then, k ≥ ntl.

Example 2: Let nt = 2. Let X be the design[
a0 + a1

√
j δ(a2 − a3

√
j)

a2 + a3

√
j a0 − a1

√
j

]
where δ is a transcen-

dental element over Q. The generator matrix Φ is
1

√
j 0 0

0 0 1
√

j
0 0 δ −δ

√
j

1 −√
j 0 0

 . It is easy to check that the rank

of the matrix Φ is 4 and hence is AILL for any number of
receive antennas. It can be checked that this design is, in fact,
an Information lossless design. This design is same as the
design obtained in [9] with δ = 1 + 2j, in which case the
design is not ILL but continues to be AILL.

Analogous to the sufficient condition that full-rank designs
achieve the point corresponding to the zero multiplexing gain
of the optimal diversity-multiplexing tradeoff, we now give a
necessary and sufficient condition for any design to achieve the
point corresponding to the zero diversity gain of the optimal
diversity-multiplexing tradeoff. With R = r log SNR as the
data rate we have the codeword error probability given by

Pe(SNR) .= Pout,X(r) + P (error | no outage) ≥ Pout(r) (3)

where Pout,X(r) = P (CX(nt, nr,SNR) ≤ r log SNR).
Clearly, Pout,X(r) is greater than or equal to the channel
outage probability Pout(r) given by P (C(nt, nr,SNR) ≤ R).
From (3) note that

dX(r) ≤ dout,X(r) ≤ dout(r)

where Pout,X(r) .= SNR−dout,X(r) and Pout(r)
.=

SNR−dout(r). This tells us that the optimal diversity-
multiplexing tradeoff curve is upper bounded by dout(r) [17].

Theorem 2: Let X be a rate-k/l, nt × l design which
achieves optimal diversity-multiplexing tradeoff for nr receive
antennas. Then, X is an AILL design for nr receive antennas.
In other words asymptotic information-losslessness is a nec-
essary condition for a design to achieve the optimal diversity-
multiplexing tradeoff.
Proof: Follows from Chebyshev’s inequality.

We now show that AILL is also a sufficient condition for
a design to achieve the point (0,min{nt, nr}) of the tradeoff
curve.

Theorem 3: The design X achieves the point
(min{nt, nr}, 0) of the diversity-multiplexing tradeoff
curve if and only if X is an AILL design for nr receive
antennas.

Proof: Let X be an AILL design for nr receive antennas.
Then, we have two cases:
Case 1. nr ≥ nt. Then, the generator matrix Φ of X has
rank at least ntl. Let the singular value decomposition Φ be
Φ = UDV†. Then, the equivalent system model for the design
X is

y =
√

SNR

nt
HUDV† [a0 a1 . . . ak−1]

T + w

where k is the number of variables in X and ai are the
variables. If k > ntl, we allow only ntl of the k variables
to take values from some constellation, while restrict the
remaining to zero. Thus, without loss of generality let k = ntl.
To obtain the error probability, let us restrict ourselves to QAM
signal constellations. If the data rate R = r log SNR, then ai

should take values from SNRlr/k-QAM. If dmin is minimum
Euclidean distance of the SNRlr/k-QAM constellation, then
the minimum Euclidean distance of the constellation of the
vectors UDV†x is at least λmindmin, where λmin is the
minimum among all the non-zero diagonal elements of the
diagonal matrix D. Also, it is easy to see that the number of
nearest neighbors in the constellation UDV†x is a constant.
Thus, we can view the system now as

y =
√

SNR

nt
Hx̂ + w

where x̂ = UDV†x. Now, entries of x̂ come from a
constellation whose minimum distance is greater than or equal
to λmindmin and the number of nearest neighbors is a constant
independent of SNR. Using the technique of successive nulling
and cancelling of V-BLAST, we have the equivalent system
of the channel as

yi =
√

SNR

nt
gix̂i + wi i = 0, 1, 2, . . . , ntl

where g2
i is the i-th decorrelator SNR gain and is a chi-squared

distributed random variable with 2j degrees of freedom where
j = i mod nr. From [17], the pairwise error probability for
i-th decorrelator is

Pe(xi → x′
i)

.= P

(
SNR

nt
g2

i ||xi − x′
i||2 < 1

)
Since the minimum squared Euclidean distance of the
SNRlr/k-QAM is equal to SNR−lr/k, we have

Pe(xi → x′
i)

.= P

(
g2

i <
nt

SNR1−lr/k

)
.= SNR−(1−lr/k).

Since, the number of nearest numbers is a constant indepen-
dent of SNR, the actual error probability for i-th decorrelator
is

P (i)
e (SNR) .= SNR−(1−lr/k).

Since P
(1)
e (SNR) ≤ P ′

e(SNR) ≤ ∑
i P

(i)
e (SNR), where

P ′
e(SNR) is the error probability with successive nulling and

cancelling detection, we have the actual error probability with
ML detection given by

Pe(SNR) ≤ P ′
e(SNR) .= SNR−(1−lr/k).
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Since, X is an AILL design, we have l/k = 1/nt. Hence,
dX(r) is equal to zero when r = nt, i.e., the point corre-
sponding to zero diversity is (nt, 0).
Case 2. nt ≥ nr. In this case, we can assume that the design
has nrl variables. Now, the matrix HΦ is a nrl × nrl matrix
with entries as linear combinations of the entries of H. Hence,
the entries of the matrix HΦ are Gaussian distributed and the
rank of HΦ is nrl. Following the method given in Case 1.,
we have the probability of error upper bounded by

Pe(SNR)
.≤ SNR−(1−r/nr)

and hence the point (nr, 0) of the optimal tradeoff curve is
achieved.

Since in any nt × l orthogonal design (nt �= 2) X, the
number of the variables is strictly less than l, X is AIL and
hence from the above theorem, all the orthogonal designs
except Alamouti scheme do not achieve the optimal tradeoff
for any number of receive antennas. Alamouti scheme has been
shown to achieve the optimal tradeoff for 1 receive antenna.
Similarly, QODs for nt ≥ 5 do not achieve the optimal tradeoff
for any number of receive antennas. For nt = 2, 3, 4, the
QODs achieve the point (0, 1) of the tradeoff curve for 1
receive antenna.

Corollary 2: If X is a full-rank design for nt transmit
antennas, such that the STBCs constructed using the design X
are completely over a signal set S, i.e., entries of the codeword
matrices in the STBC are from the signal set S over which the
STBC is constructed, then the design X does not achieve the
point corresponding to the zero diversity gain of the tradeoff
curve for more than one receive antenna.

Remark 1: Let X be an ILL design and X′ be an AILL
design but not ILL. Suppose, both X and X′ achieve the
optimal diversity-multiplexing tradeoff. Then, clearly, it is
preferable to use the design X to the design X′ because the
former is ILL while the later is not ILL. So, it is important
to construct designs which not only achieve optimal diversity-
multiplexing tradeoff, but also are ILL.

III. DIVERSITY-MULTIPLEXING TRADEOFF OF DESIGNS

FROM FIELD EXTENSIONS

Let X be a rate-k/nt, nt×nt design obtained from the field
extension of Q(ωm) using a minimal polynomial of the form
xn

t − ωm, where ωm = ej2π/m and m is a positive integer
such that the set of the prime factors of m contains the set of
prime factors of nt [6]. Then, the design X is of the form

f0 ωmfnt−1 · · · ωmf1

f1 f0 · · · ωmf2

...
...

. . .
...

fnt−1 fnt−2 · · · f0

 (5)

It can be checked that the generator matrix of this design has
rank nt. Thus, X is an AILL design only for 1 receive antenna.
From Theorem 3, the diversity-multiplexing tradeoff of this
design for 1 receive antenna is lower bounded by d(r) = 1−r
for 0 < r ≤ 1 and since the design is a full-rank design over

the field Q(ωm), we also have d(0) = nt. Notice that the
lower bound we have from Theorem 3 when used for the
designs from field extensions is independent of the number of
transmit and receive antennas. Further, with the assumption
that the determinants of X−X′ are uniformly distributed we
have a stronger lower bound given by

dX(r) ≥ ntnr(1 − r) − r(nt − 1).

Figure 1 shows the tradeoff curve for nt = 2 and nr = 1, 2.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

multiplexing gain − r

di
ve

ris
ty

 g
ai

n 
− 

d(
r)

2 transmit and 1 receive antennas

Optimal tradeoff
Lower bound on tradeoff
achieved by FE design

0 0.5 1 1.5 2
0

0.5

1

1.5

2

2.5

3

3.5

4

multiplexing gain − r

di
ve

ris
ty

 g
ai

n 
− 

d(
r)

2 transmit and 2 receive antennas

Upper bound on Optimal tradeoff
Lower bound on Optimal tradeoff
Lower bound on tradeoff
achieved by FE design

Fig. 1. Diversity-multiplexing tradeoff achieved by design from field
extensions for 2 transmit and 1,2 receive antennas

IV. DIVERSITY-MULTIPLEXING TRADEOFF OF DESIGNS

FROM DIVISION ALGEBRA

In this section, we briefly describe the codes obtained in
[6], [7] and then give a lower bound on the tradeoff.

Let S be the signal set (a finite subset of C) over which we
want to construct full-rank STBCs. Let m be an integer such
that xn −ωm is irreducible over F = Q(S, ωm), where ωm =
ej2π/m. The extension field obtained from this irreducible
polynomial is K = F (ωmn) ⊃ F = Q(S, ωm) ⊃ S. Then,
we have the following theorem.

Theorem 4 ( [6], [7]): Let G be the Galois group of the
extension K/F . Clearly, G is cyclic and let σ be a generator
of this group. Let δ be a transcendental element over F . Then,
the set D of matrices of the form as in (4), where t = ωmn

and fi,j ∈ F (δ) for i, j = 0, 1, . . . , n − 1 is a cyclic division
algebra.
From the above theorem, restricting the variables fi,j to the
signal set S, we have a full-rank STBC over S, for n transmit
antennas. Since the number of variables in the matrix of (4)
is n2, if the size of the signal set S as a function of SNR is
equal to SNRr/n, the bit rate of the code in bits per channel

use will be 1
n log2

(
SNRr/n

)n2

= r log SNR.
Example 3: Let n = 2 and S be a QAM signal set. Then,

we take F = Q(j), K = F (
√

j). Clearly, K is the splitting
field of the polynomial x2−j ∈ F [x] and hence K/F is cyclic
of degree 2. The generator of the Galois group is given by
σ :

√
j 
→ −√

j. Now, let δ be any transcendental element over
F . Then, we have a full-rank STBC C(SNR) with codewords

1√
2

[
f0,0 + f0,1

√
j δ(f1,0 − f1,1

√
j)

f1,0 + f1,1

√
j (f0,0 − f0,1

√
j)

]
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1√
n



n−1∑
i=0

f0,it
i δσ

(
n−1∑
i=0

fn−1,it
i

)
δσ2

(
n−1∑
i=0

fn−2,it
i

)
· · · δσn−1

(
n−1∑
i=0

f1,it
i

)
n−1∑
i=0

f1,it
i σ

(
n−1∑
i=0

f0,it
i

)
δσ2

(
n−1∑
i=0

fn−1,it
i

)
· · · δσn−1

(
n−1∑
i=0

f2,it
i

)
...

...
...

. . .
...

n−1∑
i=0

fn−1,it
i σ

(
n−1∑
i=0

fn−2,it
i

)
σ2

(
n−1∑
i=0

fn−3,it
i

)
· · · σn−1

(
n−1∑
i=0

f0,it
i

)


(4)

where fi,j ∈ SNRr/2QAM . The data rate R(SNR) is equal
to r log SNR.

Theorem 5: The diversity-multiplexing tradeoff dDA(r) of
the design from division algebras satisfies

dDA(r) ≥ 1 − r/min{nt, nr} and dDA(0) = n2.
If the number of receive antennas is 1, then the tradeoff
achieved by the designs from division algebras is same as
that of achieved by the designs from field extensions.

Example 4 (Example 3 continued): The determinant of the
design obtained in Example 3 is

detX = NK/F

(
f0,0 +

√
jf0,1

)
− δNK/F

(
f1,0 +

√
jf1,1

)
where NK/F (x) is the algebraic norm of the element x ∈ K
from K to F . Restricting the variables f1,0 and f1,1 to zero
and assuming that the determinants of X − X′ are uniformly
distributed, we can tighten the lower bound on the tradeoff to
obtain dX(r) ≥ 4 − 5r.
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Fig. 2. Diversity-multiplexing tradeoff achieved by design from division
algebras for (a) 2 transmit and 2 receive antennas, (b) 3 transmit and 3 receive
antennas.

Figure 2 shows the lower bounds on the tradeoff achieved
by the designs from division algebras for 2 and 3 transmit
antennas. In [21], we have shown by simulations that the
designs from division algebras achieve the optimal diversity-
multiplexing tradeoff for nt = 2, 3, 4 and nr = nt.
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