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Abstract — In this paper we present a matrix char-

acterization of AMDS codes and NMDS codes over

Zm and Abelian groups.

I. AMDS and NMDS Codes over Zm

A length-n linear code C over Zm, the ring of integers mod-
ulo m, is a subset of Zn

m closed under all Zm-linear combina-
tions. C is said to be information set supporting if |C| = mk

for some integer k < n and there are k coordinate positions
such that the restriction of |C| to these k positions is Zk

m, in
which case C is referred as an [n, k, d] code over Zm where d

stands for the minimum Hamming distance of C.

Definition 1 An [n, k, d] code C over Zm is said to be an
Almost-MDS (AMDS) code if the d = n − k. It is said to be
Near-MDS (NMDS) if d = n−k and the minimum Hamming
distance of the dual code of C is k.

Theorem 1 An [n, k, d] linear code over Zm, where m =
p

r1

1 p
r2

2 p
r3

3 . . . prs
s (where pi 1 ≤ i ≤ s are prime numbers) with

systematic generator matrix G = [Ik Pk,n−k] (after suitable
column permutations) is an AMDS code if and only if every
(g, g + 1) submatrix has (g, g) submatrices such that

• there exists at least one (g, g) submatrix whose determi-
nant is a unit in Zm or

• if the determinants of all the (g, g) submatrices are zero
divisors then the greatest common divisor of these de-
terminants is an unit in Zm.

II. AMDS and NMDS Codes over Abelian

Groups

Definition 2 An [n, k] systematic group code C of length
n and dimension k over an Abelian group G is a
subgroup of Gn with order |G|k consisting of n-tuples,
(x1, x2, · · · , xk, y1, · · · , yn−k) with yi = φi(x1, x2, . . . , xk)
where φi are (n − k) homomorphisms from Gk into G.

Definition 3 Consider a finite Abelian group G with cardi-
nality m. An [n, k = logm(|C|), d] code C over G is an Almost-
MDS AMDS code if d = n − k. An AMDS code C is said to
be Near-MDS (NMDS) if its dual code [2] is also AMDS.

Theorem 2 A [k+s, k] group code over G, defined by the ho-
momorphisms {φ1, φ2, . . . , φs} is AMDS if and only if every
(g, g + 1) submatrix of the associated matrix of the form

Ψg,g+1 =

2
6664
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...
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...
ψigj1 ψigj2 . . . ψigjg+1
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for 1 ≤ ik ≤ g, 1 ≤ jk ≤ (g + 1), g = 1, 2, . . . , min{s, k}, has

• at least one (g, g) submatrix which represents an auto-
morphism of Gg or

• if every (g, g) submatrix represents an endomorphism of
Gg then the intersection of the kernels of the endomor-
phisms is only the identity element of Gg.

We specialize to the case where the group G is a cyclic group
Cm, i.e., a cyclic group of order m.

Definition 4 An homomorphism φ : Ck
m → Cm is called a

distance non decreasing homomorphism (DNDH) if either
Kφ = {�e} or dmin(Kφ) = 1, where �e is the identity element of
Ck

M , Kφ denotes the kernel of φ and dmin stands for minimum
Hamming distance.

Lemma 3 A [k + 1, k] group code is AMDS if and only if
the defining homomorphism is an DNDH.

Definition 5 Let {φ}i=s
i=1 denoted as Φs be a set of homo-

morphisms from Ck
m → Cm denoted as Φ(s). Let Kφ1φ2...φs

denote Kφ1
∩Kφ2

∩ . . . Kφs where Kφi
is the kernel of φi. Φs

is said to be a distance non decreasing set of homomorphisms,
(DNDSH), if the following conditions are satisfied:

• the homomorphisms do not constitute a set of DISH

[2]

• for all 1 ≤ r ≤ s dmin(Kφi1
φi2

...φir
) ≥ r or

• Kφi1
φi2

...φir
= {�e}.

Theorem 4 A [k + s, k] group code is AMDS if and only if
the defining homomorphisms Φs constitute a set of DNDSH.

Lemma 5 Over Cm, where m = p
d1

1 p
d2

2 p
d3

3 . . . pdr
r , where

pi’s are distinct primes, [k + s, s] AMDS group codes, for
all s, k ≥ 2, do not exist if k ≥ r + 2(p − 1), where p =
min{p1, p2, . . . , pr}.

Lemma 6 Over Cm, where m = p
d1

1 p
d2

2 p
d3

3 . . . pdr
r , with all

primes pi distinct, the dual of [k + s, s] AMDS group codes,
for all s, k ≥ 2 do not exist if s ≥ r + 2(p − 1), where p =
min{p1, p2, . . . , pr}.
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