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Abstract Polynomial chaos expansion (PCE) with Latin hypercube sampling (LHS) is employed for calcu-
lating the vibrational frequencies of an inviscid incompressible fluid partially filled in a rectangular tank with
and without a baffle. Vibration frequencies of the coupled system are described through their projections on
the PCE which uses orthogonal basis functions. PCE coefficients are evaluated using LHS. Convergence on
the coefficient of variation is used to find the orthogonal polynomial basis function order which is employed in
PCE. It is observed that the dispersion in the eigenvalues is more in the case of a rectangular tank with a baffle.
The accuracy of the PCE method is verified with standard MCS results and is found to be more efficient.

1 Introduction

Sloshing phenomena are present in almost all moving vehicles that contain liquid storage tanks. In aircrafts,
the fuel is stored in wings and horizontal tails which can create slosh motion during unsteady motions of the
aircraft. The liquid fuel sloshing developed in these sections can couple with flexible wing vibration modes,
and this can alter the flutter characteristics [1]. In addition, aircraft dynamic stability depends on the overall
effect of the fuel sloshing in the wings [2]. A larger portion of the initial weight in launch vehicles will be in
the form of liquid fuel. This liquid fuel during launch or lift-off creates large dynamic forces on the launch
vehicle walls [3].

Liquid sloshing in partially filled containers is a complex phenomenon due to the random distribution of
liquid masses. In the case of a completely filled tank, the liquid motion follows that of the container, and the
liquid behaves like a solid body with a fixed center of mass. For containers of symmetric cross section, the
lowest few frequencies corresponding to the first few antisymmetric mode shapes are of primary interest. The
symmetric modes do not create any resultant lateral forces and moments [3]. In cylindrical containers during
sloshing, the lower part of the liquid performs oscillations as though it was a rigid body and only the liquid
in the vicinity of the free surface moves independently; as the frequency of oscillation of the free surface
increases, the motion penetrates less deeply into the liquid. For liquid depth to diameter ratio, h/d > 1, the
liquid natural frequencies may be considered to be independent of the liquid depth [3–5].

Uncertainty is present in almost all systems in engineering and science. Sources of uncertainty in engi-
neering are manufacturing imprecision, imperfect knowledge, variability associated with loading, material
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properties, geometric dimensions, and unsteadiness in nature. A significant change in the system response
or performance can take place due to a small variation in environmental or design variables. Engineers can
design systems that are more efficient, robust, and reliable by understanding the effect of uncertainty on the
system performance. Catastrophic failures can result if uncertainty effects on the physical model are ignored
[6–10]. An accurate representation of uncertainties for a given system is crucial because different uncertainty
representations may yield different interpretations for the system considered.

Uncertainties can be classified into two categories: aleatory and epistemic [11–14]. Aleatory (Random)
uncertainty is also called inherent or irreducible uncertainty. In most of the systems, these uncertainties are pres-
ent due to random and unsteady loads, human factor, manufacturing imprecision, etc. Epistemic uncertainty is a
reducible uncertainty that comes from lack of knowledge and experimental data. Epistemic uncertainty requires
more attention and careful judgement, since it is viewed as reducible uncertainty as more information is gath-
ered based on past experience. Commonly probability density function (PDF) and interval information (II)
are used to represent aleatory and epistemic uncertainties. If the relative frequency of certain realizations in
system performance for a given random variable is of interest, probability density function is best suited. On
the other hand, interval information is used to represent upper and lower bounds of random variables when the
information on the probability density function is not available [16].

Different probability and non-probability theories have been developed to handle aleatory and epistemic
uncertainties effectively. Probabilistic theories include the stochastic finite element method (SFEM), First and
Second-Order Reliability Method [15], and Monte Carlo (MC) method [16]. The SFEM is an extension of
deterministic FEM for considering fluctuations of the structural properties and loads of the stochastic systems
[16,17]. The most popular SFEMs are the perturbation technique developed by Kleiber and Hein [18] and
the Karhunen-Loeve (KL) polynomial expansion scheme developed by Ghanem and Spanos [19–23]. For low
probability of failures or for highly nonlinear responses, first and second-order reliability theories are not
acceptable [16]. The Monte Carlo simulation (MCS) is known as a simple random sampling method or statis-
tical trial method that make realizations based on randomly generated sampling sets for uncertain variables. In
MC simulation, no restrictions on the random variable range are imposed and can have a large coefficient of
variations. In [24], the authors have shown the usefulness of MCS in selecting the aircraft design parameters.
Monte Carlo simulation is conducted to understand the behavior of the Ares I launch vehicle and to assist
with its design [25]. Few other applications of MCS can be found in [26,27]. In [28], the authors discuss the
capabilities of various probabilistic methods including the perturbation method, the polynomial chaos expan-
sion, direct and advanced MCS, and the random matrix theory. It is mentioned in [28] that advanced MCS
procedures prove to be the most versatile approach for the uncertainty analysis of large complex structures.

The non-probabilistic theories include interval analysis, Fuzzy theory, possibility theory, and evidence
theory [29]. In [29], the authors have considered the modeling of uncertain structural systems using interval
analysis. A fuzzy finite element approach can be used for imprecisely defined systems [30–33]. Since many
engineering systems in practice are too complex to be defined in precise mathematical terms, they often contain
information and features that are vague, imprecise, qualitative, or incomplete. The traditional deterministic and
probabilistic techniques are not adequate for analyzing such systems. In [34–36], the authors have used possi-
bility theory to assess design reliability with incomplete information. The possibility theory can be viewed as
a variant of fuzzy set theory. Evidence theory [37–40] allows us to express partial beliefs when it is impossible
or impractical to assess the complete probability distribution confidently.

As explained in the previous paragraphs, Ghanem and Spanos [19–23] introduced the spectral stochas-
tic finite element method (SFEM). Since then, polynomial chaos expansion (PCE) has gained popularity as
a technique for uncertainty quantification in a variety of applications due to its simplicity and easiness in
implementation. This PCE is essentially a spectral expansion of the random variables using orthogonal basis
functions [43]. In the PCE, orthogonal polynomials like Hermite, Legendre, and Laguerre polynomials are
used as the basis functions. The PCE technique is well suited for the representation of Gaussian processes [44].
As mentioned in [41], probabilistic collocation method and MCS were used to calculate the coefficients of the
PCE. Each of these methods has its own limitations in calculating the coefficients of the PCE. Wei et al. [42]
constructed PCE with points of monomial cubature rules (MCR) and showed that PCE with MCR requires less
sampling points, but the cubature formulae are precise for monomials up to a certain degree. Whereas, as shown
in [41], the Latin hypercube sampling (LHS) method generates random sampling points that represent the total
random space accurately and is computationally cheaper to generate. Here, the authors have used F statistics
for the cut-off criteria, but it requires considerable experience about the cut-off rules. In the present paper, we
follow a simple procedure to find the number of LHS points and the order of the orthogonal polynomials. Here,
we use convergence of the mean and the coefficient of variation plots of the random system responses for the
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cut-off criteria. To the best knowledge of the authors, no probabilistic analysis has been carried out to study
the effect of uncertainties on the acoustic fluid and fluid-structure vibration characteristics using polynomial
chaos expansion using Hermite polynomials. This paper constitutes an exploratory work in this area.

In the present work, PCE is employed as a tool to study the variability/dispersion in the slosh and acoustic
frequencies due to uncertainties in the material properties of the fluid and structure, and acceleration due to
gravity. This study is important for the design of launch vehicle’s (LV) control systems and elastic LV struc-
tures. From the practical applications perspective, liquid fuel amounts to a large portion of the initial weight
in LVs, which creates substantial forces that are beyond capabilities of control systems to counteract. Since
the LV is a complex dynamical system, the control system’s natural frequencies, the elastic body frequencies,
and the liquid fuel slosh frequencies must all be fairly widely separated to avoid coupling between various
components [3]. Saturn-I launch vehicle’s control frequency, fundamental slosh frequency, and fundamental
bending frequencies are 0.4, 0.6, and 2 cps, respectively [3]. The liquid fuel may interact with both the control
system dynamics and the elastic vehicle structural dynamics. Another practical application of the sloshing
problem is in satellites carrying fuel onboard. The forces applied on the satellite which are needed for course
corrections regularly will also induce sloshing motion. These sloshing motions affect the satellite motion as a
whole due to their coupling with other control system parameters. An example of this problem can be found
in [45], where NASA’s NEAR (Near Earth Asteroid Rendezvous) satellite was delayed by 13 months due to
sloshing of the liquid fuel onboard [46]. In such cases, the uncertainty studies of sloshing motion are important.

Two practical example problems that are common in aerospace, mechanical, and civil engineering fields
are considered to study the effectiveness of the present method. In the first example problem, sloshing and
acoustic frequencies in a rectangular tank partially filled with liquid are studied considering gravitational forces
(g) [47,48] and bulk modulus of the fluid (K) [49] as random variables. In the second example problem, an
interesting and complicated problem is considered. A rectangular tank partially filled with liquid having a
baffle inside it is taken. The importance of each problem is discussed in the subsequent Sections along with
results. The literature related to the numerical study of uncertainties in slosh and acoustic motions is very
limited. Relatively little theoretical work relating the amplitude of the liquid motion to changing gravity has
been documented. Traugott and Mehta [47] dealt in some generality with the important issue of wave phase
with respect to the onset of the reduction in gravity. In [48], coupling of slosh dynamics with spacecraft attitude
dynamics is investigated in response to the environmental disturbances (i.e., lateral impulse, gravity gradient,
and g-jitter forces). The current work contributes to the knowledge base in this area.

The remainder of the paper is as follows. In Sect. 2, a deterministic Lagrangian finite element formula-
tion used to model the linear acoustic fluids is discussed. In Sect. 3, a probabilistic model is presented using
PCE with Latin hypercube samplings. Numerical examples and discussions are given in Sect. 4, followed by
conclusions.

2 Finite element formulation

In this Section, we derive the finite element model for inviscid compressible fluid. An important behavior of
the fluid system is its ability to displace without a change in volume. For bounded free surface fluid systems,
the free surface of the fluid will move vertically by the so-called sloshing waves. These sloshing waves, in
a steady-state condition, involve a harmonic interchange of the kinetic and potential energy of the fluid sys-
tem. The low-frequency sloshing behavior of a fluid system involves incompressible modes of displacements
which result in relatively large vertical surface displacements. The detailed finite element formulation of the
present model is given in [50]. Here, we briefly give the FE formulation for the sake of completeness. The total
potential energy of the fluid system (�P) consists of the sum of the strain energy �E , due to compressibility
and irrotationality, and the energy due to free surface oscillations of the fluid �S , which can be written as

�P = �E + �S . (1)

Here

�E = 1

2

∫

�

{ε}T [C]{ε}d� (2)

and

�S = 1

2

∫

S

ρg{us}T {us}dS (3)
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where {ε} is the strain vector, and {us} is the free surface displacement vector of the fluid on the surface S, ρ
is the mass density of the fluid, g is the acceleration due to gravity, and � is the volume of the fluid domain.
Matrix [C] is a diagonal matrix with bulk modulus (K), rotational modulus (R), and shear modulus (G) as the
diagonal terms. The kinetic energy (�T ) of the fluid is given by

�T = 1

2

∫

�

ρ{V }T {V }d� (4)

where {V } is the velocity vector in Cartesian coordinates. The discrete form of the governing equations can
be obtained by applying Hamilton’s principle, which can be written as

δ

t2∫

t1

(�T − �P + Wnc)dt = 0 (5)

where Wnc is the non-conservative energy due to applied forces and damping. We can express the displacements
in x, y, and z directions in terms of the nodal degrees of freedom using

⎧⎨
⎩

u
v
w

⎫⎬
⎭ =

⎡
⎣ [N ]T [0] [0]

[0] [N ]T [0]
[0] [0] [N ]T

⎤
⎦ {d} (6)

where {d}T is the nodal displacement vector. First, the energies are expressed in terms of the displacements
by substituting the displacement fields given in Eq. (6) into Eqs. (2–4). These energies are in turn substituted
into Eq. (5) and minimized to get

[M]{ü} + [K]{u} + [Ks]{us} = {F} (7)

where ¨{u} is the vector of nodal accelerations, {us} is the displacement vector of free surface elements, and
{F} is the applied force vector. The mass matrix [M] and the stiffness matrix [K] are symmetric and banded,
and they are given by

[M] =
∫

�

ρ[N]T [N]d�, [K] =
∫

�

[B]T [C][B]d�. (8)

The sloshing stiffness matrix is given by

[Ks] =
∫

S

ρg[Ns]T [Ns]dS. (9)

The surface of the fluid is modeled as a two-dimensional plane element. The shape functions [Ns] correspond
to quadrilateral Lagrangian elements.

3 Probabilistic model

The current PCE approach that employs Latin hypercube samplings for obtaining the coefficients of PCE is
discussed in the present Section. The hybrid procedure given in [41] is utilized here, and the modified steps
are given as:

(1) Construct an approximate PCE using Hermite polynomials of order n.
(2) Select random variable design points using LHS.
(3) Calculate coefficients of PCE using design points selected through LHS.
(4) Conduct convergence test on the PCE constructed using coefficients calculated above.
(5) Conduct MCS analysis on the converged PCE.
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On the converged PCE, uncertainty analysis is carried out using MCS with random samples generated
using any random number generator. Polynomial chaos expansion as discussed in [51] originates in Brownian
motion, which represents the chaos present in the physical systems. Wiener [51] introduced a mathematical
model of the Brownian motion using a multiple stochastic Lebesgue integral with homogeneous chaos. Since
then, PCE has been used for the uncertainty analysis in several applications. The PCE, which employs orthog-
onal basis functions and is mean square convergent, is a good choice for estimating the response variability
of uncertain systems. The general polynomial chaos expansion of a random process w(φ) can be represented
as [19]

w(φ) = c0�0 +
∞∑

i1=1

ci1�1[ξi1(φ)] +
∞∑

i1=1

i1∑
i2=1

ci1 i2�2[ξi1(φ))ξi2(φ)]

+
∞∑

i1=1

i1∑
i2=1

i2∑
i3=1

ci1 i2 i3�3[ξi1(φ))ξi2(φ)ξi3(φ)] + · · · + · · · (10)

where �p[ξi1, ξi2 , . . . , ξi p ] denotes the Hermite polynomial of order p, a p dimensional polynomial of ξi ,
where ξi are standard random variables, φ is the realization of these variables, and ci p are the deterministic
coefficients. Equation (10) can be written compactly for notational convenience as

w(φ) =
∞∑

i=0

ai
i [ξ(φ)] (11)

where the coefficients and basis functions in Eqs. (10) and (11) are similar.
The orthogonality property of the Hermite polynomials used in the polynomial chaos expansion in Eq. (10)

can be written as

〈
i 
 j 〉 = δi j 〈
2
i 〉 (12)

where δi j is the Kronecker delta and 〈·〉 is the expectation of the weighted inner product of these polynomials
in variable ξ . The general expression of the Hermite polynomials can be written as


p[ξi1, ξi2 , . . . ξi p ] = (−1)pe( 1
2 ξT ξ) ∂ pe(− 1

2 ξT ξ)

∂ξi1 . . . ∂ξi p

(13)

where the vector ξ consists of n standard random variables.
In the uncertainty analysis, few input variables are considered as random variables. Hence, the output y

will also be random corresponding to the assumed input random variable and its probability density function.
The random output y can be written as a convergent PCE with orthogonal polynomials as

y(ξ) =
∑

i

βi
i (ξ). (14)

The coefficients βi in the above equation represent the complete description of the system response y due to
random variables ξ present in the model. For obtaining complete information of the system random response (y),
the coefficients of the PC expansion have to be calculated efficiently. There exist two classical methods for
this purpose: the intrusive and non-intrusive method, respectively. The intrusive method requires modifications
of the numerical code and is sometimes in few problems difficult to implement. Whereas, the non-intrusive
method is easy to implement, which requires only output (y) of the numerical code (like FEM) for each input
random variable (ξ ). Various non-intrusive methods are discussed in [52]. As mentioned in [41], MCS can be
used for calculating the PCE coefficients in the non-intrusive method but requires a large number of realiza-
tions for accurate results. Latin hypercube sampling (LHS) that showed promising results [41] for this kind of
analysis is employed in the present analysis. Once the input random samplings are generated using LHS for
given random variables, the PCE coefficients can be calculated using the least squares method. Here, for each
input random sample, the output (y) from the numerical code can be obtained which will be used subsequently
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in the least squares method. The coefficients of the Eq. (14) β = (β0, β1, . . . βp)
T will be an approximation

β̂ due to truncation of the expansion. It can be written as

ŷ(ξ) =
p∑
i

β̂i
i (ξ) (15)

where p is the order of the truncated Hermite orthogonal polynomials. Now, taking least squares of the truncated
series, we get

ε =
m∑

j=1

(y( j) − ŷ)2 (16)

where ε represents the error and m represents the number of sampling points generated using LHS for random
variables. Minimizing Eq. (16) with respect to y and β̂, the PCE coefficients can be obtained as

β̂ = (T )−1T Y (17)

where matrices Y, , and β̂ can be written as

{
Y

} =

⎡
⎢⎢⎢⎢⎢⎣

y1
y2
.
.
.
yk

⎤
⎥⎥⎥⎥⎥⎦

,
{


} =

⎡
⎢⎢⎢⎢⎢⎣

1 
1(ξ1) 
2(ξ1) .... 
k(ξ1)
1 
1(ξ2) 
2(ξ2) .... 
k(ξ2)
. . . . .
. . . . .
. . . . .
1 
1(ξn) 
2(ξn) .... 
k(ξn)

⎤
⎥⎥⎥⎥⎥⎦

,
{
β̂

} =

⎡
⎢⎢⎢⎢⎢⎣

β0
β1
.
.
.
βk

⎤
⎥⎥⎥⎥⎥⎦

. (18)

After an approximate model for the system response is constructed as given in Eq. (15), the convergence tests
on the system response mean and coefficient of variation are performed to check whether a sufficient fit has
been achieved.

4 Numerical results

In this Section, we use the PCE formulation developed in the previous Section to study the variability in
vibrations of the acoustic fluids due to random input variables considered. Two practical problems that are
commonly experienced in many aerospace, mechanical, and civil engineering fields are considered. The first
problem involves fluid sloshing and acoustic motions in a rectangular tank without a baffle. The second problem
addresses the same fluid motion in a rectangular tank with a baffle inside it.

4.1 Uncertainties in slosh and acoustic frequencies in a rectangular tank

In this example problem, we consider a rectangular tank partially filled with liquid as shown in Fig. 1. The
liquid can exhibit low-frequency slosh modes and high-frequency acoustic modes. As explained in the intro-
duction, antisymmetric slosh modes are important since these modes create lateral forces on the tank walls.
The acoustic modes are volume change modes and create forces on the bulk of the tank. In the present case,
we have to consider the interaction between the liquid and structure motions. The finite element formulation
developed in [50] works well for these kinds of problems. We make use of this fluid finite element code in the
present uncertainty analysis.

The dimensions of the tank, fluid properties and finite element discretization of the whole system are given
in Table 1 and in Fig. 1, respectively. The fluid domain is modeled with 125 consistent 8-noded hexahedral
elements and the rectangular tank with 166 brick 8-noded elements, and each node has three degrees of free-
dom (DOF). It has been proved in [50] that the present FE model for the liquid can predict accurate results. In
[50], the liquid in a rigid rectangular tank having the dimensions considered in the present paper is discretized
with 512 consistent eight-noded elements. This particular problem has an exact solution for the vibrational
frequencies. The error in the first slosh frequency obtained from FE solution with 512 elements is 1.1704%.
In the present paper, 125 consistent eight-noded elements are considered for the liquid discretization, and the
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Table 1 Fluid properties and rectangular tank dimensions

Fluid dimensions and properties

Length (l1) 5.08 m
Width (b1) 4.08 m
Height (h1) 1.905 m
Bulk modulus (K) 2.23e09 N/m2

Rotational modulus (R) 2.23e12 N/m2

Fluid density (ρ) 1000 kg/m3

Acceleration due to gravity (g) 9.8 m/s2

Tank dimensions and properties

Length (l) 5.3848 m
Width (b) 4.3848 m
Height (h) 2.01 m
Young’s modulus (E) 285e08 N/m2

Poisson’s ratio (ν) 0.2
Mass density (ρ) 2,500 kg/m3

Fig. 1 3-D rectangular tank without a baffle

numerical error is 2.3140%, and we believe that this accuracy is sufficient for the engineering practice. The
FE model with 512 eight-noded elements requires enormous computational time for doing MCS, which is
considered here as a benchmark validation case for the present PCE technique. The flexible tank is discretized
with 166 eight-noded consistent brick elements, which were developed by Satish and Prathap ([56]). These
consistent eight-noded brick elements are free of locking due to shear and Poisson’s ratio; moreover, this ele-
ment is also frame invariant. This number is obtained from the FE discretization of the liquid (125 elements)
by maintaining the compatibility of displacements at the fluid–solid interfaces on all four sides. The error in
the acoustic frequency obtained from an FE solution with 125 elements is 0.421%. In addition, in [50], it has
been shown that the liquid displacements at the free surface in rigid and flexible tanks do not differ much.
Hence, the FE discretizations considered here are sufficient for accurate numerical solutions. The consistent
fluid finite element developed in [50] calculates slosh and acoustic frequencies without generating any zero
energy modes. This reduces the computational cost of the large systems. The coupled system has a total of
1488 degrees of freedom (DOF) in the finite element model. The coupling between the structure and the fluid
motions is performed by writing the constraint equations between structural and fluid normal displacements as

u fi − usi = 0, i = 1, 2, 3, ..... n (19)

where u f and us are the normal displacements of the fluid and solid domains at the interface, respectively, and
n is the number of nodes on the interface. The first slosh mode shape from the coupled FE model is shown in
Fig. 2. It is clearly seen from Fig. 2 that the first slosh mode is an antisymmetric mode in a rectangular tank
without a baffle, which causes lateral forces on the tank. The significance of this antisymmetric slosh mode
shape profile will be understood when we consider a baffle inside it as given in Sect. 4.2. The eigenvalues
of this coupled system depend on the geometry of the tank, density and bulk modulus of the fluid, and the
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Fig. 2 First slosh mode shape in a rectangular tank without a baffle

acceleration due to gravity. In a space vehicle, the fuel storage tank will have a fixed geometry and the fuel
height in the tank will reduce as time progresses, and it also experiences lateral impulses, gravity gradient
forces, and g-jitter forces [48]. In a typical aircraft flight envelope, the slosh frequencies undergo variations
corresponding to the variations in the gravitational forces and in the height of the fuel column.

In the present study, we consider the gravitational forces and bulk modulus of the fluid as the two indepen-
dent random variables. For a typical transport aircraft, “g” varies from –1.0g to 2.5g in the flight envelope. To
get the actual variation in “g” and its distribution for an aircraft, one has to depend on the flight measurement
data. Getting such data is not straight forward, so, we consider a Gaussian distribution with mean “1g” and
coefficient of variation 0.1. We believe that this approximation fairly accounts for all the uncertainties related
to gravitational forces present in the actual flight envelope. For the case of bulk modulus of the fluid, a value
of 0.05 is taken for the coefficient of variation.

While fitting the regression model for this problem, LHS is employed to calculate the coefficients of PCE.
Generally, a lower-order model is preferred to a higher-order model in regression analysis because an arbitrary
fit of higher-order polynomials may create serious errors [41]. Therefore, we present a simple convergence
criterion to check the order of the polynomials by calculating the mean and coefficient of variation of the
random system response. The details are given along with results in the subsequent Sections. We can initially
set the approximate model of Y with one random input variable (ξ ) by introducing the second-order Hermite
polynomials as

Ŷ = β0�0(ξ) + β1�1(ξ) + β2�2(ξ)

where ξ has a standard normal distribution with mean 0 and standard deviation 1. Here, �i ’s are the polyno-
mial basis functions, which are orthogonal Hermite polynomials as given in Sect. 2. In the present regression
model, Ŷ represents the slosh and acoustic frequencies, respectively, corresponding to the random variables
considered: gravitational forces and bulk modulus of the fluid. Here, while considering the gravitational forces
as the random input variables, the bulk modulus of the fluid is taken as the fixed quantity, and similarly when
the bulk modulus of the fluid is taken as the random input variable, the gravitational force is considered as a
fixed quantity. The number of coefficients (β0, β1, β2, etc.) depends on the number of random input variables
and the order of the Hermite polynomials. To find the unknown coefficients β0, β1, and β2 of the approximate
model Ŷ , LHS is used to identify the input random design points(acceleration due to gravity g and bulk modulus
K). The number of design points must be higher than the number of unknown coefficients [41].

A total of 5, 10, and 20 LHS samples are considered, and the regression models (Ŷ ) are constructed corre-
sponding to the Hermite polynomial order (p). Once the regression models (Ŷ ) are constructed, convergence
tests on the mean and the coefficient of variation of the first slosh and acoustic frequencies are carried out
to check the accuracy of the fitted regression model. While calculating the system responses (eigenvalues), a
total of 5500 normal random sampling points is considered. The results of the convergence tests are given in
Tables 2 and 3 and in Fig. 3. From these two Tables, we can conclude that the variation in the mean of the
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Table 2 Convergence of the first slosh frequency with Hermite polynomial orders

LHS samples p = 1 p = 2 p = 3 p = 4

5 2.28872 2.2879 2.2880 2.2880
10 2.28853 2.2880 2.2880 2.2880
20 2.28775 2.2879 2.2880 2.2880
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Fig. 3 Convergence of coefficient of variation with number of LHS points for various polynomial orders

Table 3 Convergence of the first acoustic frequency with Hermite polynomial orders

LHS samples p = 1 p = 2 p = 3 p = 4

5 1236.3 1236.2 1236.1 1236.1
10 1236.1 1236.1 1236.1 1236.1
20 1236.1 1236.1 1236.1 1236.1

random system responses does not change significantly from the Hermite polynomial order p = 3 to p = 4
with the number of LHS points larger than 10 as given Table 2 and larger than 5 in Table 3. Generally, the mean
of any random system response will converge quickly. In order to find the correct PCE polynomial order and
the number of LHS points, we have plotted in Fig. 3a the coefficient of variation of the first slosh frequency
with the number of LHS points for various Hermite polynomial orders (p). From Table 2 and Fig. 3a, it can be
concluded that the regression model constructed with polynomial order p = 4 and 20 LHS points is sufficient.
Once the best fit for the regression model is obtained, the accuracy of the PCE is verified by comparing the
probability of occurrence with the standard MCS results. Typically, MCS results are taken as the standard
benchmark validation results. While constructing the MCS results, 5,500 random samples with mean and
coefficient of variation considered previously are taken. In the case of PCE results, 5,500 and 10,000 random
samples are considered. Here, we have shown the PCE results obtained from 10,000 samples only, since the
differences between these two sampling sets are negligible. As shown in Fig. 4, probabilities of occurrence
distributions from PCE and MCS are in good agreement.

In the case of acoustic frequencies, as seen from the Table 3 and Fig. 3b, mean and coefficient of variation
values converge quickly at low polynomial orders and for a smaller number of LHS sampling points. The best
regression model is constructed again with p = 4 and 20 LHS points. After constructing the regression model,
the probability of occurrence of the acoustic frequency is compared with MCS results in Fig. 5. Here again,
while constructing the PCE and MCS solutions, the same number of samples as taken in the previous case
is considered. Figures 4 and 5 show the accuracy and efficiency of the PCE approach for the probabilistic
analysis of slosh and acoustic frequencies, respectively. From the above analysis, the first slosh and acoustic
frequencies exhibited 5.08 and 2.5% of the coefficient of variations, respectively, for 10 and 5% coefficient of
variations taken in the acceleration due to gravity and bulk modulus of the fluid. The dispersion in the system
eigenvalues is considerably small corresponding to the uncertainties considered. Moreover, the probabilities
of occurrence distributions are symmetric about the mean values.
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Fig. 4 Probability of occurrence distributions of the first slosh frequency ω1
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Fig. 5 Probability of occurrence distributions of the first acoustic frequency ω1

4.2 Uncertainties in slosh and acoustic frequencies in a rectangular tank with a baffle

In the second example problem, we consider a rectangular tank partially filled with liquid, which also contains
a baffle inside the tank as shown in Fig. 6. The dimensions of the tank are given in Table 1, and the baffle
dimensions are length l2 = 3.048 m, the width of the plate is 0.816 m, and the thickness is 0.1 m. The distance
between the baffle and bottom (h2) is 0.762 m, and the side (b2) as shown in Fig. 6 is 1.632 m. The flexible
baffle is considered to be made of duraluminium with E = 62.43e9Pa and ν = 0.35 [55].

In the FE discretization of the model shown in Fig. 6, the same number of brick elements used in Sect. 4.1
is used for the rectangular tank. While modeling the liquid and the baffle, 119 consistent 8-noded fluid ele-
ments and six consistent brick elements [56] are taken, respectively. The FE model has a total of 1448 DOFs.
The accuracy of the present FE model for this fluid-structure configuration is verified through a convergent
test on the vibrational frequencies. Convergence test results of the first slosh frequency are shown in Fig. 7.
From Fig. 7, the first slosh frequency with 119 and 169 consistent fluid elements is 5.0507 rad/sec and 5.0798
rad/sec, respectively. The difference in the slosh frequencies between these two FE discretizations is only
0.576%. This shows that the considered FE discretization (119 elements) is a converged one for vibration
analysis. Therefore, we have considered 119 FEs, since the computational cost is much less compared to 169
FEs. This FE model is employed in the subsequent analysis. The importance of this configuration is found in
[3] and discussed here briefly.
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Fig. 6 3-D rectangular tank with a baffle
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Fig. 7 Convergence test on the first slosh frequency in a rectangular tank with a baffle

The liquid, oscillating in its fundamental mode, produces a wave having its maximum amplitude at the
wall. The direction of the flow in the vicinity of the wall is essentially vertical and thus normal to the baffle
located at a distance below the free surface. Baffles that have a tendency to transfer the first-mode sloshing
into a rotary motion have been briefly investigated in [53]. A number of studies have suggested that flexible
baffles may offer substantial advantages in terms of both increased damping effectiveness and reduced baffle
weight [3]. Of various baffle configurations examined by Silveira et al. [54], the elastic cantilever configuration
was found to be superior due to its high damping and very low weight characteristics. The damping on the
liquid sloshing motion depends on various parameters, such as gravitational acceleration, liquid kinematic
viscosity, liquid depth, baffle size, and distance of the baffle from the free surface [3].

In the present paper, attention is focused on the dispersion in the first few slosh frequencies due to consid-
ered random processes. Since baffles are commonly employed in launch vehicles to dampen the liquid sloshing
motion and shift the fundamental slosh frequencies [53,54], they require careful analysis. As discussed in the
introduction, liquid sloshing frequencies, control system natural frequencies, and the elastic body frequencies
must be fairly widely separated in launch vehicles to avoid the coupling between various components. This
is not always straight forward, and introducing baffles in the liquid propellant tank complicates the system
eigenvalue behavior. In such cases, the dispersion study in the fundamental slosh frequency is very important
from the design point of view in avoiding coupling. In the present example problem, consistent with the earlier
analysis, acceleration due to gravity, bulk modulus of the fluid, and Young’s modulus of the flexible baffle
are considered as independent random processes. The authors believe that the present example problem will
definitely throw some light on this interesting area from the uncertainty point of view. Here, four cases are
considered to isolate the uncertainty effects in the slosh and acoustic frequencies. The first case considers
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Table 4 Convergence of the first slosh frequency with Hermite polynomial orders

LHS samples n = 1 n = 2 n = 3 n = 4

20 5.0055 5.0049 5.0018 5.0020
50 5.0054 5.0053 5.0067 5.0107

100 4.9866 4.9865 4.9873 4.9870
200 4.9093 4.9019 4.9011 4.9011

acceleration due to gravity (g) as a random variable. The second case considers the bulk modulus of the fluid
as random variable. Third case considers Young’s modulus of the baffle as random variables, and in the fourth
case, acceleration due to gravity, bulk modulus of the fluid, and Young’s modulus of the baffle are considered
as uncorrelated random variables.

4.2.1 Case 1:

In the first case, acceleration due to gravity (g) is considered as a random variable with mean “1g” and coef-
ficient of variation (c.o.v.) 0.1. The first slosh vibration frequency mode in the rectangular tank with a baffle
is given in Fig. 8. It is clearly seen that the antisymmetric nature of the slosh mode as seen in Fig. 2 is lost
in Fig. 8. This behavior could be because of the baffle, which has a tendency to transfer the slosh mode into
a rotational mode. This vibration mode shape is given here to better understand the significance of the baffle
and its influence on the slosh mode shapes. This first slosh vibration mode is studied in the present Section
and later, while dealing with uncertainties.

A total of 20, 50, 100, and 200 LHS samples are considered, and the regression models (Ŷ ) are constructed
corresponding to the Hermite polynomial orders (p). Once the regression models (Ŷ ) are constructed, conver-
gence tests on the mean and coefficient of variation of the first slosh frequency are carried out to check the
accuracy of the regression model. Convergence of mean and coefficient of variation of the first significant slosh
frequency is given in Table 4 and in Fig. 9. Based on the results in Table 4 and Fig. 9, a regression model is
constructed using polynomial order p = 4 and 200 sampling points. In the later part of the paper, the procedure
given here is employed to obtain the best regression model, and the corresponding convergence results are
not given to avoid the repetitiveness of the procedure. While calculating the system responses (eigenvalues)
using PCE, a total of 5500 random sampling points are considered. After obtaining the regression model, the
probability of occurrence distribution is compared in Fig. 10 with MCS results, which are in good agreement.
By comparing Figs. 4 and 10, we can conclude that the dispersion is more when the baffle is present in the
liquid tank. The observed coefficient of variation in the first slosh frequency is 5.84% compared to 5.08%
in Sect. 4.1. This shows that the slosh frequency depends in a complicated way on the uncertainty in the
acceleration due to gravity as opposed to the earlier example problem in Sect. 4.1.
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Fig. 10 Probability of occurrence distributions of first slosh frequency ω1

4.2.2 Case 2:

In the second case, the bulk modulus (K) of the liquid is considered as a random variable with mean value
as given in Table 1 and coefficient of variation of 0.05. The acoustic frequencies are higher-order volume
change modes, which cause forces on the bulk of the tank. The effect of the baffle on the acoustic frequencies
is complex. Since slosh modes are experienced by the free surface of the liquid, and the penetration of the
slosh mode into the liquid column depth depends on the frequency value [3–5], the interaction of the baffle is
limited to the volume of the fluid between baffle and the free surface. Whereas, acoustic modes are volume
change modes and the effect of the baffle is experienced by the entire fluid volume. These acoustic modes are
of importance in tall water columns. In the present case, a total of 20, 50, 100, 500, and 1,000 LHS points
are considered. A convergence test is carried out as done in the previous Sections. The converged regression
model is constructed with p = 4 and 1,000 LHS points. The probability of the occurrence distribution is
shown in Fig. 11. While calculating this solution from PCE, 10,000 normally distributed random samples are
taken. The same result is compared with a standard MCS result obtained with 10000 random samples, and the
agreement is quite good. The coefficient of variation in the first acoustic frequency is 6.4% which is higher
than the considered coefficient of variation (5%) in the bulk modulus of the fluid. It implies that as mentioned
in the beginning of case 2, baffles alter the acoustic frequencies by a considerable amount.
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Fig. 11 Probability density function of first acoustic frequency ω1
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Fig. 12 Probability density function of first slosh frequency ω1

4.2.3 Case 3:

In the third example case, Young’s modulus (E) of the baffle is considered as a random variable with mean
E = 62.43e9Pa [55] and coefficient of variation (c.o.v.) 0.05. In the present case, a total of 10, 20, 50, and 100
LHS points are considered. The first slosh vibration mode is studied in the present Section with respect to the
material (Young’s modulus E) uncertainties in the baffle, since this mode can cause significant lateral forces
on the system in which the liquid-filled container is installed. The uncertainties considered in the Young’s
modulus (E) propagate to the stiffness of the baffle, which in turn changes the damping created by the baffle
on the liquid motion.

As explained in the Introduction, slosh frequencies depend on the geometry of the tank, liquid column
height, acceleration due to gravity, and density of the liquid. When the baffle is fixed inside a flexible rectan-
gular tank, the dependency of the slosh modes on various parameters will be complex. The converged Hermite
polynomial order and number of LHS points are 4 and 100, respectively. The regression model is constructed
with p = 4 and 100 LHS points. The probability of occurrence distribution of the slosh frequency from
the present PCE with 10,000 sampling points is given in Fig. 12. The PCE result is also compared with the
MCS result in Fig. 12. From Fig. 12, it is clear that the probability of occurrence is high at the center of the
distribution and at other frequencies it is very small. The coefficient of variation of the first slosh frequency
is 1.68%, and comparing Figs. 10 and 12, it can be observed that the dispersion about the mean in the slosh
frequencies is much more due to uncertainties in the acceleration due to gravity (g) compared to uncertainties
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Fig. 13 PCE Probability density functions

in the Young’s modulus (E) of the baffle. Also, the coefficient of variation in case 1 is 5.84% which is higher
than in the present case. Hence, it can be concluded that the acceleration due to gravity (g) is a significant
random input parameter for the slosh motion in a partially filled liquid rectangular tank with a baffle.

4.2.4 Case 4:

In this last example case, acceleration due to gravity (g), bulk modulus of the fluid (K), and Young’s modulus
(E) of the baffle are considered as uncorrelated random variables simultaneously in the uncertainty analysis. In
this case, 3-D polynomial chaos expansion has to be considered corresponding to three random input variables.
Assumed coefficients of variations are 0.1 for acceleration due to gravity, and 0.05 for the bulk modulus of
the fluid and Young’s modulus of the baffle, respectively. For this case also, a rectangular tank with a baffle as
considered in Sect 4.2 is taken. This particular case is considered to explore the effect on the slosh and acoustic
frequencies when all three random variables are present in the random system. The probability of occurrences
of the slosh and acoustic modes are given in Fig. 13. While calculating the probability of occurrences using
PCE, 10000 sampling points are considered. Comparing Figs. 10a and 13a, it can be concluded that the uncer-
tainties present in the bulk modulus of the fluid and Young’s modulus of the baffle have little effect on the
slosh frequencies. The uncertainties present in the three random variables, considered in the present analysis,
have a major effect on the acoustic frequencies as clearly seen from Figs. 11a and 13b.

5 Conclusions

A computationally efficient method of polynomial chaos expansion with Latin hypercube sampling is employed
for uncertainty analysis. The coefficients of the PC expansion models are obtained using LHS points with the
least squares method. Convergence on the mean and coefficient of variation of the random system are con-
sidered as cut-off criteria for the Hermite polynomial basis function order and number of LHS points. It is
concluded from the convergence tests that the Hermite polynomial order p = 4 is sufficient for the problems
considered in the present paper.

The proposed method is applied to uncertainty analysis of sloshing and acoustic frequencies in a rectan-
gular tank with and without a baffle. The significance of uncertainty propagation to the slosh and acoustic
frequencies is studied considering acceleration due to gravity, bulk modulus of the fluid, and Young’s modulus
of the baffle as random processes. It is found that the dispersion in the system response to the considered
uncorrelated random variables is more when the baffle is present in the rectangular tank. While the baffle is
introduced to dampen the sloshing motion and create desirable mode shift, an increase of dispersion in the
eigenvalues may be an undesirable consequence. Moreover, the dispersion in the slosh frequencies is more
due to uncertainty in the acceleration due to gravity compared to the uncertainties in the Young’s modulus of
the baffle. The results obtained from the present PCE procedure are validated against MCS results. The results
match well with MCS results, which shows the efficiency and accuracy of the present procedure.
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This efficient and computationally inexpensive method could be a starting point for future research wherein
various uncertainty studies can be conducted, which includes uncertainties in the geometry of the baffles, loca-
tion, material (composite or metal), and density of the baffles.
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