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An Algorithm for Multiple Output Minimization 
B. GURUNATH, MEMBER, IEEE, A N D  NRIPENDRA N. BISWAS, SENIOR MEMBER,  IEEE  

Absfracf-A computer-aided design procedure for the minimization 
of multiple output Boolean functions as encountered in the synthesis 
of VLSI logic circuits i s  presented in this paper. A fast technique for 
the determination of essential prime cubes without generating all the 
prime cubes i s  among the salient features of the algorithm. The paper 
also describes a new class of selective prime cubes called valid selective 
prime cubes. This new class of prime cubes has proved to be a very 
powerful tool inasmuch as it  guides the algorithm to the minimal set of 
selective prime cubes while encountering either an independent chain 
or an interconnected chain of cyclic prime cubes. I n  many cases, this 
avoids branching which is  computationally an expensive operation. The 
algorithm does not generate either the complement or all the prime 
cubes of the functions. Therefore, it is  well suited to minimize func- 
tions with large complement size and/or very high number of prime 
cubes. The algorithm has been implemented in Pascal and evaluated 
using a large number of programmable logic arrays (PLA's) including 
those of the Berkeley PLA test set. Results of comparison with 
ESPRESSO I1 111 and McBOOLE [2] indicate that the program pro- 
duces absolute minimal solution in most of the cases and near minimal 
in a few others. 

I. INTRODUCTION 

INIMIZATION of multiple output Boolean func- M tions has assumed special significance due to the ex- 
tensive use of programmable logic arrays (PLA's) in VLSI 
circuits. The minimization algorithms for obtaining a 
minimal sum of products expression suitable for a PLA 
implementation can be classified broadly into two cate- 
gories: minterm based and cube based. 

Among the minterm-based algorithms is the well-known 
Quine [3] and McCluskey [4] method of logic minimiza- 
tion. Bartee [5] extended the Quine-McCluskey method 
to multiple output minimization. Biswas [6] presented the 
adjacency method for single output minimization where 
essential prime implicants are selected during the process 
of forming the combination table. Rhyne et al. [7] de- 
scribed a directed search algorithm for the minimization 
of single output functions. The potential of degree of ad- 
jacency introduced in [6] has been exploited by Biswas to 
obtain a two-pass procedure CAMP [9] for single output 
minimization. Multiple output minimization (MOM) by 
Agrawal et al. [8] depends heavily on the philosophy and 
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procedures of CAMP and uses the frequency of the min- 
terms as a main parameter for computing the prime im- 
plicants. Biswas and Gurunath have shown in BANGA- 
LORE [lo]  that any algorithm which is mainly guided by 
the frequency of occurrence of the minterms is likely to 
generate more product terms in many cases. Also, as 
pointed out in [9], for functions consisting of mostly se- 
lective prime implicants, the minimality obtained by 
MOM may be poor. The introduction of the concepts of 
unique cover and valid cover in BANGALORE has re- 
sulted in optimal solutions in most of the cases. The main 
drawbacks with these minterm-based algorithms are the 
exponential growth of storage and time requirements with 
the number of variables and the number of minterms. As 
the functions encountered in a typical VLSI circuit may 
have 15-40 input variables, the minterm-based algo- 
rithms are found to be inadequate in handling such large 
functions. 

Many algorithms have been proposed to directly mini- 
mize the cubes without converting them into minterms. 
MINI proposed by Hong et al. [ 111 was conceptually new 
and represented a significant departure from the classical 
approaches. The method computes the final solution by 
an iterative improvement of an initial solution. Brayton et 
al. [ l ]  reported ESPRESSO 11, another heuristic mini- 
mization algorithm based on the philosophy of MINI. The 
McBOOLE logic minimizer reported by Dagenais et al. 
[2] is based on the philosophy of the Quine-McCluskey 
method which guarantees the exact minimal solution. Sa- 
sao [12] has proposed a hardware scheme for logic min- 
imization. 

Most of the earlier minimization algorithms were based 
on the Quine-McCluskey philosophy requiring the gen- 
eration of all prime implicants and then selection of a set 
of prime implicants that constitutes the optimal solution. 
Although this two-step processing yields an exact mini- 
mal solution, the computational complexity of the algo- 
rithms that depend on this philosophy grows exponen- 
tially with the number of variables. Miller [ 131 has shown 
that the number of prime implicants of an n-variable func- 
tion may be as high as 3"/n. As shown by Breitbart and 
Vairavan [14] the generation of all prime implicants can 
be wasteful for an already complex problem of logic min- 
imization. They have also shown that there are functions 
for which the useful prime implicants form an extremely 
small fraction of all the prime implicants. In fact, the au- 
thors of McBOOLE 121 have mentioned that the very large 
number of prime implicants was the limitation in most of 
the examples that McBOOLE could not handle. On the 
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other hand, most of the heuristic algorithms generate the 
complement or the OFF set of the functions which also 
increases the computational complexity. Moreover, as 
mentioned in [ 11, there are perfectly reasonable functions 
whose complements are perfectly unreasonable. 

In this paper, we present a multiple output minimiza- 
tion algorithm which requires neither the complement nor 
all prime cubes of the functions. Consequently, it is well 
suited for minimizing functions with large complement 
size and/or very large number of prime cubes. 

11. PRELIMINARIES 

It is well known that a Boolean function of n-variables 
can be represented as a sum of product terms. Any prod- 
uct term may be the product of up to m literals ( 1 s m 
I n ) .  Each of these product terms is known as an impli- 
cant and can be represented as a cluster of 1s on a Kar- 
naugh map, the 1s being the minterms. These clusters can 
also be represented in an m-dimensional space where the 
clusters take the shape of cubes. It can be verified that a 
product term of m literals of an n-variable function ( 1 I 
m I n )  will be a cluster of 2" minterms where ct = n - 
m and also will be a cube with 2" vertices. 

The cubes that belong to a Boolean function F can be 
grouped into F O N  and FD, where FON is the set of true 
cubes and F D C  is the set of dontcare cubes. The comple- 
ment of the function is denoted by FoFF. 

In this paper, we use the ternary notation ( 0 ,  1, 2 )  to 
represent the cubes and the product terms. In the input 
part, a cube will have a 1 for a literal in the true form, 0 
for a literal in the complemented form. A 2 is used to 
indicate the literal that is eliminated. The status of the 
cube in the output function is represented by 0, 1, or 2 
which indicates absent, true cube, or don'tcare cube, re- 
spectively. 

The cubes are defined as follows. 

Dejinition 2.1: A product term in the sum of products 
representation of a Boolean function which is also an im- 
plicant of the function will be called a cube. A cube can 
also be defined as an n-tuple a = ( a l  , a2,  a,, - . * , a,,) 

Dejinition 2.2: A cube having 2" vertices is said to have 
a dimension a. Hence, all minterms are cubes of dimen- 
sion 0 and a cluster of 8 minterms on the Karnaugh map 
has a dimension 3.  The minterms are the cubes with the 
least dimension (0)  and will, therefore, be also called the 
elementary cubes. 

Dejinition 2.3: Two cubes are said to be adjacent to 
each other if the ith variable is present as a true variable 
in one cube and as a complementary variable in the other 
while the values of other variables, if present in both the 
cubes, must be same. 

Example 2.1: Consider the following single output 
function. 

W k - e U , €  (0 ,  1 , 2 } .  

Cube CI  = 1002; Cube C2 = 0200; 

Cube C, = 0002; 

In the above example, cubes C1 and C,, cubes CI and 
C3, and cubes CI and C, are adjacent to each other while 
cubes C ,  and C, are not adjacent as they are differing in 
more than one variable. 

Dejinition 2 .4 :  A cube C, is said to have a cube C, as 
a partially adjacent cube if C, and C, differ in only one 
bit position and if no variable of C, can be eliminated by 
combining C, and C,. 

For instance, cubes C1 and C2 are adjacent in the first 
bit position, but cube CI cannot be expanded by consid- 
ering only cube C, in the above example. 

Dejinition 2.5: A cube C, is said to have a cube C, as 
a completely adjacent cube if C, and C, differ in only one 
variable and the differing variable can be eliminated by 
combining C, and C, . 

In Example 2.1, cubes CI and C3 are completely adja- 
cent since the variable in the first bit position gets elimi- 
nated when cube C1 is expanded using cube C,.  

However, a cube can also be completely expanded by 
using two or more partially adjacent cubes. Cube C, of 
Example 2.1 can be expanded by eliminating the variable 
in the second bit position if cubes C ,  and C3, which are 
partially adjacent to cube C,, are considered. 

Dejinition 2.6: Two cubes C, and C, are said to be in- 
tersecting if both cubes share at least a single vertex. Their 
intersection is denoted by C, fl CJ . 

Dejnition 2.7: A cube C, which is completely con- 
tained within another cube C, will be called a subcube of 
C, and is denoted as C, C C,. 

The following definition of prime cube is taken from 
[ill. 

Dejinition 2.8: A cube of a Boolean function F which 
cannot be expanded in any direction without admitting at 
least a single vertex of the complement or the OFF set of 
the function is called a prime cube. 

Dejinition 2.9: If a prime cube has at least a single ver- 
tex covered by this and only this prime cube, then the 
prime cube is called an essential prime cube {EPC). 

Dejinition 2.10: If a subcube generating an EPC be- 
longs to only one of the functions F,  then such an EPC is 
called an exclusive essential prime cube (EEPC) of the 
function F.  

Dejinition 2.11: If every vertex of a prime cube is cov- 
ered by other essential prime cubes then that prime cube 
is called a redundant prime cube (RPC). 

Theorem 2.1 {Redundant Cube Theorem): A cube is re- 
dundant if all the 2" combinations of the m eliminated 
variables in it are also present in the cubes that are inter- 
secting with the given cube. 

Proof: A cube with m variables eliminated covers 2" 
vertices. As the intersecting cubes also cover all the 2" 
vertices, the given cube is redundant. Also, cube C, be- 
comes redundant if it is completely covered by another 
cube C, as C, C C,.  Q.E.D. 

Corollary 2.1: A redundant cube can be detected by 
considering only the cubes intersectng with it and ascer- 
taining the presence of all the 2" combinations of vari- 
ables in the m detected variables positions of the given 

Cube C, = 0011; Cube C, = 2101. cube. 
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Dejinition 2.12: A cube C of dimension cy ( 0  5 cy I 
n )  of an n-variable function will produce a candidate 
product cube (CPC) of dimension between cy and n. The 
CPC is computed by deleting one variable at a time if C 
can completely expand in that variable. 

Theorem 2.2 (Candidate Product Cube Theorem): The 
candidate product cube (CPC) generated by a cube C is 
the largest cover of C provided the CPC is completely 
present in the given function. 

Proof: The candidate product cube is formed by con- 
sidering the cubes that are either partially or completely 
adjacent to the cube generating the CPC. Hence, all the 
possible directions of expansion of the given cube have 
been considered while computing the CPC and the cube 
cannot be expanded in any other direction outside the 
CPC. Therefore, the CPC is the largest cover for the cube 
generating it, if it is completely present in the given 
function. Q.E.D. 

The CPC is one of the important parameters required 
throughout the algorithm. 

Dejinition 2.13: A prime cube which is neither an es- 
sential prime cube nor a redundant prime cube is a selec- 
tive prime cube (SPC). In an SPC there is at least one 
vertex which is covered neither by any EPC nor by this 
and only this prime cube. Such a vertex is covered by at 
least one other SPC. 

It is also obvious from the definition that the existence 
of one SPC implies the existence of at least another and 
the SPC’s will also intersect at the cube (or subcube) gen- 
erating them. When a cube generates only two SPC’s, they 
appear as two interconnecting links of a chain. There may 
be cases where such a chain is constituted by a number of 
SPC’s. 

Dejinition 2.14: Among all the SPC’s generated by a 
subcube C ,  if there exists one or more SPC’s which cover 
all the uncovered cubes (subcubes) within the union of all 
these SPC’s, then this (these) SPC(s) will be called a valid 
selective prime cube (VSPC). 

Definition 2.15: If a subcube generating SPC’s belongs 
to only one of the functions F ,  then the SPC’s are the 
exclusive SPC’s (ESPC) of the function F.  

Dejinition 2.16: The cubes which are partially adjacent 
to the given cube but do not participate in the formation 
of the CPC are known as cognate cubes. 

111. MINIMIZATION ALGORITHM 
The multiple output minimization algorithm is a divide 

and conquer algorithm wherein the minimization is car- 
ried out by four main procedures: 

1) SELECT-ESSENTIAL-PRIME-CUBES; 
2) SELECT-VALID-SELECTIVE_PRIME_CUBES; 
3 )  SELECT-INTERSECTING-CUBES; 
4) SELECT-EXCLUSIVE-CUBES. 

The first two procedures compute shared product terms 
(which belong to two or more functions) as well as exclu- 
sive product terms (which belong to only one of the func- 
tions). Procedure 3 selects only shared product terms 
while only exclusive product terms are obtained in pro- 
cedure 4. 

The cubes are read using the procedure READ-CUBES. 

The procedure also checks for duplicated cubes, null 
cubes, syntax errors in the input specification, etc. The 
cubes are stored using the linked list data structure of Pas- 
cal, where each node of the list represents a cube. Ini- 
tially, the status of each cube in every function is set to 
either uncovered or don’tcare if it is present in the given 
function. A cube number is assigned to each cube in the 
list. The cubes are arranged according to their dimen- 
sions. Within each dimension, the cubes are ordered ac- 
cording to their weights (the number of 1’s present in the 
cube). Further, cubes of the same weight are grouped with 
respect to the position of 2’s, which implies that all cubes 
of the same group have 2’s in the same bit positions. Thus 
the cubes differing in at least two bit positions are grouped 
together. This considerably reduces painvise cube com- 
parisons while computing the candidate product cubes. 
Also, loosely coupled cubes are easily identified in many 
cases with the help of this data structure. 

During procedure SELECT-ESSENTIAL-PRIME-CUBES, the 
cubes are processed for computing the essential prime 
cubes in decreasing order of their dimensions. The first 
uncovered true cube in the list is selected. Its CPC is then 
computed. As the cubes of the same group differ in at 
least two bits, mutual comparisons of cubes within a par- 
ticular group is avoided while computing the CPC. After 
the CPC has been computed, the algorithm checks whether 
the CPC is an essential prime cube by applying the fol- 
lowing theorem. 

Theorem 3. I (Essential Prime Cube Theorem): A can- 
didate product cube C is an essential prime cube of func- 
tion F ,  if 

i) C C FON + FDc; 
ii) there exists at least one subcube (may be an ele- 

mentary cube) which does not have any cube, either par- 
tially or completely adjacent to it outside C.  

Proof: A candidate product cube must be completely 
present in the given function if it is to be selected as a 
product term of the solution. A subcube with no other 
cube which is partially or completely adjacent to it im- 
plies that this subcube can be covered by this and only 
this CPC, and hence, the CPC is an essential prime cube 
of the function. Q.E.D. 

Corollary 3. I :  A candidate product cube of dimension 
cy produced by a cube of dimension (Y or cy - 1 is com- 
pletely present in the given function. 

Proof: If the difference in dimensions of the candi- 
date product cube and the cube generating it is 0, then the 
CPC is equal to the cube generating it. which is com- 
pletely present in the given function. On the other hand, 
if the difference is 1, then one of the variables of the given 
cube has been eliminated which implies that the cube has 
expanded fully in that variable by combining with another 
completely adjacent cube or two or more partially adja- 
cent cubes. Therefore, the CPC is completely present in 
the given function. Q.E.D. 

Before ascertaining the presence of the CPC in the given 
function, a preprocessing detects the existence of the EPC 
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generating subcube. For this, the algorithm considers the 
cognate cubes. These cubes are identified and stored dur- 
ing the computation of the CPC. According to the EPC 
theorem, the CPC must contain at least one subcube which 
does not have any cube either partially or completely ad- 
jacent to it outside the CPC. This criterion can be verified 
by considering the values of eliminated variables of the 
given cube, if it is not an elementary cube, in the cognate 
cubes. (For an elementary cube, no cube can be a cognate 
cube since all the adjacent cubes participate in the gen- 
eration of the CPC). If the cognate cubes contain all the 
2”’ combinations of the m eliminated variables of the cube, 
then the CPC is not an EPC, as this implies that every 
subcube has at least one partially adjacent cube outside 
the CPC. On the other hand, if at least a single combi- 
nation is not present in the cognate cubes, the CPC is a 
potential EPC. The algorithm then ascertains whether the 
CPC is completely present in the given function consid- 
ering both the true cubes and the dontcare cubes that are 
subsuming the CPC. The CPC is present in the given 
function if the disjoint sharp [ 111 of CPC with the inter- 
secting cubes is null. If the CPC is completely present in 
the given function, the CPC is further processed to find, 
if it is an EEPC of the given function. If it is not an EEPC, 
then it is used for generating a possible shared product 
term. Once a product term is selected, it is printed along 
with the function(s) in which it is present. The cubes that 
are subsuming the CPC are flagged as covered and those 
that are intersecting are marked as partially covered along 
with the information regarding the portions covered. 
However, if the CPC is not selected as a product term, it 
is stored for possible future use. The procedure terminates 
after scanning the list of true cubes once. At the end of 
procedure SELECT-ESSENTIAL-PRIME-CUBES, both exclu- 
sive EPC’s and shared EPC’s have been selected. 

Cubes contributing valid selective prime cubes (VSPC) 
are selected in procedure SELECT-VALID-SELECTIVE- 

PRIME-CUBES. Since the exclusive and shared essential 
prime cubes have been covered, only the cubes generating 
the selective prime cubes are processed in this procedure. 
The algorithm starts with an uncovered cube (subcube) 
whose CPC has already been computed and stored during 
procedure SELECT-ESENTIAL-PRIME-CUBES. The CPC is 
the maximum possible cover for the cube generating the 
CPC. Now the uncovered cubes subsuming this CPC are 
considered for computing the VSPC. Let C, be the cube 
being tried for generating the VSPC. Initially, Cvspc = 
C,. For each cube C, (C, E CPC of C, and C, G CPC of 
C’ ), the cube CvsPc covering both C, and C, is updated as 
follows. The kth bit of Cvspc ( k  = 1, n for an n-variable 
function) is shown below: 

C’ 
0 1 2  

2 2 2 2  l M  

Cvspc is the minimum dimension cube required to cover 
all the uncovered cubes (subcubes) within the CPC of C, . 
Hence, the algorithm checks for the existence of this cube. 
If Cvspc is completely present in the given function, then 
it is the VSPC for C, . Once the existence of the VSPC is 
ascertained, the algorithm checks whether the VSPC is an 
ESPC. If not, the algorithm tries to generate a shared 
product term if it is completely present in two or more 
functions and covers at least one uncovered vertex in every 
such function. The cubes covered by the VSPC are ap- 
propriately flagged. If a VSPC cannot be generated then 
the next cube in the list is tried. This procedure is repeated 
till no more VSPC’s can be generated. An SPC generating 
subcube C, which does not initially have a VSPC cover 
may have one after a subcube CJ has been covered. It is 
to be noted that CPC of C, fl CPC of C’ # nil. As the 
algorithm first tries to generate as many VSPC’s as pos- 
sible, arbitrary branching for the selection of SPC’s is 
avoided in many cases. It has been observed that this not 
only saves CPU time but also results in minimal solution 
in many cases. 

In procedure SELECT-INTERSECTING-CUBES, the shared 
product terms are selected according to a different crite- 
rion since shared EPC’s and shared SPC’s have been se- 
lected in the previous procedures. A common cube CcoM 
is formed by taking the intersection of CPC’s of the given 
cube in different functions in which it is yet to be covered. 
For a given cube C, in Fk, initially CcoM = CPC (C, ). 
Each bit of CcoM is computed as follows. CcOM in every 
function F, ( j  # k ) ;  

CPC ( c; ) 
0 1 2  

cCOM 

1 

2 

mi 
1 2  

CcoM is the largest cube which is common to these func- 
tions. Hence, this is selected as a shared product term and 
subsuming cubes are flagged as covered while those that 
are intersecting are flagged as partially covered. The list 
of true cubes is scanned for uncovered cubes before te - 
rminat ing this procedure. 

It is evident that all the shared product terms have been 
selected by now. However, there may be some more cubes 
left uncovered or partially covered in different functions 
which cannot be covered by shared product terms. There- 
fore, procedure SELECT-EXCLUSIVE-CUBES is executed to 
cover such cubes. In this procedure the cubes are covered 
functionwise. In every function, the procedure first ex- 
plores the possibility of forming EPC’s out of the uncov- 
ered or partially covered cubes. Subsequently, if still some 
cubes remain uncovered, the concept of VSPC is applied 
and the cubes are covered. The procedure terminates after 
covering all the uncovered cubes. 
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PIA 
Name 

xorl2 

xorlO 

a l u l  

pope 

co14 

a h 3  

c l p l  

dk27 

in2 

gary 

dk17 

dc2 

in0 

in1 

ap la  

I01 I 

In Out Cubes Essen t ia l  Number of Output Cubes Memory in  K LPU t i m e  in seconds 
i n  cubes ESPR McBL Proposed ESPR MCBL Proposed ESPR NcBL Proposed 

a lgor i t tm algorithm a l g o r i t h  

12 1 2048 2048 2048 2048 2048 6112 434 422 4467.2 40.6 9.9 

10 1 512 512 512 512 512 998 190 234 403.0 8.4 2.3 

1 2  8 19 19 19 19 19 232 656 182 4.4 531.3 3.2 

6 48 64 12 63 62 63 806 642 237 393.3 5239.1 144.9 

14 1 47 14 14 14 14 284 92 180 3.6 0.6 0.3 

10 8 12 21 66 64 66 418 536 221 61.3 296.8 35.2 

11 5 20 20 20 20 20 256 221 188 5.3 28.0 4.0 

9 9 52 0 10 10 10 326 246 191 15.6 33.6 5.3 

19 10 137 85 137 134 137 558 514 275 114.3 184.3 71.0 

15 11 214 60 107 107 107 592 310 237 106.6 61.4 50.5 

10 11 93 0 18 18 18 348 255 201 18.1 31.4 1 7 . 2  

8 7 58 18 40 39 40 324 132 196 15.9 6.5 7.4 

15 11 138 60 107 107 107 584 304 240 124.6 49.3 95.7 

16 17  110 54 104 104 104 842 328 255 170.0 118.1 131.8 

10 1 2  134 0 26 25 25 424 238 2n6 27.1 31.3 33.6 _ _ _ _ - ~  

In all the above procedures, the product terms are 
printed as soon as they are selected. The output will be in 
the form of personality matrix of the PLA. 

IV. EXAMPLES 

Example 4. I :  

Initial Personality 
Matrix 

0 2 1 0  1 0 0  
2 1 1 1  1 0 0  
1 1 1 1  0 1 1  
1 0 1 1  0 0 1  
0 1 2 1  0 1 0  
1 1 0 0  0 1 0  
1 2 1 0  1 0 0  
1 1 1 2  1 0 0  
0 1 0 2  0 1 0  
1 0 0 0  0 1 0  
1 0 2 1  0 1 0  

Output of the 
Program 

a b c d f i f 2 . h  

2 2 1 0  1 0 0  
1 2 1 1  0 1 1  
1 0 0 2  0 1 0  
2 1 0 0  0 1 0  
0 1 2 1  0 1 0  
2 1 1 2  1 0 0  

The cubes are processed in decreasing order of 
their dimensions. In procedure SELECT-ESSENTIAL- 

PRIME-CUBES, the CPC of cube 0210 inf l  is computed. 
Its CPC 2210 is an EPC off l  and as the EPC generating 
cube is exclusive to f l ,  2210 is selected as an exclusive 
EPC offi . Similarly, CPC’s of other uncovered cubes are 
computed and the possibility of selecting EPC’s is ex- 
ploited. Cube 101 1 in h has a CPC of 121 1 (an EPC) 
which also covers some of the uncovered cubes off2, and 

hence, 121 1 is selected as a shared product term off2 and 
h. In procedure SELECT-VALID-SELECTIVE-PRIME-CUBES, 

cube 1021 infi  has 1001 as an uncovered subcube. 1001 
is tried for generating VSPC. Its CPC 1022 contains the 
other uncovered cube 1000. Hence, Cvspc of 1001 is 
1002. Instead of processing cube 1001, if 1000 is pro- 
cessed first, then its CPC 1202 contains uncovered cubes 
1100 and 1001. Hence, CvsPc of 1000 is 1202 which does 
not exist. However, as cube 1000 has two possible covers 
1002 and 1200 which are equally preferable, if 1200 is 
selected after branching, a non-minimal solution is ob- 
tained. As the program first explores the possibility of 
generating VSPC’s, no product term will be selected in 
such a situation. After cube 1001 generates a VSPC, cubes 
1100 and 0121 i n f i  generate 1200 and 0121 as VSPC’s, 
respectively. No cube is selected in procedure SELECT-IN- 

TERSECTING-CUBES. Finally, in procedure SELECT-EXCLU- 

SIVE-CUBES, subcube 01 1 1 generates an EPC 2 1 12 in f , .  

Example 4.2 

Initial Personal- Output of the 
ity Matrix Program 

abed f ih  a b c d hf2 

0 1 0 2  1 0  0 1 2 2  1 0  
2 0 1 1  2 0  1 1 2 2  0 1  
2 1 1 1  1 1  2 1 1 1  1 1  
1 1 2 0  0 1  
0 1 0 1  0 2  
1 1 0 1  0 1  
0 1 1 0  1 0  



1012 IEEE TRANSACTIONS ON COMPUTER-AIDED DESIGN. VOL 8. NO. 9. SEPTEMBER 19X9 

In procedure SELECT-ESSENTIAL-PRIME-CUBES, cube 
0102 generates 0122 in fl and cube 1120 generates 
I122 in f 2 .  No product term is selected in procedure 
SELECT-VALID-SELECTIVE_PRIME_CUBES. In procedure 
SELECT-INTERSECTING-CUBES, cube 2 1 1 1 is processed as 
it is uncovered in f l  andf2. Its CPC is 221 1 infl and 2121 
in fi. Hence, CCoM is 2111 which is selected as a shared 
product term. 

V. RESULTS 

The multiple output minimization algorithm described 
in this paper has been implemented in Pascal [15]. The 
program is highly portable as it is transported from a DEC 
1090 (on which it was developed) to a VAX 1117.50 with 
very few modifications. The program has also been im- 
plemented on a HCL Workhorse 11, an 8086-based mini- 
computer. The program has been tested using a large 
number of PLA’s including those of Berkeley PLA test 
set. In Table I, the results as obtained on a VAX 111750 
have been summarized. Results of EXPRESS0 I1 and 
McBOOLE have been compared on a VAX 11/750 and 
reported in [2] .  

It can be seen that the program has given the exact min- 
imal solution in most of the cases. The quality of the re- 
sult with respect to the number of product terms obtained 
by the proposed algorithm is quite satisfactory. An 
ESPRESSO I1 type of result has been obtained in most of 
the cases. 

As pointed out in [2], the memory requirements of 
ESPRESSO I1 seem to be most strongly correlated to the 
size of the function and the size of the complement of the 
function. McBOOLE’s memory requirements are directly 
correlated to the number of prime cubes and the number 
of variables. Memory required by the proposed algorithm 
is directly proportional to the number of input cubes and 
the number of variables as it does not generate either the 
complement or all the prime cubes. 

The CPU time required by ESPRESSO 11 is related to 
the number of cubes in the function which are not essen- 
tial prime cubes, the number of variables in the function, 
and the size of complement of the function while it is re- 
lated to the number of prime cubes and the number of 
nested cycles in the function in the case of McBOOLE 
[ 21. In the proposed algorithm it is related to the number 
of non-essential prime cubes and the valid selective prime 
cubes. 

VI. CONCLUSIONS 

The salient features of the algorithm presented in this 
paper include a fast technique for the determination of 
essential prime cubes and the introduction of a new class 
of selective prime cubes called valid selective prime cubes 
(VSPC). In many cases, VSPC’s avoid branching which 
is computationally an expensive operation. McBOOLE 
computes alternate solutions after branching and the so- 
lution with the lowest cost is selected. However, when 
nested cycles are encountered, many branches might have 

to be computed and compared for obtaining the minimal 
solution. However, the number of branches grows expo- 
nentially with the number of nested cycles. If this exceeds 
a limit fixed by the user, then the minimal solution is not 
guaranteed by McBOOLE. 

The other significant features of our algorithm are that 
it does not generate either the complement or all the prime 
cubes of the functions. Therefore, it is well suited to min- 
imize functions with large complement size and/or having 
a large number of prime cubes. A comparison with 
ESPRESSO I1 and McBOOLE indicates that the program 
produces absolute minimal solution in most cases and near 
minimal in a few others. We believe that if the algorithm 
is implemented in C,  it will be much faster than the pre- 
sent Pascal version as many features of C can be ex- 
ploited. 
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