
SgMhan& Vol. 21, Part 5, October 1996, pp. 577-595. © Printed in India. 

Role of elasto-plastic analysis under cyclic loading in fatigue 
crack growth studies 

B DATTAGURU 

Department of Aerospace Engineering, Indian Institute of Science, Bangalore 
560 012, India 
e-mail: datgur @ aero.iisc.ernet.in 

Abstract. LinearElastic Fracture Mechanics (LEFM) has been widely usedin 
the past for fatigue crack growth studies, but this is acceptable only in situations 
which are within small scale yielding (SSY). In many practical structural com- 
ponents, conditions of SSY could be violated and one has to look for fracture 
criteria based on elasto-plastic analysis. Crack closure phenomenon, one of the 
most striking discoveries based on inelastic deformations during crack growth, 
has significant effect on fatigue crack growth rate. Numerical simulation of 
this phenomenon is computationally intensive and involved but has been suc- 
cessfully implemented. Stress intensity factors and strain energy release rates 
lose their meaning, J-integral (or its incremental) values are applicable only 
in specific situations, whereas alternate path independent integrals have been 
proposed in the literature for use with elasto-plastic fracture mechanics (EPFM) 
based criteria. This paper presents certain salient features of two independent 
finite element (numerical) studies of relevance to fatigue crack growth, where 
elasto-plastic analysis becomes significant. These problems can only be han- 
dled in the current day computational environment, and would have been only 
a dream just a few years ago. 

Keywords. Fatigue crack growth; material nonlinearity; finite element anal- 
ysis. 

1. Introduction 

Fracture mechanics based design has become mandatory for crucial structural components 
in high technology industries. The current technological viewpoint is design based on 
damage tolerance and to aim to specify life till the damage grows to unacceptable levels. The 
field is entirely inter-disciplinary, requiring inputs from both experimental and numerical 
methods. Experimental methods required include accurate methods for elastic and inelastic 
material property evaluation, load estimation in-service, non-destructive testing (NDT) 
and full scale fatigue testing. Computational methods in structural mechanics such as 

577 



578 B Dattaguru 

finite element or boundary element methods provide stress analysis of cracked bodies and 
post-process fracture parameters such as stress intensity factors or strain energy release 
rates. Data from both these are fed as input for analysis of failure or fatigue crack growth 
for life estimation/extension. For a successful conduct of this program, it is necessary 
to use advanced numerical methods to analyse the structure with realistic assumptions 
covering large deformations, elasto-plastic, visco-elastic/plastic material behaviour. This 
paper focuses attention on elasto-plastic material behaviour and its role in fatigue crack 
growth studies in metallic structures under cyclic loading. 

In many problems, involving small-scale yielding (SSY) at the crack tip, linear elastic 
fracture mechanics (LEFM) has been used in the past for fatigue crack growth studies and 
life estimation. Several well-known models are in practice based on LEFM to estimate 
fatigue crack growth using numerical estimates of stress intensity factors or strain energy 
release rates (or J) (Broek 1978). In many practical structures and, in particular, structural 
components such as those used in aerospace vehicles, SSY could be violated and one has 
to look for fracture criteria based on elasto-plastic analysis. 

The crack closure phenomenon proposed by Elber (1970) was one of the most striking 
discoveries which modified fatigue crack growth expressions in terms of an effective stress 
intensity range. Practical uses of this phenomenon are generally limited by the difficulties 
in experimental measurements and complexity in numerical simulation to estimate crack 
closure stress and effective stress intensity range. Recently, success is reported in exper- 
imental measurements (Sunder & Dash 1982) and in numerical simulation, though the 
problem is still computationally intensive. Even in the absence of crack closure, fatigue 
crack growth analysis has complications. Certain fracture parameters are not valid under 
cyclic loading (or in case of loading/unloading). Under elasto-plastic deformation and 
cyclic loading, stress intensity factors and strain energy release rates lose their meaning, 
J-integral (or its incremental) values are applicable only in the case of deformation theory 
of plasticity (Rice 1968). Due to this, alternate path independent integrals were proposed 
by Atluri & Nishioka (1982) for use in these cases. 

This paper presents two different finite element studies of relevance to fatigue crack 
growth. The first deals with the numerical simulation of crack closure phenomenon and its 
use in study of the effect of low-high and high-low blocks of constant amplitude loading 
on a standard compact tension (CT) specimen. The major issues related to the numerical 
simulation are highlighted. In the second, fatigue crack growth around the interference lug 
joints is analysed in the presence of considerable inelastic deformation around the joint. 
Here AT~ integrals proposed by Atluri & Nishioka (1982) were used to fit the fatigue 
crack growth data with success. 

2. Literature 

It is physically impossible to review the entire literature pertaining to elasto-plastic finite 
element analysis. A brief review of literature is presented here pertaining to fracture related 
work dealing with elasto-plastic analysis under cyclic loading keeping our focus on the 
theme of this paper. 
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Constant amplitude loading on a cracked plate. 

2.1 Fatigue crack growth 

In general, loads on a practical structure are cyclic and vary in magnitude. The loading 
is represented by a maximum and a minimum applied stress/load in each cycle. If the 
maximum and minimum vary from cycle to cycle, the loading is referred to as variable 
amplitude loading, and if they are constant then the loading is constant amplitude (CA) 
loading. 

The difference between the stress intensity factor values between the maximum and the 
minimum stress is known as stress intensity range AK (figure 1). It was Paris et al (1961) 
who examined a large body of experimental data and gave an empirical relation between 
stress intensity factor range (A K) and crack growth rate (daMn). They proposed a relation 

da/dn = C(AK) m, (1) 

where C and m are material constants. When predictions on the basis of (1) are made, it is 
assumed that the only tensile part of the load cycle contributes to the fatigue damage and 
that crack tip surfaces close at zero load. Forman et al (1967) modified the Paris equation 
taking into account the stress ratio R (ratio of minimum to maximum stress in a cycle). 

The discovery of crack closure by Elber (1970) led to the modification of the Paris 
equation as 

da/dn = C( A Keff) m, (2) 

where AKeff is the effective stress intensity range between the maximum stress and crack 
closure stress. He attributed crack closure to local material yielding near the crack tip and 
residual plastic wake behind the crack tip during the crack growth phase. This can cause 
the crack tip to close even under a positive applied stress. 

2.2 Elasto-plastic analysis 

Finite element analysis including material nonlinear behaviour is briefly described later 
in this paper. Nonlinear material characteristics are determined from uniaxial load tests. 
For bi-axial stress states, the yielding is identified using yield criteria such as Von-Mises, 



580 B Dattaguru 

Tresca etc. Incremental finite element analysis is carried out for this problem. The most 
useful finite element formulation is presented as the 'initial stress' method by Zienkiewicz 
et al (1969). 

2.3 Contact stress analysis 

There has been extensive literature on contact stress analysis in problems involving chang- 
ing contact between two elastic bodies with load level. Here the stress and displacement 
fields are nonlinear with applied load due to the changing configuration. In the presence of 
elasto-plastic deformation, there would be two types of nonlinearities occurring together. 
The literature dealing with the analysis of problems with both these nonlinearities is scanty. 
The only attempt in this direction seems to be by Brombolich (1973) who analysed the 
fastener joint problem combining the two nonlinearities but the details of his work are 
not available. This can be attributed to the fact that these problems are computationally 
intensive. It is possible to attempt these problems now, due to the present day availability 
of large computing power, though tackling them would have been only a dream several 
years ago. 

2.4 Numerical methods for estimation of crack closure levels 

Two-dimensional elasto-plastic finite element analysis of crack growth and closure has 
been conducted by several investigators over the years. Most of this work was extensively 
reviewed by Seshadri (1995). Newman and coworkers were one of the first to numerically 
study crack closure phenomenon in centre-cracked panels under constant amplitude load- 
ing or two-level block loading (Newman & Armen 1975; Newman 1976). Their numerical 
estimates of crack closure were qualitatively consistent with experimental measurements. 
Another numerical simulation of crack closure was by Ogura & Ojhi (1977) who studied 
crack growth from notches under variable amplitude loading. Special crack tip elements 
and translation of near crack tip mesh was used by Nakagaki & Atluri (1980). Blom& 
Holm (1985) compared numerical estimates of crack closure in CT specimens at different 
stress ratios with experimental measurements. Lalor & Sehitoglu (1988) contributed ex- 
tensively to numerical study of the crack closure phenomenon from notches under constant 
amplitude loading. 

Later on McClung & Sehitoglu (1989) made an extensive review of the basic modelling 
issues and came out with certain criteria which had to be met in the finite element model. 
One of the most important criteria was the refinement of the mesh along the crack line. This 
will be discussed later in the numerical results. Another important issue is the node release 
scheme to simulate fatigue crack growth. The most common scheme is that suggested by 
Newman & Armen (1975) which releases the crack tip node at the maximum load in each 
cycle. Newman completed redistribution of the load due to node re~ease before proceeding 
with the analysis. A similar technique was employed by Chermahini et al (1988) and Blom 
& Holm (1985). Ogura & Ojhi (1977) released the crack tip at the minimum load in the 
cycle. Nakagaki & Atluri (1980) released the crack tip load at different points along the 
forward loading excursion and found that the opening level was dependent on the timing 
of the node release. Lalor & Sehitoglu (1988) employed a node release scheme in which 
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the crack tip was advanced immediately after the point of maximum load, during every 
increment of unloading. Three primary node release schemes were considered by McClung 
& Sehitoglu (1989). They were, node release at maximum load with redistribution, node 
release at minimum load and node release immediately after maximum load. Each of these 
schemes involved release of a node in every cycle. It was shown generally that the variation 
of results between the different node release schemes is not significant. 

2.5 Elasto-plastic crack tip parameter 

There were serious attempts in the past to propose alternate fracture parameters in the 
absence of crack closure effects, to fit the crack growth behaviour in the presence of elasto- 
plastic deformations at the crack tip. The work of Rice (1968) led to the development of 
the well-known J-integral concept. Based on the assumption of self-similar crack growth, 
the J-integral was derived. With inelastic deformations, the J-integral can still be used 
as long as there is proportional loading and there is no unloading. However, once crack 
growth commences, J ceases to be the crack-tip parameter (Bmst et a11985). Again, with 
incremental flow theory of plasticity, J ceases to be a crack tip parameter as it loses its 
path independence and the physical interpretation of the same is not valid. However, for 
stationary cracks, Hutchinson (1968) and Rice & Rosengren (1968) have shown that J 
is still a controlling parameter under small scale and fully plastic conditions with power 
law hardening materials. Also, Hutchinson & Paris (1979) opined that J is still a crack tip 
parameter for small amount of crack growth and becomes invalid at higher levels. 

Number of alternative crack-tip fracture parameters were tried. Crack-Tip Opening 
Displacement (CTOD) at the crack tip were monitored and used as an alternative parameter 
(Wells 1962). Crack-Tip Opening Angle (CTOA) was also another parameter tried for 
crack-growth correlation. But, it is difficult to accurately determine the value of CTOA 
through experiments. Usually, a combination of J and CTOA was used in many situations. 
Again in case of mixed mode loading, CTOA does not describe the crack growth. Strain 
Energy Release Rate (SERR or G) was tried as a possible crack-tip parameter (Nakagaki 
et al 1979). 

All the above methods were found to be unsatisfactory. In search of an alternative 
-fracture parameter in the elasto-plastic regime, a new path independent parameter (ATe) 
was proposed. This can be used with flow theory of plasticity and can account for loading 
and unloading and can take any arbitrary loads. This was later modified by Atluri & 
Nishioka (1982) and a new parameter (ATe) was defined. This is a direct measure of 
crack-tip field with flow theory of plasticity and under deformation theory of plasticity it 
is equivalent to J defined by Rice (1968). 

2.6 Application to cyclic loading 

In case of cyclic loading which leads to cyclic plastic deformation, the application of the 
J integral in its original form is questionable as it loses path independence. It is assumed, 
however, that crack growth occurs during the loading portion of any particular cycle and 
any further plastic deformation or damage occurring in the unloading cycle is reflected 
in the next subsequent loading cycle. Here, J-integral has been redefined with the above 
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assumption and the values in the integrand are calculated for only the loading portion of 
any particular cycle. 

Dowling (1977) proposed extension of the concept of J-integral to cyclic loading. They 
carried out fatigue experiments on Compact Tension Specimens (CTS). The A J values 
were calculated using the area under the curve of the load-deflection curves only dur- 
ing the loading part of any particular load cycle. They had also corrected for the crack 
closure using only the portion of the area under load deflection curve where the crack 
is fully open. Here the elasto-plastic data described by J-integral were superimposed 
on the elastic data based on LEFM and a small scatter band was obtained on compar- 
ing the results. Dowling (1977) developed equations for calculating the AJ  using the 
finite element results of Shih & Hutchinson (1976) for centre-cracked and edge-cracked 
panels. 

However, it is obvious from literature that the application of A J has various limitations. 
The present work is derived basically on the concept of incremental flow theory of plas- 
ticity, initial stress method and involves cyclic loading. Hence, A T~ proposed by Atluri & 
Nishioka (1982) to characterize stable crack growth in elasto-plastic regime is used. This 
parameter can be used for arbitrary loading, unloading and with incremental flow theory 
of plasticity. 

3. Finite element analysis 

The finite element analysis adopted is an incremental elasto-plastic analysis under cyclic 
loading, combined with contact stress problems in certain ranges of loading. The formu- 
lations were carried out in three-dimensions and this could easily be reframed to study 
problems in two-dimensions. The main feature of these problems is the two types of non- 
linearity arising out of varying contact and material behaviour. This has been dealt with by a 
novel approach using a marching solution. The basic FEM formulation is straight-forward 
and will not be dealt with in detail. Three-dimensional analysis is carried out using 8- 
noded iso-parametric brick elements and two-dimensional analysis with four-/eight-noded 
quadrilateral elements. The Von Mises yield criterion is: 

f ( ~ i j ,  o t i j )  = [ ( a x  - Otx) 2 -I- (O'y - Oty) 2 -}- (o" z - Otz) 2 

- -  ( f ix  - ° l x ) ( tYy  - Oly) - ( a y  - -  O l y ) ( a  z - Olz) 

- (or z - Otz)(Crx - Otx) -t- 3{(Z'xy - O~xy) 2 (3) 

q- ( r y z  - -  Otyz) 2 "q- ( h x  - -  Otzx)2}] ½ --  ~yy, 

where cr x, ay, az, rxy, ryz, rzx are the stresses corresponding to the current state; ax, ay, 
~z, ~xy, ~yz, ~zx are the components of the back stresses, representing the translation of 
the centre of the yield surface, and ~yy is the current yield stress. 

If the stress state is such that, F ( f f i j ,  Olij) < 0,  the material is in the elastic state. When 
F(~Y i j ,  otij  ) = O, the inelastic state is initiated. Subsequent plastic behaviour under increas- 
ing stress and strain is determined by the flow theory of plasticity. The total incremental 
strain has elastic (AEel) and plastic (AEpl) components as follows: 

A E  = A E e l  d- A E p l .  (4) 



Elasto-plastic analysis of fatigue crack growth 583 

17" 

, n , t o y ,  e d 

~'Y t / 6i5~'y tension /~curve 
~, ~/~.'z ' I ~" yield curve 

.5~y compression (~L. o ~,2/B ~' 

o.5,~y--~ m.~-y 'l 

Figure 2. Kinematic hardening. 

The incremental plastic strain is obtained using an associafed flow rule, based on 
Drucker's Postulate for work-hardening material. The flow rule can be written as 

aU AEpI = d~.OF(Oaij oeij) (5) 

where d)~ is a positive or a scalar quantity. 
When yielding occurs, the stress state must remain on the translated yield surface. This 

can be derived as follows. By total differentiation of (3) we get, 

d E =  [ 0 a ]  d a +  ~ -  doe (6) 

The condition is that dF  = 0 to remain on the yield surface. Further, 

since F is a function of (aij, oeij). So, (6) can be rewritten as 

OF 
(O~iJ -- OoeiJ) O~ij : O. 

(7) 

(8) 

3.1 Hardening rule 

The finite element analysis, in particular under cyclic loading covering both loading and 
unloading portions, should properly represent the hardening portions of the stress-strain 
curve. At any stage of yielding, the stress state corresponds to an yield surface (or curve 
in two-dimensions). Once the yield surface at a stress state is known, the next issue will 
be what is the shape, size and position of the subsequent yield surface? 

A power law uniaxial stress-strain response (Ramberg-Osgood type) in a material is 
shown in figure 2. At a particular stage let B be the position on the stress-strain curve 
during the loading portion. For most of the practical materials it has been observed that 
increase in the yield limit in tension is accompanied by a reduction in yield limit in 
compression. The yielding in compression is represented by C resulting in anisotropic 
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hardening (obviously, the case of isotropic hardening corresponds to that where an increase 
in yield limit in tension is accompanied by an equal increase in yield limit in compression). 
This anisotropic hardening is known as kinematic hardening and the phenomenon of stress 
induced anisotropy is known as the Banschinger effect. 

The kinematic hardening results in translation of the yield surface. A simple case of 
translation of yield surface is shown in figure 2. In problems involving plastic deformations 
during loading and reversed plasticity during unloading, it is essential to use the realistic 
kinematic hardening. In the present cases, the hardening rule proposed by Prager (1955) 
and later modified by Ziegler (1967) is used in the evaluation of the back stresses which 
represent the coordinates of the yield surface 

dotij = dtx (a i j  --  Otij) , (9) 

where the scalar d/x ensures the condition that the stress state must remain on the translated 
yield surface. On substitution of (9) into (8), it is possible to derive that 

d l z  = (0 F/Ocr i j )dcr i j  /[(crij  - otij) (0 F / O o t i j ) ] .  (10) 

'The equation of equilibrium which needs to be solved can be written as, 

[Ke]{U} = {P} + {Q}, (11) 

where {P} is the applied force vector, {Q} = f BrAcr'dV, {Act'} = {A(r t} -- {A~r}, 
{Act t} = elastic increment of stress for given de, {A~r} = true increment of stress for 
given dE. 

While carrying out the analysis for plane strain condition it is necessary to avoid 
plane strain locking in the formulation.For this purpose the total strain energy is divided 
as, 

Utotal = 1G fv ET D~d dv -t- 1)~ fv ~T Evdv (12) 

where Ea is the distortional strain and ev is the volumetric strain. G = E/2(1 + v), 
K = E/3  (1 - 2v) and )~ = (K - 2G/3). The locking was overcome by reduced integration 
employed for evaluating volumetric energy which makes the dilatational strains constant 
within the element (Satish Chander & Prathap 1989). 

3.2 Contact stress analysis 

As observed earlier, several practical problems have changing contact situations combined 
with material nonlinear behaviour. Typical examples of these cases in numerical evaluation 
will be presented in this paper. 

Contact between two elastic bodies is represented by bounding conditions termed as 
ambiguous. Consider for example the problem of contact between two bodies A and B as 
in figure 3. Let CA and C8 represent the regions in A and B respectively which could be 
in contact under certain load distribution. The contact is assumed to be frictionless so that 
nodes 1 and 2 in CA and C~ respectively could establish contact with each other and are 
free to slide. The boundary conditions on the interface could be written as, 
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Figure 3. A typical contact stress problem. 

Case I : Nodes 1 and 2 are in contact. 

Ftl ~ Ft2 ~ 0, Unl -~ Un2, 
Fnl q- Fn2 =0, 

and Fn2 < O, 

so that the contact surface has compressive load. 

(13) 

Case II: Nodes 1 and 2 are not in contact. 

Ftl -~ Ft2 -~ O, Fnl --~ Fn2 --~ 0, 
and Un2 <_ (Unl q- A), (14) 

where n and t refer to directions normal and tangential to the contact surfaces, F and 
U represent forces and displacements respectively, and A is the appropriate initial gap 
between the points. 

The inequality constraints are ambiguous and they ensure that the normal stress at 
the contact surface is compressive and displacements in the region of no contact are not 
overlapping. 

When there is a possibility of changing extents of contact/separation between the two 
bodies, there would be a moving boundary value problem. A node could be either in the 
region of contact/separation depending on the load level. The stress and displacement fields 
are nonlinear with load level. 

3.3 Cyclic loading : Incremental-iterative solution 

The software developed combining elasto-plastic and contact-stress analysis is described 
in a block diagram (figure 4). The software can handle both loading and unloading by 
carefully monitoring the two types of nonlinearities. 

The solution is incremental-iterative in nature and primarily uses force/displacement 
extrapolation for advancing/receding contact as a part of marching solution. The force 
extrapolation for the case of receding contact is described below. 

The solution takes advantage of the discrete character of finite element solution. In 
the absence of inelastic deformation, the solution is linear in the range of loading when 
contact extends from one node to the neighbouring node. In such a case, solution can 
be extrapolated linearly so that the forces at the end of contact region are equal to zero 
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Figure 4. Block diagram for elasto-plastic contact stress analysis. 

(figure 5). In the presence of inelastic deformation a similar approach is followed. Here, 
the solution has only material nonlinearity (and no contact variation) when contact extends 
from one node to the neighbouring node. Hence, a marching solution is carried out for 
the contact progressing from node to node, and a purely material nonlinear analysis is 
conducted between the progress of contact from node to node. A considerable amount of 
computational time is saved using this approach to deal with the two different types of 
nonlinearities. 

3.4 Elasto-plastic fracture parameter, A T~ 

In the absence of crack closure, the elasto-plastic fracture parameter AT~ (Atluri & Nish- 
ioka 1982) was used in the present work to correlate fatigue crack growth data. This 
path-independent integral could be evaluated as (figure 6). 

Frl~o 

~-  A P x - ~  AP2 -~  

linear 7 = l inear- 

,q 
f 

"tl i t I 

non-linear 7 

Figure 5. Schematic variation of radial forces with applied load. 
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Figure 6. Evaluation of A Tt~. 

/ ,  

AT~ -- L [AW~,I - (ti - Ati)Aui ,1 - Atiui,1]ds (15) 
d l  

where AVe = (cri j  + 1AtTij)AEij,1, t i = tYijn j ,  and if" is the strain energy density, ti is the 
traction vector, (,1) refers to the derivatives O/Ou. This parameter can be evaluated along 
a contour F~ very close to the crack tip. 

4. Numerical  results 

Numerical studies are conducted on two different problems when elasto-plastic contact 
stress analysis plays a significant role. In the first, FE estimate of crack closure stresses is 
carded out in CTS specimen under two blocks of loading of Lo-Hi and Hi-Lo sequence. 
The second problem is the case of lug joint with rigid interference pin and two diametrically 
opposite cracks at the hole boundary normal to the direction of loading. 

4.1 Crack closure estimation 

Numerical studies are conducted on a compact tension specimen shown in figure 7. The 
width of the specimen is W = 40 ram. The specimen is loaded by two pins as shown. The 

I 
I 

I 

I 

I 
Figure 7. Loading on compact ten- 
sion specimen. 
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distance between the crack tip and the load line is denoted as crack length 'a ' .  The loading 
is idealized as acting on half of the hole boundary in the form of cosine distribution. The 
equilibrium is given by 

f 
zr l2 

2 crrrcosOdO = P (16) 
J 0  

where r is the radius of the hole boundary. 
There are a few issues to be considered in finite element analysis under cyclic loading. 

(1) The first and the foremost is the crack-tip mesh refinement. This has been examined 
in the literature earlier (Newman 1976; McClung & Sehitoglu 1989). It is generally found 
that the mesh should be fine enough so that, when the crack is advanced after every cycle, 
it simulates real crack growth. On the other hand, if it is made too fine, the computa- 
tional requirements become too large. One has to achieve a balance between these two 
requirements. The aim of the exercise is to accurately estimate crack-closure stress and 
it is seen that this estimation is not improved in its accuracy over certain levels of mesh 
refinement. Hence, in the current study, the crack-tip element size was chosen, after cer- 
tain numerical experiments, as 25 microns. (2) The crack-tip advance scheme is the next 
important issue. It was discussed in the introduction that several investigators earlier used 
different schemes and ultimately it was found by McClung & Sehitoglu (1989) that the 
difference between these two schemes is small. In the present study, the crack-tip node 
release scheme suggested by Newman (1976) is adapted. Here, the node is released at the 
maximum stress in each cycle and the resulting unbalanced stresses are redistributed. (3) 
As the crack advances, it leaves a residual plastic wake behind. Finite element simulation 
of this phenomenon for all the fatigue cycles would be computationally impossible. Here, 
it is postulated that when the crack is at a particular length the crack-closure stress esti- 
mates are only influenced by the residual plastic wake in the immediate neighbourhood 
behind the crack tip. This is shown in figure 8. For this purpose the crack is grown over 10 
to 15 cycles to simulate the residual plastic wake behind, before the crack-closure stress 
is estimated at any crack length. Numerical studies showed that this provides sufficiently 
accurate values for crack-closure stresses. (4) Crack closure is identified as the load at 
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Figure 9. Normalised crack closure and opening in low-high block of loading. 

which the first pair of nodes behind the crack tip touch each other during the unloading 
part of the cycle. 

The compact tension specimen is subjected to Hi-Lo and Lo-Hi blocks of loading. The 
high block of loading corresponds to R = 0.3 ( t rmin/f fmax ----- 0 . 3 ,  ffmin = 0 . 3 ) .  The low 
block of loading corresponds to R = 0.1 ( t rmin / t rma x = 0 . 1 ,  O'min = 0 . 1 ) .  In the high 
block of loading the crack-closure stress has stabilised to a value ffcl "~ 0.35, and in the 
low block of loading trcl ~ 0.33 (figures 9 and 10). This is the influence (though minor) of 
the stress ratio on the crack-closure stress. The values compare with those reported before 
by Seshadri (1995). In between high-low or low-high blocks of loading, the crack-closure 
stress transits between these two values. 

4.2 Preliminary studies on A T~ integral 

Certain preliminary studies were conducted (Satish Kumar et al 1994) on the path inde- 
pendent integral A T* and compared with results in literature. The analysis was conducted 
on CTS specimen shown in figure 11. Crack length of 26.4 mm was used in the analysis. 
The material properties and the geometry of the specimen are same as that used by Atluri 
& Nishioka (1982). 

The incremental load was applied as incremental displacements and the load-deflection 
curve obtained from this analysis which is shown in figure 12, along with the comparative 
values from the earlier work. The results are in good agreement. A Tff are evaluated for 
each increment of displacement and the summation is carded out as T~ = E A Tff. Results 
from the present analysis and those from the literature are shown in figure 13, for different 
increments of displacement, The study was carded out for the loading portion of a cycle 
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and for a part of the unloading portion. The results compare very well and validate the 
present software. 

4.3 Cracks around lug joints 

The study was later conducted on a cracked lug joint for a configuration for which certain 
experimental results were available. The lug was made of HE-15 AST AI-Cu alloy. The 
geometry of the specimen is shown in figure 14. The lug was fitted with a 4340 steel 
interference pin. For numerical study, a steel pin of different interference values was chosen. 
The diameter of the hole in the lug was 2a, and the diameter of the pin was 2a(1 + ~.), so 
that ~, represents relative interference between the pin and the hole. Numerical study was 
conducted with ~, = 0.5, 0.75 and 1.0%. 

I _ ~ ~  50,9 

L j - 63.4 

61 

all dimensions are in mm 

Figure 11. Dimensions of compact 
tension specimen. 
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A T~ was computed for different contours around the crack tip. The path independence 
of this contour integral for two values of interference is shown in figure 15. It is now 
proposed to use this integral for correlation of fatigue-crack growth data. For this purpose 
the variation of AT~ vs crack length is shown for a value of), = 0.75% in figure 16. 

A power law variation of fatigue-crack growth data with A T~ was attempted for different 
values of interference. For this purpose, FCG data presented earlier (Satish Kumar et al 
1995) is utilized. The correlation of da/dN (crack growth per cycle) with AT~ on a 
logarithmic scale is shown in figure 17. The fit is very similar to the Pads equation. 

5. Concluding remarks 

The role of elasto-plastic analysis under cyclic loading in fatigue crack growth studies 
is briefly reviewed. Finite element analysis dealing with two nonlinearities due to mate- 
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Figure 15. Path independence of 53 A T~ integral. 
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rial nonlinearity and contact stress analysis in typical problems is presented. Numerical 
estimates of crack closure stresses in CTS specimens under Hi-Lo and Lo-Hi blocks of 
loading are presented using the methods and procedures developed. In the absence of 
crack closure, fatigue-crack growth in structural components is correlated to elasto-plastic 
fracture parameter A T~ proposed earlier in literature. Correlation of fatigue-crack growth 
data with this path-independent integral is presented. 

The work presented in this paper is supported by sponsored research projects of the Aero- 
nautics R & D Board, Government of India and their support is acknowledged. The author 
expresses his thanks to his colleague Prof T S Ramamurthy and his students Dr B R Se- 
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work. 
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