
nant for the  cofactor Ci,, i# j ,  is 

1 2 ... j ... i ... n 

0 : I-  

Note that s must appear in all diagonals if the techniques for transforma- 
tion to phase  variable canonical form are  to be employed. Equation (3) 
can be recast as 

1 2 ... 

A partial Laplacian  expansion of (4) provides  the  following  expanded 
form: 

... 0 

-s, ... S-Q, 

J 

( 5 )  
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Both  determinants in (5) are now calculable by any of the  techniques for 
transforming to phase variable canonical form. For a diagonal cofactor, 
the problem is easier, i.e., 

Of course, the  scheme will work with columns as well as rows [12], [13]. 

CONCLUSION 

A major  goal in this work  was to develop an accurate numerical 
technique for cofactor computation, applicable to high-order system. By 
casting the cofactor into an equivalent representation, the task is accom- 
plished by any phase  variable canonical transformation method. The 
authors used Danilevskii's  method  routinely in this capacity for systems 
up to 26th order while  employing a Univac 1106. It appears that the 
technique is applicable to much  higher order systems. 

Although the thrust of the paper has been cofactor computation, some 
of the  spin-off applications are calculation of [sZ-A]-' and a&/aaij. 
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Exact Reduction of a Polynomial 
Matrix to the Smith Normal Form 

VIJAYA RAMACHANDRAN 

Ab--A f i k  fidd bansfom method is &&bd for tbe exBet 
reduction of a single-vmhble polynomial matrix to its Smitb form, witbout 
the accompanying problem of coefficient growth. 

I. INTRODUC~ON 

The reduction of single-variable  polynomial matrices to the Smith 
normal form is very  useful in many areas of system  theory. In particular, 
this reduction is  used in one method of spectral factorization of rational 
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polynomial  matrices (Youla [ I n .  Gantmacher [2]  gives a straightforward 
method  for this reduction and many algorithms have appeared recently 
which are variations of Gantmacher's  method  [3], [4].  However, all of 
these  methods  suffer from numerical instability and coefficient  growth. 
Numerical  inaccuracies,  especially, are to be avoided in this case,  since 
the Smith normal form of a  matrix  may  become  quite different if, say,  a 
double root is taken as two distinct roots close to each other. 

In this paper, we give an exact method for Smith  form reduction based 
on finite field  transforms [12], [14], which  overcomes this difficulty 
without  the  accompanying  problem of coefficient  growth. This appears 
to be the first  successful application of exact computation techniques to 
Smith form reduction.  A Fortran program  (for  IBM  360/44 PS) has 
been  developed for this purpose and the results are included. 

11. DEFINITIONS AND MOTIVATION 

A  polynomial  matrix (or A-matrix) is a rectangular matrix A@) whose 
elements are polynomials in A with  coefficients  from the field of rational 
or real  numbers.  A A-matrix  is  unimodulur if its determinant is a nonzero 
constant. Two  A-matrices A@) and B(A) are said to be equir;alent if they 
are of the same  dimension and if there exist unimodular matrices M(A) 
and N Q  such that 

M(A)A(h)N(A) = B(A). 

Smith Form Any arbitrary rectangular polynomial matrix A@) is 
equivalent to a  canonical diagonal matrix (Smith  form)  given  by 

where a,@))laz(A)l-.- la,@), and each ai@) is monic, i= 1,2,-- .  ,s (a 
polynomial is monic, if the coefficient of the highest degree term is 1). 
The polynomials al(A),u2(A);~~ ,a,(A) are uniquely  determined by A@). 

A  constructive proof of the uniqueness of the Smith  form  is  given in 
Gantmacher [2].  (The treatment there is for integer  matrices, but the 
extension to the polynomial case. is straightforward.) This construction 
gives a basic algorithm for Smith form reduction and many other 
algorithms  based on this have  been  proposed  with  the view to improve 
efficiency  (Bradley [3], Pace and Barnett [4]).  The  chief drawback of 
Gantmacher's  algorithm (and the succeeding  ones) is the problem of 
coefficient  growth.  Since the Smith normal form of a matrix depends on 
the roots of its polynomial  elements, it need not  be a continuous 
function of its  elements.  Hence, if floating-point arithmetic is used in the 
computation, the  cumulative errors introduced may  result in a  com- 
pletely different Smith  form. 

For example,  consider  two matrices given  below: 

The Smith form of A @ )  is A@) itself,  while the Smith form of B Q  is 

Hence, it is clear that the use of floating-point arithmetic could easily 
result in a  wrong  Smith  form. 

To obviate this difficulty, the coefficients of the polynomial entries are 
to be  maintained in rational form. This can be done using an exact 
computution procedure,  which has been suggested for the  inversion of 
integer and polynomial  matrices (Rao et al. [6], Krishnamurthy [5 ] ,  
Bareiss [7], Mum0 and Zakian [8], Downs [9D. In this case, the numera- 
tors and denominators of the coefficients  grow  very  large during the 
computation, especially in the absence of an explicit  cancellation  proce- 
dure. This is the well-known  problem of coefficient  growth, also known 
as "intermediate  expression  swell"  (McClellan [lOD. The problem of 
handling such  large rational numbers (not reduced to the lowest  form) is 

a  very  real  one, and finite field transforms have been suggested as a 
possible  method to overcome this difficulty. Chief among these  tech- 
niques are the residue  system (Rao et ol.[4, McClellan [lo], Young and 
Gregory [l  I]),  and the finite field  coding  system (p-adic system) 
(Krishnamurthy et al. [12],  [13l, Gregory [14D for representing  rationals. 
In this  paper,  the  results obtained by applying the finite field  transform 
method for Smith  form reduction are presented. 
In the p-adic number  system  (which is a  generalization of the residue 

system),  a  modulus of the formp' is chosen, wherep is a prime and r is a 
positive  integer.  Any rational number a /b  (where a and b are integers)  is 
written in the  form 

E = C . p n  
b d  

where c and d are integers,  relatively prime top. The p-adic representa- 
tion of a / b  is given by 

. a@, . - . a,- *, n=O 
- 0  O..*O~al.*-a,-n-,, n > O  

n zeros 
a~l...an_l.an~..a,_,, n<O 

where 

q,+a,p+a2pz+...  +ar-Ipr-'=c.d-'modp'. 

(d - ' is the  multiplicative  inverse of dmodp' when  the gcd (d,p)= 1.) 
This system can uniquely encode every order-N Farey fraction (i.e., 
every fraction of the form a/b with 04 lal,lbl<N, b#O),  where 

Arithmetic operations  within  the p-adic system are similar to those 
within  a  residue  system and are explained in detail in Krishnamurthy et 
aL [12] and Gregory [14]. Although  every order-N Farey fraction has a 
unique p-adic code, an efficient decoding algorithm  is not available to 
reconstruct the rational.  Hence, to facilitate decoding,  a FACTOR term 
is included in the computation [14]. At the start of the computation, all 
values are made integral by multiplying  each  value by the lcm of all 
denominators.  Then, during the procedure, any multiplication by a 
factor of the form a - 1  ( a  integral) will result in the FACTOR being 
replaced by FACTOR*a. At the end of the computation, FACTOR 
contains the lcm of the denominators, and the numerator of any term x 
is obtained by the formula 

N < m .  

xc FACTOR modp'. 

As mentioned  earlier, handling the coefficients in rational form during 
computation (in order to avoid  numerical  instability) will result in 
unnecessary  coefficient  growth in the absence of an explicit cancellation 
procedure to maintain the rationals in  lowest  reduced form. In thep-adic 
system,  however,  multiplication of the numerator and denominator by 
the same factor does not affect thep-adic representation of the rational. 
Hence, thep-adic d e  for any rational corresponds to the code for that 
rational in its lowest  reduced  form. Thus, this system  ensures  minimum 
growth in coefficient size during computation. 

The p-adic coding and computation have been applied to the 
coefficients of the  polynomial  elements of the matrix in the Smith form 
reduction procedure of the  next  section. 

111. EXACT Sham FORM ALGOR~THM 

In this section, we present the Smith form algorithm,  using  exact 
p-adic  computation. The algorithm is bssically that of Gantmacher [21, 
and incorporates many of the modifications  suggested  by  Pace and 
Barnett [4]. The algorithm is written in ''Pidgin  Algol," a high-level 
language  described in Aho, Hopcroft, and Ullman [15]. A Fortran 
implementation of the algorithm was used  to compute the examples. 

Algorithm 3.1: SNF 

Z n p u r :  An m X n single-Variable  polynomial  matrix A@), with  integer 
coefficients,  a  bound on the polynomial  degree d, and a bound on the 
coefficient size k, i.e., for every  coefficient a/b(n,b, relatively  prime) 
likely to occur in the procedure, k > la/, (b(. 
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begin0 
choose  a  prime p and a  positive  integer r such  that 

initialize: 
(jf- 1)/2 >kZ. 

S(A).+A@), with  coefficients inp-adic code 
FACTORcl 
i c  1 

wkile i<min(m,n) do 
endo 

comment all arithmetic operations are in the p-adic system 
begin, 

while at least one nondiagonal element in ith row  or ith 
column is nonzero do 

comment  bring  lowest degree  term to the (i,i) position. 
a) interchange s, with spq, a  nonzero  element of 

smallest  degree in S a )  in the block including rows 
i , i + l ; . . , m a n d c o l u r n n s i , i + l ,  ..., n. 

comment The search for spq is conducted in such  a way 
that if such an element is present in the (i,o 
position, it is not interchanged with another 
element of the same degree in the block. 

begin, 

comment make si; monic 
a) multiply ith row  of S(h) by a;', the inverse of the 

coefficient of the highest  degree  term in a,. 

comment reduce the degree of each nomro element  in 

for j= i+  l,i+2;. ,m do 

b) FACTORcFACTOR t 

ith column 

begin, 
a) R , c a - ' ,  where a is the coefficient of the 

b) R 2 c A U ,  where u= degree of ajj-degree of a, 
c) multiply jth row of S(A) by R ,  
d) subtract R, times  the ith row  of S(A) from the 

e) FACTORcFACTOR*a 

highest degree  term in ajj 

j t h  row of S@) 

end, 
comment reduce  the  degree of each  nonzero  element in 

ith row 
for j = i + l , i + 2 ; . - , n  do 

begin, 
a) Rita-', where a is the  coefficient of the 

b) R 2 c A  ", where I( = degree of 5; -degree of a, 
c) multiplyjth column of S(A) by R ,  
d) subtract R2 times the ith column of S(A) from 

the jth column of Sa) 
e) FACTORcFACTOR*a 

highest degree  term in 4; 

end4 
e&, 
find the gcd g(g monic) of si; and si- I with  premulti- 
pliers a and b  such that a.s,+b.si-l.i-l=g 

comment  check if si- I , i -  llsji 
i f g = ~ ~ - ~ . ; - ,  then i c i + l  
else 

commenr make si- g and decrement i 
begrn5 

a) add a times the ith row of S(A) to row ( i -  1) 
b) add b times c o l u m n  ( i -  1)  of S(x) to c o l u m n  i of 

c) i c i - 1  
S(x) 

end5 
e 4  
begin, 

11)  write FACTOR 
12) for i= 1,2;. . ,m do 
13)  for j= 1,2; .. ,n do 

14) 
begin7 

write s,*FACTOR 
e&, 

end6 

Examples: 
1) 

-2x2  - 2 x  0 

primep=8209; r = l .  
Result: 

FACTOR = 8 

S(X)=diag[8,8XZ, - 6 X 2 + 8 X 4 ] ,  

x - 1  - 1  0 
o x  0 

0 -2+x 0 
1 0 0  

p'=8209. 
Resulr: 

3) 

x - 1  0 0 0  
0 - 1 + x  0 0 1  
0 0 - I + X  0 0 
0 0  
0 1  

0 -1+x 0 
1 0 0  

p'= 8209. 
Result: 

FACTOR = 1 

s(x)=diag[1,1,1,-1+x,-x+x2]. 
4) 

- 1 + x  0 0 - 1  1 

A ( X ) =  
- 1  x - 1  

0 
0 :l 

1 
0 0 0  -'CY i1 

p*=8209.  
Result: 

FACTOR= - 1 
S ( x ) = d i a g [ - 1 , - 1 , - 1 , - 1 , - 1 + 2 ~ - ~ ~ , - ~ + ~ ~ + ~ ~ - ~ ~ ] .  

5 )  

A ( X )  = 

x - 1  0 0 0 0 0  
0 - 1 + x  0 0 0 0 0  
0 0 -1+x 0 1 0 0 
0 0  
1 0  

0 -1+x 0 1 0 
0 0 0 0 0  

0 1  0 0 0 0 0  
0 0  0 1 0 0 0  

p'=8209. 
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Result: 

FACTOR = 3 
s(X)=diag[3,3,3,3,3,0,0]. 

IV. DISCUSSION 

mentioned  earlier, p and r should be chosen  such that 

is greater than the absolute value of the numerator or denominator of 
any rational (reduced to its lowest form) likely to occur during computa- 
tion.  However,  considering the complex nature of the computation, it is 
not possible, in general, to compute an a priori bound for K .  We  suggest 
that some  “reasonable”  values can be chosen  initially  for p and r .  After 
computation, the determinant of the  largest nonzero principal  minor in 
the Smith form can be compared  with the gcd of the determinants of all 
nonzero minors of the same  dimension in the input matrix. If the two do 
not agree to within  a constant factor, then either p or r can be increased, 
and the computation repeated. 

Although we have made no  complexity  analysis on this algorithm, and 
although we will not be surprised if Smith form reduction and determi- 
nant evaluation are proved to be of the same time  complexity, we are 
quite certain that determinant evaluation is cheaper  than  Smith  form 
reduction by at least  a  large constant factor. Hence, the above  method of 
“pick and verify“ is quite feasible  especially  since one should be able to 
predict a bound for K after some  experience, if one is dealing with a 
particular class of matrices. 

This method will take more  time than floating-point computation in 
rational form, and this is mainly due to thep-adic inverse computation 
during division. On the other hand, this procedure is not subject to the 
errors of floating-point arithmetic and it requires less space than that 
required for explicit rational form computation. This is  a  simple  example 
of time-space  tradeoff. Thus, applications of Smith  form reduction which 
cannot tolerate numerical  instabilities and for which  memory  space is at 
a premium will find our procedure  usefid. 

V. CONCLUSION 

In this paper, we have  presented an exact  method for computing the 
Smith normal form of a polynomial matrix. This algorithm was  devel- 
oped with the view to mechanize completely the spectral factorization 
technique  presented in Youla [l]. The subsequent step of factoring a 
unimodular polynomial matrix is under consideration. The algorithm 
presented in this paper, however, can be used in any application requir- 
ing the Smith  form of a polynomial  matrix. For instance, the Smith- 
Macmillan form (which is an extension of the Smith form for a matrix 
with rational polynomial  entries) is useful in the analysis and minimal 
realization of transfer function matrices of time-invariant linear dynami- 
cal systems  (Kalman  [16],  Rosenbrock [171). The Smith  form reduction is 
useful in detennining if the closed-loop spectrum of a linear dynamical 
system can be freely  assigned  with  decentralized control, and provides 
the unassignable  polynomial  when free spectrum assignment is not 
possible  (Corfmat and Morse [ISD. The Smith  form can also be used to 
prove the existence of a  solution to an integer  programming  problem 
(Barnett [19D. 

A listing of the Fortran program of the algorithm is available  with  the 
author. 
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A Direct Way to Stabilize  Continuous-Time 
and Discrete-Time Linear Time-Varying  Systems 

V. H. L. CHENG 

Abshact-We derive, in a parallel fashion, state-feedback control laws 
for eontinnow-time and discrete-time linear timevarying systems; these 
laws assure that the zero solution of the closed-Imp system is (globally) 
uniformly exponentially stable at a prescribed rate. 

INTRODUCTION 

The problem of stabilizing “uniformly controllable” linear time-vary- 
ing systems has been studied in [3], [7] for the continuous-time  case, and 
in [4] for the discrete-time  case. Their time-invariant counterparts can be 
found in [l] and [2], respectively. Without recourse to the linear 
quadratic regulator  problem, we  give here  state-feedback control laws 
respectively  for  the  continuous-time and discrete-time cases, which  make 
the  zero  solution of the closed-loop  systems  (globally)  uniformly  ex- 
ponentially stable (u.e.s.).’ In contrast to the existing literature, the 
proofs of closed-loop  stability  given here do not involve the notion of 
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least) p iff 3p>O. 3 M > O  such that VtoER+, Vx(tO)EC”, Ix(r)lcIx(tO)lMe-~‘-‘O). 
‘The zero  solution of i(r)=A(r)x(t), reR,, is said to be u.e.s. on R+ at a rate (at 

WI 3 I  ̂..__ 
Thezerosolutionofx,+l=A,xj,iEN:={O,1,2,...},issaidtobeu.e.s.onNatarate 

(at  least) p iff 3 p > l ,  X ” O  such that ViO€&‘, Vxj,EC“, IxjlCIxblM(l/p)‘-’o ViEN 
with i >io. 
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