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Abstract

A posterior modeling approach for on-orbit breakup, named ASSEMBLE (A Semi-StochasticEnvironmentModeling of
Breakup inLEO), is proposed. The main objectives of this paper are the statistical characterization of the orbital and
physical parameters of the fragments generated by an on-orbit breakup. The analysis of two line element (TLE) data of the
fragments of some fragmentation events, such as the Indian PSLV-TES rocket body breakup, showed their orbital parameters
obey statistical distributions. The apogee or perigee height, limited by breakup altitude, and the inclination follow Laplace
distributions, while the eccentricity a Lognormal distribution. Subsequently, suitable empirical relations in the literature help
to expand the fragmentation scenario to mass, effective area, and ballistic coefficient. Lastly, the simulation of well-known
historical breakups of (i) SPOT I rocket body, (ii) COSMOS 1813, (iii) STEP II rocket body, and (iv) CBERS I/ SAC I
provide further confidence in the present model for orbital debris studies.

1. Introduction

Since the first satellite breakup in 1961 to date,
more than 175 spacecraft and rocket bodies have frag-
mented in orbits[1,2]. The resulting debris fragments
constitute nearly 40% of the 9000 or more catalogued
objects. The catalogued fragment count does not,
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however, include the numerous fragments that are too
small for tracking. In order to describe the orbital de-
bris environment, it is necessary to develop mathemat-
ical models to simulate the fragments resulting from
explosions/collisions. Such models facilitate a real-
istic assessment of the risk due to the debris clouds.
A posterior model, ASSEMBLE (A Semi-Stochastic
Envioronment Modeling of Breakup in LEO), based
on the available information on the breakup event and
characterization of orbital parameters is proposed.
This model utilizes probability distributions for orbital
characteristics of the fragments and empirical rela-
tions for the physical characteristics and assigns the
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Fig. 1. Three aspects of orbital breakup modeling and analysis.

fragment masses and sizes through the magnitude of
incremental velocity�V.1 Subsequently it has been
applied to simulate some typical historical on-orbit
fragmentation events. In the present approach the dis-
tribution of fragment incremental velocities is a con-
sequence rather than imposed through empirical rela-
tions as is done in the earlier approaches.

1.1. Conceptual basis for the present model

Any of the modeling processes, considered as a
physical theory, obviously have three approaches,
namely, intuitive beginning, mathematical modeling,
and consistency with experiments. These are simi-
lar to the various approaches in probability theory
[3], and have increasing amount of information. The
mathematical modeling of the breakups of objects in
space is quite a difficult task due to the randomly
varying ways in which the combination of the or-
bital parameters (through the debris velocity), mass,
size, and shape can occur. It is better to depend far
more on the debris fragment measurements in the
mathematical modeling of such processes.

This paper deals with a modeling approach to the
on-orbit breakup of an object in space and is based
on an analysis of the available catalogued data, as is
generally provided by US Space Surveillance Network
(US SSN), of the fragments soon after the breakup.
On-orbit breakups create many fragments and each has
its orbital characteristics such as the semi-major axis,
eccentricity, inclination, and other parameters such as

1 See Nomenclature in Appendix A at the end of the paper.

size, shape, the ballistic coefficient, and so on. The
catalogued data provide only the orbital characteris-
tics of fragments besides aB∗ term related to ballistic
coefficientB with B∗ = (�0/2)B. The size and shape
cannot be easily estimated on the basis of these char-
acteristics and hence need to be obtained from empir-
ical relations based on some laboratory experiments.
These relations provide estimates based on samples
only and not those of the population. But all these vari-
ables characterizing the fragments are in some way
connected due to the underlying physical process in an
explosion and one cannot assign arbitrary random val-
ues for their various properties. The question is from
which of the properties can one commence with and
later derive the others? This is similar to obtaining the
height, weight, and age of a person. Where do we start
for best possible estimates? It turns out that there is a
hierarchy among the variables of a system. The hier-
archy, in terms of whatever it implies, dictates in the
present case to commence from the independent vari-
ables such as the semi-major axis and eccentricity, to
arrive at the velocity change rather than proceeding
the other way round as has been generally done in the
earlier approaches.

1.2. Earlier approaches of breakup modeling

Fig. 1 shows the three aspects of any modeling ef-
fort for the orbital debris breakup. Block 1 corresponds
to the orbital characteristics of the fragments, while
Block 2 includes the distribution of the velocity of the
fragments and is the focus of the entire breakup mod-
eling by different approaches by the way this aspect



is handled. Block 3 relates the number of fragments,
their individual mass, and size through empirical rela-
tions obtained from laboratory/terrestrial experiments.

In the earlier approaches[4,5] one commences from
Block 2 and proceeds to Block 1 to simulate the or-
bital characteristics. Block 3 characteristics are inde-
pendently simulated and are related to Block 2 through
empirical relations connecting size or area to mass ra-
tio A/m to �V , the incremental velocity.

The magnitude of the incremental velocities of the
fragments is assumed to obey certain distributions
such as a Gaussian distribution. Further, their direc-
tionality in space is assumed as uniformly distributed
in azimuth� and elevation�. In the absence of any
information, in the first instance, this would be natu-
ral and rightly so. However, there is the difficulty of
the choice of the parameters of distribution. In gen-
eral, the fragment velocities would obviously depend
on the breakup location (true anomaly�), intensity and
also the directionality of the explosion. In some other
approaches[6,7], simulation commences from Block
3, namely the relations firstly connecting the number
of debris and mass and secondly the mass to the size,
and then proceeds to derive Block 2 properties. It is
based on the size (or area to mass ratio) versus ve-
locity relationships. Further, since these relations can-
not be deterministic it uses the well-known triangular
distribution[8] to impart additional random velocities
over the above. Later, Block 1 simulation is carried
out utilizing the information from Block 2. Since it is
well-known that the evolution of the debris with time
depends on the orbital parameters and the ballistic co-
efficient, one can expect uncertainties or inaccuracies
in these models due to the use of many intermediate
empirical relations in these procedures[4,6] as well.
The recent NASA’s breakup model[9,10] incorporated
in MASTER 2001 differing from MASTER ‘99 con-
siders a bimodal normal distribution to derive area to
mass from diameter and a Lognormal distribution de-
pending onA/m is applied to spread the incremental
velocities of the fragments. It was noticed that as a
consequence the clouds remain centered much more
around the parent body orbit. It may also be noted
that the above approaches do not appear to utilize the
available orbital information of the breakup such as
the Gabbard diagram together with the recorded devi-
ations in the periods and inclination or the catalogued
TLE data. The present approach being based on the

available information on breakup, the observations on
Lognormal nature of incremental velocities and clus-
tering of fragments around the parent body follow as
consequences.

2. Breakup of the Indian PSLV-TES mission
spent upper stage

The basic structure of the present model has been
based on an analysis[11] of the characteristics of the
parameters of fragments of the breakup in low Earth
orbit (LEO). As an illustration, the recent on-orbit
breakup of the spent upper stage of the Indian PSLV-
TES Mission, launched on 22 October 2001, from Sri-
harikota Range of the Indian Space Research Organi-
zation, is considered. After the successful completion
of the launch vehicle mission, the spent upper stage of
PSLV was inserted into an orbit of nearly 675 km×
550 km at an inclination of 97.9◦. This rocket body
(with international designation: 2001049D and mass
about 885 kg) exploded on 19 December 2001 at about
1140 h UTC. The resulting fragments were tracked and
catalogued as TLE elements by USSPACECOM. The
details of this breakup event[2] are

Breakup location: ∼ 25◦S, 340◦E
Altitude: ∼ 670 km
Pre-event orbit: ∼ 550 km× 675 km, 97.9◦

(inclination)
(a = 6990.5 km, e = 0.0089)

Number of
catalogued objects:> 300

Fig. 2 provides the Gabbard diagram of the 301
fragments after nearly 30 days of breakup. The slight
coalescence in the left arm of the Gabbard diagram
is due to the decay of the orbits of the fragments in
30 days. Analysis of the orbital characteristics summa-
rized in Fig. 3 shows the Laplace distribution[12] fit
for apogee height, Lognormal fits for eccentricity and
the ballistic parameterB∗ values and Laplace fit for
the inclination as appropriate. Analysis of goodness
of fit tests[13] carried out for all the above cases in
terms of�2 values,�2 being a statistical measure of
the agreement between the observed frequencies and
the expected frequencies and Kolmogorov–Smirnov
statistics, clearly brought out the adequacy of the re-
spective fits.
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Fig. 2. The Gabbard diagram from the TLEs of PSLV-TES spent
upper stage breakup fragments after 31 days of breakup.

3. The approach in the ASSEMBLE model

Accordingly, the present model commences with
the characterization of the apogee/perigee heights (re-
stricted by the breakup altitude), inclination and ec-
centricity in terms of, respectively, Laplace and Log-
normal distributions. The location parameters of these
distributions correspond to the breakup point and their
scale parameters depend on the intensity of explosion
[11]. The distribution of theB∗ parameter of the cat-
alogued objects was also found to follow a Lognor-
mal distribution. Thus, all the necessary information
in Block 1 is available and one can proceed from here
to derive the detail of Block 2. Information of Block
3 needs to be simulated on the basis of the state-of-
the-art empirical relations or their updates[9,10]. For
example, the relations that can be used in this context
are given in Appendix B. Proper assignment of the or-
bital characteristics to the physical characteristics uti-
lizing the information in Block 2 can then be carried
out. Thus, this model can be seen to be semi-stochastic
in nature capable of simulating all the required details
of the fragments. Hence, the proposed procedure uti-
lizes probabilistic distributions for orbital characteris-
tics of the fragments and empirical relations for the

physical characteristics and relates them through the
magnitude of�V . Further, as the characterizations are
based mainly on information in LEO breakups, this
model is named ASSEMBLE.

For the purpose of simulating earlier breakups, gen-
erally one has the information of the Gabbard diagram
and the information on the number of tracked frag-
ments, maximums of deviation in the periods�P and
deviation in the inclinations�i, and other details about
the parent body at the time or just prior to the breakup
event[1], but not all the quantitative orbital and physi-
cal characteristics of the fragments. It is demonstrated
that ASSEMBLE is able to simulate the debris clouds
in a statistical way by generating the fragmentation
events by suitable choice of the parameters involved in
this procedure. It is shown further that the character-
ization of the distribution of the ballistic coefficients
helps to provide an improved description of the evo-
lution of the debris clouds with time.

Fig. 4provides a detailed flow chart of the ASSEM-
BLE model. It may be pointed out that if the veloci-
ties of the fragments are assumed to be normal, or de-
rived otherwise from the size distributions as in other
approaches, it turns out that, in particular, the eccen-
tricity and the�V do not follow the Lognormal distri-
butions and hence are inconsistent with the respective
information of the catalogued data.

In order to simulate a typical breakup using the
present model, the information about the breakup al-
titude or breakup true anomaly, apogee and perigee
height (equivalentlya ande), inclination at the time of
breakup and also mass of the parent body are neces-
sary. Apart from these one needs the range of apogee
or perigee heights and maximum�P and maximum
�i. For simulating the historical breakups, this infor-
mation is readily available in the literature[1]. These
are very crucial and provide the scale parameters for
the statistical distributions.

It is well known that the apogee and the eccentric-
ity are related to radial and transverse components of
the velocity, while the inclination and the right as-
cension of the ascending node are related to the nor-
mal component. Appendix C provides the selection of
scale parameters based on the probability distributions
and the maximum change observed in these parame-
ters. In view of the uncertainties in the input there is
a necessity for some subjective tuning of the scale pa-
rameters. It is assumed here that the observed spread
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Fig. 3. The distribution of parameters from the TLEs of PSLV-TES spent upper stage breakup fragments after 31 days of breakup (*, +
data,− fit) PDF—probability density function CDF—cumulative distribution function.

in the Gabbard diagram corresponds to a 99% confi-
dence value of the random variable.

3.1. Steps for simulating a typical breakup

The basic procedure of ASSEMBLE can be sum-
marized in the following steps.

1. The location parameters for apogee/perigee alti-
tudes and inclination distributions, both of which
follow generally a Laplace distribution, and the
eccentricity which obeys a Lognormal distribu-
tion can be obtained from the breakup point de-
tails of the parent body. Next, based on the ranges
of apogee/perigee heights and available maximum
�P and�i, one can obtain scale parameters (Ap-
pendix C). The number of fragments generated,
namelyN, and the mass of individual fragments

can be obtained by using the number versus mass
relationship[6,14] such as the one provided in Ap-
pendix B or any other appropriate updates of rela-
tions for an explosion[9,10].

2. GenerateN random sets of the apogee or perigee
height, inclination and eccentricity combinations
from the respective Laplace and Lognormal distri-
butions, by restricting the apogee height or perigee
height bounded by breakup altitude.

3. Using the above sampled values of the apogee/
perigee heights and eccentricity calculate the true
anomalies of each of the fragments at the breakup
point.

4. Obtain the velocity imparted to each of the frag-
ments and assign the additional delta velocities to
the masses (or area to mass ratio), based on trian-
gular distribution constraint or any other method
that is found suitable.



INPUTS 
Break Up Point Parameters 

a, e, i, true anomaly 
An estimate of intensity of explosion or 

range of periods, range of apogee heights/ 
perigee heights of the fragments mass of the 

parent body and the number of fragments 

Simulate individual fragments a, e, i using the probability distributions 
apogee/perigee ~ Laplace (Location, Scale) 

e ~ Lognormal (Location, Scale) 
i  ~ Laplace (Location, Scale) 

Location parameters - Same as break up point values 
Scale parameters – derived from intensity of explosion or range of periods and 

range of apogee height/ perigee height 

Calculate 
individual �V
for each of the 
simulated 
fragments  

Generation of 
mass of the 
individual 

fragments using 
number-mass 

relations 

Association of (a, e, 
i) to mass of the 
fragments using 
triangular 
distribution relation 
between �V  and size 
of the fragments 

Calculate A using mass 
– size relation ship and 
hence obtain Ballistic 
coefficient of the 
fragments 

Debris 
breakup 
scenario – 
orbital 
parameters, 
mass, size and 
the ballistic 
coefficient of 
the fragments 

Fig. 4. Flow hart of the ASSEMBLE model to simulate a breakup.

It is pointed out that these orbital parameters in Step
2 follow a joint distribution with marginal distribu-
tions as described. Hence, while simulating these, the
cross-coupling between the parameters can be taken
into account. But the multiple correlations between
these parameters are mostly unknown. However, the
assumption of zero correlation if assumed, and each
of the parameters independently simulated from the

marginal distributions and randomly coupled, does
not significantly alter the fit characteristics as an
ensemble.

3.2. Simulation of some historical breakups using
ASSEMBLE model

In this section, we describe the results based on the
simulation of some of the typical historical on-orbit



Table 1
Details of the analyzed breakup events

Title STEP II rocket body CBERS-1/SACI-1 rocket body COSMOS 1813 SPOT I rocket body

International designation 1994-029B 1999-57C 1987-004A 2001-049D
Catalogue number 23 106 25 942 17 297 26 960

Satellite data
Type Pegasus HAPS Long March 4 3rd stage Payload Ariane 1 3rd stage
Owner USA PRC CIS ESA
Launch date 19 May 1994 14 October 1999 15 January 1987 22 February 1986
Dry mass (kg) 97 1000 6300 1400
Event data
Date 3 June 1996 11 March 2000 29 January 1987 13 November 1986
Location (deg) 67 S, 56 E 51.2 S, 48.5 W 73 N, 122 E 7 N, 42 E
Time 1518 GMT 1304 UTC 0555 GMT 1940 GMT
Altitude (km) 625 741 390 805

Pre-event elements
Mean anomaly (deg) 108.3711 43.0989 178.1696 300.1947
Right ascension (deg) 197.8565 145.5131 256.7724 18.0087
Mean motion (rev/day) 14.56780581 14.46866365 15.60427 14.2216
Inclination (deg) 81.9749 98.5373 72.8163 98.6973
Eccentricity 0.0165742 0.0012467 0.0043147 0.0021203
Arg. of Perigee (deg) 249.9583 316.9224 182.01 60.1312

Debris cloud data
Maximum �P (min) 27.9 10.985 9.1 6.2
Maximum �i (deg) 2.4 0.99 0.1 1.2
No. of catalogued fragments ∼ 713 ∼ 300 ∼ 846 ∼ 488

Table 2
Location and scale parameters for various breakups

Orbital parameters Parameters of Fragmentation event
at breakup the distribution

STEP II CBERS-1/SACI-1 COSMOS SPOT I
rocket body rocket body 1813 rocket body

Perigee height∼ Location 500 726 360 805
LPa (km) Scale 85 100 100 100
Eccentricity∼ Location −4.1 −6.6 −5.5 −6.2
LNb Scale 0.67 1.35 1.1 1.0
Inclination ∼ Location 82 98.5 72.82 98.7
LP a(deg) Scale 0.6 0.55 0.03 0.4

aLP—Laplace distribution.
bLN—Lognormal distribution.

fragmentation events.Table 1provides the important
details of these events andTable 2provides the de-
tails of the parameters utilized in the ASSEMBLE

model with their location and scale parameter values
for simulating and analyzing the four fragmentation
events.
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Fig. 5. Step II rocket body debris clouds of 713 fragments at the
time of breakup simulated using ASSEMBLE model.

3000

2500

2000

1500

1000

500

0
90 95 100 105 110 115 120

Period (min)

A
p

o
g

ee
/P

er
ig

ee
 A

lt
it

u
d

e 
(k

m
)

Apogee
Perigee

SSN 23106

Fig. 6. Step II rocket body debris clouds of 713 fragments as of
August 29, 1996 (89 days after the breakup) as reconstructed from
US SSN database[1,15].

3.2.1. Case study of STEP II rocket body
Fig. 5 provides the Gabbard diagram of the debris

clouds at the instant of breakup simulated by ASSEM-
BLE model, whileFig. 6 provides the Gabbard dia-
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Fig. 7. Step II rocket body debris clouds of 713 fragments after
89 days of breakup simulated using ASSEMBLE model.

gram of the 713 fragments as of August 29, nearly
90 days after the breakup[1,15]. The differences in the
left arms of the apogee height betweenFigs. 5and6
can be attributed to the decay effect in 90 days. In order
to demonstrate this fact, the simulated fragments were
propagated for 90 days and the resulting Gabbard dia-
gram is shown inFig. 7. Now it can be seen thatFigs. 6
and7 are matching well. The propagation routine used
is the one which considers only the drag effect of the
atmosphere[16]. Figs. 8–12provide extensively the
various other characteristics of the fragments as sim-
ulated by the ASSEMBLE model. It is noted that the
features shown in these figures are matching well with
those provided by the analysis of Anz-Meador[17]
about the STEP II rocket body (1994-029B) breakup.
As expected, it can be seen that the derived quantities
like �V and the ballistic coefficient show their nature
as Lognormal distribution.

3.2.2. Case study of CBERS-I/ SACI-1 rocket body
Fig. 13provides the Gabbard diagram of the above

breakup[1,8] as reconstructed from US SSN database
just after a day of the breakup. The Gabbard diagram
of the fragments simulated using the present model
just at the time of breakup is provided inFig. 14. Close
match of these two figures canan be easily noticed.
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Fig. 8. Characteristics of the simulated breakup fragments of Step II rocket body.

3.2.3. Case study of COSMOS 1813
Fig. 15 provides the Gabbard diagram of Cosmos

1813 debris cloud for 846 fragments[1,19,20] as
reconstructed from PARCS radar observations taken
about 10 h after the breakup.Fig. 16 shows the sim-
ulated Gabbard diagram after 10 h of evolution of
the debris clouds using ASSEMBLE model. As the
breakup occurred at a very low altitude, the evolution
of debris clouds for 10 h brings a change in the left
arms of the Gabbard diagram.Fig. 17provides a Gab-
bard diagram of the fragments 10 h after the event as
simulated using the model proposed by Jehn[6] and
is extracted from Ref.[6], whose left arm does not
show much change since breakup. The comparison
betweenFigs. 15, 16 and 17 clearly brings out the
ability of the ASSEMBLE model better than the other
approaches in simulating the debris clouds.

3.2.4. Case study of SPOT I rocket body
Fig. 18provides the Gabbard diagram of the debris

cloud of SPOT I rocket body after 3 months of evo-
lution as reconstructed from US SSN database[1,21]
andFig. 19provides the Gabbard diagram correspond-
ing to the fragments after 3 months of propagation
simulated by the ASSEMBLE model. It is clear that
ASSEMBLE simulates the debris clouds to obtain a
good match with the observations.

4. Conclusions

A posterior model, ASSEMBLE, based on the avail-
able information on the breakup event and character-
ization of orbital parameters is proposed. This pro-
cedure utilizes probabilistic distributions for orbital
characteristics of the fragments and empirical relations
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for the physical characteristics and relates them
through the magnitude of�V . It is applied to sim-
ulate some typical historical on-orbit fragmentation
events. All the simulated results are comparable quite
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well with observations both at the time of breakup
and at a later epoch. It is thus demonstrated that
ASSEMBLE simulates the ensemble of fragment
characteristics quite well and the incremental velocity
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Fig. 17. Debris clouds of Cosmos 1813 after 10 h of breakup.
Extracted from Ref.[6].
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Fig. 18. SPOT I rocket body debris clouds of 463 fragments, 3
months after the event as reconstructed from US SSN database
[1,21].

distribution of the fragments is a consequence rather
than imposed through empirical relations and the
clouds remain around and much closer to the parent
body than in earlier models.
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months after the event as simulated by ASSEMBLE model.
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Appendix A. Nomenclature

a semi-major axis
A area of cross section
A/m area to mass ratio
B ballistic coefficient
B* term in TLE set related to ballis-

tic coefficient
Cd drag coefficient
d size of the fragment (m)
e eccentricity
f functional form of probability

density function (PDF)
F cumulative distribution function
i inclination
m mass of the fragment
M mass of the parent object



N number of debris fragments also
number of measurements

Nm cumulative number of fragments
with massm or greater

fm the ratio of the reference mass of
1000 kg to the parent massM

�V incremental velocity imparted to
the fragment with respect to the
parent which is equivalent to√

��2
t + ��2

n + ��2
r (m/s)

�Vt , �Vn, �Vr incremental velocity in the trans-
verse, normal and radial direc-
tions, respectively, with respect
to the orbital plane (m/s)

�P deviation of the orbital period of
the fragments from the period of
the parent body (min)

�i deviation of the inclination of the
fragments from the inclination of
the parent body (deg)

� true anomaly (deg)
� azimuth (deg)
� elevation (deg)
� location parameter of the distri-

bution
	 scale parameter of the distribu-

tion
� atmospheric density
�0 density at a reference altitudeh0

Appendix B. Relationship of number to mass for
the fragments

An example of the relation that can be utilized in
the present model is the rescaled relations of Su and
Kessler for low intensity explosions[14,22]:

N =
{
171exp(−0.02056

√
mf m) for m > 1936g/fm,

869exp(−0.05756
√

mf m) for m < 1936g/fm,

wherem is the mass of the fragments in grams,M the
mass of the breakup object in grams,N the cumulative
number of fragments with massm or greater, andfm

the ratio of the reference mass of 1000 kg to the parent
massM.

B.1. Association of�V to mass of the fragments

In this model the delta velocities are associated with
the size of the debris (and hence to the mass of the
debris directly) utilizing the Reynolds’s relation[22]:

log(�V ) = −0.0676(log d)2 − 0.804(log d) − 1.514,

whered is the size of the fragment in meters and�V ,
the incremental velocity in km/s, which describes the
peak in the velocity distribution curve. In order to pro-
vide dispersion in�V , the velocity is obtained ran-
domly from a triangular distribution whose minimum
is 0.1 times and maximum is 1.3 times the peak�V .

Appendix C. Selection of scale parameters

C.1. Laplace distribution

Laplace distribution is a bilateral exponential dis-
tribution, that is, the signed analogue of exponential
distribution. This is a distribution useful for random
variables from a distribution that is more peaked
than a Normal distribution and is characterized by
two parameters: location parameter—�, and scale
parameter—	. The probability density functionf (x)

and the cumulative distribution functionF(x) are,
respectively,

f (x) = 1

2	
exp

(
−|x − �|

	

)
,

F(x,�, 	) =
{ 1

2 exp
(

x−�
	

)
, x��,

1
2 exp

(
�−x

	

)
, x >�,

with mean=� and variance=2	2. AssumingF =0.5+

 and(�−x)=�, 	 can be obtained as	=�/ log(2
).

C.2. Lognormal distribution

The Lognormal distribution is the distribution of a
random variable, which in log space is following a
Normal distribution. The Lognormal distribution is al-
ways right skewed. This is a two-parameter distribu-
tion, with mean and standard deviations of the variable
in natural log space. The two parameters are location
parameter—�—and scale parameter—	.



The probability density functionf (x) and the cu-
mulative distribution functionF(x) are, respectively,

f (x) = 1

	x
√

2�
exp

(
−
(

log(x) − �
	

)2
)

,

F(t)

∫ t

0

1

	x
√

2�
exp

(
−
(

log(x) − �
	

)2
)

dx,

with mean= exp(� + 	2/2) and variance= exp(2� +
	2)(exp(	2)−1). EvaluatingF for known location and
range(0, t) the value of	 can be determined for a
probabilistic confidence level of
%.
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