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Abstract. This paper deals with some results (known as Kac-Akhiezer formulae) on 
generalized Fredholm determinants for Hilbert-Schmidt operators on L2-spaces, available 
in the literature for convolution kernels on intervals. The Kac-Akhiezer formulae have been 
obtained for kernels which are not necessarily of convolution nature and for domains in R n. 
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1. Introduction 

The classical Fredholm determinant [2] of a given symmetric Hilbert-Schmidt 
integral (briefly H-S) operator T is an analytic function Dr(2 ) with the property 
that 2 (~  0) is a zero of Dr(2) if and only if 1/2 is an eigenvalue of T. We shall call 
any analytic function fr(2), as a Fredholm determinant of T if its zeros are precisely 
reciprocals of the non-zero eigenvalues of T. 

For convolution kernels such a Fredholm determinant was obtained by Kac [3-1, 
[4] and Akhiezer [1]. Their result is briefly summarized below: 

Let k(x) satisfy the following conditions: 

1. k(x) is a bounded, continuous, real valued function on ( -  ~ ,  ~) ,  
2. k(x) = k ( -  x), 
3. /~e LI(R1), where/~ is the Fourier transform of k, 
4. S~_| < oo, 
and 
5. S~_~lxk(x)ldx < 1/2. 

Then the Fredholm determinant Dr(2 ) of the symmetric H-S operator 

f T~f = k(x - y) f (y)dy 
o 

on L 2 [0, z] is given by 

n ] D,(2) = [1 - 22i(z)- 1 = exp - 0t(0, s, 2)ds , (1.1) 
j = l  0 
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where ~(x, T, 2) is the solution of the integral equation: 

~(x, T, 2) --- 2k(x) + 2 k(x - y)~(y, ~, 2)dy. 
0 

We shall refer to (1.1) as the Kac-Akhiezer formula. 
In the above result we observe that the main assumptions on the kernel are: 

(i). k(x) is a continuous function on ( -  ~ ,  ~) ;  
(ii). The domain of the integral is an interval in Rt; 

(iii). The kernel is of convolution type. 

This result has been extended for the case when k(x) is only continuous in a neighbour- 
hood of the origin. Further, when k(x) is not continuous near the origin, a meromorphic 
function whose poles and zeros correspond to the eigenvalues has been obtained in 
[51, [7,1. Subsequently Rao and Sukavanam E9] have extended these results for normal 
integral operators. But all these results are with the assumptions (ii) and (iii). 

The aim of this paper is to obtain these results by replacing (ii) and (iii) by Off and 
(iii)' below, where (ii)' is essentially replacing the interval by a suitable smooth domain 
in R n and (iii)' is essentially replacing the convolution nature of the kernel by an 
assumption that the map x~k(x, .)  is continuous. 

Off: ~1: For every �9 I> 0, fl, is a bounded subset of R n. 
~2: {0} = f l o  ~ , ~  ~fl,~ if0~<T1 <~r2, where 0 is the zero vector in R ~. 
~3: The map zv-,/a(~,) from the interval [0, ~ )  to R 1 is absolutely continuous 

in every bounded interval in [0, o9), where/z is the Lebesgue measure on 
R" and ~ ,  is the closure off~, with respect to the standard topology of R'. 

if4: For every ~ f> 0 there exists a surface measure a, on ~0.,, such that 

(i). O(t) d,__~_f f f(x)dat(x) is an integrable function on [0,~,1 for feC~ 
./a h, 

where C~ is the space of all continuous functions on ~,,  and 

Oi)" fJ(x)dx= f?=o[fofif(x)da,(x)]dt, VfeC~ �9 

(A simple motivation for such a family {f4},~>o in •" is the ball in R * of radius 
and centre at 0.) 

(iii)': The kernel is such that 

~s: k(x,y) is defined in R ~ • R ~, and is symmetric. 
~r k is locally square integrable. 
cs For every xER ~, k(x,y) is well defined and is in L2(R'), and for any two 

compact subsets E, F of R", the mapping x~-+k, from E into L2(F) is 
continuous; where k , ( ' )=  k(x, .). 

By if5 and qr it follows that for every r > 0. 

(K,f)x = fh, k(x,y)f(y)dy (fE L2(h,)) 

defines a compact self adjoint operator on L2(t~,). Further we assume 
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rd a: For all z > 0, 1 is not in the spectrum of K,. 

Then (I - K,)-  1 exists for every z > 0 where I is the identity operator on L2(t~,). 
Let ~t (x, y,3) denote the unique solution of the equation 

~t(x, y, z) = k(y,x) + ~ k(y,z)~t(x,z, z)dz (1.2) 
r i l l  

and ~2(x, y, 3) be that of 

a(x,y,'c) = k(y, - x) + I -  k(y,z)a(x,z,z)dz. (1.3) 
d f l  

Since K~ is a compact self adjoint operator on L2(~,) it follows from the general 
theory of such operators that K, has a discrete set of real eigenvalues {2~(z)}~= ~ with 
the origin as the only possible limit point. 

The main results we prove are Theorems 1.1 and 1.2 below: 

Theorem 1.1. Suppose the domain satisfies conditions ~1 - ~f , and the kernel, conditions 
cgs-  ~7, and suppose that q~8 holds. Then there exists a function u(x,y, 3) such that 
for each fixed x ~ , ,  u is continuous in the variable y on ~ and 

u(x, y, 3) = �9 t (x, y, z) - k (y, x) (1.4) 

in the L 2 sense as a function in the variable y on ~ and the correspondin 9 Kac-Akhiezer 
formula is given by 

{; ; }n exp - dt u(x,x,t)do,(x) = [exp(21(z))][1 - 2i(~)]. (1.5) 
t=O 0~, i = 1  

If k satisfies the conditions ~1 - ~7, we can apply the Theorem 1.1 to the kernel 

d e f  
o~(x, y) ~-- ),k(x, y) (),e ~), (1.6) 

.~ co if 1/2 is not in the spectrum of K,. For the kernel gx the eigenvalues will be {),2,( )},= 
and the corresponding Kac-Akhiezer formula is given by 

1 (2, r) ~ exp - dt u(x, x, t; 2)da,(x) 
t=O t ] t  

= f i  [exp(22,(O)] [1 - 22~(z)], (1.7) 
i = 1  

where u(.,., t; 2) is as in (1.4) with k replaced by ga and ~11 is the solution of (1.2) with 
k replaced by O~. 

It is to be noted that 61 (2, 3) has an analytic extension in the complex 2-plane. It 
follows from (1.7) that ~.o~Rl\{0} is an eigenvalue of K~ if and only if 1/)` o is a zero 
of this extended function. 

Apart from the conditions cg 1 - i f 8  if the f~,'s are symmetric for z > 0 and the 
kernel k is real valued, we prove 
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Theorem 1.2. Suppose as in Theorem 1.1, conditions cg t - ~s  hold and in addition the 
domains f~(for z > O) are symmetric and k is real valued. Then there exists a function 
v(x, y, z) such that for each fixed x e ~ ,  v is continuous in the variable y on ~ and 

v(x, y, z) = or2 (x, y, z) -- k(y, - x) (1.8) 

in the L2 sense as a function in the variable y on ~ and the corresponding Kac-Akhiezer 
formula is given by 

= i [exp(21(~))][1-2i(z)] (1.9) 
exp - ,=o dt fi, v(x,x,t)da,(x) 17 i [exp(2j(T))][1 - 2j(~)]' 

where I I [  and FI 7 are products over all eigenvalues that have symmetric and anti- 
symmetric eigenfunctions respectively. 

Consider the kernel k and the family {fi~},~ 0 as in Theorem 1.2. We can apply 
Theorem 1.2 to g~(x, y). For this kernel the eigenvalues will be {22.(~)}.~= 1 and the 
corresponding Kac-Akhiezer formula is given by 

62(2,z) ~-~ ex - dt v x,x, t;  e,(x 
t=o  t% 

II + i [exp(22i(z))][1 - 22i(z)] 
= H j- [exp(22s(z)) ] [1 -22j (z ) ] '  (1.10) 

where v(', ", t; 2) is as in (1.8) with k replaced by Ox and ct 2 is the solution of (1.3) with 
k replaced by g~. 

It is to be noted that 62(2, z) has a meromorphic extension in the complex k-plane. 
It follows from (1.113) that 2o(~0)eR * is an eigenvalue of K, if and only if 1/2o is a 
zero or a pole of this function. 

We observe that Theorem 1.1 is the generalization of the classical Kac-Akhiezer 
formula (1.1) as extended by Vittal Rao [8] for kernels continuous near the origin 
and Theorem 1.2 is the generalization of the meromorphic function extension obtained 
by Vittal Rao [8]. 

2. Some properties of the eigenvalues 

We now obtain some properties of the eigenvalues and eigenfunctions similar to 
those obtained by Vittal Rao [7]. The ideas behind the proofs are similar to those 
in [7]. 

Let 2~ + (z) and 2 i- (z) be respectively the ith positive and negative eigenvalues of K~. 
By the minimax characterization [6], [10] of the eigenvalues we have 

Lemma 2.1. For each i~[~, 2~(z) and 2/-(z) are respectively nondecreasing and non- 
increasing functions for z >>. 0 if the t~,'s satisfy the conditions c~ 1 - c~ 2 and the kernel 
k satisfies the conditions c~ 5 - ~6. 

Lemma 2.2. 2i(z ) is an absolutely continuous function in the variable ~ in every bounded 
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interval of [0, 0o) for each ie ~, if k is a locally integrable symmetric kernel on R" x R ~ 
and the t)~'s satisfy the conditions c~ _ ~'3. 
Proof. For z >I 0 we define 

F( )=ffif. ,k(x,y)12dxdy_ (2.1) 
T x 

. f  m For a r0e(0, ~ )  and a finite sequence of disjoint open intervals {( j, ~7j)~i= x in [0, To]. 
we have 

and 

j = l  

=j~l ( fh, dx ffi,,\h~'k(x'Y)12dY+ ffi,,\h,,dx fc~ lk(x'y)12dyt 

<~j~-_l l;f.l,odX fflo,\h, lk(x'Y)12dY+ ff~,~\h, dx fh,o'k(x'Y)[2dyl 

=2ffLofUT=dt~,,\a,,)tk(x,y)12dxdy (2.2) 

j = I  
(2.3) 

Let v be the measure defined on the elementary sets as 

v(ExF)=ff xrlk(x,y)12dxdy. 
Since the map z~-+#(~,o)#(f2,) is absolutely continuous in [0, %] and v << # x #, using 
(2.2) and (2.3) one has F(z) is absolutely continuous in the interval [0, ~o]- From (2.1) 
and the classical theory of H-S operators [6], we have 

i = l  

hence by Lemma 2.1, we have for i ~ ,  a n d j  = 1,2,3 . . . . .  m, 
F( j) - r( j) >I - o, 

from which it follows that 22(3) is an absolutely continuous function in the variable 
in the interval [0, 3o1. Hence by Lemma 2. l we have 2i + (~) is absolutely continuous 

in the interval [0, 3o]. By considering - K~ instead of K, one can conclude the same 
for the negative eigenvalues. This completes the proof of the lemma. �9 

Lemma 2.t implies that for each ie~d, 2~(z) is differentiable almost everywhere. Let 
us denote an eigenfunction corresponding to an eigenvalue 2i(~) of K, by ~bi(', ~). 
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Lemma 2.3 Let ietN be fixed and 2i(z) be of multiplicity mi(z). Then there exist mi(z ) 
orthonormal eigenfunctions fr~ ~. zl ~, m,t~ such that t ' r i j "~  " ) j = l  

dA~(z) _ 2~(r) ~ lePij(x, OI2d~(x); j = 1,2 . . . . .  mi(z), (2.4) 
dr .)~fi, 

for almost eoery z, if the f~ and k satisfy the conditions c~ _ c~7" 

Proof. It is enough if we prove the result for the positive eigenvalues of K r Let f/> 0 
be such that 2~ + (z)= 0 for all �9 ~< ~ and 2~ + (z)> 0 for z > ~. Hence (2.4) is true for 
almost every z ~< ~ and for any choice of eigenfunctionsl Now 2[  (~) and # ( ~ )  are 
differentiable almost everywhere by Lemma 2.1 and assumption c~ a respectively. Let 

ao  % > ~ be such that both d2+(z)/dz and d~u(~)/dr exist at z = %. Let {rp}p= 1 be an 
increasing sequence in the interval (~, to) such that 

Tp--~r o as p--~ o0. 

First let us consider the case when the multiplicity of 2[  (To) namely m~(%) is one. 
oo Consider the sequence of eigenvalues {2i(zp)}p= 1 and a corresponding sequence 

{q~i(', zp)}p~l of normalized eigenfunctions of K .  
We have 

t "  
2 + (Zp)qbi(X, Zp) = I~. k(x,y)4pi(y, zp)dy (2.5) 

~g 

and 

fil4Pi(X, rp)12dx = 1. (2.6) 
p 

Though initially the eigenfunctions Oi(x, zp) are defined only in ~,,,, the right hand 
side of (2.5) allows us to extend qbi(x, Zp) for all x e R". Hence without loss of generality 
we can take each one of the ~bi(', Zp) to be defined on ~o .  

For each xe~ , ,  we define a linear functional Fx, ~ on Lz(~,) by 

Fx,~(f)= ffi  k(x,y)f(y)dy. 

Condition ~7 implies that the map x~--,kx from ~ to L2(~ )  is weakly continuous; 
and hence {k~}~,fi~ is a weakly compact subset of L2(~,). Hence for f e  L2(~),  there 
exists a constant Cy.e(O, oo) such that 

x&~suplf~kx(Y)f(y)dy <~Ce'~' 
which implies that 

sup <~ C y,c ~ IFx.~ (f)l 

Hence by uniform boundedness principle one can choose a constant M~(0,  ~ )  such 
that 

F~,I[ ~<M,, VxE~,. (2.7) 
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Since 
f "  

IIFx, 2= [~  [k(x,y)[2dy, 
a l l ]  

it now follows from (2.7) that, 

Vz > 0, there exists a constant M,e(0, oo) such that 

( lk(x,y)12dy<.M 2, Vx~, .  (2.8) 

We now prove the following properties of the eigenvalue sequence {~i(',zp)}p~ 1: 

(a) t~i(', ~)6C~ Vp. (2,9) 

(b) There exists a Ji6[0, oo) such that Ir ~< J~, Vx~,o and Vp. 
(2.10) 

T m (c) There exists a subsequence {~bi(', q)}q= 1 which converges uniformly 
on ~,o. (2.11) 

Proof of (a): For each p, by cg7, the map 

f x~-+ k(x, y)c~i(y, zp)dy, 

from the compact set ~,o into C is continuous; hence by (2.5) the map 

x ~  7 (~)~i(x, ~) 

from ~o  into C is continuous. Now (a) follows as 2i* (xp) > 0. 

Proof of(b): Applying Schwartz inequality to the right hand side of (2.5) and using 
(2.6) we get 

I;t~+(zp)~(x,z,)l 2 ~< f Ik(x,y)12dy Yx~,o and Yp. (2.12) 
d 

Now using (~r and (2.12) we get 

I,~+ (~)4,~(x,,~)l ~<M, o, V x ~ ,  o and Vp 

where M,o is as given in (2.8). Since 2 + (z l )>  0, (b) follows by Lemma 2.1. 

Proof of (c): We shall do this in two steps. 

oo Step 1. By (b) and Banach-Alaoglu theorem one can find a sub sequence {~bi(., Tq)}, = 
of {~bi(', zp)}p~ t and a ~bi~ L2(~,o ) such that ~bi(., z~) ~ ~i weakly in L2(~o) as q ~ O0. 
Since the operator K,o: L 2 (~o)-~ L2(~o) is compact, it now follows that 

I I g , o r  - K , o ~ l l L ~ t ~ , o ) - ~ 0  a s  q ~  o~. 
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We see that 

]ffi, k("Y)~,(Y'z,)dY-ffi,ok(',Y)qJ,(Y)dYL,(h,o ) 

~< ~fi,oXfi k(',y)q~i(y,z,)dy c~(fi,)+ ~~ 
, , Lz (fi,o) 

<<̀ ( f h'~ f ~'~\f~' ~k(x~y)~2 dxdy) ./2[#(~'~\~'~)]./2 Ji + HK'~ ~.(.~')- K'~ ~L~(h'~)~ 

where J~ is as given in (2.10). Hence we have 

] ~ f fi,, k(., y)d~,(y, za)dy - - -  

from which it follows that 

and 

1 ~ k(.,y)$,(y)dy o 0 a s  q--* ~ ;  

1 
~b, = 2+ (%) K,o~b , (2.13) 

(2.14) 

From (2.6) it follows that 

l=f  IO,(x,z,)2dx Vq. (2.15) 
o o\~, 

As 
#(~o \~,o) ~ 0 when q ~ oo, (2.16) 

using (2.10) in (2.15) we get 

lim f Itk~(x, zq)12dx = 1. (2.17) 
q-'*oO J ~ o  

Since the map f~--~llfll from L2(~,o ) to R t is continuous, from (2.14) and (2.17) it 
follows that 

;( l~bt(x)12dx-- 1. (2.18) 
30 

From (2.13) and (2.18) we have ~bi is a normalized eigenfunction of K,o corresponding 
to the eigenvalue 2 + (Tq). 

Step 2. Let us denote the ~i by q~i(',Zo). Then (2.13) can be written as 

2+ (z~ z~ = I~.  k(x, y)~bt(y, %)dy. (2.19) 
o 
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From (2.5) and (2.19) it follows that for any xe~,o , 

12~ + ttq)~,(x, t q ) -  2, + (to)4,i(x, to)l 

<-'(f~o\~ lk(x,y)l~dy)~/2( f~o\~ l~,fY, to)12dY)~/~ 
+ Ik(x,y)lZdy) ~ I*'(Y't')-cP'(Y'%)tZdY) 

M~oJ,[/z(f~,o\t)~,)] 1/2 + M~o/2 II ~b,(', t , )  - trb,(', %)IIL:~h,o)- 

Now (2.14) and (2.16) imply that 

~bi(x, t~ )~  ffi(x, to) uniformly on h,o as q ~ o0. 

This completes the proof  of (c). 
From (2.5) and (qr ii) it can be easily seen that 

~,(x, tq)~i(x~ to)dx 
t 0 - -  tq L~.~o 

= 2+(t~ f {~b,(.v,%)- r to)} #~,(.V, to)dy 
to -- tq .]~o\fk, 

27(t~ f~, + [~bi(Y, Zo)i2dy 
tO -- to o\fl~o 

= { r t , ) -  r to)} r to)d~,(y) 
t 0 ~ tq l = :q 

+ / ~ o \ ~  I~)i(Y' to)[2dY] �9 

Letting q ~ oo and using (c) and (qr i), we get (2.4). This proof can be easily modified 
for the case mt(to)> 1 along similar lines as in [7]. �9 

3. Proofs of the main results 

Proof of Theorem 1.1: (2.8) implies that the series Zi~ 12i(t) (at(, ~bi > t#i(y, t)  converges 
uniformly and absolutely [6] to Shk(y, z)al (x, z, t)dz where 

<~1,4'i> = I -  ~l(x' z, t)4,i(z, t )dz.  
j f l  t 

Now using (1.2) we get 

0~ 1 (X, y ,  t )  - -  k(y, x) = ~ 2~(t) (*q, ~b i)  ~bj(y, t). (3.1) 
i=l  
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From the above equation one easily gets 

(~1, q~i) - 1 ~ z )  dA(x' ~)" (3.2) 

Let u(x,y ,r)= ~ l ( x , y , r ) -  k(y,x). We have from (3.1) and (3.2) 

u(x,y,~) = ~ (2i(z))2 . . . . .  ~). (3.3) 

For each fixed x ~ ,  the series in the right hand side of (3.3) converges uniformly 
and ablolutely in the variable y and hence the sum is a continuous function in y. It 
therefore follows that u(x, y, z) has a continuous representation. Letting y--, x in (3.3) 
and using monotone convergence theorem and Lemma 2.3 we get 

f~ u(x, T)da,(x) = ~ '~t(~) d,~i(T) X, 
b~ i= 1 1 - 2i(z) dr 

By Lemma 2.2 as in [8] we get 

-- dt u(x, x, t)da,(x) = {2i(~) + log [1 - 2i(z)] }. 
t = O  i = l  

Now (1.5) is easily obtained by exponentiating both sides. �9 

Proof of Theorem 1.2: Since the kernel is real valued, one can choose ~bi's such 
that they are real and 

~bi( -x ,~)= + ~bi(x,~), V x ~ , ,  (3.4) 

where 4- correspond respectively to those eigenvalues having symmetric and skew 
symmetric eigenfunction. By using arguments as in the proof of Theorem 1.1, one 
can prove that 

v(x, y, ~) = ~ (~i(~))~ . . . . . .  i=~ i --~,(~) q,,tv, ~ j q , : -  x, ~j, (3.5) 

where v(x,y,'r) is a continuous function on ~ ,  in the variable y for each fixed x ~ .  
Letting y-* x in (3.5) and using (3.4) we get 

v(x, x, ~) = _ + 
if  1 ~1 - 2i('~) ] (~i(X' 

T) l 2. 

Now by arguments as in the proof of Theorem 1.1 one can arrive at (1.9). �9 

4. Some remarks 

Remark 1. (Non symmetric case): In all the above lemmas if the kernel is not symmetric 
then the analogous results hold for the singular numbers, si(T). That is, we get for 
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each i =  1,,2, 3, . . . ,  

(1). si(z) is a nondecreasing function in ~, 
(2). si(r) is absolutely continuous in each bounded interval of I-0, oo), 
(3). There exist mi(z) orthonormal eigenfunctions ~( - , z )e  L2(~,) corresponding 

to the eigenvalue s2(z) of K*K~ such that 

dsi(z) _ lsi(z) f [~)ij(x,z)12dtr,(x ) for j =  1,2,3 . . . .  mi(z), 
dz 2 ./0h, 

and for almost every r >/0; where mi(r) is the multiplicity of the eigenvalue s 2 (z). 

Remark 2. Lemma 2.3, Theorems 1.1 and 1.2 as well as their proofs remain valid 
even if we replace the condition ~ by a weaker one given below: 

Given two compact subsets E and F of R" the map x~-~k~ from E to L2(F ) is 
weakly continuous, meaning that, 

"for eachfE L2(F ), the map x~-~ Srk~(y)f(y)dy from E to C is continuous." 
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